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FOREWORD

The present study is part of a program of "Theoretical
Research in Combustion Aerodynamics" being conducted by the
Division of Engineering, Brown University, under United
States Air Force Contract No. AF 49(638)-6L6, Project
No, 9751, Task No. 37510. The work was administered b& the

United States Air Force Office of Scientific Research,
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SUMMARY

The stability of a laminar flame subjected to a small perturba-

tion is examined, An important practical case is considered in which

the amplitude of the disturbance, as measured by the flame dlsplace-

ment, 1s small in comparison with the wave length of the disturbance,

but not necessarily small iIn comparison with the flame thickness,

Starting from the basic equatlions governing a reactive mixture and

makling use of an expanslon procedure in the parameter i_ s Which 1s

defined as the ratio of the wave length to the flame thickness, the

following results are obtained:

1,

For [ >> 1, the phenomenological theory of Landau, in which
the flame 1s 1dealized as a surface of discontinulty propa-
gating with a constant speed, iIs justified. Accordingly,
Landau's conclusion that a flame 1s unstable to small dis-
turbances is strictly valid for disturbances of sufficiently

long wave length,

The second term in the expansion in 1/ yields a correc-
tion to Landau's theory, Both the coefficent of thermal
conduction and viscoslty enter into the correction, The
stabllizing influence of these additional terms is indicated;

the detalls are reported elsewhere,




ON THE STABILITY OF LAMINAR FLAME

1. Introduction There are two approaches to the study of the stability of
laminar flame, In the first approach, the flame is treated as a surface of
discontinuity endowed with certain properties and the stability of flame is ex-
amined from the hydrodynamic viewpoint without any reference to the detail
chemical reactions involved., This is, therefore, a phenomenological approach.
The principle contributions of this school are represented by the work of
Lendau (ref. 1) and Markstein (ref, 2). Landau considers the flame front as a
surface of discontinuity which propagates with a constant speed, small in
comparison with the local sound speed, and across which there is a discontinuous
change in temperature, He found that such a surface is unsteble to distur-
bances of all wave lengths. Markstein improved Landau's model by allowing the
flame speed to depend on the flame curvature. Markstein found that the flame
is stable with respect to disturbances of sufficiently small wave length.

The second approach to the study of flame stability takes into account the
structure of the combustion zone and is certainly the more correct approach
since it gives a detailed analysis of the changes which take place in the com-
bustion front, The principle contributions of this school are represented by
the work of Rosen (ref. 3). Barenblatt and Zeldovich (ref. 4) and Menkes (ref. 5).
However, these authors have only examined the stability of flame relative to
one dimensional disturbances,

In this paper we shall attempt to bridge the gap between the two approaches,
If the stability of the phenomenological models of Landau and Markstein are
truly relevant to the study of flame stability, it must be possible to Jjustify
these models from the first principles, In other words we must base our analysis
on the fluid dynamic equations governing a reactive mixture and consider the

problem of the stability of flame relative to three dimensional disturbances,

-1~
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It is found that Landau's model can be justified provided that the wave length
of the disturbance is long enough, in comparison with the flame thickness, that
the changes across the flame are independent of the detailed profile of the
flame, Corrections to Landau's model for disturbances of moderate wave length
are also deduced, It 1s shown that the effect of heat conduction on flame

stability can indeed be described by a model similar to that used by Markstein.(dhoqu

2. Basic Equations The composition of a mixture may be characterized con-

veniently by the mass-fractions Y, (i =« 1, 2, ... N) of the N species which

i

enter into the analysis. Clearly we have

iY; = ' (2.1)

]
We shall denote the desity of the ith-species by ¢ and the density of the

mixture by ¢ . It follows that for a gaseous mixture,

3 - ‘ZN-_SDC (2.2)

=1

and

Y: = .9:/ 7 (2.3)
The theremodynamic state of a mixture is completely determined when the com-
position of the mixture and two of its independent thermodynamic state varia-
bles are given, e.g., when the pressure p, temperature T and the mass fractions
Yl, Y2, goo g Yn_l are specified, Thus, the internal energy and enthalpy of

the mixture can be computed from

(2.4)

= YU

Me

=

H Y H (2.5)

1
“ Nz

respectively., Certain other themodynamic relations describing chemical changes
are usually more conveniently expressed in terms of the mole-fraction Xi instead

of the mass-fraction Yi' The two are, of course, related simply by




X L \(; /Wl\‘,

Z \(/‘”’lt
(2.6)
>omX; (2.7)

(S

where my is the molecular weight of the ith specles, since the molar concen-

tration n, 1is related to the mass density by

i
= f/m, (2.8)
For a mixture of perfect gas, the equation of state is
lo = nRT (2.9)
where R 1is the universal gas constant and n is the total numbers of moles
of all the species in the mixture, i.e., n = éi_“i .

(Y
The motion and changes of state of a chemically active mixture are gov-
erned by the following equations:
i) Continuity Equation
ii) Mass-Balance Equation for Eaca Species
iii) Equation of Motion
iv) Energy Equation
v) Equations of State
The derivation of these equations can be found elsewhere (e.g., ref. 6 or 7).
The results are sumarized below:-

Continuity Equation:

o8

2 V-fi’ = 0 (2.10)

where U is the mass -average velocity of the mixture, t denoctes time and

V 1is the del operator,




Mass Balance Equation for Each Species

DY: - .
Poe ¥ VXV = W, loDgan o (2.11)
where %f denotes the total derivative, W; denotes the total rate of production

-y
of the ith species per unit volume and V is the diffusion velocity of the

i
ith species, The diffusion velocities are related to the binary diffusion
coefficients Dij by the relation:
N /
— - vY: N/ <Y

— V. + D 208 —(\/.+D,--——-1J=O
Z—‘ mle‘j [( ¢ J Y ) J J \3 ) ’ (2.12)

R )
~

Here we have ignored the pressure and thermal diffusion. Only N-1 of the
above equations are independent, since the mass-average velocity 3' of the

mixture is defined such that

R
= Y=o (2.13)
3=
The conservation of mass demands that
N
2w, = 0
ol (2.14)
Equation of Motion
DR =
= S (2.15)
where the stress tersor ; has the typical component
g == S + I DU 2 .b_‘_'ix]
by Pkt [ (3 - ) - S (2.16)

In (2.16), F.is the coefficient of viscosity of the mixture, S&K is the

unit tensor and summation convention has been employed




Energy Fgquation

gi—‘-j—%f—--v-8+§ (2.17)

where H is the enthalpy of the mixture given by (2.5), 3 is the heat flux
vector and § is the viscous dissipation:
-1V
B = (bic - S<P) 30,
(2.18)
The heat flux vector a' consists of two parts: that due to conduction and

that due to diffusion,

2 -
oy = _ A V. R

where'X‘is the coefficient of thermal conduction and H; is the enthalpy of the

ith species,

Equation of State

In terms of the mass-fraction, the egquation of state is

\

N
b = eRT Z_Y_ (2.20)
L=\

3. Chemical Reactions Involving Two Species Obviously the above system of

equations is very complicated., To simplify somewhat the analysis, we shall limit
our discussion to the special case of a single reaction involving two species:
M1 and M2. We assume that they enter a reaction of the form

k

+

-71 M. <-_—:':'> ‘YLM‘ (3‘1)

ke
where kf, kb denote respectively the forward and backward specific reaction
rate constants, Clearly, - MmNl Eq. (3.1) includes two types of

reactions of practical importance:

i) Unimolecular reversible reaction in which case

e N

..5_




ii) A one-stop decomposition reaction in which case
.kb - O i '7‘ - _'
In our case, N = 2 and it is convenient to introduce & new varisble defined by
Y

where Y,, 1is the initial (unburned) mass-fraction of the species M,. It follows

]

ﬁo o miqag (2:2a)

from (2,1) and the relation S =, that
V=N, + mk

where Y, 1is the initial mass fraction of the species M,. E is, therefore,

(2.2b)

a measure of the composition of the mixture., We shall denote the rate of reaction
(3.1) by F(E, T)which is directly proportional to the rate of increase of the
mole number per unit mass per unit time. The precise definition of F 1s embodied

in the defining formula

Wo = St (3.32)

Clearly, by (2.14), we have also the similar formula

W, = gm7,F (3.3b)

The Law of Mass Action states that if (3.1) represents an elementary reaction
Foogllgn®™- knl] (3.be)

where |<* and '<b are known functions of temperature, If terms of E , B

and T we have

Fo Do tm)] " 9 [ e )]

3 g M. (3.4b)

In a unimolecular reversible reaction we have:
- | e L\ 3.kc
Fi= ki('r)[’rﬁ,(Yw' 7;))~ 5('* l<('r))! ( )

where [K(7) - lg/kb is the equilibrium constant.

G
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When there are only two species, (2.12) and (2.12) can be combined to give

the simple relation

; (3.5)
where 3 =D,=D,, . Introducing (3.5), (3.3), (3.2) into the Mass-Balance

Equation for the species (i.e., €4 2.11), we obtain the simple equation

_?95 - v.@ﬁg) = ¢F (3.6)

We next consider the energy equation for the case N:2 Let us substitute
(2.5) and (2.19) into (2.17). Introducing the specific heat at constant pressure
o

t

of the species h4c and making use of (2,11) we obtain an alternate form of

The Energy Equation

.
Z?XCPL(TD){* vc'v'\') = %E = V’QVT) + ‘&r w; H¢

i=

(3.7)

Let us now introduce the simplifying assumption that C:pi can be approximated
by a mean CP which is the same for both species over the range of temperature
involved, This implies that

He = Cp (T-To) + Hgg (3.8)

Eq. (3.7) can then be reduced to the simple form:

§Ce oy - 2P = T(AVT)+ B + PAF (3.9)

where

= L (M= Hae
A= ompp (He= Ha) o)

Finally, by substituting (3.2) in (2.10), the eguation of state assumes

the simple form

p= o™l [ir Dt g ] (3.11)




where

?o-‘- ~ z Yl'.o

1z 3 (3.12)
is the gas constant of the unburned mixture,

Summarizing, in the case of a single reaction involving two species, there
are five variables which describe the state of the fluid: p, e, T, + and L
These variables are governed by the five equations: (2.10), (3.6), (2.15), (3.9)
and (3.11), With a set of properly imposed boundary conditions, the five

equations determine completely the five unknowns.

L, Leminar Flame We consider a low speed steady one-dimensional flow with a

rapid change of temperature occuring in a narrow zone (width L) in which most

of the chemical reactions occur. By low speed it is meant that the Mach number
is small in comparison to unity. Such a flow field describes the change of state
in a plane laminar flame, Once we have chosen the solution for such a flow, we
will be interested in its stability. We will assume a small perturbation of

the one-dimensional flow and see if there is amplification or decay. The
problem will be supposed two-dimensional, but the perturbation being slight,

the governing equations may be linearized.

5. One-Dimensional Steady Flow The equations governing such a flow are:

du, _ _ db , & du, !
puge = - T 4R oy
S’,,u.o = Cons+0m"_ (5-2)
dT T db, ¥
peedy = ROT) w10 AR ER(ET 6
e, d dg
Pt SQpa) * 8T (5.4)

8




In order to proceed further we must specify the chemical reaction taking place
in the flow, For our purpose, it is as general and more convenient to specify
an adequate temperature distribution and then deduce the production term

from (5.3). Several such temperature distributions might be convenient, Thus,

we may have

To= Tow 1+ T 14 e,"/")-'] (5.5)

This is shown in Fig. 1. Or, we might also take a linear distribution of
temperature inside the flame, although such a distribution is certainly un-
realistic at the limits of the flame. (See Fig. 2) From experimental data, it
can be concluded that the Reynolds number of the flow based on the "flame width"
is of the order of unity. This can also be seen from (5.3) if one assumes that
j’oCP“O ZL'E and ;\%L are of the same order, which is certainly the general
case. If L is the thickness of the flame, then Ii%—’}l ~ A/ ama £ 4o G

That is, TeR ~| where

¢
ri>

B = Mmr*l— e (5.68)

o i@ (5.6b)
Poe e

Now for an ordinary gas, *~| so that

We ~ | (5.6)
Eq. (2.1) then show that ‘ixlfg ~ QU j—‘: or
P = P [w+o0 (M")J (5.6)

Since the Mach number of a flame is small in comparison with unity, it follows

from (5.6) that the pressure is constant throughout the flow. Consequently,




the pressure and viscous terms in (2.3) can be neglected in comparison with the

conduction term., We have them

<
QU Cp B - %(Kaﬁ) + SAR (5.7)
which is of the same form as (2.4) with T replaced by -&&g_ If the Lewis number,
P
L.e - E_&":E (5-8)

A )
is chosen to be equal to one,it follows from (2.4) and (5.7) that g, = %"To &

a constant, which can be determined by the condition at infinity. Thus, as x — - o
To—> T, and § - 0 . Hence

B _ C .

E, = 7\1’ (To-T,.) (5.9)
In particular, if the distribution (5.5) is valid

C = */e
€. Fr.p eare™) (5.10)
From the equation state (assuming a uni-molecular reaction),
£ = Do (5.11)
T
so that
!
$o = Smli+ L& ey ] (5.11)

for the distribution (5.5). The velocity distribution is given by (5.2):

U, = Hom T (5.12)

Tow

Finally T, is given by (5.4) or by (5.7)

6. Some General Remarks on The Perturbed Flow The perturbed flow is ob-

viously governed by linear equations, Since the unperturbed field is one-dimensional 5

=10~




the coefficients in these equations will depend only on X and not on y |, & and
t. The stability of flame can either be treated as an initial-value problem
or, more simply, by a formal analysis in which one harmonic component is con-
sidered. Without any loss of generality we can consider the solution as in-
dependent of ¥ Furthermore, since the coefficients of the equations are in-
dependent of Yy end t. we may assume, in a formal analysis, a dependence in y

V t
ky+w where Kk is the wave number. In other words, all

;k\A + wt

and t of the form €

the perturbed quantities will be of the form Jfw)e

Let us consider the points of the flame at a certain temperature. It can

be easily seen that they will be distributed on a line
x = Constant + De”k‘a*wt (6.1)

where D and the constant are functions of temperature. If (4, denote the actual

temperature; 1, the undisturbed temperature and T the perturbed temperature,

£~ T (6.2)

Let X, be a point on the constant-temperature surface 1 ., At a later in-

stant, it will be located at the point X where

7y = T, Ux,) (6.3)
For small disturbances Xx ~ ¥, and we have

C(x) = ;(xe) + (x-%) (;’Wo) (6.4)
Solving for x and making use of (6.2) and (6.3), we have

x = x - T (6.5)

ﬁ'(x,)

-11-
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But  Tx.) = :?O&a) € and fron (6.3) we can express x, as a function

of C . Hence, (6.5) can be written as
Uy + ot
X = %)+ GE)e™ (6.6)
which proves the statement (6.1)

The D at a certain reference temperature represents the amplitude of the

disturbance., For linearization to be possible, we must have
-
D << k (6.7)
From the kinetic theory, it is known that

ko~ fqi (6.8)

where X is the mean free path and a, the sound speed, Now Re~ | , therefore

L o~ (6.9)

E_
M
But our equations are valid only if we deal with a continuous flow; that is, all
distances entering the problem must be much greater than i . Eg. (7.9) shows
that L >> ,E , if M << , which is our case. But it also shows that no distances
can be allowed to be of an order smaller than L ., In particular, D is of order
L or greater, i.e., the flame displacement is at least of the same order as

the thickness of flame, Consequently, it is not possible to linearize the
equations inside the fleme using X as a variable, Ore way to overcome this
difficulty is to use the temperature as the independent variable instead of X ,

This is particular suitable since the undistrubed field is also given in terms

of the temperature,

-12~




T. Transformation of Variables We now introduce

T=Tx,y. t), M=y . =T-=t (7.1)

as our new independent variable, With this choice x must be regarded as a

dependent variable:

X = X(_Tl P‘(, ’t) (7.2)
From
- T oT T ;
dT = a_xclx—»bgch}«- 57 dt (7.3)

we get our rule of differentiation:

O o
ax = (%) a7
-1
) 2 ? ox\
sy - a - WG 5 (7.4)
= 0D xy\(2y'2
£ = ok (E"c)(“) 2T

It is interesting to compare the merits of using x and T as the independent
variables. With kxas the independent variable, the inside of the flame is very
narrow compared with the rest of the flow, and, in fact, as we have seen, it
does not allow us to study the inside of the flame by linearization, However
the solution given by the equations using x as independent variable is still
valid outside the flame., On the other hand if T is used as the independent
variable, the flow field outside of the flame becomes the narrow region and our
equations will be well adapted to study the inside of the flame,

Let us divide the flow in three regions defined as follows (see fﬁ 1)

upstream: T-T. o << T,

(7.5)
flame: T- Tow ~ Tow
downstream: T =~ Tow(i+ To) << Tore

-13-




The limits between the zones are not well defined, but from (5.5)

dx, _ Tow Coo b (7.6)
C‘T LT'ToooJ LT Voo (1+ ;oo\]
s0 that we can also say:
; o x, (. L
upstream: —° . > =
d’T T-Torx, O oo
(7.7)
flame: E;? = é%
000
Ax (i >y Ao
N | e ——
downstream: d'(f = T 1m0 4 Cooo) Tewo

Although this definition is equivalent to the previous one if the distribution

(5.5) is valid, it is nevevﬂ*.elsss preferable, since physically the temper-

ature distribution must be continuous, but the condition of continuity is less
dx

stringent upon the derivative J'_\: which can vary fast from a near infinite

value outside the flame to a finite value inside,

8. Continuity Equation The continuity equation,

3? + Bf_b( VP (8.1)
2t 0 X BAL

expressed in terms of the new variables s
2P 2x _ ¢ ax L Vpu | BV x| 2on dx o g (8.2)

2T 3T Bt 2T 3T D BT °T

and using the linearization process:

350

°’|
et

bT

o(
f‘«

1 dx =
_d{_ + 2 (put puo) + 5303—,(3-; = O (8.3)

9, Momentum Equation: The two momentum equations are

el

o
<

! [ D ?M
+u§_::+v?_kt]_ "b‘*t“szx 33 xn' ](91

o
cr

oL

-1h-




+U__l_/'];_‘$_£2+k_[4 J,. 4%_3_“:—_\.

;] ’
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”I

:
J
w}
o

X

%
o
x |9v
s

L Py
X\
[V |
e

In terms of the new variasbles, we have

e S YR VA w2 4 vt
-?La’%g':’c—ufz_ e g™ Vi 9 ol a1 &t
(9.2)
[?VDX—EQ_ 4L ?‘r*-'\r?—‘r""_w’wj -3 ax Bpax + VT
fLaesr “av e A T Tous T W gy & vraw(

where "V,T." stands for the viscous term, These terms are calculated below:

,’D)L) a‘u = X Y1t _ ?uix

\o7/ ox*~ 37 3F~ 3T %t
(2 ot S (2T A o4 BX OMVX _ Bu Ax B ax B Bx
-2t gubk\i a7/ o-\—ar( oT1+07 3 k) bTbTb)Z " '\"LF‘}
M) Fa L2 R oty 2 Puoaw 4 Wk U DR 9.3
LDT DSL =T 5y ;Tax-((n) + ‘a)l) bT‘hT ""aT arL T ‘g-\'az ( )
-3
WP 2 (Fx ™ _\_cm‘b‘u - Ax D
"(5‘;{)&‘\—(1-)"'( ) vL“T n? ar(’a \T)

ete.

Applying the linearization procedure, we obtain finally the perturbed momentum

equations:

(‘Xo\ [?Ll Ju,- + fo(Qudxc AVL Py + U, ?_u + M.Clb(n) + ’a_-‘k.]

(37) T & dT s °37

axér.[ JP - P

“~3T ay $o ° ]
dx, du wd J,b Aoo 'a d c\K,L Ay a\rl

* I [:JTAT‘ a#&'i‘ 3: b‘)r(“(x 3 2 5 ( )$_‘;(“

at ‘“l e a1/ aTay.
. q (9.4)
_lf WY ?p dxa
[9" LY ",\(' aT) JP( ar Q'E- an]
= 'S f‘xz,\g?\lv Ax, __\’:- _ fr)'o S A d)(v 2u 1 d X d dx
\*[3(7/ Y 3T 37T A 8T *3(&)1:"07 3 dq+ é\' ?‘(
S a1 d A
where use has been made of the relation y, = Yo G
Tﬂb
10, Diffusion Equation The diffusion equation for a two component mixture
with Lewis number equal to unity is
» 2 ? A — ai (10.1)
PLE «38 LX) -vlvgy = 97

3% 3 7
3 iy




In terms of the new variables we have

RE ax _ Ak oy 2E S8 » . 9% 2% Ax
F[ T & 'S‘r‘a"t*‘*a-—r*"é‘)l"zr(' Vs 5')(1' §F 55
3! (10.2)
1 3N2W ) o Ajaxy  wx2li28 2 ()2
= CPDT[LT/ T) ¥ Cr[ Tﬁl a)za\- i_ ,Z 7(3) arJ
F (¢, g, is a known function of 9. T and E
when the flow field is perturbed slightly
¥ = Fc 1 Fl (10'3)

- O
fos S(3g)¢ 30E),

where T, = ¥ ., T, E) is the production rate at T in the undisturbed flow,

Il
Remembering that ca—-$:=° the linearized diffusion equation assumes the form:

x> T, JE. o 3 dx. d¥, 2 ? . n d 2
By (B2 udd) pder o ende 3 Y]

+ 22 J_;t folt, 9F . (10.4)
- A e dx _Bxdi dxed¥ |, (dePrr _ (dx)iix dE
= 2 NE R - @ E-@ER]

11. Energy Equation: The Energy Equation:

§Crr = VAUT) + 2B + B + pAT (11.)

expressed in terms of the new variable is

= W 2
G [ BovB)- R g -t BB - B

n T n

T a7 o . C (11.2)

¥ 2x Yx ¥ pxFax _ Bx (X 3,&26‘2‘}

= .’\[- st~ or bravza_)z B bT) ap vlig) t s el

)
*(ﬁ)j[é& + pAF]
Now, the dissipation function § is given by
Aud, 2V 2 W, 2T 11,

3 - LG G -4y « B E !

Thus it contains terms of the following types:

¥ 2 PYVERIA UV 2=y
o o e G (5005 3—5%{5 (55)

Obviously in the linearisation process only the first two terms will give any

-16-




contribution.

Thus ve may write

(:_:)lé . 4>°+ <1>, (11.4)

where é% is the steady dissipation function, and ‘P.the first order dissipation

function:

¢, =
¢' =

| |

(L

4 delhe
s < T

g dur (11.5)
a‘r” ,a—‘;,: 3T + B2 K.)J

Applying the linearization procedure to (11.2), we obtain the energy equation:

|

238 g (o o] ¢ (G [ pGon ) - e - w3 -t

“oT av T
2 ’ax cl
= A BT v 2% (Efonn + AP Lo +pr] (11.6)
12, Independence Principle and Justification of Landau's Model Since

the order of magnitude of each physical quantity can be easily estimated, it is
possible to rewrite our equations such that each term in its nondimensional
form will be of the order of unity. It is convenient to introduce the following

parameter:

€ =Dk (et

€ 1is a measure of the intensity of the distrubance since it is the ratio of
flame displacement to the wave length of the distrubance, In our problem, we
have three length scales: k™ , D and L. In the 4.7 -direction we must ob-

{
viously use k' as the nondimensionalizing factor; in the x-direction we

should make a distinction between the perturbed and unperturbed quantities:

-17-




we must use L to non-dimensionalize x, and D to non-dimensionalize x. In
order to facilitate the identification of the terms we will keep the same
notation whether the quantity has a dimension or not, Table I will be use-
ful in establishing the relation between the dimensional and non-dimensional
form of the same variable, When the governing equations are written in the

non-dimensional form, the following dimensionless numbers appear in the

Table I
Variable Quantities To Be Non-dimensionalized By
W, Uo oo
w, v, w & Uye
X, L
x ED
K o
T (o k)™
E, CpTom A"
£ £GTomA™
% Uoeo/ L,
F Eucm /Lm.y,
b Poun
p £hnrM‘
S, fos
g £ R
T ooz

equations: Mach number, Prandtl number, Reynolds number, (Lewis number, which

has been taken equal to unity). In addition, we have the dimensionless number

[ = kb’ (12.2)
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which i1s the ratio of flame thickness to the wave length of the disturbance, and
the dimensionless number w = A/m,-r(.cp-r;,, which represents the ratio of heat

of reaction to the heat capacity of the mixture., In the following, we shall
neglect tg:_cms of the order M‘2 in comparison with unity. 1In terms of the non-
dimensionalized variables, summarized in Table I, the governing equations

assume the following form:

dg, U & dx, —
F-R e 2 él”(- - C (12.3)
X) [ +2 d"‘lo(u_'a_l‘ Cl)‘o 1% Bu-'
(&% 5 ) T (5w
-—‘—-""’1 Al"" dlo <loda -2 cju,cﬁtoa_x
"l?a[saa—:w—“'i?wd’zr’ﬁ 3LFEFE 3 FHH
. 41‘03 2v d b _‘_ u AX33’22<

+ 3;\( T) b a?‘_)s A cL J"(o) yp(':.:, (12.4)
Aol T 20 2x dup 4 L U, 2 dxo
(57) [ﬁ*ﬁa’*‘ +7 (:eetiy 7]

4 ) pded By, L B fdxa_ didudx | Bvdx | dwdk, 1 2k dxd

= T?LE [3 J\‘(—T)l {Yl*31\an»(G'T ¢:r"l%";1*n‘zx° a;—r&'?‘*'.'s 136 »lf J‘i (12 5)

: d d
G (23 s 3 ¥ el - BFR LR R R

=R, 3 SJ ‘05_47 -1
Al (B - BF AT 2 RE] e

2 Ede (3‘@‘ [g.lu- 22)]
N 'R‘.LPY (5 0@ bx] & [$ear +3eRLT W

(12.7)

¢ = OwmY) (12.8)

Eq. (12.3) is the continuity equation; (12.4) and (12.,5) are the momentum
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equations; (12.6) and (12.7) respectively are the diffusion equation and the
energy equation ; (12.8) is the equation of state, all written in dimension-
less form, Note that (12.8) shows that the compressibility effect is negligible,
The non-dimensional variables Po , £, 4o, €, x, describing the undis-

turbed fleme are related to one another by

d o Lz C\ o = cl L = 12.
FoF &6 He-)
_J_

e (25) “g“’ ) -4 4 E‘;—;; (12.10)

Substracting (12.7) from (12.6) and making use of (12.9), we obtain:

dxA' T € 2% ox \ 3§d,_J”x,\°'§ ‘
(d?°) &37%619+ J= Feor L3T:37 ~dnist f dezil)

Now the solution of this equation having an exponential dependence on 7L and
T which satisfies the homogeneous boundary conditions § =0 at the upstream
and downstream infinity is clearly

X = O (12.12)
This equation states the familiar fact that, when Lewis number is equal to one,

the composition of the mixture is directly related to the temperature of the

mixture,

It is evident that & flame can be approximated as a surfece of discontinuity
only when the wave length of the disturbance is much greater than the thickness
of the flame., Hence, Landau's model is strictly applicable only when J;-a No
In Landau's model, the flame is considered as a surface of discontinuity across
which there is a discontlnuous temperature change and which propagates with a
constant speed relative to the fluid immediately ahead of the surface., If

Landau's phenomenological model gives a correct description of a flame when
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i-'9 oc » 1t must be possible to justify it by using the fluid dynamic
equations governing a reactive mixture as the hagis of analysis, Furthermore,
if Landau's model can be justified, it paves the way for improving the model
so that the effect of heat conduction and viscosity may be taken into account,
To Justify Landau's model, let us expand the various dependent variables

in an inverse power series of the parameter Jl

X = 3?. :}: i, +
P=F+% B = (12.13)
W = 1&04-i:a‘ 4

etc, Substitute these expressions into (12,.3), (12.4), (12.5), (12.12), (12.7),
(12.8) and equate terms of the same degree in i..
First, let us consider terms of order £ . Egs. (12.4) and (12.7) yield

the following relations:

T 3T axt st
\ bi;o 4 dxo = ) d)( 3_-’ =
TPy 2T = oT L\ 2 hew ﬁ] PR Q (12.1%)

These equations can be considered as a pair of simultaneous homogeneous algebraic

C) X,
equations governing the two variables: {%ﬂ and ‘}° » Since the deter-
minent of the system 1s equal to -( ) kao and is different from zero
inside the combustion zone, it follows that
X, =
5 (12.15)

Conseguently, when the wave length of the disturbance is large in comparison

with the thickness of the flame so that all terms of order /L and higher can be

neglected, the thickness of the flame remains constant when it is slightly dis-
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turbed. In other words, the effect of the disturbance is to carry the flame
along without changing its structure.

Let us next collect terms of order J°

From (12.4), we find

Bu,

d—"'( i, - + 5 = O (12.16)

Using (12.15), we may rewrite (12.16) as
d S5 . %
tLeCe- 3]

or z
Po(uo" ".’C° = \ (12-17)

1
N

where €, is a constant which may, however, be a function of 7{ and T . Eq.
(12.17) expresses the fact that the mass flux through the flame is constant.

From (12.6), we find:

dx\* — _ iy E d . *

(;-:') Sa? [ Vo t u ?’] = RQ_ [ a:)r(\- 3T ZD a C—‘—):r 31\{ (12‘18)
Now, from (12.9), g\-‘;""- | . This equation can thus be rewritten as

2 X, T de\'3 /5 A%, 12:12

2 [%eunPe] = 2 L) 2 (% wei)] (D)

= v ' - D% =
[V°+ " 3_)(.01 _ L (t;\}c) Tl _x.,] e (12,20)
The equation has a simple meaning. First of all, we note that 2—’%" is the
slope of the constant temperature surface so that V,+ w, 2’)‘1 represents
the tangential velocity of the flow relative to an observer fixed on the con-

stant-temperature surface. The term (E%—,"f,")~l [\7,+ uo—‘:—fl"] thus

represents the velocity gradient at the constant-temperature surface and

=22=




= 5] " _al I () | i o) S

eq. (12,20) states that tangential momentum transport minus the shearing stress
is continuous across the flame, If the viscous effect at two sides of the
combustion zone is negligible, we have simply the condition of continuity of

tangential velocity:
- C. (12.21)
We next turn to eq. (12.7). Collecting terms of order {°, we have

dx o (T,- 2F | %% _ adnpi-2 h, 7 25,
(30 G ¥y < B - 2B L Rrewd ] G22)

This equation can be interpreted as an equation governing the change in the
thickness of flame, For, if eq. (12.17) is substituted into (12.22), we obtain

a second order differential equation for X, :

3 dx, 1 2%,

2 . dx >
1 r-) - =
mr oy Al TRewe Tl T = —alF) (12.23)

aT

Obviously the change in the flame thickness caused by disturbances in the flow
must depend on the reaction mechanism and the structure of the f ame, as is
indeed embodied in the terms F, and X, in (12.,23), This effect will be im-
portant only when J becomes less than unity,
Eq. (12.22) can also be regarded as an equation governing the change of
(&, - %) through the flame, For [>»| , we expect that the variation
of all quantities of the order of &O or even of the order J:q should be in-

dependent of the structure X,(T) of the flame, Assuming this "Independence

Principle", we conclude immediately from (12,23) that

W, _ (12.24)
2T

and hence
W = o (12.25)
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Equation (12.25) states that the constant-temperature surface moves at a

constant velocity, since the perturbed velocity relative to an observer fixed

on the constant-temperature surface is E;-'%éé which, according to (12.25), is
zero. This substantiates Landau's model,

Eq. (12.24) states that, even to the order of '/ , the flame thickness
is independent of the flow disturbénges.

If we had applied the Independence Principle to eq. (12.20) or (12.19),
we would have obtained directly (12.21).

Finally, let us turn to eq. (12.4). Collecting terms of the order of J_°

and making use of (12.15), (12.24), (12.25), we obtain:
b _ . (12.26)
T T

That is, the perturbed pressure is continuous across the combustion zone,
Obviously egs. (12.25), (12.1l7), (12.21), (12.26) are identical to the

four boundary conditions which can be deduced for a surface of discontinuity

of Landau's type. This Jjustifies Landau's model for a flame when the

Independence Principle is applicable, Of course, this principle itself is a

postulate, the correctness of which must be verified by the internal con-

sistency and by deductions, However, one thing is clear: when this principle

is not applicable, Landau's model is inadequate to describe a flame front,

Moreover, it will be seen that important deductions can be made from this

hypothesis which defines mathematically meaningful problem and provides physiceally

meaningful results,

13, Effect of Conduction on Flame Stability To deduce a correction to Landau's

model for not-so-large J: , we shall compute the terms of order 0[. in the

expansion (12.13). We shall first consider the effect of heat conduction on the
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stability; and we shall neglect the effect of viscosity altogether. Collecting
terms of the order of VQC and applying the Independence Principle, the con-

tinuity, momentum and energy equations yield the following system of equations:

d = _ X, 13.1
j-‘(-[_fo(“\“ ’%B’Cl)l = Q ( )
[ :Leoalfr"(u‘- a_fc:) = 0
(13.2)
- L 2K, (13.3)
R R T
(13.4)

To be exact, eq. (13.1l) is derived from (12.3); (13.2) from (12.4); (13.3) from

(12.5) and (13.4) from (12.7). In addition, we have (12.24):

2%, . g (13.5)

?_Eu <+ L.b__':\ = O (13"6)

where use has been made of (13.5) and (12.9). This equation may be used in-
stead of (13.2). Now 3X°=o (see eq. 12.15), it follows that eq. (13.4) im-
plies (13.1). Consequently, eq. (13.1) is not an independent relation and

need not be considered further., Finally eq. (13.3) can evidently be written as

—;“LT [9 + uo'gl\] = o (13.7)

Eqs. (13.4), (13.5), (13.6), (13.7) govern the changes of VRPERVA F- , X

in the flame. Now ®&,, V., b,/ ER satisfy egs., (12.25), (12.21), (12.26)
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and (12.15), Thus, they also satisfy the following equations:

_?o (‘To- ’g_")?t") = O

dk,
== ° (13.8)
? MW,
35'4 15% --?
Lo+ wPl = o
If we multiply (13.4), (13.5), (13.6), (13.7) by and add to the corresponding

equations of (13.8), we obtain:

o | 2
£ (o) - - mEw o (13-9)
.20
Z =0 (13.10)
> du
2k 423 =0 (13.11)
2 3 =
B—T' [ v + uobY] = O (13-12)

which reduce to the boundary conditions associated with Landau's model if we
let o( - oo o Eq. (13,10) shows that x is independent of T so that the
flame thickness is not affecteby the disturbances in the flow. Eq. (13.9) shows

that the fleme speed is affected by the curvature of the flame, The negative

sign in (13.9) corresponds to the fact that the flame speed increases when the

flame front is concave toward the unburned ges, Finally, (13.11) and (13.12)

can be integrated to give the boundary conditions:

be 2w = pta 2w (13.13)

Vo' i VL , (13.1k4)

where the prime and double prime signify the state of flow at two sides of the

flame and V

<

is the tangential velocity

Ax .
"a*( (13.15)
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The boundary conditions (13.9) - (13.12) are identical to those obtained by a
different method in an earlier analysis by the authors. (ref, 8) There it is
shown that these boundary conditions are applicable under a less stringent

condition, It is further shown that the conduction effect stabilizes the flame
if

[ S — A
N (13.16)

14k, Effect of Viscosity on Flame Stability We next examine the effect of

viscosity by the same method., Here we shall ignore the influence of heat con-
duction, Collecting terms of the order of V& and applying the Independence

Principle, the continuity, momentum and energy equations yield the following

system of equations,

f‘-‘;Lf’o(G-' )] - o (14.1)

3B« apde(a- *y == (3 3*"'% - ;Jﬁo éalfl"] (14.2)

o+ -1k ::f,z (1k.3)

o %‘f(' 0 (14.4)
In addition, we have

T o (14.5)

Since (1k.4) and (14.5) imply the relation (14.l), the latter need not be con-

sidered further, Substituting (14.4) and (12.21) into (14.2), we obtain

2b Y L ¥,
2P =-44 b% (14.6)
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Finally, substituting (12.25) and (12.15) into (14.3) we have
iz 2%, ] - 14.7)
b-r[v'*“*"‘»i]‘o (
where use has been made of (14.5). Egs. (14.4) - (14.7) govern the changes of
a, v , B, X in the combustion zone. Now &, , P, / Vo, X, satisfy

egs. (12.25), (12.21), (12.26) and (12.15) so that

= '3‘

U, - Fr =o

W - o

3T (14.8)
o =

R4 o

2

o

R [ o+ “o}%] =10

-t
Let us multiply (14.42) to (14.7) by & and add them to the corresponding

equations of (14.8), We obtain:

W - %—t = 0 (luo9)
g_)_‘_‘_ = Q (lLl-olO)
Wp oo ¥'x

3T S Rl b‘»ll (14.11)
3 [V-\ wu > ] =0 k.12
2T " (14.12)

These boundary conditions reduce to that associated with Landau's model if we

let oC — s0 ., They have been appliesd in ref. 8 to study the effect of vis-
cosity on the stability of flame. It is shown that viscous effect cannot stabilize
the flame if Wef has a value greater than one

« Thus, conduction has a

greater influence than the viscous effect in stabilizing the flame,
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