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ABSTRACT 

The magnetic dipole moment induced in a spinning metallic sphere by a 

time dependent magnetic field is evaluated. The torque on the sphere is 

then calculated. 

This analysis provides a model for investigating a possible gyroscope 

malfunction caused by a pulse of radiation. It is found that the angular 

deflection A9 of the gyroscope's spin direction, for a pulse of t seconds 

is A© = ^ (à{t)2, where ¢^1 is the magnitude of the incident magnetic 

field, and I is the moment of inertia of the sphere. For gauss, and 

21 ~ 2.5 X iO5 gm - cm2, A© —t2, so that a pulse of ^ sec is required 

_? 
tc change the spin direction by 10 radians. 
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I. INTRODUCTION 

This report deals with the problem of the interaction of radiation 

with spinning conductive matter. The specific problem which is analysed 

leads to the production of the misalignment of a simple gyroscope, a 

spinning metallic sphere, induced by a time dependent magnetic field. 

When a time dependent magnetic field is applied to a spinning sphere 

there is a torque t on the sphere caused by the Interaction of ths inci- 

' -* -* ri r« 
dent magnetic field , with the induced magnetic moment M, t « M x 

The problem is to calculate the induced magnetic dipole moment. This problem 

has been solved by Landau and Lifshitz* for the case of a static magnetic 

field and a sphere of unit permeability. In this paper their method is 

extended to include the case of sphere with any permeability and a time 

dependent magnetic field. 

It is possible to write the general expression for M in the form 

"i W ■ -11" ij (t) 

If it i. .asumed that th. nagnetic suscptibillty tsnsor X ^ is independent 
of the applied field, it has the form 

» Rcf“rence 1 - 1 - 



A'1, A’., and are scalar functions and -0- is the sphere’s angular velocity. 

Tc evaluate the functions AX ^ it is necessary to solve for 

the niagm;tic field outside of the sphere. This is most easily done by solv¬ 

ing for in a frame which rotates with the sphere and then transforming 

K back to the laboratory frame. The magnetic moment and the torque depend 

on the magnetic field, the frequency of the magnetic field, and th* sphere's 

permefbility, conductivity, radius and angular velocity. 

In Sectitn II, the equations for the magnetic field are obtained and 

then the general forms for the magnetic moment and the torque are deduced. 

The induced magnetic moment in the rest frame of the sphere is calculated in 

Section HI, which then enables one to determine the functions X^» X2 and 

JÇj (Secuxon IV). The frequency dependence of the torque and magnetic 

moment is discussed (Section V) and a sample calculation leads to a criteria 

for when the torque would be &._nificant. 

The torque on our gyroscope is found to be appreciable, approximately 

T ä dyne-cm. However, for a pulse of t*10 ^ seconds the deflection of 

the gyroscope’s spin direction is completely negligible. A detectable spin 

o 
direction deflection of AO * 10 ' radians is given to our model when 

jõ? « 
5 

A© is given by 

A9Í lj (*t)2 . 
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n. THF SPINNING SPHI'RF IN A PI'RIODIC MAGNKTIC FI FID 

... A mapnetic field i(t) is applied to a spinning sphere 

(t) = e-iwt ' = e-iwt[ x I * V ] 

and are constant amplitudes. For convenience, it is assumed that 
x z 

0. The sphere has electrical conductivity ft , permeability u, 
y 

dielectric constant e * 1, radius a, spinii , moment of inertia I, and 

angular momentum J - I <. • 

Figure 1 

The current density j is given by 

3 t(r: + v/c x û) + pv 

= i(E + v/c x B) 

with V = x r, and it is assumed that the convection current pv is 

negligible, i.e. 

pv 0(1 + v/c x B) 

or 

Hintil Section V, it is usually assumed that • * 0. 

a rotating magnetic field. 
- '3 - 
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When the displacement current is neglected, 

div j = 0 = div E + div (v/c x B) 

so thit 

p = div (v/c x B) 
L+TT 

Therefore, the condition for neglecting pv becomes 

(4) 

JLi 

(5a) 

where L is a characteristic length of the problem, either the 

sphere a, or the skin depth 0 • Since v ~ Oa we have 

£ « Q or Q<K d ^ £- 

radius of the 

(5b) 

as the condition for neglecting the convection current. That is, the 

angular velocity of the sphere must be much less than the conductivity. 

Physically, this means that the conductivity (X must be large enough to 

prevent a charge build-up generated by the rotation of the sphere. 

If the sphere has a low conductivity and a high angular velocity so that 

this condition is not satisfied then it becomes necessary to consider the 

effects which depend on induced charges. The force density 

f - pE + j/c x B = p(E + v/c x B) +^(^+ v/c x B)x B 

j j -1 «. si . 
+ v/c x B) x B - ( yx H) x B. (6) 

because we have assumed that p «Üc B. That means we can calculate the 

torque due to the .ragnetic field and neglect effects which depend directly on p. 

- h - 



B. ForC/^k, the displacement current can be neglected and the 

equations for the magnetic field inside the sphere are 

V : H, = ff Cf (E + v/c X B) 

-» _i 

V* H. = 0 
v i 

(7a) 

(7b) 

Since H. = \/xA. and E. c ... c - A. = + 
il.;. U 

A. we have 

+ k2) A1 = ( - ) vx (yxA) 
4tt(X 1 \ -1 

and 

with 

V- a = 0 

(8a) 

(8b) 

k = — t— and (5 = C - •; = skin depth. 

Q V 2tt a M.(D 

The source term v x (^xA) introduces the effect of the sphere’s rotation 

on the eddy currents. 

The magnetic field outside the sphere satisfies the equations 

\/x H = 0 
v e 

V- He = 0 

It is assumed that retardation effects are negligible so that 

(JÜ 
a /ti 

Therefore 

He - [- V0 + ^ ] 2 

whore = 0 and 0-+0 at oo • 

- 5 - 
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(9b) 

(10) 
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The solution is then 

H (t) = v[m (t) ‘V |l/r)j + <íf(t) (12) 

—» 

M (t) must be an axial vector which has the properties that: 

mÀ «J ^ 

a. M-* 0 as Jf—* 0 , which assumes that there is no intrinsic moment. 

j «A 

b. K is linear in if or the tensor susceptibility is independent of 

-a 

<)f , which assumes that hysteresis effects are negllirible. 

M is then constructed from the vectors H and 0 as 

M (t) = e 
-iüJ^ + ir2( ñ ^X3<w] 

whereA'p X2 and are complex functions of io,Q, ^,0"» and a* 

^1“ ^, + iX2M 

(13) 

Equation 13 can be written as 

Mi (t) -Xi<3 (t) (Ua) 

with 

• Xi nB ♦ jf2 Qi Oj * Jc3 ó« w») 

For ^^3, the magnetic susceptibility tensor has off diagonal terms because 

the rotation of the sphere tends to "drag” the magnetic moment so that it is 

not parallel to the applied field. 



The expression for the torque is 

t(t)=M(t)x «^(t) 

cos ait 

_ • -J — I II 

( QxcHj X (H1 ( j(^ cos tu t + JÇ^ sin to t) 

—» —» .A i 

- (jf-O) <n X (H1 ) (v^2 cos ^ ^ +-^2 3^n ^ ^ 

tihen this time dependent torque can be averaged over the magnetic field 

period, the average torque is 

^av “ I 1A ( 0X ^ ) x ^ + ( àf'*Ç) ) Q x ^ 
(Q.¿) - 4 ^,(o?.Q)OxJ? 

(15) 

(16) 

This average is meaningful when there are many magnetic field cycles during 

one gyroscope cycle i.e. to »n . A ( 0* )^Q term in the expression 

for the torque has been excluded by the conditions on M. 

It is now necessary to solve equation 3a lor in order to evaluate 

the functions )Ç^ and It would be possible to assume that 

A. = Vx (a b f2$ + c f3Qx$) 

and determine fp f2 and f^ so that equation 8a is satisfied. The conditions 

«a 

that Bnormal and Htangential be C0ntinu0UB would then lead to an evaluation 

of XpXj aod Xy • However, it is easier to use the trick of solving for M 

in a rotating frame in which II « 0 and then transform M back to the original 

frame. 

- 7 - 



III. THE MAGNETIC MOMENT IN THE ROTATING FRAME 

A. It is assumed that 

V ~ Q a 
- '"V/ 

c 
«1 (17) 

so that we can transform to a frame £ 7| z which rotates with the sphere. 

» j 

Fields such as E «■** v/c x B and inertial forces are neglected in this 

transformation. 

i 

>>( 'it 

/ 

In the rotating frame 

Jn* . y 
Figure 2 

(18a) 

^(t) « I cos ut cos Qt- cos cot sin Q t + k Mz cos(o)t + 

Therefore, in£ 7| Z » there is a static sphere with an applied field, 

¿(to . .-1 ^-1) ♦ ^ . .-1^) 

+ k ^ e-1? .-1“1 

with 5+= 0 + <D 

(18b) 

The magnetic dipole moment induced in a static sphere by a periodic 

field and then by the applied field (equation 18b) is now required. The 

dipole mouent of the rotating sphere is then obtained by transforming back 

to the original (xyz) frame. 

- 8 - 



B. A periodic magnetic field of frequency (3 is applied to a static 

conducting sphere. 

W{t) - 

H is a constant amplitude. 

(19) 

For v/c^fv. 1, Maxwell’s equations are valid in the rotating frame, 

therefore, the equations for the vector potential in ^ z?are 

(V? + k2) K ■ ° 
V-^ = 0 

Kow 

with 

/zttÔÜÎÎI 

k « for $ > 0 

k « _ 1_Z_1 f0r J<o 
0 

(20a) 

(20b) 

The solution is then _>_.v 

A. - p ( ïïx fc^) e_iôt (21a) 

where ß is a constant and (^ + k ) f = 0. For the lowest multipole, that 

is the magnetic dipole moment, the boundary conditions will be satisfied with 

f = -s——^. A. also satisfies the condition that the rotation properties of 
r i 

the solution should depend on (the only specified direction in this problem) 

and that is a polar vector. 

- 9 - 



The inside magnetic field is 

^-ßVxCVxfi)«-1^ (21b> 

= ß e-1^ (Î- + k2f)^ - + k2f)( <W*n )n 

5 r n = — 
r 

Outside the sphere the equations are 

- V0 + H 
-iöt (22) 

with V 0 ^ 0 ^0-^0 at r-*00 • 
•â 

The pseudo-scalar solution which depends on W and is the lowest multipole 

solution is 0 = -Va (Íf*Vj(l/r| (23a) 

V = Ça3 ; y2jl/r) » 0 for r ;>a. 

Therefore 

-iÖt 
He = [va Vl/r) + ^ 

{?[ 

(23b) 

3ft («H^n) - W 

which is the field of a magnetic dipole 

-iö 

-iît . 
K « Va ¿fe' 

The boundary conditions that Bnormal and Htangential 

(24) 

be continuous 

imply 

zli (»Vß . 2Va + x 
a .3 (25a) 

#For V ■ 0 X ~r the boundary conditions ire unaffected by the transformation 

to fi z* - 10 - 



and 

f U)+k2f(a) lß = -^ + l ^ 

The constant ß is eliminated from equations 25a, and 25b and it is 

then found that the magnetic dipole polarizability a is 

(25b) 

3 
a « a* + ia" “ _ gj^ 

1 M2p ^ 1)(R ^ il) 
1 77i - h)(r + ii) 

with 
1 sin 2^ - sinh 2^ 

R “ 2£ cosh ^ - cos 

I = ^sgn5 j 

f-g-cx!2"0“121 

1 i i sinh -Zf + sin 21 
~ ~ "cosh ÿC - cos 2" 

The expressions for a* and a" are 

--i R + U - J ■^)(R2 I2) _.1 

[l* (1 - ^)R 2 + (1 - ^)2 I2. 

and 

& 
8tt [i + (1 - ^) r]2 Ml - n)2 I5 

In the limit of small skin depth p»1 

i-*- [•«>Í ] j 

« f(a) _ sinjLa and fl(a) . k_co|_k_a _ sink_a 

•ÍHHÍ1 
sgn$ is + for5>0 

- for j<0 

(26a) 

(26b) 

(26c) 

(26d) 

(26e) 

- 11 - 



and then 

ftrr 
1 - 

6u ^ - 1. 

[2£ : (u. i>; 2 + (kt - D2 

[sgn$ ] 1 

10TT| ].[2£+ (u - I)]2 + (H - 1)Z. 

The dipole moment M of the static sphere, induced by a field d/e ^ 

M = Va iPe-1^1 * V if (a* cos Î t + a"sin5t) 

where a’ and a” are evaluated from equations 26b, 26c and 2ód, if 

£ |^>1 equations 26f, 26g are used. This expression for M in a periodic 

field is now used to find the magnetic moment induced by our applied field 

(equation 18b). 

(26f) 

(26g) 

is 

(27) 

C. In Section I]B, the magnetic moment induced in a static sphere by 

a periodic field has been found (equation 27). The problem now is to find 

the magnetic moment induced in the static sphere by the applied field of 

equation 18b which involves the frequencies Q + w , Q- <«jand to. Equation 

24 is used for each frequency in the applied field so that the magnetic dipole 

moment in f ^7?is by superposition 

fv^r -iS+t + -ii-tl 
M (t) = £ —jj— L e + » u_ e J 

Y ■y (28) 

+ ít V Hz a e e_iu>t 
0) 

where and are evaluated for - o + to and to re8pec.tivoly< It is then 

found that - 12 - 



where 

and 

Mjk = Mx cos fit + My sinfi t 

^ « My cos fit - Mx sin fit 

ViM* f • • ” M» 
Mx “ (a+ + a ) cos wt + (°+ " a_' sin 

) cos ait + (-a^ + a ) sin wt 
2 

r ti »i 
[k * 

Mz = Vl^z cos (ü)t + <p ) + ^ s^n + *P ^ J 
are the components of the moment in the laboratory frame. 

(29) 

(30) 

- 13 - 



IV. THÉ MAGNETIC MOM01T OF THE SPINNING SPHERE 

The magnetic dipole moment induced in the rotating sphere (equation 30) 

can be expressed in the form of equation 13• 

[xJOxíf) «tf-0)0 ♦XjW] W 

where 

X, - x;. ijc; - 
X2 ■ X2’ ♦ ‘A)" ■ 

Xj ■ x3' * iX, - i 

(32) 

These functions indicate how effective the magnetic field is in inducing 

a Magnetic moment in the sphere. They are now readily computed using the 

known expressions for a* and aw. 

As was shown in Section 1¾ the magnetic susceptibility tensor (equation 

14b), the torque (equation 15), and the average torque (equation 16), are now 

known for any w, Q , 4, <£ *• Tha. re striction are that 

a « cf 

Q « 

Q«f 
a» and |Q,+ <4^1 J- 

£ « £ 

and that the permeability p is constant. Q 

(33) 

- 14 - 



The exact expressions for ^ are obtained from equations 32 

and 26 . 

For example, 

y-’ 
•Al “ ■ ÏCT l"+ (1 - n) R+ ]2 + d - ^ l/ 

[l + (1 •- u) R_ Y + (1 - n)2 I.2 

(34) 

and 

y;' j. 
A2 ^ 

R + (1 - u)Ir 2 + I 2) 
u _» ^ tu *____ 

[l + (1 - u) R^ ]2 + (1 - n)2 I 

(35) 

R + (1 - u)(R.2 + I.2) R_ + (1 - H)(s.2 + I. ) 

[l + (1 - n) R+]2 + (1 - ti)2 I+2 [l + (1 - niRjf + U - ^)2 I_ . 

where the R and I’s are calculated from Equation 26 using the corresponding^ 

1. *6 • 

^.iVãtfíWõr 

I* - 1 

i.-iÆT 
(36) 

- 15 - 



V. THE FREQUENCY DEFENUENCE 

A. The frequency dependence of the magnetic moment and of the torque 

can now be examined. In the limit of a static magnetic field 

we have, 

so that 

i + a :<h> 
As 

.1 + 
O) 

I A A 

)Mz k (38) 

and the torque is 

Í ^ Î * - “a’s 

•, (39) 

+ (-0-A djf) kj 

Therefore, a static magnetic field exerts a torque on a rotating sphere. 

For u. * 1, equation 39 is the solution given by Landau and Lifshitz for 

the torque exerted on a rotating sphere by a static field. 

For a high frequency magnetic field u)^S>Q we have 

•M- 
a*—* a-—»O“ 
^ Cl) 

+For cx » 1 <^¿5-* 

^Reference 1, page 193 

- 16 - 



and 

o 

X3 —* Va^ and M(t) —► Ve"iu‘ <jf 

Therefore, for a)>?>Q and <P » 0 

T —* V (a cos cut + a sin ut) c^Px {ép cos wt) —> 0 
' -s a) 

The magnetic moment becomes parallel to the magnetic field and the torque 

is zero in the high frequency limit» 

(40) 

(41) 

Now, in the case that Q and 0, which corresponds to a 

high frequency, rotating magnetic field, we have 

t—»Re (Va^i^t^x Re ^/(t) 

with ctyH) * e”iü,t ( i + k e'i? ) 
' X z 

then 

*-* J ^z V aJ 8in f 

Since%W0» * 5¡>ín0 al8°* 

(42) 

(43) 

Equation 43 indicates that a rotating magnetic field tends to spin the 

sphere. This torque is a consequence of the ’’drag” on the magnetic 

moment, as the magnetic field rotates the induced magnetic moment lags 

behind. The effect given by equation 43 is not to be confused with a 

similar hysteresis effect, for our case it has been assumed that pi is a constant. 

- 17 - 



B. The known functions and ^ve frequency 

dependence of the magnetic moment and of the torque for assumed values of 

Q, ($ , a and u• For example, the torque averaged over a magnetic field 

cycle is given by equation li or 

-» /s 
i *i 
av 

<tfx <Mz 

T • k 
av n 

H2 
(hU) 

^ ^ )Çm 
tfxàf, 2 

As a special case, the sphere is assumed to have al 

radius: a » 2.5 cm 

conductivity: CÍ “ ^ x ^ “ 7 x 

angular velocity: Q ■ 1.2 x 103 rad/sec. 

For a steel sphere, this corresponds to a moment of inertia I 

2 6 2 
gm - cm , and an angular momentum J ■ 1.5 x 10 gm - cm /sec. 

meters are chosen to approximate actual gyroscope values. 

The frequency dependence of equation A4 in given in figure 3 for 

p. - 1 and figures 4,5for|u - ij- 10, 102, ICr . For p « 1, the magnetic moment 

is determined by the induced eddy currents. These eddy currents are compli¬ 

cated by the rotation of the sphere so that the net magnetic moment is not 

parallel to . That is, the sphere tends to drag the magnetic moment. 

* cgs units are used, the conversion factor is * - 9 x 10^ esu units 

of conductivity. 

esu units 

- 1.25 x 103 

These para- 

- 18 - 



As the frequency w increases, the drag effect and the skin depth change in 

—I —A 

such a way that the net magnetic moment in the 0 x ^ direction changes sign. 

That means that there is a change from paramagnetism to diamagnetism in the 

__, —A 

Ç) X direction as u> increases, which results in a change in the average 

torque 
ie av • i as shown in figure '3 • 

\ tfx tfz I 
The effect of increasing permeability is illustrated in figures 4,5* Now 

the mechanism causing the magnetic moment becomes even, more complicated. The 

skin depth is decreased, which changes the eddy current contribution to K and 

the v/c X H term becomes more important. In addition to the eddy currents, the 

nagnetic susceptibility 1 also contributes to the magnetic moment and to 

the torque. The magnetic fields inside the sphere cause the magnetic moment 

associated with ~ to have components which are not parallel to 

* The "drag" effect is contained in the term jv x hJ of equation 8a, 
c 

as the frequency u> increases, this term becomes less important ( compared to 

ÜL ). The skin depth decreases with o> as , and therefore, the eddy 

current contributions to the magnetic moment change because of the variation 

of eddy current with depth of penetration into surface. For example, for a 

plane surface, the eddy current varies as e Z/0 [ cos(u)t - j )j (a is pene¬ 

tration depth), for a sphere the eddy current variation with depth is more 

complex. 
- 19 - 



VI. CONCLUSION 

The functions .Xg, and X3 be calculated for any assumed 

values of 10, ft , u, a, and subject to equation 33 . Therefore, the 

induced moment and the torque are known. 

It is possible to calculate the net torque on the sphere due to a 

«■A 

magnetic field pulse ¿/(t), taking equation 15 as the torque oxerted on 

the sphere by each fourier component of <V(t). 

Figure ** indicates a possible torque of magnitude dyne-cm, 

which would tend to change the spin direction by A0 with 

A0 “ 2Î ( (45) 

Assuming that a A0 ■ 10-2 radians would be detectable this means that if 
, it would be necessary to consider a possible gyroscope malfunction. 

For our model 

t ^ (46) 
which means that for a field of 50 gauss a pulse of t -.1 sec could lead 

-2 
to a spin direction charge of 10 radians. 

It is possible to reduce the torque on the sphere by picking ft » 

and a so that we are near the zeros of the 3Q» Xz* X3 fonctions for 

some central frequency of the pulse. 

- 20 - 
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