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FOREWORD

This report was prepared by C. C. Maneri and F. J. Milford of Battelle
Memorial Institute, Columbus, Ohio, on Air Force Contract No. AF 33(616)6265,
under Task 70608 "Interactions, Imperfections and Alloy Theory" on Project 7021
#Solid State Research and Properties of Matter®. Dr. Maneri is now at the Dept.
of Mathematics, University of Chicago, Chicago, Illinois. This work was |
administered under the direction of the Aeronautical Research Laboratory, Air
Force Research Division. lr. Attwell M. Adair was in charge of the task.
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ABSTPACT

The major theoretical efforts dealing with grain-bouncary diffusion
have been reconsidered with a view to establishing their mathematical rigor
and laying a fimm foundation for further work. The details of Whipplets
solution to the boundary value problem have been reconstructed and are given in
this report. Fisher's approximate solution and its relationship to the exact
solution have been considered. A way of evaluating the accuracy of this
approximation has been outlined. The work of Borisov et al., has been shown to
be equivalent to that of Whipple. Finally, an outline is presented of compu=
tational problems directed toward improving our understanding of the relationship
of grain-boundary diffusion to the usual model and evaluating various approxi-
mations which are frequently used in the study of grain-boundary diffusion.
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INTRODUCTION

Theories of grair-boundary diffusion invariably begin with the
formulation of a boundary-value problem whose solution is expected to describe
grain-boundary diffusion. A crucial question is then how well does the solution
actually describe the phenomenon. To answer this two things are needed: an
accurate experimental study of grain-boundary diffusion and an equally accurate
solution of the boundary-value problem. Unfortunately the exact solution of the
boundary-value problem is not usually possible in closed form and in the single
case where an exact solution is known the form of the solution makes its
numerical evaluation extremely difficult. As a result approximate solutions
have been developed (in the case being considered the approximate solution
antedates .the exact solution). This raises another question of a purely
mathematical nature, namely how accurate is the approximation.

In this report the boundary-value problem treated by Fisher(l) and

by'Whipple(z) has been considered carefully in an attempt to resolve the
following questions:

1. 1Is Whipplet!s solution, in fact, exact?
2. What are the weaknesses of Fisher!'s approxirate treatment?
3. Vhat is the range of validity of I'isher's approximation?

The first two of these questions have been answered, the second by
pointing out that neglecting certain partial derivatives is not admissible
under all circumstances. Whipple!s solution is shown to be exact by means of a
careful reworking of his analysis. The remaining question is partially answered
by outlining the calculations needed to justify Fisherts solution.

WHIPPLE!'S SOLUTION

Statement of the Problem

The idealized situation studied by Whipple(l) is that in which the
half space, y > 0, is filled with a material of diffusivity D except for a thin
slab of width 2a. This slab is bounded by the planes x = a and x = - a, The

] ]
diffusivity in this slab is D (D > > D). At time t = O the concentration on the
surface y = O is suddenly raised to unity and maintained at unity. The problem
is to find the concentration C = C(x,y,t) elsewhere.

'
Let C denote the value of C in the thin slab., Then the diffusion

equation says that
'

o' = L_
D v 5 (1)
in the slab, Outside the slab
2, _C
DT = & (2)
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It is assumed that for t > O, C is a continuous function of x and y.
This means that

t
C =Cfeox=1#a, (3)
At the boundaries x = £ a, -g% is discontinuous and satisfies the
equation
'
'L
D ox D ox (1)

The derivatives involved in Eq. (L) are one sided derivatives and the prime (or
lack of one) indicates the direction in which they are taken.

On the surface y = 0,

¢(x,0,t) = 1 when t > O, (5)

When ¢ = 0,

C(x,y,0) = 0 if y> 0, (6)

Approximate Boundary Condition at x = a

An approximate boundary condition on the surface x = a will now be
derived.

!

Because of the symmetry of the situation C 1is an even function of x.
Hence it can be written as a power series in x with the odd powers of x missing.
The coefficients are functions of y and t.

2
0 (x,7,8) = Oyly,t) + 3 0ort) + .. (7)

When the derivatives

'
& %o,
ot ot ' 2
2 1
aQC' 3 C
N N , and
ay oy
21
-a-%--Cé-r. 8
ox

are substituted in Eq. (1) and terms involving second or higher powers of x are
dropped, one obtains

21 '
D (';;r + 02 - ‘a—t— (8)




for points in the slab (in the applications a is a very small number).
Again dropping powers of x which are second or higher there results

1
C -CO and

! !
D%?-(-D a, 8t x = a, (9)

because of Eq. (3) and Eq. (L) and the fact that

'
aoC - '
o sz+

'
Now since C = Co at x = a, and the partial derivatives with respect

'
to y and t on the surface x = a depend only on the common value of C and C0 on
this surface,

'
ot ot
; 2C' (10)
e]
as. ——29 at x = a,
ay- ay
Substituting all of these quantities in Eq. (8) gives
2 —_— -
'3°C . D
Di?+z-g—§-%%forx-a. (11)

The differential Eq. (2) can be used to write this last equation in a
more usable form. Putting x = a in

which holds for all points outside the slab, and combining this with Eq. (11) gives

2 1
ox

This is the form in which the approximate boundary condition will be used.

-?t for x = a. (12)

The Fourier-Laplace Transform

In order to solve the diffusion equation the function C(x,y,t) is
transformed by both a Fourier and a Laplace transform. The function defined is

Wxyu,)) = f exp(~t)dt f -sin(uy) c(x,y,t)dy. (13)
0 0




For purposes of discussion the intermediate function
6(x,u,t) -f sin(uy) C(x,y,t)dy (1h)
0

is defined.
The convergence of 6(x,u,t) will first be determined.

The function G(x,y,t) is bounded by the value it would have 4£ D = D',
that is if the material outside the slab had the same diffusivity as the material

inside. The solution to this problem is well known.(5 ) It is

C = erfe .
2Vp't
Therefore since °
0 < C(x,y,t) < erfc L (15)
7 2\Vn't

it can be seen that

fC(x,y,t)cw exists,
0
and hence

f sin(uy) C(x,y,t)dy exists.
0

This also gives a bound on 8(x,u,t):

Dt
o(x,u,%)] < f erfo|—2e=| dy = 2\/==2 .
o ; 2\/n't n
The second integral,

f 8(x,u,t) exp(-\t)dt,
0

will now be discussed. First it is observed that \ is a complex number with
positive real part. This will insure convergence since

[ ]
|8(x,1,t) exp(-2t)] < 2\/% exp(-at)




where a is the real part of A\, and

[
lim | 2 % exp(-at) e:q;‘%i-"- = 0,

e

This also shows that ¥ x,u,\) has a bound which is independent of x and p (but
not \).

When the function ¥(x,u,\) is obtained, it will be seen to possess the
correct properties so that the inversion formula

vy + iR

0(x,u,t) = 2_% }131 [ exp(At) Wx,u,\)d\
® 4 - iR

holds for v > 0. From the properties on C(x,y,t) it will be shown that

Clx,y,t) = 2 f 8(x,,b) sin(py)de.
0

Transformation of the Differential Equation

When C(x,y,t) is transformed by the Fourier-Laplace transform, the
derivatives aC/ox and azc/axz are transformed into 3V¥/dx and 62W/ax2, respectively.

The derivative azc/ayz will now be transformed. First it must be
observed that

lim ¢(x,y,t) = 0, and

Y00
lim % - 0.
Y-+
Then the integration.
f sin(uy)(-z-f%) dy can be performed to give
0 b




2 ’ 0
sin(uy) (-a-% dy = sin(p:f)\ - u f cos(py) (g—g,)dy

0 3y 0

-

= -y cos(uy) C(x,y,t) - p.2 f sin(py) C(x,y,t)dy
J y=0 0

- p.C(JC,O,t) = U-2 fc(x’}’,t) Sin(u}’)d}'~
0

Observing that C(x,0,t) = 1, multiplying this last expression by exp(-\t), and
integrating gives

00 o0 2
j exp(=\t)dt f sin(uy) -a——g- dy
0 0 %

[+ © @©
= u[ exp(=At)dt - uzf exo(=\t)dt f C(x,5,t) sin(uy)dy
0 0 0

= £ - u® Ym0

2

Thus -a-% is transformed into

oy
L2
T Uz .

To transform gt the integral f exp(-\t) (g%) dt is evaluated. Because
0

¢(x,y,0) = 0,
® t =@ P
f exp(-m)(-g-c,; dt = exp(-it) C(x,7,t) + f exp(=At) C(x,y,t)dt
t=0
00
= XI exp(=\t) C(x,y,t)dt.
0

Multiplying by sin(uy) and integrating gives

fsin(uy)dyfexp(-kt (— dt = fsin(py)cvfem(-lt) C(x,y,t)dt.
0 0




Thus %% is transformed into

MW(x,1,\).

From these results it follows that the differential Eq. (2) is
transformed into the equation

2
Dﬁ%+%-u21)')»‘4’.
ox
Rewriting this gives
2
-a—\{’- u2+h \J/:-E'. (16)
2 D Al
ox
The boundary condition Eq. (12) transforms into
2 t
'ay_ Dav,_ (D _ : -
D > " 3 % (D 1 AV for x = a. (17)

Solution of the Transformed Equation

The function ¥(x,u,\) is to be regarded as a complex function of the
real variable x for fixed p and \. Then Zq. (16) is essentially an ordinary
differential equation in x with complex coefficients.

The solution of Eq. (16) is

x\}p.2 + A

D

-2+ %) ‘E, (18)

where A, B, and E are functions of \ and p and the radical indicates that the
square root with positive real part be taken. Since V is a bounded function of

X, we can reject the tem
N2 o 2

D
This leaves B and E yet to be determined. Because the term

Y

Wx,u1,2) = A exp + B exp

A exp

B exp 5
is a solution of the homogeneous equation
Ey_[2.,2
2'(“ +oveo
ox

it can be concluded that

2 A .. _w
'(“*B)E N




and therefore
0

M+

The function B must now be adjusted so that ¥ satisfies the boundary

condition Eq. (17) for x = a, Substituting V¥,
NN

N g2, 2
3% | BlVe +3

L=

(29)

exp|= R
and

2

@._,;f.Bu2+% exp -'x\lu2+%‘

ox

into Eq. (17) when x = a gives

' 1
' A . Dy/ 2 A
BD(u2+-5)+zu+-5-(-g—-l)X exp(-a u2+%)-(%--9—-—2-“-—-r,

Solving for B one obtains
!
D
B - ] el

B = ,
2 x)D u2+D1/u2+%*)‘)

u" + 3
Therefore ¥ x,u,\) is determined uniquely to be Wl + ‘4’2 where

and
(-—-l)ue -(x-a p+-)=]
1

(20)

Inversion of ‘J’l

will be used to denote the inverse of \}’l. The formula for C, is

1

» ¥ + iR
19 R ) sp W54

where y > 0. The value of the quantity in the brackcts is easily seen to be

independent of y as long as y> O. This will be discussed later.

8
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When the substitutions;
! !

y = nVDt, u--P—-andX=%‘-;

Vot

are made, Cl reduces to

® + iR

Y
t ! !
¢y =5 | ' sin(u'na nmf

€XD k' dl'
‘utg . l') X. C

- iR

Since the value of C1 was independent of y before the substitution

the last form is also independent of the choice of y as long as v » 0. The
primes can be dropped and C1 can be written

. ” vy + iR
¢, = = f b sin(un)du|lin LA A,
2, 2 )

For the purposes of evaluating the contour integral, \ will be
written as x + iy. (There should be no confusion of this x and y with the
original x and y of the problem.)

The integrand,

exp A
(p.z + )\]X

is analytic for all values of N\ except for A = 0 and \ = - u2 where it has
simplc poles. Therefore the integral of this function about a closed contour
which encloses both poles has the value

2
Ja exp(=uc)
e 21'[1(—5 -, —..—.2———)’
m n

‘ 2
e -
since the residue at A = 0 is 15 and the residue at \ = - uz is - _3££§&_2 .

N m

Let the closed contovr to be used consist of the line x = y between
N
the points v - iR and the point y + iR and the part of the circle, X = &' ¢,

(Y
which is to the lcft of the line x = y, where R = R® + Y2 . Call this contour,

' '
as shown in Fimqure 1, I'. Note that as R+» so does R . Suppose R > u2. Then




_——y-iR

Now as B»e it will be seen that the contribution to this integral
from the cirenlar part goes to zero. The integrand along this part of T' is

e o
)

s
exp(R ¢

[} 3 ] 3
(u2+R (10);" 10

3ince the real part of \ on this curve is never greater than v,

lexo(r' €*%)] < exp v

I . 1
on it. The point R ele is never closer to the point - uz than R - u2. Thus
t 46 1
|p,2+R elIZR-u?,
and
' i6
exp(R 677) < CXp ¥ on T.

| 1 3 - 1 ]
W+ R R T R - R

10




'
The length of the curve P21>3P1 is less than 2nR ; therefore

This integral can be seen to approach zero as R+ . Hence

y + iR o
lin ) D, gy |k exp(y)
R (2+)\) N 2

® y-in ‘H K

This pernmits Cl wo be written:

o
(=]
"
[N
(7))
—~~
5
S
—
'
m
8
1
=
N’
T:kc:L
#
=210

n
1 ! | |
=1-—ﬁj exp(-DL—-)dn=l-eri‘2-—erfcz.
0

These last integrals ray be evalvated from a stancard table of integrals,
for example, form:las k06 and L32 from the table of integrals of the Handbook of

(8)

Chemistry and Physics

Inversion of \1'2

Let C, dcnote the inverse of \ Then

2
w Y+ ik
C, = — ) 1 i\
0 = o sin(uy)du | lim Xt)\l2 a| 5
i J, e

where vy > 0. It will be seen later that C
as long as v >..0.

> is independent of the cheice of ¥

The following substitutions will now be made:
'

1 '

x=a Ng a 2) A-1 B A

g 2 e n--db-— QB m—— A.— pg =(A-l)a u: and)\--—
R R T T Nm v

11




¢§ is reduced by these to

t VDt (A-l)u' e§g£- E Vu'z +}il_
W2+ A2 s 2020 2" )

When this is pvt into the expression for 02 and the substitution
completed one obtains

(o Y+ iR ()\ 2
02 = .(A:.llf 1 sin(l_m)du lim J X EVe_+ M
n‘i 0

Boo Jogg (W2 x)(q;2+%\/u2+ A+ A)

after dropping the primes. Note that y > 0 and this expression for 02 inherits
the property of being independent of .

It is desirable, however, to take the contour integral along the line
X= - u2. (Azain \ is written x + iy for the contour integration.) The point

A== u2 is a branch point of the integral and must therefore be avoided. The
contour which will be used is shown in Figure 2 and is denoted by P(R).

y
|
2 . .
-p°+iR
L _Y*iR
— -
['(R) }
Py
Py N
'FE! X
Pe |
PT ——--———-—'Pl_
"'-F.a—lﬁ }"lH
FISIRE 2.

12




The curved part of [(R) is a semi-circle of unit radius with center
at the point - u2, while the rest of P(R) consists of the line x = - u2 between

the points - u? - iR and - u° + iR.

The function V;Lz + )\ is analytic for all values of A where A\ is not

real and all real values of \ greater than - uz. The only zero of (u + 1) is

at A = - p2. The function Ap. + = p,2 + X\ + A\ is analytic at all points where

uz + A is. It cannot be zero 1f \ has an imaginary component because a > 0
and Im("/ ué + \) has the same sign as Im(\). It cannot be zero for real A

greater than - u2 because A > 1 and uz + \ is a positive real number in this
case,

Therefore the function

exp(\ - u2+?~)
(rz + \)au +l \lu2+k+k

is analytic at all points cn P(R) and all points to the right of F(R). From
this it follows that

= £()\)

Y+ 1R
[ A)en - f Ak = f £(M)dh + f £(\)an
R
P(R) Y- iof s P.P
Along the sesment P }’3, =X + ir and
I+ Al 5 3,

. lAu +-1-\/p2+>\+)\l>vc
(because Irm( V u2 + X) has the sare sim as In()\)), and

|c|x-£u+ |<eyoy

(becausc lic( | ,12 + \) > J). This ~ives that
< | Y| (v 42

f £ < | =55 :

PP R
23

and this roes to zero as B4 . A similar arpgvment holds for P7Pl' These

13




statements show that
vy + iR
lim j £(\)d\ = 1lim f(\)d\ .
fro (k) Y- iR
The transformation v = Vp,2 + A will now be performed on the integral
along T'(R), where again the radical indicates the square root with positive real
vart. This transformation takes P(R) intc the contour P'(R) shown in Figure 3.

FIGIRE

This contour consists of parts of the lines y = x and y = -~ x and one-
fourth of the unit circle with center at the origin. Thus

exp(\ - & “’2 "'&)d)‘ L2 exp(- uz) j exp(v2 - vE)dv
fR) G2 NBEe sVl @-1 e GEegee :42.1. .

where B = (A - 1)a as before.




Since the integrand

exp(v? = %)
(;1.2 + -g- + Xy.-l)v

!
is analytic for all v in the half plane x > O, I (R) can be replaced by the
contour f”(S) shown in Figure L, where S = % .

S+iS
Ay
I‘\ll(s)

(ytiy
X

Y-iy

FIGURY L.
S-iS
This gives the following expression for 02
exp(v° - vE)dv

Cy = —§- fu exp(-u?) sin(un)dy |1im
ni

—r
&l

i<

S+ pt! 2
0 P (S) (u2+ R )v




Along the contour I'”(S) the following substitutions are valid:

 stn(um) = - & cos(m), el V), f exp(- v')az'
\Y
£
(because Re(v) > 0 on I‘”(S) ), and

2\ [ 2
1 2. v y 2. v v
2 exp(“ BT F f -5 (“ B 1)
SR A bt
2 . v v2 "
(becavse p° + 3 * 51 has positive real part along I' (S) ).

Applying these substitutions to 02 gives

o

02--—%—-3-6 j cos(pun)de |1lim (Q)

ni 0 S
where
[~ -] . [- -4
Q= f" dv f exp(-uo)do j exp %':'-c{ R 5%1)015' .
r (s) 1 11

The limit of Q as S+ e 1s actually an improper real integral,
Therefore it is permissible to interchange this limit process with the various
integrations to get

C. = -2 2 fd;;' fdcfcos(un) exp(-uZO)du. limf exp "'A:G v 5' * c-l) |
2 nzi an Sre ! ik ;

The last integration must be divided into two cases. The case where
0> A gives an integral of the form
. 2
lim j exp(-Fv~ = Gv)dv
S+ Jyy
r (s

where F and G are positive real numbers. The integrand is analytic for all

"
values of v. Therefore the integral around a closed path is zero. If I (S)

is closed by the vertical line from S + iS to S - iS one obtains the contour showm
in Figure 5.




S+iS

hy P4
1
Pay+iy
|
X
ANA
[ ]
o P,
icure ., F
Ficupe S-iS
Along the line segment PhPl’ v = S+ iy where - S <y < S. Yor these

values of v

2

lexp(=Fv? = Gv)| = exp[— #(s? - %) - GS]_<_ exp(=GS).

This cives

f exp( - Fv2 - Gv)dv
A

< 28 exp(-GS),

and this goes to zero as S+ e . Thus

lin f exp(~Kv? - Gv)dv = 0.
[
>e p'(s)

17




The case where 0 < A gives an integral of the form

1im j exp(Jv2 - Kv)dv
S+ao r”(s)

where J and K are positive real numbers. This will be shown to be equal to

Y + 1S
lim j exp(IvZ - Kv)dv .
S0 A -5

To do this it must be observed that

f exp(Jv2 - Kv)dv
1
ro(s)

differs from
¥y + 15
f exp(Jv2 - Kv)dv
Jy - is

by the contribution from the horizontal segments PhPS and P6P1 shown in Figure €.

‘V
+iS
psy = S+iS

SICITE £,




For the integral along the segment PhPS’ v= x+ iS where y < x < S.
Wher v is on the segment of this lime where y g x < §/2,

2 o2
‘|e>:p(Jv2 - KV)I - exp[J(xz - 52) _ Kx] < exp{J(ﬁ-‘ = 52)] = exp(- ZJED—-) .

When v is on the segment of PP where S/2<x< S,

|exp(av? - Kv)| = exp\—f(x2 - §%) - KX] < exp|- “—2) .

Therefore

2 a
j exp(Jv2 - Kv)dv| < S(exp(- }%-S-) + exp '('}'{"'2"')),
PhPs

and this goes to zero as S+w .

This now leaves for 02 the expression

© A
Cy = = .-g— % j dg' do fcos(un) exp(- u2°)Qdu ’ (21)
nil g 1 0
where
v+ iS
Q = lim em-‘-’gvz-v(a"'f—l)d\'o
S, A-1 B
-} .

vy - 1S

Let v be written y + iy for the evaluation of Q. Then dv = idy and

v+ iS
[ exp(llv2 - Bv)dv
v - iS

S
= if epr(Yz-y2+ 2yyi) = B(y + iy)|dy
=3
S
=i exp(AY2 - By) f exp(-kvz) cos|(2Ay - B)y|dy
=S

19




S
= 21 exp(ty? - By) f exp(-Ay2) 008[(2AY - B)dey

As S+e this last expression approaches

22 2 . 2
Q= 28 explty? - By) T eyp |- W0 - By + B | i -(B )
'1epr Y'zﬂ_erp[ Iz ﬁ,exp im

Putting in A = -ﬁ-:-% and B = é;' + %—1 gives

2
Q=i'ﬁ‘\/%-_% exp[-%%:% J

Since Q does not involve u, the third intepration in formula (21) can
be done separately

o-1

!
E*B

(22)

).

fcosmr.) exp(-p0)dy = YT exp
0

!
The integration on & can be performed separately by observing that Q
!
is the only factor involving & .

o @
deE'=iﬁ[exp{: Rl }ﬁ:ld?:
13 14
Substituting z = %V%}% 5' + 2;—1) gives dz = 5 -ﬁ—_‘_—é dg'
Qo
“and deE' = 2iVnm j’ cxp(-zz)dz = ni erfc[% %{%(ﬁ + -?T;-l ] (23)
£ | A1f . o1
b0 F * ";'s'

Combining forrulas (22) and (23) with (21) gives

2
Cm-L 8 1 1./8-1 o-1
& ﬁa"fl ¥ f°[ VM“BJ“
A
= 0-3/2 é erfc[ 2-% E+9-—l-]d°- (2k)
2'ﬁ' 1 g
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This gives the final solution

C=(C. +C (25)

Discussion of Inversion Formulas
n

In the half plane Xe(\) > O both ‘&'l = — and
)\‘ 2 + L)
7D
D_ Y RN S ]
Bty T e
2

[N [ &
1:§,
n

(u2+%) (D'p,2+' +%+X)

are of order 1/X2. When the real part of \ is not negative, ID 2 + .\l > ‘Xl

t
and I\!'l X2| < Dlul . Similarly when Re(\) > O, o u2 + %quz + %‘ Y > hl
because% bo+3 has its real and imaginary parts the same sign as those of \.

Thus

%: - l) Dlul.

W/hen Re(\) > O both \l/l and \L’z are analytic functions of A\ and are both
(6

WQXZI <

real if \ is real. Therefore by a theorem in Churchill ) the inverse of

‘1’1 = ‘l’l + V. is given by the formula

2
v + iR
6(x,u,t) = 5 lin f v exp(Ab) i,
Row I _ip

for vy > 0, and is independent of y.

It was shown before that f C(x,y,t)dy exists. Therefore since

0
C(x,7,t) is assured to bc a continuous differentiable function of y, one can
tarit—(7).
© ) «©
2 . U . ota 2 A
C(x,7,t) = ;t- sin(uy)dy C(x,7 ,t)sin(uy Jay =7 sin(uy)o(x,u,t)du.
0 0 J
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Let C(x,v,t) be a solution. Then 6(x,u,t) and ¥Wx,u,\), determined by
c(x,y,t), must exist. ¥(x,u,\) is then uniquely determined and uniquely inverted
to 8(x,u,t). But 6(x,u,t) has a unique inverse also hence there is only one
possible choice for sz,y,t).

FISHER'S SOLUTION

Statement of the Problem

The idealized situation studied by Fisher(2) is the same as that of
Whipple. The half space, v > 0, is filled with a material of diffusivity D
except for a thin slab of width 6. This slab is boundei by the planes x = O

and x = ~ 6. The diffusivity in this slab is D'(D' >>D). At time t = O

the concentration on the surface y = O is suddenly raised to unity and maintained
at unity. The problem is to find C = C(x,y,t) elsewhere, i'isher refers to the
plane y = O as the free surface.

The diffusion equation holds for the concentration C outside the thin
slab. That is

2, & '
DV =% (26)
for C outside the thin slab.

The Differential Equation in the Slab

Let the thickness of the slab, §, be very small so that variations in
C across it are nesligible. Consider a rectangular parallelopiped in the slab of
length Az in the z-direction, of width Ay in the y-direction and of width slightly
greater than 6 in the x~direction. Let this be oriented in the slab with two of
its faces just outside the slab and parallel to the slab., Let P be the point at
the center of this parallelopined. Let aC/ét, denote the value of that derivative
at the point P. Then the flow of material into this volume is approximately
5(4Av)(Az) /5.

This can also be written as the sum of the flow through the sides of
the parallelopiped. In the z-direction there is no flow. In the x-direction
there is the flow Fx just outside the surface x = 0 (and its negative just

outside the surface x = - &), Therefore the amount of material coming into the
volume in the x-direction is ‘

-2(%,) (by) (ba),

where the subscript zero indicates that Fx is evaluated just outside the slab.
0f course by Fick's law (outside the slab)

(F )y = - D(%]O.
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The flow at the point P in the y-direction is Fy and so the amount
of material coming into the volume in the y-direction is

or or oF
A A S
F --—-z-l 6 Al +—x-1) g-—x ¥ 5.
(y 5 7] (82)s - [F + X 3 (82)8 = - =X () (8)
Noting that inside the slab Fy = - D' g% and equating the expressions

for the amount of material flowing into the volume gives

-2(e,), ()(02) - 2 (by) (k)5 = & () (n)s

or
2D _3&) +D'.a.2.9=.‘13. (27)
6 Yoxl, _2 ot
oy

for the concentration in the slab.

Fisher'!s Approxiriate Solution

At this stage the problem is identical to that solved by Whipple.
Equations (26) and (27) are just the same as Egqs. (2) and (11).

Equation (26) is simplified by the observation that the concentration
of the diffusing material will be much greater in the slab than outside because
of the much higher diffusivity inside. This means that near the surface x = 0
and far from the surface y = O the flow of material is normal to the surfacc

v =0
o .

In terms of the parameters of the problem this says that

® &
E << .
From this it is concluded that
2 2.,
2] << |22
- 2
oy ox

Tquation (26) is therefore reduced to

. 2'1 ~
95 o &£
= 2 (28)

for noints ouvtside the slab.
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Let the following substitutions be made:

Dt o X .
5" 2’8 n

y
1/
iy

Equation (28), written in terms of these dimensionless parameters, becomes

2
C -
_a__é = g% (29)
axl 1
for points outside the slab and Eq. (27) becomes
_a___ = L
2( ) 2 b (30)
1 1

for points in the slab.

¥isher solves these two equations by a numerical method and uses the
numerical solution to draw some conclusions about C(x,y,t). He observes that C
riscs in the slab at a rapidly decreasin; ratc. Because of this the value of C
cutsice the slab can be treated as though the value of C in the slab is
independent of the time. Let @(y , t1) be the conceniration in the slab.
The assumption that @(/

is independent of the time gives for a
solution of Eq. (29)

&)

5 o= @(yl, ) erfe (31)

2\/—

and this takes on the value ¢(v 7y tl) when % = 0.

At this point Fisher's rcasoning is difficult to follow. He says that

('!
g% in the slab > > (%%} ovtside the slab for most of the time. From this
he concludes that the value of o(v 1) can be derived approximately from Eq. (30)
by assuminz L. 0.
atl

This assumption applied to Eq. (30) is that

RO
2| =l " (32)

Ilovicver

2

1 !

- o(yq, t,) exp (- ——)
3ity V;Tl 10 1/ ¢ It

2l




for points outside the slab, therefore

(-2-";.—1)0 . V%'—Q olyps b) -

Putting this last expression into Eq. (32) gives

OJ'J o
-6
-

.\/_"—'(L_"'
which is essentially an ordinary differential equation.
(

The solution to Eq. (33) which is bounded in y_ and satisfies the
condition that C = 1 when v, = 0 is 1
\/—v

(P(yly = exp 1 0 t

This gives the final formula for C.

Vi )
ek

= eXp

7

or in tems of x, y, and t

Yoy
[]
Vs %— (not) /b

C = exp (- ) erfc ) (34)

X
2\t

DISCUSSION OF VALIDITY OF FCORITULAS

The solution derived by Whipple, Eq. (25), is the exact solution to the
diffusion equation with the approximate boundarv condltlon Eq. (11), the boundary
conditions Eqs. (L), (5), (6), and the conditions that g;
Y-+ 0 . His solution has the disadvantage of being a numerical integration.

and C both go to zero as

Fishers! formula, Iq. (Bh), on the other hand, is ideal for computation
if it is correct. The reasoning of Kisher will now be discussed.

First the sirmplification of the diffusion equation to the form




would have to be verified. This can be checked by using the exact solution of
Whipple and comparing a2c/ax2 and aec/ayz. If, as seems not unlikely, a0 /ay*

is negligible compared to azc/ax2 for values of x and y of interest, then the
concentration in that region would satisfy Eq. (35).

The next step is difficult to check. ¥Fisher concludes that ¢(y1,t

is a slowly varying function of time and therefore

e

1)

C = (p(yl, tl) erfc

(where ¢ is still an unknown function) satisfies the equation

x 3%
oty axi
This is true if
¥ !
T erfc (==
1 Nt‘l
is small compared to
X oxo |- X

2Vm t
1

The only way to verify this seems to be to look at Fisher's final solution and
determine if this is so.

One obscrvation seems pertinent here. If the diffusion equation can
be reduced to Eq. (35) then this last step is a necessary condition for Fisher!s
solution to be a solution to the diffusion differential Eq. (26). If, on the
other hand, Eq. (35) is not valid, then Fisher's solution might still be a good
approxwrate solution even if this last test fails.

The next step is again one which can be checked by means of Whipple's
solution. Fisher uses the equation in the slab.

62¢
_.2..0
%y

2[5 (36)

to determine w(yl, tl). This requires that ac/atl in the slab be small compared
26




to 2(ac/ax1)0. Since Fisher's solution satisfies Eq. (36) exactly, this last
condition is a necessary one for it to satisfy the boundary condition Eq. (27).

DISCUSSION OF BORISOV, GOLIKOV AND LJUBOV!S WORK

The following is a partiel study of the derivation of Fisher!s solution
from that of Whipple!s by Borisov et al.(h)

Consider the formula given by Whipple for the concentration C in the
grain volume:

C=C, +¢C

1 72
where
[- -}
2 ‘N
C, =% _[ 1 = exp(-u”)| sin(un) 3—“
0
and
[}
c, = % f w exp(=p?) sin(ud)an | un [+ em(® - vy ] |
ni 0 Som J

2
rtt(s) (uZ ~ % o ng)v

<

It should be noted that in the convention used by the Bovisor et al. m = -31—-,
as in Whipple's paper, but £ = —X. where x is the distance meastred fro;{EEe
grain bouncary. (Whipple has & =g§?5§ .) A1l other symbols in C, and G, are
the same as in Whipple!s paper. o

The akove expression is, of course, not the final form of Whipple's
section.

It is desired to evaluvate the contour intecvral of 02 along the y-axis

instead of P"(S). ¥ore precisely, let P(5,e) be the contour which consists of
the part of the y-axis between the points - iS and iS excluding the segment
between - ie and ie. (It is assumed that S is a very large positive real nurber
while ¢ is a very small positive real mumber.) The renaining part of F(S,e)

will be the half of the circle v = eéﬁ which is to the right of the y-axis.

This contour is shown in Figure 7.

27




FIGURE 7.

It should be noted that the x and y of Figure 7 and the y to be used
as a variable of intcgration on contour are not the original x and y of the
protlen.

exp(v2 - vE)

2
2. v,V
M+B+A-lv

Let f(v) = The function f(v) is analytic on

I(S,e) and at all points to the right of P(S,e). This is because the zeros of

2
',L2 + -\é + T:’T are all to the left of the y-axis except for the possibility v = 0,

f(v) is bounded by exp(v2 - v§) as v»e . Therefore by an argument very much




like that used just before Eq. (21) it can be concluded that

2
Yin exp(v© - vE;dv - lin f exp(v™ - vE;dv .
et [Regegsh ST [@epegd)

Therefore it is required to evaluate

f exp(v2 - VE)dv
2
P(S,¢) (u2 + -E + Arl)

This integral is clearly 1ndependent of ¢ and so it is permissible to
find the lirit as esrar .

Pirst on the section of P(S,e) which consists of the half circle

v = eele, 7%5 0 5% s the integral becones
n/2
N / exp(s 2210 &;ee )de
i6 .2 216 ’
2 et | ¢fe
n/2 (p. )

As e O this integrand approaches 1/;1.2 uniformly in @, therefore the integral

approaches
n/2 :
3 _‘.- = .l
i -[ 5 > as €0,
_n/z u U-

For the section of I'(S,e) which lies along the y-axis the substitution
v = iy is made. On this section the integral becomes

S
je em(=y -tvl) & ] exm(-y? - &yi) &

+
2 W iy ¥ 2 y2| iy ¥
-3 (U i ._:i)d» -B- bt -p—
If y is replaced by - y in the first integral one obtains
S 2 2 + rvi
j exp(-y*© - é:yi) __ex(-y° + &yi) |dy
2 i y
e |u2- -2, 2.2 i
A-1 [3 A-1 B
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2
S (_.L 2) X .
= = | sin(gy) - % cos &y
'21,[ exp(_yz)[ A-1 B dy . ‘

2 2 y
2
-4 + 2

B

€

In this form it is clear that there is a limit as € -0 and this limit is

S
. 2, | a(y? - u?) sin &y - yVDt cos(ty) | &y
21€a | exp(-y") 57 22 2 Ty
0 a“(y® - u0)  + yht
where 6 = A-1 and B = 6a/ YDt. This now permits one to write
j exp(ve - Ev) dv
2. v v2 v
P(S,e) (1] + p+ A_l
S 2 2
- néo) si - Dt
) i_g . maj exp(~y2) | 20 u 2) suzx(zs?') )2'11’_ cos | &
N 0 a*(y® - u%6)" + yDt J

Now when this last expression is put into the expression for 02 one
gets for the concentration C

[- -]

2 . dy

C = ;f sin(ur) =
0

L6a . 2
S S '[ p sin(un) exp-u”)ds 20,2 - ,,26)2 , 2
] a(y - u6) +y

g jo exp(-32) a(y2 - p20) sin(zy) - yﬁﬁ cos(&y) | dy .
5 3 Dt y

The next step is to cvaluate the first integral and to replace p by &,
¥y b7 1, n by y/ VDt and £ by x/ VDt in the double integral. Then

C=1+hig- —_—

n

2 a a(p,2 - 529) sin( p.x)_ uVDt cos(ux) du
f & exp(-£?) sin(—gl'-)dz f () I g
0 Vor g o wot + a%(u? - £%)° b
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' f
The substitution ¥ = ¥/ Dt and p = u/ VDt gives for C, after removing the
primes,

C=1 + )(

» » 2 - %) sin(ux) -
jg sin(gy)dgf exp [_ (22 + p,2)Dt] a(u2 52 )2 m(x;a)2 i cos(ux) fl_;_; 61
0 0 po 4 a(p” - £%0)

This appears to be Eq. (1.9) in the paper by Borisov et al. (L)

The following formula is given as a consequence of Eq. (37) with some
negligible quantities neglected.

c=1- -g X
n
f [ 2 sintye) + eonl) sin[(zn)l/z u} exp(n? =nz ) dndsz, (38)
5 ‘6 (1+ 2%m ’
where

X y Dt

r | - u = 8 2 oo
i ('E't )172 = ab

The substitutions

£%

= - uf andq = w(o) M2

zZ=2a

seem to be the ones used to get Eq. (38).

Jith these substituvtions the integrand in Eq. (37) becomes

VIR n2 an n2 2z YDt | 2 sin(ry) + cos(rn)
W S Vet y| exp "8 T T8 2
6a VOt (1+ 2%
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where the 5-%& is left in that form so that the Jacobian will cancel it. Since

2
-a—z---g-ie—g- -a-EI—E—E-q—a
& u o 2

1)
a'qu -l]E
3 0 3 Dt

the Jacobian of the transformations is p/2a6r-YDt the reciprocal of the determinant

2z 3z

ot ou

- O
& |

With this Eq. (37) can be written

2
c=1--2 x
n2

-3

© 2 2 sin +
f j sin(\j gﬁ? + —-z-_-}—-__ y) exp - 'ﬂ2- - "e" - e = (Pﬂ; o8 dzdn . (39)
0 - &n/yTE 6a VDt (1 + 2%y

Writing this again in a clearer form

c=1-—§X
n

oDt y| expi=m =g - 5 zdn .
o/ VD R (1+ 2)n

0 =

This reduces to 5q. (2.2) of Borisov et al.(%) if the term 12/oDt
can be ignored corpared to zr/8a YDt and if the lower limit on the integration

on z can be replaced by 0. The approximation - -q2 - ~q2/9 - - 'q2 is always good
since 0 is so large.

32

i i i s




CONCLUSIONS AND RECOMMENDATIONS

The three major published works on grain-boundary diffusion have been
considered and the following conclusions reached. Whipple!s solution is exact.
The solution obtained by Borisov et al. is equivalent to that obtained by Whipple.
The relationship of Fisher's approximation to Whipple's solution has been examined
but no conclusion about its validity has been reached. At least one very weak
point in Fisher!s argument has been found.

Having proceeded this far one may recognize rather sharply several
specific problems that could very profitably be considered. Several of thess
are enumerated below.

(1) Numerical Evaluation of Whipple's Solution. With the
sure knowledge that Whipple!s solution is exact it seems
appropriate to inquire how well this solution describes
experimental results. The most expedient way of
accomplishing this would seem to be the numerical
evaluation of Whipple!s solution. Some steps in this
direction were taken by Whipple himself, however, his
work does not cover an adequate range of parameters.
Furthermore, his calculations are based on a formula
which results from taking the ratio of the grain-boundary
diffusion coefficient to the volume diffusion constant
to be infinite in certain of the places where it occurs
in the exact solution. This approximation is probably
quite adequate, however, it would be worthwhile to
evaluate the exact solution using the value 105 for this
ratio. This would confirm or deny our present speculation
that taking A = » , as Vhipple has done, does not
introduce a serious error. If A =@ in a satisfactory
approximation the computational effort will be substantially
reduced.

(2) validity of the Steepest Decents Approximation. As is
often the case with steepest decents evaluations of integrals
it is difficult to establish the range of validity of Whipplels
approxinate formula. One possibility is, of course, the
direct cormparison of the approximation with the exact numerical
results discussed above., If a theorem of the form "If the
approximation is valid for a concentration ¢ then it is valid
for any concentration less than c" could be established
analytically, then the use of numerical comparisons to determine
the range of validity would be particularly useful. A more
ambitious goal and, of course, one which is less likely to be
realized is the rigorous analytical determination of the range
of validity of the approximation.

(3) Analytical Approximations. A rood analytical approximation
to Whipplet!s solution with carefully established limits of
validity would be extremely valuable. The hove of finding
such an approximation is rather remote, however, the search
should continve as a part of amy sound theoretical program.
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(4) validity of Iisher's Approximation. The range of
parameters for which Fisher's approximation is valid
should be established. This investigation should
consider the following: the actual deduction of
Fishert!s formula using Whipple's solution to study
the approximations which are used; the shape of the
isoconcentration contours compared with the exact
contours; and the validity of the activity equation
used to interpret tracer study results.

(5) Borisov's Deduction of Fisher!s Formula. Borisov(B)
claims to have deduced Fisher's formula from the
exact solution. His presentation is sufficiently
sketchy that it requires a careful reexamination.
This procedure might resolve some of the questions
raised above and at any rate should end the controversy
which has been going on for several years.
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