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ABSTRACT

The arguments that lead to the 11/3 dependence of wake width and the
1—2/ 3 dependence of axial velocity on axial distance $n the far turbulent
wake are reviewed. Assuming similarity of mean velocity profiles, the
dominant terms in the Havier-Stckes equations for 'turbulent wake flow are
used to derive these profiles with the help of Boussinesa 's and Prandtl's
hyrpotheses. The resulting profile has the same form as in the better
Ynovm tvo-dimensional case. It is compared with an assumed Gaussian Pro-
f£ile and both are compared with the Gaussian profile that results in the
corresponding laminar case. The form of the eddy viscosity is also Ob-
tained in the two cases: for the former it is zero on the axis and rises
tc a maxinum befdrc falling to zero again cn the weke boundary; vhereas
for a Gaussian profile it is constant acroes a Cross section of the tur-

ulent wake. In addition, the eddy viscosity has aa X 1/3 gependence in

both cases, which is absent in the two-dimensional wake.
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ON THE TURBULERT FAR-WAKE TN INCOMPRESSIBLE AXI -SYMMFTRIC FLOW

by
A. W. Kenneth Metzzer
4

1. Introduction

The trails of axi-symmetric hypersonic blunt bodies flying through the

atmosphere are at least partially turbulent. We expect that the turbulence

has some effects, perhaps pronounced, on their radar and optical umoges, €O that

if we want to monitor such bodies, it becomes important for hypersonic flow theory

to be able to predict these effects.

At the present, theory has very little to say about these turbulence effects.

We have to consider the non-hcmogeneous shear flov of a compressible, chemically

reacting ges. Statistical theories of turbulence exist only for homogeneous

fluids, and even tnen there are few results for compressible fluids. On the

other hand, the semi-empirical and heuris~ic precedures that have been developed

for shear flows again, on the whole, avoid the compressible case. Nevertheless,

since these semi-empirical procedures are all ve have, it is the purpose of the

~resent report to reviev them and to apply them specifically to the axi-symmetric

weke. This is, in any case, & necessary first step.

Throughout this report then, ve cnall assume that ve are dealing with a

continuun with constant density and ccnstant molecular viscosity. At every

stage we shall ccapare the turbulent and the laminar cases. We begin with an

order of caguitude anelysis of the terms in the Liavier-Stokes equations. Assun-

ing the mean flow is steady and independent c¢f the azimuthal angle in cylindrical

coordinates it will be shown that the fluctuating part of 1ne velocity,
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b ‘_11 *u, ; enters the equations only througn the comdination u g, vhere

ne bar denotes time averages and X and r refer to the axial and radial direc-

tions respectively. Next we present the well-known momentum theorem, which-

relates the total drag on the body to an integral of tre axial velocity over

a cross section of the wake, and of vhich extensive use is wade subsequently.
Some elementary considerations then lead to the conclusion thet the width of
the turbulent wake incrcases as x1/3 and the velocity on the exis decreases as

x'2/3 (in the laminar case these dependencies are xl/2 and x'l). Pinally,

assuning similarity of veloclty profiles in the far wake and raking use of the

concepts of an eddy viscosity and of Prandtl's mixing length, ve derive the
approximately Gaussian shape of the mean velocity profiles.

Recentiy a much more sophisticated analysis of the real hypersonic wake,
taking ccrn, ressibility into account, has been made by Lees and Hromas[5]-
Lees and Yromas make extensive use of the concept of an eddy viscosity, of
similarity-typc agrurments, and of various forms of the momentus theorém. Their
principal innovation is to treat the more realistic picture of an inner turbulent
core surrounded by an outer laminar wake, which in turn is surrounded by the
shock shape and the undisturbed medium. As tne core grows it eventually £ills
all of the wake, so that asymptoticaily their plcture tends <z the picture con-

sidered here. Their results agree vwell with the shadowgraph 4ata of Slattery J

and Clay[G].

1I. Order Of Magnitude Analysis of the Terms of the Navier-Stokes Equation

The Navier-Stokes equations and the ceatinuity equation for steady flow

with constant density end constant molecular viscosity in cyiirdrical coordinates

(x, r, ¢) are,
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vhere
va = 9_2_.. + a? + .]_'a + -1_935
3x2 3r2 r r r2 L)
D ._. 9 o d
Dt =“x3_i+“r3_f+—u0§—0'+ (&
and
a“x + aur 3 ‘_’_:; + ; a“o < 0
3 3 r r o0

mmetric fiow we put u, = 0 and 3/de = 0.

For leminer exi-cymm

uy by U + u, where U is the constant incident velocity of the fluild &

frame of the body, then for such jaminar flow (1) to (&) become,

Du

X 19 2

= or csm t VY %

Du u
r 19 2 r
et pm vy e

If we also replace

3
5
(1) 2
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vhere
va 3 -a-'z— + az + '1" 3
axa S;ﬁ r 8;
I d
5 = (v + ux) 5 Y %57
and
bux aur u
X ;’E = 0 (n
all flow

To get the corresponding equations for turbulent flow we write

variables as the sum of a time-averaged and turbulent part, u, = u .t ui, etec.

Ve again separate out the constant velocity at infinity by replacing Gx by U +

ﬁx (note that this makes Gx negative). We assume that the rmeen flov is axi-

symmetric, ﬁ. = 0. But it will not in general be true that u; = 0. Since

the operations of averaging and differentiation commute, we can again put

3/d¢ = 0. With these substitutions (1) to (4) become, after averaging,

ou ou = =
- X , = x 19 9 2 1 d —
(Voo ) s+ 3¢ * “Px T X Y« T rdr (r urux) (8)
%, % A s w2 (9)
ur?,-i;-+(u+ux)3;'= " P ;B;(ru')-&(ux'_u;‘)d'—;—

0 = 3 ED + 5 Ve * 7 (10)
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vhere an important simplification has been effected by dropping all terms involv-

ing the molecular viscosity in (1), (2), and (3). This is the first of many
aséumptions arising from empirical knowledge. The terms involving mean values
of the fluctuating velocity components in (8), (9), end (10), the "turbulent
stresses," are known to be several orders of magnitude gre.ater than the molec-
ular viscous stresses. The data of Townsend [1&] , for imstaance, on the flow
behind an infinite cylinder show that Liie mean properties <;f the wake are inde-
pendent of Reynolds number for Reynolds numbers R = l—’% greater than asbout 800,

d being the diemeter of the cylinder. This Justifics the ncglect of the molec-

ular viscous stresses. On the other hend, we also know that molecular viscosity

is the only available mechanism for the final decay of the turbulence. Any
possible exact treatment of equations (8) to (11) would therefore be incapable
of describing the process of dissipation. In fact, of course, equations (8)
to (11) cannot be solved without making some semiempirical assumptions about
the form of the turbulent stresses, and these assumptions will implicitly con-
tain information on the effects of the molecular viscous stresses &8 well.

The analogy between the molecular viscous stresses in equations (1) to (3)

and the turbulent stresses in equations (8) to (10) is most clearly seen by

writing the Navier-Stokes equations compactly in rectangular coordinates. Using

the summation convention and letting 1 =1, 2, 3 refer tox, ¥, 2 coordinates,

the laminar equetions are

du u
i i 19 19
& T, "55,’};*35;; (p)gy
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and the turbulent equations without terms involving the molecular viscosity are

4
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where

ert)iJ = -pupj .

The laninar equations form a closed system: three equations for three unknowns.
The turbulent equations involve in addition té ﬁi the six indcpendent components
of the turbulent stress tensor (rt)id' If we hope to solve the latter we must
moke some assumplions relatling °‘t714 to the mean velocity or its gradient.

To effect an order of magnitude anelyeis of equatic.is {8) to (11) we fol-
low Hinze [21 and introduce longitudinal and transverse length scales, Lx and
Lr’ which are distances characteristic of éignificant changes in the mean flow.

For woke flow, expecially et high velocities, we assume

Lr<< L. (12)

If U; and U} are the corresponding longitudinal and transverse velocity scales
(Ux gives the scale for ﬁx only, i.e. “t does not include the velocity at infin-

ity U), then it follows from the continuity equation (11) that
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Let v- be the scale for u. ., Y, Uy s vhich are all assumed to be of the same
order of magnitude (c.f. Townsend [h] for the slightly different case of an »
infinite cylinder). 1f correlation coefficiente RiJ arc defined by
) 1]
R = __‘:.i_-‘i—LT- -.
13 — — 11/2 ;
] ) .
|
then the scale size of ui uj_ in general will be Rij va. :
_ o
. With these scele sizes the orders of magnitude of the terms in (3) are s
, s s
(after multiplying through by L x/ux ), L
s Ap) 2 2L ..
——— ~ o ¢ e— - — e e
Ux+l+ l —;'r U2 erZLr (1,") i
P x x :
and those in (9) are (after multiplying through by Lx/Uar) o
U ([\ p)r sz W2 sz 2 L
1 4 g YT X . Ly X -Rr .= g (1)
Ux U 2 L 2 U 2 X 4y 2 I‘r 4
P x r x Lr x
’
vhere ([\ ), and (Ap) , Bre the gross lcngitudinal and lateral presaure differ-
ences. BEy
We nov maoke the far wake assumption, which is that the difference in axial 2
velocity on the oxis and very far from the axis is small, 1.e, ‘,';-"
U LU - (16) i
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The data of Townsend [h] , egain for an infinite cylinder, vhow that this leads

to ne ~ontradiction for axial &istances downstream from the body greater than
about 100 body diameters. |

1f ve make the further reasonable assump'tions that Rrx»«O(l) , and that
v2/Ux2 18 at most 0(1), then it follows from (14) and (12) that u/ux is at most
of order Lx/Lr' Therefore, in {15), L.H.S. << R.H.S., and therefore, the pres-
sure term on he R.H.S5. of (15) must balance the first turbulence term (which

represents the second aind fourth terms on the R.H.S. of (9)). Thus (9) becomes

2
L
1 dp 19 2 Yo
gt rxly) -+ = 0
which upon intcgration gives
- 2 1|72 2 '
] = |} - ) -
pp + w4 f - [ur uo} dr = ccnst. (17)

1% 33 . 3 fil=E =
§3£+5;ur +yx ;[\lr -u, dr-O,

which shows that %he pressure term in {(14) 1s of order v2/Ux2, and may therefore
be neglected in comparison with the second tustulence terms. (14) then shows

that (8) becomes (after dividing through by U2),

a GX 15( ul““i
*x U ° ror -*——Ua) ' (18)

1
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This is the equation that will be used in the sequel to derive the mean proper-

ties of the turbulent wake. -
Equetion (17) would give information on the mean pressure distribution if

suitable assumptions about ;Eﬁ could be introduced. We also have not yet con-

sidered equation (10); the order of magnitude analysis of (10) eucws that

ROr T
X

ROx

i.e., £he axial component of the turbulent velocity is much more sfrongly cor-
relsted with the azimuthal component than is the radial component. This seems

~ to suggest that eddies with their axes parallel to the mnin stream direction
are less prevalent than eddics with their axes pointing in a radial direction.
1f we make a similar analysis of the cquations for the laminar wake, (5),

(6), (T), then instead of (18) we get

d Yx 13 v 9 Y
&0 - rx T xTI (19)

I1I. The Momentum Theorem

In this scction we closely follow the trestment of Landau and Lifshitz [l]
and vrite the Navier-Stokes (laminar) equations (1), (2), (3) in rectangular

coordinates in the form

d
a—f-: (p ui) = - Ex—k_

where Py, 15 the momentum flux density tensor,
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Piy = PO+ pU% "‘B'x—; + _xi) (20)
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Now the total momentum transported by the fluid through any closed surface sur-

rounding the body is equal to the force on the body, Fi ’

F, = f P oA - (21)
Let the closed surface be a cylinder with axis along the flow axis, its curved
surface infinitely far away from the axis, one end upstrear of the body (which

we may picture as a sphere), and the other end across the wake. As before,

replace u, by U, + u;, where y = (U, o, o), the x direction being the flow
direction, and replace p by P + p, where P is the pressure of the undiéturbe?l
stream. Making use of the following,

a) f (const.) dA over any closed surface = O

b) fpui dA, = mass flux through closed surface = 0

c¢) |u f<=<U
(21) becomes . ;
, R TR
Fi = f [p Gik + pUk ui - B (&—k + E,Ti-)l dAk .

The parts of the integral over the curved surface of the cylinder and over the

upstream end are zero because p = U = 0 there. The drag (1.e. Fx) therefore is

; aux
F = -‘/].(p’prux-as&—)dA (22)
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where the integral is over & Cross section of the visccus vake. But inside
the wake p~p 12 << pqu, and the viscous term is also small, expeclally at
high Reynolds numbers (ve are still considering a laminar vake, however).

Thus the drag becomes

¢ Fl = - PUngux dA. (23)

1f the wake is turbulent then all velocities in (20) must be replaced by
fiean velocities, and the molecular viscous term in (20) must be replaced by

suju The wnalysis then gces through as for the laminar wake, and (22)

F, = -ﬂ(p+pqu+2ux)dA.

\47) shows that pU ax 16 again the dominant term, £0 that

becomes \

- = (24)
Ft = puu/]‘ux Mn
In the next section we shall make immediate use of (23) and (24).

IV. The Width of the Wake and the Velocity on the Axis

A. Lzminar Wrke
Let b(x) be the width of ¢the wake, %.e. assume that at any fixed x \:lx
becomes neg)igible for r >b(x). Taen in the equation for the laminar
vake, (19), the order of magnitude of the L.H.S. is ux/(x-xo) U, vhere x
is some virtual origin of the weke (close to the body). The order of mag-
nitude of the RH.5. of (19) is yux/beue. Fquating the two gives,
1/2 1/2

bz(x) ~ (’é) (x-xo) (25)
L
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Further, from the momentum theorem (23) we have ; .
F, ~ -pUug, v | .'};:-‘:';:
.
where' - is the velocity on the axis, therefore c
o % (%), (26) ®
B. Turbulent Wake
Before any information about- the turbulent wake can belextracted from '.
equation (18) some assumption relating the turbulent shear stress -pu—l':fx-;
to the mean velocity must ve made. The assumption that is usually made
4s implied in the terminology that we have already been using: in analogy -.-—-
with the molecular viscous stresses we put, L
(e e * CPUSL T PEDT foh L)
9
This is Boussinesq's hypothesis. < is called the dynamic eddy (or turbu- T
lent) viscosity. In contrast to the laminar case vwe cannot, in general, :::.-.__".
go on to assume that € is an intrinsic property of the fluid, even for an __. ‘
incompressible fluid. To relate the eddy viscosity in turn to the mean o
properties of the flow the usual .procedure 48 to use Prandtl's mixing :"_:
length hypothesis. In analogy to the mean free path of gas molecules this '. :
1ntroduces the concept of a length 2, characteristic of the decay of fluid F
nparticles” (1i.e. eddies).*
» A good discussion of Prandtl's mixing le.ngth hypothesis is given by ;{
Schlichting (3), p. ¥77. ' 9

—~ at .
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We therefore assume,

e = 213, C (8)

and we make the further reason:hle assumption that the mixing length, £,

is of the same order as the width, bt’ of tne turbulent wake,

L~ bt'. : (29)

With the three assumptions (27), (28), (29) the order of magnitude

'of the R.H.S. of equation (18) becomes

T = - 2
u €n a
rx X0

X0
22 ~ ’
RN

and equating this to the order of magnitude of the L.H.S., ﬁx/(x-xb) U;

glves

u b, (x)
+~ ww) (30)

From the momentum theorem (24) we have

- 2
F, ~ -pUY, b, (x) . (31)

Therefore (30) and (31) finally give
r )

b, (x) ( 8
g X~ pU2

3 1
(x-x,) (32)
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5 ~ - (=3 (x-x,) . (33) e
¢
r Compering (32) and (33) with (25) and (26) notice that the laminar
wake widens more rapidly and its mean axial velocity falls off more rapidly
) than the turbulent wake. This may seem paradoxicel, since one would expect -
. ’ [ ]
C that turbulent dissipa.tion, which is so much greater than molecular viscous :
i dissipation, would produce a shorter turbulent wake. Actually, in order
to define the "length" of a wake one would have to introduce some cut-off 7
eriterion, such as measuring the wake only fo the point at which the vel- .
ocity on the axis has reached 99% of the incident stream' velocity. Hence ‘:j_—_,“_-:"
the relative magnitudes of the coefficients of the powers of x above ar: '_,7."_:';
: A
3 important . Unfortunately the theory does not give any clues as to these @
1 m.gnitudes. 1
¥ 1t should be mentioned that Landam and Lifshitz [1] , P» 136, derlve ::. o
: (32) and (33) by different reasoning without invoking elther Boussinesq's "“;“-‘*
: or Prandtl's hypothesis. Yet'another épproach is that outlined below. i
‘ V. Mean Velocity Distribution in the Wake [aled
If we assume that the mean flow pattern in the far wake has self-preserving .
L. _ form we can determine what that form is. Here we follov the procedure of ‘,"
Hinze [2] , vho treated the slighily different case of a two dimensional wake. ‘.;-’.'. -_
) Make a transformation of equation (18) from the independent variables
' ' K )
(x, r) to the new independent varisbles (§, n), vhere
= , {
: g = x, eand M % P (34)
1’ * !_ "
|ﬁ s
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=] :
and put . ks
= - P [ ]
X0 - % wny o
o = #He), = = (), - =3 = Bln) (35) W
Yo %0 . - &if;
Thus (18) becomes *
db .
g 1 gorar 1 28 |
rdg-btnwdgdqathzd“(nn) 66
With the seme substituticns the momentum theorem (24) gives o
® :
Py [ .,
F, = -2np tﬂfl £ qdn
)
2 Y ::--:--
b, ¥ = const. = -A (37)
H ..".
L
where s 1 -1 %
-t Jode s
A = ‘:[ £ ndn (38) foori ot
2ﬂpU2 . . _:.__:.'.

The integral in the momentum theorem is over an infinite plane cross section

of the wake, but since by (35) the integrand is essenticlly negligible outside ._-::'_~

the wake r>bt(x‘), the integration can be taken from O to 1 as in (38).
Eliminate ¥ from (37) and (36) so that (36) may be writte1 in the form L4

b2 % - A [%5 (nh)] [g—,\ ) (39)

2

Since the L.H.S5. of (39) is a function of & only, and the R.H.S. is a function .

of n only, both sides must equal a constant. Let -

. b

T VY T
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£ db  d
?; bt at const. = K
£ 3:_ ‘
i - S
& s0 thal / e
[}
i 1/3 [
L ¢ b () = [ (xx)] . (22) O
4 and we have recovered (32) without the use of either Boussinesq's or Prandtl's Fid

hypothesis.

L RE

From (39) we also have

Knf = Ah . (42)

P AE T e T S AR o SN 4TS e e

-
L
."

i With Roussinesq's hypothesis (27) we now get 1
: : ¢ . af
! ho= - a0 (+1)
} and Prandtl's mixing length hypothesls (28) together vith an assumption of the

same form as (29),
* L= o, (x2) P
; (]
; where B 1s a dimensionless constant of order unity, gives oS i
&
i 1.

: 2 1 ar .
1 € = B AU ™ N . (l‘3) oy
. B 1 ..

: Substituting (41), (¥2), (43) in (40) gives ;T_‘-;Z'-jl
-R: .' ~- -
4 .
,{ Knf = -8 Ag |dq| (%) e
. _z«‘ -:: .:.
{\' -
& ;
[ e e W
{ e m iy b sl bl & pd - i TR g o - e ey e ——— » :::"’5-
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of which the solution with £ =1 at § =0 is
2
1/2 -
K 2 g
£(n) = {1 L=Eay - ] (45)
9BA
The constants A and K have the dimensions of .(length)a. Since b, 1s the

width of the wake, i.e. ﬁxzo for r >b,, ve must have £ = 0 vhen q = 1. Hence

the constant in (45) is given by

K
(—-—2—) =1 (46)
9BA
and (1;5) becomes
2
£ (q) = [1 - qyﬂ (47)
Furthermore, using (47) in (38) gives, vith (7)),
F F .
T0 t 2 t
A = — K = 708 (48)
3 21pU2 ’_ 2an

so that P remains as a single undetermined constant. The previcus result (33)

can te recovered from (35), (37), end (u8),

e

g, M3 -2/3
1 ( 1/3 t) -
_ﬁg,_§(_§g§) (;l—ra (x-x,)

Ft 1/3 _2/3
= - 0.248 (g———') (x-xo) (333)
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and ve also have from (35(, (32a) and 1),
1/2 1/24°2
u u 2r l12 . r
o h - (=F—— (—) (49)
T y (210 pzvt) X%
and from (43), (32a), and (48),
_ -1]3 /2 3/2
% - 38% [31( (x-xo)] 7 (1 ) (5?)

Thus according to (49) and (50) ﬁx has a shape at any cross section of the wake
vhich is close to Gaussian, but with a well-defined boundary (n = 1), vhereas
the eddy viscosity € 1s zero on the axis and on the boundary and has & maximum
at y = 1/3. In contrast to the two-disenibionui CHEG 4, reated By Hinze [2} (and
most others) € also depends on X, falling off &s x-lls.

‘ To compare the turbulent wake with a laminar one consider equation (19)

for the laminar wake. Without further hypotheses it is easy to verify that '

2
= x!.‘x =P [' n VU(;-XO’] (1)

is a solution. The momentum theorem (23) sgain serves to determine the constant

of integration N,

e
N = W (52)

Just as for the turbilent zase we can again recover the previous order of magni-

tude results (25) and (26) from (51), i.e.
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gL 1/2 ‘
by (x) = (%—) (x-x,) (25a)
and
Yo Y] -
T = CLpw (x-x,) (26a)

In this case, however, since an exponential form for u  does not yield a well-
defined boundary, b(x) has to be redefined: 4n (25a) we have implicitly defined
b(x) as the radius of the vake 2t % of the central maximum. {51) for the laminar
woke can then be compared with (49) for the turbulent wnke.

Does the non-Gaussian shape (49) of the turbulent wake have any real eignifi-

cance? It is certainly true that real turbulence cannot alvays extend indeti-
nitely in a transverse dire¢tion as a Gaussian shape would imply, i.e. ab euf-
ficient distance from the axis the flow vwill at times definitely be laminar.
On the other hand, there is no difference from the experimental point of view
between fluctuations of zero axplitude and fluctuations of an amplitude too
small to be detected. An alternative procedure wpdld'therefore be to assumed
boldly from the start that tne wurbvlent mear velocity has & Cauussian shape.
Townsend's data for the twc-dizensional vake certainly Justify this procedure.
This inductive approach is esseatially that due to Reichardt (see Hinze [2],
Ch. 5 and 6).

Thus we assume similarity of velocity profiles as before, (34) and (35),

and therefore derive (32a) eni (4%0) again. We then put

= ‘“:u

= £(n) = exp {-nz] (53)
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vhere b, ia (34) pow means that half-width at %of the central maximum ac in

the laminar case. Instead of (48) we now obtain

A -2 s Fe S (s%)

. 3.2,
&1 po® 2eplP

and K remains as a disposable constant (together with X the virtual origin of

the woke).

We can now determine what (53) implies about the eddy viscosity (fcr which

we have ro real need, however). Substituting (53) into (40), and then using

(41) to eliminaie n{n) gives

23 . 3
%'= (%;) (x-xo) (55)

Thus in this model the eddy viscosity is constant across a cross section of
the wake, which fits the experimental dsta much better than expression (590).
We still have the x.ll 3 dependence of €.

Finally ve may remark that the agreement with experiment of the profile
(53) can be considerably improved by introducing the empirical concept cof an
intermittency factor,(l, the ratio between the time during which turbuience
occurs at a given point and the total characteristic ficv time. I takes sccount
of the fluctuating nature of the turbulent wake boundary (wvhich in a real case
pay even momentarily touch the axis). 0 itself has az approximately Gaussian
shape. Its effect is to flatten the lnner part of the velccity profile (53)

and to steepen the ou%er part {sce Hinze [2] , Ch. 6).
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