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ABSTRACT

The flow of a chemically reacting gas through a divergent noscle
i3 considered. A pure diatomic gas is assumed to dlesociate and recon=-
bine sccording to seven distinot recombination rate laws, The effect of
sorrecting Lighthill's "ideal diasociating gas" for vibrational oontrie
butions of the molecular specias and tranalational contributions of the
atomioc apscies is shown to bs small., The affact of recombination rate
on the flow of oxygen, from throat conditions of 2 atm snd LOSO K, 1a
shown to ht‘ pignificant for reaction rates deorsasing with temperaturs
and relatively unimportant for reaction rates inoreasing with tempara-
ture. Elsctronic analog computer solutions are presented for a variety

of throat compositions and recombination ratee,
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I. IETRODUCTION

4. Previous Work
Demands for improving the performance of chemical rockets necessi-

tate the use of high snsrgy propsllants with resulting higher temperature
exhaust products. The analysis of thees high energy flow streams bacomes
inoreasingly more difficult as the temperature is rajised, since real gAs
effecta become more pronounced and there is significant deviation from

the clessical ideal gas behavior. Thermal phenomena relating to the
vibrational and sleotronic snergy levels as well as chemical phenomena
relating to the dissociation and the ionisation of the different species
must ‘u considered, The rate of change of the various flow paramaters
must bs oritically examined to determine whether or not equilibrium has
been reached, and sven moderate changes such g might be found in the
axpension of a purs gas through a hypersonic nossle oftsn result in non
oquilibrium flow conditions. These non equilibrium flows are particnlarly
important for several reasons. In order to examine the problem of sero-
dynsmic heating of re-entry wehicles, the flow conditiona of the eir
passing through the bow shock must be inown. Also, non equilibrium flows
must be gensrated in test faoilities to simulats these re-entry conditions,
The thruet of & rocket engina 1s seriously affsoted by the extent to
vhich the propellant is dissooiated at the nomzls exit and consequently
how efficient the engine has been in converting the chemioal energy to
kinstic energy.

Sy
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Rggers (Rafersnce 1) was among the first to correct ideal gases
to compensate for real gas effects. He used Berthelot's equation of
stats to account for the molecular sise and intermclecular forves as
well as a Planck term to give changes in the vibraticnal hest capacities.
He then analyted a number of one dimensional flowm of a diatonio gam,
£inding that thess imperfect gas corrections beoceme asignificant for tem-
peratures corresponding to tha flow through a sheok wave at a Mach
pumber of 10, Chemical reactions were not considered,

The problem of a chemically rescting gas flowing through a nosile
has been examined by Edse (Reference 2). In this study, the gases were
assumad to b in a state of parfect thermodynamic and chenieal equili-
brium at all times and an effective isentrople exponant wes defined for
the reacting mixture, Equilibrium real gas effects have alsc been con-
sidered by Erickson and Creelamore (Reference 3) and King (Refersnos L).
Erickson has examined the flow of air and pressnts a number of charts
for the equilibriom properties. EKing has studled the theoretisal per-
formancs for an equilibrium mixture of normal hydrogen during an isen-
tropic expansion. Waiter (Refarenoe §) has included heat addition %0 a
reacting flow with the hypothesis that the flow is in therwodynamie
equilibrium at every point.

A linsarized treatment of reacting nossle flov is given L 4
Panner (References 6 and 7)., This approximate analysis is then applied

to the two extreme cases of very fast reactions, nsar gquilibrium

* faferences sre listad in the Bibliography, Appendix A.



3-

flow, and very elow reactions, near frozen flow, Heims {Referance 8)
presents a discussion of the various thecries concerning the oxygen
recombination rate and also an approximete solution for one dimensional
channel flow. Detailed axact numerical scluticns are prasented by
Bray (Reference 9)., He considered a Lighthill "ideal dissociating
gas® and solved several spescific cases as well as presenting an
approximste method for the solution of the aet of governing equations,
In all except one case he assumed the recombination rate was essentially
constant., Later Bray (Reference 10) continued these studies and, al-
though he discussed the temperature dependence of the recombination
rate, ocotioues to use a constant rate for most of his calculations
(this greatly simplifies the alrsady complicated analysis). Freeman
(Referenos 11} has pointed out that this assusption is doubtful but hea
presented only semi conclusive arguments. In his later paper Bray also
considers the effest of noesle eontour upon the deviation from equilibrium
composition. He conoluded from his approximate calculations that there
are nossle contours that will have a tendency to keep the composition
olose to equilibrium but, in general, they are quite long and therefors
impractical, Additional analytioal atteocks on the nogsle flow problem
are given in Referencee 12-20 including @ number of numericsl solutions
for particular caaes,

Wegener (Raferences 21-23) has conducted a series of interesting
experiments ooncerning the flow of & rescting gas mixture of nitrogen
dioxide and nitrogen tetroxide carried in nitrogen. This particular

mixture changes color as the reaction proceeds (nitrogen dioxide 1s
brown and nitrogen tetroxide is colorless) allowing concentration
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measuremsnts to be made by light absorption techniques. Studies of both
supersonic expansions and flow through shock waves have been made, and

the results agres wall with theoretical prediotions,

B. Statement of the Problem
This study concerns the effect of the rata of recombination on the

sxpansion of a diatomic gas., It will be assumed that the various energy
modes are not coupled and that the state of the gas can be defined by
the ideal gas law if compensation is provided for the molecular weight
changss as a result of the chemical reaction. Translational, rotational,
and vibrational modes of energy will be included; however, all the elec-
tronic snergy levels will be nsglacted. An algebreic form for the recom-
bination rate will be assumed and solutions obtainsd for a nunber of dif-
ferent recombination rate functions.



II. OOVERNING EQUATIONS

A. One Dimensional Inviscid Conservation Equations

This investigation will consider only one dimensional flow along
a streanline coordinats, r', in a right handed, orthogonsl, curvilinear
coordinate system. In the abasnos of sources or sinks the steady state
continnity squation is

.d_ = = 1)
I (eAV) = o @

? - maps density
A = flow area

V - wslocity

Heglecting electromagnetic effects and body forces, the momentum equation
is

q i\‘. > L dj = QO (1.-1‘
ar @ dvr
P = pressurse
For adiabatio flow the energy equation is
dH dv 2-3)
av A -\ © ¢

H - enthalpy

* Although all symbols are included in Appendix A, Nomenclaturs, they
are definad as they are introduced in ?.ha text,

5=



B, Auxilia uations
1. Thermodynamic Relatlonships

Only diatomic gases will be considered in this study, and 1t will
be assumed that there is no interaction, or coupling, betwesn the vari-
ous energy modes. Therefors, the partition funotion, Q, for sach diastomio
molecule may be written as the product of the individual partition fune-
tions for the translational, vibrational, rotational, and elestronic

modes, or

Qu = @

M Lrans Qu Vv QanLQ"‘E\“

Similarly, the partition function for each atom is

= '
QA Q A trawns Qh elec "'J'h enerqy
Tavro

T™e last term in this expression sets the reference level that is chosen
for the enargy zero for the atomic species at the same level as for the
molecular species,

It will be further assumed that the components of the partition
functions may be adequately represented by

Q __[?.’if‘::k—l_lh\]




Qelec = 3

Quersy = exp - E2 )

R = particle mase

k ~ Boltsmann's constant

T « absolute temperature

h = Planok's constant

V¥ - total volume

3 « oharscteristic fraquency of molecular vibration

I = molecular moment of insrtia

T « symmetry faotor

g - statistioal weight (elsotron degenerscy) of the slectronie
ground state

E » dissociation energy

The partition functions for the molacules and atoms are therefore

3 -1
2T lam ) kT ~exo | 03 eR* L KT

2
- W om kT Ea
N e R

The partition funection for a collection of N particles is glven by
N
Q
N!
The factorial 1s necessary because in the derivation of the transla-

tional partition function 1t was assumed that the individual particles
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ware distinguishable and they are not. Now, all of the thermodynamio
functions may be defined in terma of the partition funotion and its deriva.
tives. (It in cpnwnient to choose N equal to Avagadro's number and use a
molar basis for these calculations.)

The Helmholts free energy may be written as
N

A= - kT \n%!

The pressure and the entropy are related to the partition function by

¥= - 39,

The enthalpy may be written as
H = A+ T3S =+ “:\I
and the Cibbs free energy as
F= A+ N

Although soms of the reatrictions inharent in the assumptions
relating to the partition functions will becoms obvious or will be
examined in greater detail in the following sections, more extensive dis-
cussions of these iteme may be found in References 2 and 25.

2, Equation of State

Using Sterling's approximation for the factorial of large numbers



ln Nt = NianN - N

the Helmholts free energy may bs written

A= -RT i\h% +|]

and the partial pressure exerted by the molecular oy atomic specles is

- RT
1 v

Rewriting in terms of mass density and adding the partial pressures of
the two mixture components, .thc total preasure hecomes

= B__ T (1'4)
P R 28, \ Ui— x )
in which & 41is defined as the mass fraction of the dissceiztsd species

Inspection of Equation (2-4) shows that it is the olaseical ideal gas
equation of state with the molecular weight ocorrected for the mass
fraction of the dissoclated spscies.

3. Eﬂthllw
Combining terms, the enthalpy of eithor species may be written

= b -a-— 2 +
H = RT {BT \n _NL _T

The snthalpies of the atomic and molecular species are therefore



=10

-1
H“':%RT + R -\'—‘& [e\cv ‘%)-l} + RT

Hh = %RT + NEA ¥ RT

Rewriting in terms of mass units and adding the contributions of both

components, the enthalpy of the mixture is

< R NE
H AW, T+ 3x\T 4 Mhbf. )

4 ‘LR_\&"\,.. \,\_\3 kl-aq ‘-eﬁ? %\-\.} (2-)

The degree of approximation in the calculation of the enthalpy may
bes seen by examining Figures 2.1 and 2-2, Using the data of Heims
(Reference 26), the contributicns of the various energy modss are shown
for molscular and atomle oxygen. Although the electronic partition
function has been assumed equal to its ground statistical weight and
thus the electronic energy has been negleactsd, this results in only s
negligible amount of error. lhe elactronic contribution to the enthalpy
of molecular oxygen is more significant, especlally at the higher
temperatures; howsver, dissocilation decreases the concentration of the
molecular species at higher temperatures and consequently the slectronic
energy of the molecules may also be neglected without significent error.

Almost without exception, other investigators have used the model of a
dissocisting gas propesed by Lighthill (Reference 27).
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Equation (2-6) corrects Lighthill's "ideal dissociating gas®
through the fact that it allows a variation in the vibrational energy
of the molscular species and the translaticnal energy of the dissociated

apaciss.

b, Equilibrium Constant

The equilidrium constant based on partial pressures, Kp, may be
written :I‘.n.tem of the Oibbe free ensrgy as

- Af”
hﬂ K‘P - - RT

(The superscript O indiceteas that the free energies are evaluated at the
etandard state of one atmosphere.) In terme of the partition functions,
the squilidrium constant for the disscciation of a diatomie gas may be

o Ky = [%]/[%

or, combining the 1desl gas law and the pertition functions

*n 3)a, 3
= l k_] Ma " @ A h l
¢ * gRT (N g L

123
“eel | enl )

This equation repressnts the aquilibrium constant only if the
electronic contributions to the ansrgy are negligible, However, dus
to the high temperatures required for significant dissociation, this
assumption is questionable, Hanson (Refersnce 28) has calculated the
equilibrium constant for oxygen including two electronic levele past
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the ground state for the moleculs and four alectronioc levels past the
ground state for the atom, Hanson's results are compared to the wvalues
predicted by the above equation in Figure 2=3. The ocomparison is not
too good. Further consideration and an analysis of the effect of higher
eleotronic states reveals that the electronic states for the atom are
much more significant than the electronic atates for the molecule. This
fortunate characteristic allows a much bestter appreximation to the
squilibrium constent to be made by negleoting the vibrational term for
the molecules to offset the elsotronic terms, ses Figure 2.3, Therefore
the equilibrium constant g:.: be ennulden: to l;

o gmmlh] TR T b e
In this study, this repressntation of the equilidbrium oconstant has besn
corrected slightly by evaluating the coafficient to give the exaot ra-
sult at a temperature near the maximum tempersture oonaldered. Light-
hillt's "ideal dissocclating gas® uses & similar approximation for tha
squilibriun oonstant, Equation (2-7) incorporates additional rigor,

since it includes an additionsl square root of temperature coryrection.

5, Recombination Rate

The recombination of atoms to form diatomic molscules ls generally
conpidered a termolecular reaction in which three individual particles
participate in a single kinetlc process, the third particle being neocas-
sary to remove the energy of recombination. Numerous theories have been
advanced to predict the valua of the recombination rate for this type of

reaction, and References 8, 29, and 30 contain discussions of soma of
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these theories. Unfortunately, the various approaches do not agres,
perticularly regarding the temperature dependence, In general it mey
be concluded that the activation enargy required for the recoubination
procsss is negligible and the recombination rete has an slgebraio tem-
perature dependence.

kll ~ T " {(1-8)

The lack of agresment from this point on is evident upon examination of
Tahls 2-1 (abstractsd from Reference 29). This table lists the valuwes
of the recombination rate for oxygen currently set forth in the liters.
ture. Experimentsl data for this and other high temperature resctions
1s sparse and guestionsble, since in genarul the dissogiation rats is
mhasured and the equilitrium constant then used to ocsleulate the recome '
bination rate. The large activation snergy required for dissoolation is
fncluded in an exponsntisl temperature dependence which effectively masks
the exsot value of n in Equation (2-8). This study is of the effect of
various recombination rates and the form of Equation (2-8) is satisfac-
tory.

C. Rsaption Equation

Dissoolation of a distomic moleouls may be considered to be the
result of & collision betwsen a moleculs and another particle if suffi-
clent ensrgy is available to bresk ths molecular bond, Similerly,
wacombination may be oconsidered to be the result of a oollision between
two atoms in the presence of a third particle, Ths opposing reastions
of dissociation and recombination may de represented as



Recombination Rate

300
L5 x 2017 of 15
bS53 x 2087 of O
3220 gy O
L2x 20" g 2P

Table 2-1 Recombination Rate for Oxygen

-11 -»
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ks
A, + 8 25 LA + B
Ko
k, - dissociation rats
k- recombination rete
The dlseccilation rate is defined as
Ao | -0 N
Mp at | 7““’[ J";_MT}][L%A_?]
{The rate of production of dissociated speciss is proportional to the
conosntration of the diatomic species timss the total acnoentration of
the mixture,) The recombination rate is defined as

b (8] {4)]

The net change of the atomie speciss is tharefore the smm of thess two
expressicns. Expanding the Eularian derivatiwe and restricting it te
steady flow, this sum beocomess

dx _ ka plisee) [_\S_p (\-w}  _ 35:]
dr VY Ma ke 2 Ma

A particular case for which there is no net rate of production
of oithug chealoal species 1s a ohamical equilibrium state, Por equili.
brium the above eQuation reduces to

Ko . 2 poc

ke Ma L1-x)
or, in terms of partial pressures




ke _ 0

k& RT ‘PM
Inspection shows that this ratic of partial pressures is squivalent to
the esquilibrium constant for the reaction being oconsidered, Thersfore

ke _  Ke

ke RT

Although the above squation has been derived for the particular case
of a system in equilibrium (and thus no change in composition), 1t will
be used for this problem since it is generally agreed that kn, kR, and
Kp are all only functions of temperature and not composition and the
relationship will hold for gll cases in which a mixture temperature oan
be dofined. PFeldmen (Reference 31) states that this ratio may bs used
in non equilibrium casea when the individual particles have an squili.
brium statisticel distribution of their energy levels. This therefore
yeducss to the assumption that the relaxation times for the werious
snergy modes is very short compared to the relaxation tims required to
attain chemical equilibriwm.

The species continuity equation, or resotion equation, for the
nozzle flow problem may now be written as

dx _ ke pliax) {K» G-y Efi}u-sn
dr Y] Ma RT 1 Mo

Dy Summary of Non Dimensionalised Equations
A set of squationa deseribing the flow of a resoting distomio

gas have besen developed, To facilitate subsequant computations, the
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area, distance, velocity, temperature, density, and pressure can be non
dinensionalised with respact to some raference conditionm, indiocated by
the subsoript 0, The resulting aquations are

Cont nat.
d\QA\') = O (2-10)
nt ;:at
dp = - @ e\l av (2-n)
7'M" v\\( {2-12)
= ! (1-13)
V\ L+ %o
Ene at

Nd\ +%- dl-‘.l-_-k'h?soq'r +Dx + e(x-oq]]m (2-14)

D= 1:1? (2-15)
©- E?E- (1-1e)

= [e“? ) - ]-‘ (2-1)
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Equation of State

| LAY T (e o) Q-18)
Reaction Equetion

',
d l ~ ox? -
R
4 vo Kk
FAT) = ?THQ'. RET.: T )
alry = t_t‘;- K-__\_! (22}



ITI. SOLUTIONS AND DISCUSSION OF RESULTS

A. QGeperal Conpidarations
The paferencs conditions with which the dimensionless variables

are formed are most conveniently chossn to be thooe at the nosale throat,
Examination of the continuity equation shows that this corresponds to the
point at which

de
d\N |o

For a variety of particular casss this aquation provides an explicit
definition for the valus of P (vhich is a function of the critical
veloecity at the nozele throat). However, in genersl this oondition will
bs related to the noszle geometry through the reaction squation and tha
recombination rate funotion. Physically, ? can be oconsidered to be an
effective ratio of specific heats, since it performs a funotlon similar
to that ratic in clasaical gas dynamics.

Anslysis of the equations listed in the preceding section shows
that both the continuity equation and the energy equation may bs inte-
grated directly with the results

QA\J = | G-

-22=



=2 3=
X

Vo= | %-[ (1+30) - (T+3% )T +2p (o - )

+2© (-], - 20 (\-w) ] 1 (3-2)
Since the equation of state is an algsbraic equation snd can be solved
explicitly, the problam that remains is the integration of the momentim
equation and the reaction squation. A careful study of the rsaction
equation indicates that it would be extremely difficult to integrate
amalytically, sven for very asimple cases. However, onos the remainder
of the problem has been so‘.l.-nd » tha reaction equation may be evaluated
either numerically or graphically, to obtain the nossle contour. It

oan be partially integrated to
Y=y 3’1

d
SN [ e ‘:[_:_\ Z o =] (3-3)

Anelytical solutions to the momentum equation may be obtained for a few

cases, but in general numeriesl techniques must be employed,

B, Analytical Solutions
1. . Frosen Flow

If the recombination rate is slow enough so that the composition
of the flow doss not shange appreciably during the noszle expansion,
the flow 1s said to bs frosen. This may be considered to be the case
for which Damkohler's first cosfficient is

Dam ) |

Since it is defined as a characteristic time for resction divided by
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the residence time in the nossls. In this oase the conditions at the
nossle throat ‘must be such that

2.(\'\‘ 06.5 .
v yrmrm K= s B

Pigure 3«1 gives this result graphically for the initial conditions
desaribed in Appendix C,

The general equaticn for flow welooity, Equation (3-2) may be
specialised to the case of frosen flow,

R % [_k‘h‘-sbc.\[t-rhleb-“-\( Ja- J)] (3-5)

The momentum squation can be integrated for this case by combining it
with the welocity and the equation of state. The reesult is

a3 . -2 5
‘k = T:l' [%'::Ll e*k {'V\e Ll—“-):.k"‘ l? -I-; ] (3-6)

2. Isothermal Plow
An isothermal flow ocan be maintained throughout the nossles expan-
sion 1f sufficient ensrgy is relsased by the recombination of atoms, In

this oame the conditions at the noszls throat must be such that
1
(8-1) = &-1)
\‘T + D \ +BL

Thie condition ia grephically represented on Figure 31,

Specializing the veloeity to the csse of an isothermal flow, the
result is
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r _ 8« _ L . (3-8)

Again tha momentum equation may be integrated if this equation ia combined
with the sguation of stata and the pressure nay be expressed as

= {V\\ux\ﬁ: @-3)

3., Equilibriom Flow
If the reaction time is very short acompared to the residence time,

or

Daw << |

the flow i3 said to be an equilibrium flow and the composition is a
unique function of the squilibrimm constent and the pressure. Por
equilibriuwm flow the throat conditions must be such that

(8- = {'LU.-— l!m::.)(nl:w:.)L - Xo L\;u.\ [L‘h%u.) s 16 (1- o) -

Ttged |+ 2t el p)s (om)|) +
{ (2- o) (1 ) [ (S+xo) 4268 (1-a) Jo(Jovri) l

+ L%a (1~ ocj,\k-!zm)l T+D)+{1- 08 )1 1} (3-10)
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The restriction of squilibrium flow does not produce a significant simpli.
fiocation for the momsntum equation, and it still cannot be integrated.
Y¥umsrous charts and tables for equilibrium propsrtiss have besn published,
1.0., Reforence 3}, to facilitata numerical caloonlations.

L. Isocbaric-Isovel Flow

Athough psrhaps not too intaresting in a physical sense, an
analytical solution may De obtainsd for the case of constant pressure
flow. Application of the criterion for the noszle throat yields

q, \h3xa) o4 -'LE-‘J.L.\.\
k\-&ﬂ.o}

(V- ) . .
-~ B3, ___W E"Lke]-o {3-n1)

Inspesction of this equation shows that the condition for a throat re-
Quires an sxotharmin dissceciation reaction. If such & gas were used,
& unigque throat temperature would be requirsd as specified by the abowe
equation. A convergsnt-divergent nossle is impossibls for the gases
considered in Appendix Cj3 howswer, purely convargent or divergent sec~
tions may produce comstant pressure flows,

Through the momentum equation it can be sesen that a constant
pressure flow must correspond to a constant velocity flow and the momen-

tum equation reduces to a trivial identity.

5. Constent Density Flow
For constant density flow the conditions at the nozsle must be
such that sither
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L, = © (3-12)
or
.
= -k ) (3-13)

The first restriction corresponda to the classical case of an incompres-
sible flow with no meaction. The altarmats reastyriction requires shat the
throsat composition ba an equilibrium composition, In neither case 18 a
onique throat velooity defined,

6. Discussion

Some rather interesting results osn be deduved from a careful
study of FPigure 3-l. P represents an effective retic of specific
heats in defining tha oritical velooity of a resocting ges flow at the
throat of a noszle, For the claseical cmse it varles from 7/5 for a
diatomic gas t0 5/3 for a monatomic gas, Howewer, this familiar venge
is inexaot, since the vibrational ensrgy has not been included. Pigure
3-2 shows that the inclusion of the vibretional term lowers the effec-
tive apscific heat ratio by approximataly 8 per cent. Sinoce this is
the ratio of two temperature depsndent funotions and waries lsss than
either of them alone, it could be anticipated that thare would be a
coneiderabls correction in the oaloulation of the other flow paramstars
if the vibrationsl snergy ia naglacted. The redesming featurs 1s that a
very high pressure would be required to exactly approach this extreme
case at the fixed tempersture of 4050 X for which the curves are drawn.
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However, the inclusion of the vibrational emergy continues to have an
sffsct, of decreasing magnitude, as the composition changes to the other
extyems of a pure monatomic gas (corresponding to a wery low pressurs).
Therefore, sxcept for almost complstaly dissociated flows, the vibre.
tional terms should be oonsidered., Figure 3«2 shows that this error oan
excesd 3 per oant in ths wvelocity for o " 0.50. Of course the error
will be greater for smaller values of X ,

The ? for equilibriun flow matches that for frosen flow at tie
end points (the limiting cmses of the serc and infinite pressure) and
drops sharply in ths intermadiats renge, approaching the case of imother-
nal flow. This follows from the faoct that in this region the composition
is particularly sensitive to preassure. The value of ? for the isothar-
mel flow of a reacting gas 18 independent of composition and close to
onlty. In the limiting case of an infinite diescociation energy, it is
exactly nnity and the flow behaves similarly to the classiocal isothermal
flow, studied by Romer and Cambel and reported in Reference 32, sinoce
no changs in composition would be yequired tc maintain the temperature,
The throat velooity then correaponds to Hewton's isothermal speed of
sound,

When considering the flow of a reacting gas, it is wll to remen~
ber that the composition must be spproaching squilibriuam, The deviation
from equilibrium might increase throughout the expansion proosss, but
this nmust result from the equilibrium point changing more rapidly than
the flow can follow, Considering thias, isothermal flow can exist only
if - X % Xe since this will necessarily result in recombination,
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the rate being controlled by the recombination yate function, F.

C. Computer Solutions
l. FNosale Contour

The inclusion of the spacies continuity equation with the conven-
tiomal gas dynamio oconservation equations has added two additional vari.
ables, the composition and the nossle gecmetry. Therefors an additional
equation deseribing the noszle contour is required to obtain solutions.
The primary purposs of this study is to examire the effect of the recom-
bination rata and thus the choioe of nossle contour is arbitrary. The

moat convenisnt contour
r = A (3-14)

has been chosen and is shown &n Pigure 3=3., This particular shape has
several noteworthy characteristics. FPrimarily, it simplifies the squa~
tions and decreases the complexitiss of the oomputer program, In addi-
tion it i=s fluid mechaniocally feasible since the maximum value of tha
half angle in the expansion is approximately 15 degrees. In addition,
it forces the reaction equation to prediot a sero derivative for the
composition at the throat, greatly simplifying the setting of ths initial
conditions (see Appendix C). The major disadvantage of this nossle is
that it does not actually have a throat, or minimum point, but since the
temperature must decroase n a result of the computer progrem, this
difficulty is minor.

2, Computar Equations
Considerable care mmst be given to the formulation of the equations
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FIGURE 3-3

NOZZLE CONTOUR
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and scaling of the variables before 'I'.h;y can bs programmed for solution
on an analog computer (detalls are pressnted in ippendix D). It will
suffia to note that scaling was

Tw=1le]00y

P=1=100v

X =3 = 100v

g » 1 = 100v

2.1a
2 =1 = 100v

and the machine time was slowsd down by a factor of 10. After consider-
sbla manipulation, the computer equations oan be written as (¥ is the
reciprocal of the area)

9T b

at _ tooo | @-15)
__j_{ - \‘?e.‘rtJn\ (3t
dv* _ 1 2 3 * 47F
B % [\o‘ooo \,000 000 XT -1206 :;Ft
1 4 de 3 dix
+ -g-e __E + [ G.T dt \ODDT Y
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L &
\ dv ] (3-18)
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Z
1
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3;.,_
dx _ 1t T + 4N \ 1 1
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A complete discussion of boundary conditions is given in Appendix

Three main ceses were studied depending upon the inltisl composition,
For each of

C.
equilibrium, sbove equilibrium, and below equilibrium.

thess main cases, seven subcases of different temperature dependencs of
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the recombination function are examined., The spectrum of recombination
functions are showm in Figure 3,

3. Results and Discusaion

Typioal solutions from the analog computer are shown in Pigures
3=5, 36, and 3<7. Tha flow variables behave as sxpectsd and the
presmre=tenparaturs curve is slightly bowsd as a result of the inclusion
of tha vibrational energy as well as the recoubination reaction. The
value of 72 (essentially the M® of classieal gas dynamics) rises rapidly
and then approaches an asymptotic valus (for frosen flow this must lie
betweon L.O (monstomic gas) and 6,25 {diatomic gas)).

The chemical effects in the flow stream are more interesting than
the fluid mechanical variablas. Figures 3-8, 3-9, and 3=10 show the
change in chemical oomposition as a function of temperaturs. Previous
investigators, 1.s., References 19 or 20, haws indicated that at the
low pressures studied here the amount of chemical reaotion occourring
downstrean of the noszle throat should be nagligible. Thus the solution
may be adequately represented by the fromen flow solution. This conclue
sion is substantinted from this study for those cases with the recombins-
tlon rets an increasing funotion of tempersture (n > 0)., For these cases
the recombination rate funotion becomss small quickly, and thue the
chemlical reaction dies out rapidly, before a significant change in com-
position oan occur. The effect of the disscciation energy is greatly
diluted if there is only a small composition change over a large tompara~
ture droﬁ. Sinos the molecular weight correction im a (1 + X ) term,
omall changes in composition will have negligible e!‘!‘tct.a on the
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wlecular weight.

Surprisingly, deliberately starting at the throat with a non
squilibterium composition has only a small, though pronounced, effect on
the ocomposition profiles. In part this is a result of the cholos of the
nongls contour, sinoe, in this ocase, the composition must start at the
shroat with a sero rate of change in all cesss. Thus the noszle throat
My be oconsidered to be at a state of peseundo frossn composition.

Hegative exponents (n < 0) for the recombination rate produce a
different class of solutions for the flow composition. Inspection of
the reaction equation will provide some insight intc this distinotion,
There are basioally tao terms in the reaction equation, ons indicating
the direotion and extent to whioh the floy deviates from equilibrium
and the other, oontaining the recombination rate funotion, indiocating
the speed with which the reaction will coour. For the case of n ) 0 the
mte of reaction term gontrols the shange in composition, and wince 1t
decreases as the tempsrature decreases, the composition approaches a
oonstant, or nearly constant, value quickly., For a negative value of n
the rate of reaction term inoreases with decreasing temperature, thus
having a tendency to increase the rate of changes of ocmposition,

The term indicating extent of the deviation from equilibrimm in
the reaction equation is in general a decreasing funotion with decrsas.
ing tempereture (although initially its walue may incresse depending on
the initial conditions), and at low temperatures the change in composi-
tion must approach sero, However, for the low pressures and pressure
ratios considered here, the temperature does not dacrease sufficiently
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for this secondary effsct to predominate. Unfortumately, the computer
overloaded for tempersturses of about 0,60 for negative n's, and soms
mninor rescaling of the problem would bes necsssary to obtain solution for
greater tempsreture ratios,

The cholos of noszle contour 18 of partiocular signifioance in
determining the oomposition. 7The linear nossle studied here restricts
the slops of tha ocomposition profils t0 sero at the throat, This
effeotively mmooths out the composition ochange and decreases the effect
of recombination rats on the flow wvariables. It is snticipated that
other noseles would give considersbly different composition profiles,
particularly for the cases in which the composition 1s not initially in
equilibtrium. However, the conclusions of this study should not be
affected.

Figures 3-11, 3=12, and 3«13 compare the velocity, pressure, and
area for the two extrams casen of recombination rate conmidered, As
would be expected, the velooity inoreases more repidly in the composi-
tion changes as a result of the disscoiation energy being returnsd %o
the flow. This same effect accounts for the fact that, for a given
temperature ratio, the area is oconsiderably different for the two ex-
trems cases., The result of this area incresase alsoc ocauses the pressure
to drop more repidly for the case with greater reaction (with respect
to temperature). In terms of a given nossle with a fixed area ratio, 1t
ocan be sean that the exit pressure is approximately the same and the
velocity 1 greater by approximately 5 per oent for the cass of negligidle
reaction, However, there is 20 per cent more thermal ensrgy remaining
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in the case of the more active mixture which could potantislly be trans-
lated into kinetic energy. In terms of mach mumbsr, this difference in
flow veloclty would be conaidersbly more pronomnoed, since it would in-
olude the temperaturs also.

All of the sclutions cbiained in this study with the exception
of those presented in this section, are included in Appendix E, Results.



IV, OONCLUSIONS

The conclusions of this investigation may be summarised as follows:

1.

3.

k.

5.

6.

Te

The analog computer has been proven to be a versatils tool
for examining the flow of a rveacting gas. Yo major changes
in the program used in this study would be necessary to
exaxing the complate speotrum of possibls boundary conditions,
Corrections to Lighthill's "idsal dismooiating gas" are
readily discernable but not of major importance.

The extent of reaction and shape of the compositicn profils
is primarily determined by the form of the reaction rata
law,

Reaction rates that increass with temperature have little
effect on the flow composition {at low prassure) and such
flows may be assmsd to ba frogen.

Reaction retes that decreass with temperature affect the
composition significantiy and in thess cases the chemical
reaction must be considered,

Initially non equilibrium compositions result in a greater
or lesssr change in composition, but this effect is couplad
very closely to the particular noszle eontour considersd.
The effect of form of the recombination rate on tha flow of
o reacting gas 18 aignificant and must be determinad exactly
before detailad snelysee of potentisl applications can be made,

=49~



V. RECOMMEKDATIONS YOR FUTURE INVESTICATORS

The facility with shich the set of equations desoribing the flow
of & reacting gas suggests many additional areas of inwestigation.

1.

The nossla contour has a definite effect on the composition
profile and a wariety of contours should be considered. Un-
less consideredbly mora computing equipment than was used in
this stody is available, this would necessitats using the
conpiderably simplified model of a dissociating gas suggested
by Lighthill.

The extansion of ths study of a dissoclated gas flow to the
study of sither a purely ionised flow or even & partially
disscoiated and partially ionized flow is resdily forsessbls.
The greatest difficulty in this extension would bs the evails-
bility of computer components. The reaction law is merely a
simple loop and & variety of different forms or a series of
different reactions can be added ae separats circuits which
can be inoluded or excluded at predetermined points in the
solution, In other words, several different mschaniems for
the partinent reactions, each significant for various pres-
sures and temperatures, may be considered simultaneously.
Bray (Reference 33) has considered this problem but alomg the
1lines of his studies on a dissoclating flow, and hia approach
can only be considered a preliminary study.

«50=
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3. The sensitivity of the composition profiles to the recombina-
tion rate suggests thut this may be a uvseful method for experi-
mentally mesasuring the value of the recombination rate. I9ince
the equilibrion constant i» well known and the flow may be
astablished for a reascnable period of time, the problem of
measuring she dissociation rate and inferring the recombina-
tion rate is eliminated, The composition may bs measured very
precisely spectroscopically and the low prassures considered in
this stoudy ars readily attainabls in the laboratory.

L. Speoific nossls contonrs for particular applicetions can be
designad as an extension of the carrent study. Particular
relationships betwesn the various paramsters can be speci-
f£ied and the resulting nossle contour detarmined. This analy-
sis may well indioate better approsches for the messursment
of recombination rate than that suggested shove,

S. 4n analog computer slso providesa a convenisnt msans for es-
Sablishing discontinuities in a flow fisld by suddenly adding
a step funotion (voltage). Therefors it would be convenient
to use it for the study of the chemieal resotions cccurring
behind a strong normal shock wave.

6: The spesd of sound in a reacting mixture is & funotion of
reaction rats and would lend iteelf t0 study in a manner
similar to that applied here. In sddition, the relationship
batwsen sonic welocity and the oritical welooity at the
noasls throat could be examined,
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Eoglish Bmmbols:

A = flow area

A = Helmholts free ensrgy {Chapter II)

A= typlesl diatomic molscule

D = dimensionless constant (defined by Egmation 2-15)

B = dissociation amergy

¥ « Oibbs free ensrgy (Chapter II)

F - dlmensionless recombination rate (defined by Equation 2-20)
£ - statistical weight of the electronic ground state

G ~ dimensionless equilitrium constant (defined by Equation 2-21)
h = Planck's constant

H - snthalpy

I - molacular moment of inertia

J « dimensionlesa vidbration functicn (defined by Equation 2-17)
k -~ Boltsmann’s constant
k, = dissocistion rate

ky = recombination rate

Kp- oquilibrium constant based on partial pressures

A = particles mans

n « exponent for reoconbination rate

B = Avagadro's nunder

N = reciprocal of the flow ares

P = pressure

Q = partition funotion

r = stresmline coordinate



R = wniversal gas constant
3 - sntropy
T - absolute temperature
¥V « veloocity
V - total volume
Oresk Symbolst
X - dissooiation paramster (Jefined by Equation 2-5)
§ - dimensicnless constant (defined by Equation 2-12)
W = dimensionless constant (defined by Equation 2-13)
- dimensionless constant (defined by Bquation 2-16)
) - characteristic frequenoy of molacular vibtration
Q - mass density
T - symetry factor
Subsoriptss.

A = atomic species
D = disscciation
¢ = aquilibriue

elect - electronle
N - molscular specien
R - recombination

rot = rotational
trans - trenslational
vib - vibrational

0 = refsrence condition

Superscript:
0 = standard state of one atmosphere
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Tabla C=l lista the values of the physiocal oconstants used in this
study as well as selected properties of six diatomic gasss. Although
oxygen has been used for the specific sclutions presented here, the di-
menaionless form of the squations allows some gensrelisation of thase
results to fit other gamses,.

The cholce of the initial temperature is diffioult and depends
apon the composition and pressure., More pertinent to this study than
the initial temperature is how far the initial composition is from an
oquilibriun composition. Using the subsoript ve to indicate ths aquilie.
brium composition at the initial pressure and temperature, the oqntu-‘

brium econstant function may be written as
Noa

(1= %oe )

This equation thus defines the initial temperaturs, through the equili-

G, ~

brium constant, for any partiocular equilibriuvm composition and initial
pressure,

Arbitrarily the value of & o0 has besn chosen to e 0,50, The
throat pressure has besn chosen to be 2ata., this low pressure was
chosen so that the solutiona could be applied to current laboratory
eystems, most of which have glass ocalming chambeare upatream of the
nosgle. For oxygen, the corresponding temparature is LOSOK, Three
different values of ths actual initis) composition are studied, one
asbove ard ona below aguilibrium and the equilibrium composition.

As discusssd in Chapter II, there is considerable doubt as to

the correct value of the recombination rate for oxygen, Examination



Wik

Gas M E/k 4
UK °K gu-cmz

B 1.01 26,000 2
B, 2,02 52,000 6,320 0.6 1
N 1k.0 56,500 b
N, 28,0 113,000 | 3,400 13.6 1
0 16.0 29,500 5
0, 32,0 59,000 | 2,270 19.2 3
c1 35.5 1,400 4
oL, TLl.0 28,800 813 108 1
Br 80.0 11,400 b
Br, WO 22,800 Lés A3 1
xf 127 8,950 L
Ig 254 17,900 309 42 1

h = 6,62 x 10727 erg sec/particle

N = 6,02 x 2027 particles/gm-mole

R=8,3x 10? erg/° K gm-mole

k=1,38 x 10

1= arg saczfgn

=26

= 1,01 x 10 erg/m3 ata

argsij particle

&

TABLE C«l Gas Parasmeters

wflm
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of the recombinaticn rate function, F, shows that the initial value of
the recombination rete occcurs as the product of » ORR{TD) and that this
is the only place that the characteristic length appears. Therefore,
any change in the magnitude of the recombination rats at To can be exactly
compensated for by redefining ‘the wvalue of r,e The result is that only
the temperature dependence of 't.ha recombination rate function need be con-
aidered. The value of Fo has been chosen to ba unity, a value that
corresponds to r_ = 1.07 em and ky (T.) = 8.L x 10111 ('roljsao)‘z em6
gm-mle'2 nec‘l (the value predicted by Matthews in Reference 3L).
Seven integer values of the temperaturs exponent in the recombinatlon
rate were considered, -34n < + 3. Table C-2 Busmarises the initlal
conditions,

The ocritical value of the veloelity, Vo, is difficult to omleulats,
However, for tha computer it is very simple to detarmine its value on
a trial and error basis, sinos it appears only twice as & cosfficlent
and, as a result of the particular nossle ocontour chosen, only one of
thase coafficients is initially important, Therefore, Q is get by
adjusting its value until the derivative of the area is sero, the ecri-

tarion for the nozzle throat,



P, ~ 2atm. Q, = 0,333
u“ - o.sm Qe 00560
'ro e LOSOK D=6
I"o = 1,00 "o - 1.33
CASE L8 1
II 00667 0.6@
TIT 0.3323 0,750

SUBCASE n
A +3
B -3
c *2
o -2
E +1
r =1
G 0

TABLE C<2 Initial Conditions
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The active slement analog computer, or elsctronic differential
analyser, consists of a collection of high gain woltage amplifiers,
resistors, capacitors, and servometers arrenged in such & eonfiguration
that the voltages throughout the circuit behave identically as the
physical paramsters in the diffeyential esquations being solved. The
¢ircult is sst up by combining a nusber of integratere, suswrs, and
mcltipliers in a closed loop such that the operstions on the voltages
correspond to thoss required by the diffsrential squation.

The basic elsment of the analog computar is a high gain (approxi-
mately 1,000,000) amplifisr. This amplifier has the oharacteristic of
inverting the sign of the voltage being mmplified and may ba asammed to
have a negligible current flow through it, Figure D]l shows how this
onlt coupled with seriss input resistancss and either a feedbaok resis-
tancs or capacitance oan be used to add or integrate a wvoltage. Initial
conditions are set by imposing an initial voltage on the capacitor,
Application of Kirchoffs laws to the cirocuit of the summey results in
tha output voltage being equal to |

= - R . R Al R. , R
eg R\ e; R\ el + P‘ \\'— e. kg‘ * Rt)]
If the amplifier gain, A, is large enough this may be approximated by

R Ra
e, = -~ Xe - Ke
R‘ e! R‘ el

A similar analysis of the integrater and a similar approximation shows
thlt. in this cabe,
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t
e, = —— fe‘dt

The most significant feature of these two results is that the amplifier
characteristices do not appear and the gain of the cirouit is & function
only of the sxtarmal electrical components.

Another basio component used in mnalog computers 1s the servo-
multiplier. This unit consistas of a number of circular potsntiometers
driven by a servoewtor. One of the potentiometers is conngcted to a
reference supply and feeds its cutput back to tha servomotor. The
servemotor positions ltaelf so that the input voltage is Juet balanced
by this feedbaok woltage, In other words, each follow up potenticmater
is positionad so that 1ts output is daecreasaed in proportion to the ratio
of the servomotor driving voltage to the reference voltage. Thus, one
function may be multiplisd by as many other functions as there are
follow up potentiomoters. Multiplication by a constant coefficient is
acoomplished by fesding the voltage through a potantiomstsr and tapping
off the required percentage., Thia constant coesfficisnt must therefore
alwys be less than unity.

Figure D«2 shows the nmput.er. symbols used in this report,
Figure D~3 shows a number of basic configurations used to perfomn a
number of common operatioms, Solving for e, in the division eirouit

e, = ~ oo & _ loo &
et A eL

If the amplifier gain is suffiociently high, the sscond term ¢an be
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neglected and

L=y
e, = - \eo a

Similarly, for the square root circuit

-eo ! \OO e|

The differentistion oircuit is only an approximation and, as such, 1s

generally not recommended. Sclving for the value of L

= de. » {(1-0a) de.

dt dt

For walues of a approaching unity, this exprsssion approximates the

derivative more closely.

The eleotronic snalog computer may be used to solve a variety of
engineering problems (see References 35-38). It ls beet multed for
solving systems of ordinary differential equations desoribing initisl
condition probleme; however, it may be used on noh initial condltion
problems or even soms partisl differertlal equationa,

A number of factors must be carefully considered in preparing a
preblem for solution on a computer, As evidenoced by the previous dise
oussion, the independent variable for the computer is tims, and all of
the dependent wariables are voliages. Thia necessitates scaling of all
of the physioal variables in terms of voltages. Most computer campo=
nents are dssigned to operate linearly for voltages between 0 and + 100
volts., Therefore all the varisblas should be scaled so that thelr
absolute value is leas than 100 wolts throughout the entire solutiom,
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(The PACE computers ussd in this study have an automatic overload indi-
cator to stop the sclutiom if at any time any voltage exceeds 100 volts.)
In order to minimice errcrs, it is desirable to keep the volteges as
large as possible, particularly in subtraction operations. Scaling tha
time for the solution presents different considerations, Long times
allow arrors to accumulate as a result of amplifier drift, capacitor
lsaknge, atc,, wheress short times produce errors, sinoe the capacitors
have their inherent time constents and the servomultipliers will track
satisfactorily up to approximately 1 cps. (For faster solutions non-
mechanicsl electronic multipliers may be used, but they are leass depen-
dable ond less acourats than servomultipliers.)

The form of the squaticne and the sequence of operation is of
' considerable importanoe in their solution. Ideally, the equations should
be cast in a self-compensating form, that is, for s decreasing funetion
the darivative should be equal to the negative of the variasble times a
positive function, This formulation has a tendanoy to correct itself
in that 1f the wvariable is toc large, it corrects iteslf by adjusting
the derivative to compensate. Effectively this approach forces all
errors to oscillate around the proper solution rather than continually
incresse ss the solution progressea. A serious difficulty occurs if
the problem involves the difference of two values of nearly equal magnie
tude. In addition to the faoct that small errors are megnified in thia
operation, the charactsr of the sclution may change radically if the
error is sufficlent to change tha slgsbtraic sign of the result, This
latter difficulty may be removed if the naturs of the problem is such
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that the correct sign for this small voltage is known. In this cass

the result may be forced to be correct by feeding it through a diode

or by driving a servomultiplier and allowing it to reapond in one direc-
tion only. Inspsction of the division circuit shows that the accuracy
is seriously affected if the divisor is a very small number, even though
the quotisnt may be less than 100 volts.

The set of eight simultanecus differential equations describing
this problem of a reacting noszle flow have been set up for the computer
solution and are presentad in Chapter III., Inspesction of these equa«
tions shows that they are self compensating as much as possible. The
reaction equation contains the difference betwesn two nearly squal
quantities, the difference between them being positive or negative de-
pending upon the deviation from equilidrium, and aleo, the area funotion
starts at zero and then inoreasss, The final progrem 18 shown in
Figures D-liA and D-4B. Inspection shows how these problems were circum-
vented in thie case. The srea funotion, 1/N dN/dt, drives a servomul-
tiplier, allowing only negative values, since the solution starta at
the nogzle throat where this function is identically zero, The differ-
ence between the two nearly equal quantities has not been adjusted,
other than meximiging the voltages, primarily as a result of laock of
computer components. The choice of the reciprocal of the area, N, as a
computer variable was made to formulate & self compensating equation as
woll as giving it a maximum wvalue at the beginning of the solution.

The choice of p/T ar a variable was made to reduce the rate of change
of pressure and give more sccurats results, The choloe of dT/dt = <T°
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for ths independent variable funotion was made to minimise the numbey
of computer components neocessary f?r the problem solution. Neverthe-
less, this problem required the roi.louing ooupononti
8 = Integratore
2 = Summing Amplifiers

8 = Servomultipliers
(18-saparate multiplier cirouits)

27 - Potenticmsters
2 « Switches
Figure D=5 18 & reproduction of a sample solution to the set of

differential equations. It is the output of a six channel Sanborn
Revorder. Desplto the fact that the program has been optimisad to
minimize error and the actual ocomponents, resistors and capaocitore, are
socurete to 0,1 per ocent and enclosad in a thermostatically ocontrolled
oven, errors will acowmlate and must be checked, Although a complete
error analysies is cut of the question for a problem this complex, a
very good check on the acouracy is afforded through the fact that the
equation of state may bs intagrated. In other words, the error is a
direct funotion of how close the following identity is satisfied

P AV
T aliex)

Figure D=6 shows how closely the solutions obtained in this study satisfy
this restriction. The curve presentsd represents the average of a number
of solutions. Comparison with Figure D-5 shows that the acouracy is

well within the limits with which the computer output can be read. Tha

sharp inoresse in error at the lower temperaturss is caused by the small
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velues of most of the parsmeters and the resulting insccuracy of resding
the date. However, since tho major intersst is ocentared upon the initial

portion of the solution, this pressents no major problem,
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