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This study represents an attempt to help solve the problem of aero» 

dynamic heating on atmospheric glide re-entry vehicles. The results of 

the investigation are considered to be an aid to designers which, upon the 

advent of improved theory or experimental evidence, may be tempered to 

give better predicted temperatures for re-entry vehicles. This is es¬ 

pecially true of the heating rate distribution theory which is approximate 

in its present form. 

My interest in the subject started with my acquaintance with Mr. 

>iilfcur Hankey, Chief Aerodynamisist of the Dyna-Soar Project Office of 

iright-Patterson Air Force Base, Ohio. When thanks are due for the com¬ 

pletion of the study, the first and foremost should go to Mr. Hankey. 

The topic is one of ten which he suggested as possible thesis topics. 

Needless to say, without his infinite patience and wealth of technical 

advice the study would never have been completed. Emphatic thanks are 

also due to Mr. Lawrence Odell of the Computer Branch of Wright Field. 

Mr. Odell's technical ability, and, even more so, his personal interest 

and enthusiasm and his desire to do more than merely complete a job are 

worthy of special mention. Dr. Andrew Shine deserves thanks, as my 

faculty advisor, for his helpful suggestions throughout the study. Last 

but certainly not least, thanks are extended to my wife for her typing 

of the draft copies of the text. 

Perhaps special mention should be made of the organization of the 

study, or, of two sections in particular. These are Section III and 

Appendix A, each with very similar titles. Section III is included to 

ii 
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give the reader a brief descriptive background of the computer program 

and its capabilities and limitations. Appendix A, then, contains the 

details and assumptions, and the mathematical formulation of the computer 

solution of the problem. Finally, the last page of Appendix A contains 

a fold-out diagram of the mathematical modol used. It is included at 

this location to provide easy access and to help the reader through some 

of the complex descriptions of the study. 

Richard E. Russell 
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npstract 

The object of this investigation is to reduce the high temperatures 

on the wing leafing enge of hypersonic glice re-entry vehicles. A heat 

transfer analysis of an arbitrary shaped wing leading edge is ¡nade. The 

analysis includes convection, internal and external radiation, and conduc¬ 

tion as mechanisms of heat transfer. The wing leafing edge temperature 

distribution is obtained from a computer program written as part of the 

study. 

An investigation was conducted for a typical re-entry vehicle. The 

basis for conparison of results obtained was the temperature distribution, 

on a cylindrical leading edge, obtained without conduction or internal 

radiation in the analysis. The variables consideren’ were exterior shape; 

back plate shape and orientation; and the physical properties of conduc¬ 

tivity, emissivity and wall thickness. 

The investigation demonstrated that a reduction in peak nose temper¬ 

ature of about 7j0 °F could be obtained by optimization of the exterior 

shape, orientation of the back plate and by including conduction and 

radiation in the analysis. The investigation of material properties 

remonstrated that external emissivity is the only property of major 

consequence. 

xii 
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-•/ING LEADING EDGE OPTIMIZATION 

FOR 

AERODYNAMIC HEATING 

OF 

GLIDE RE-ENTRY VEHICLES 

I. Introduction 

The problem under consideration in this study is aerodynamic heat¬ 

ing on the wing leading edge of hypersonic glide re-entry vehicles. The 

object of the investigation is to analyze this problem and attempt to 

reduce the high temperatures by means of optimization of the wing lead¬ 

ing edge geometry. Figure i shows a typical highly swept re-entry vehicle 

and the wing leading edge detail. The wing is shown, in the side view, 

at an angle of attack a with respect to the free stream velocity V^. 

The plan view depicts the high degree of wing sweep, denoted, by the angle 

A. Section A-A is an enlarged view of the area under consideration in 

this study. This body, called a heating cap in this report, is consid¬ 

ered to be a non-structural member attached to the wing, for the purpose 

of shielding the load carrying structure from the high temperatures of 

atmospheric re-entry. The heating cap is considered to be thermally 

insulated from the load carrying structure of the wing. 

Past design methods in hypersonic heating have been conservative and, 

in general, not accurate. For example, the standard approach to a prob¬ 

lem of this type has been to ignore conduction and internal radiation as 

modes of heat transfer. All energy entering the wing leading edge, under 

1 



GAE/ME/61-8 

2 



GAE/taB/61-8 

steady-state conditions, was assumed to be radiated externally into the 

atmosphere. Then, knowing the convective heating rate and radiation 

properties of the cap, an equilibrium temperature was obtained which, in 

general, was conservative or too high. At the temperatures involved, 

around 3000 °F, conduction in the solid material, and even more important, 

heat transfer by radiation internal to the cap, become important modes of 

heat transfer. 

In addition, past design procedures have been to shape the curved 

portion of the cap as a cylinder as shown in Figure 1. Blunt leading 

edge shapes are mandatory with high heating rates and, for want of a 

better shape, the cylinder has been used. 

More recently, several investigations have been made to determine the 

effects of conduction and radiation on peak equilibrium temperatures. 

Chance Vought Aircraft Corporation and Bell Aircraft Corporation each 

made studies in this area. The work initiated by Bell was continued at 

the Wright Air Development Division (WADD), now called Aeronautical Systems 

Division, under Project Number 1366, Task Number 14018, in the Flight 

Dynamics Laboratory. Figure 2 shows the mathematical model investigated 

under the WADD program. This model consisted of a cylindrical cap 

followed by two.straight and parallel after-bodies. A straight back 

plate, or reflector, not capable of heat conduction and insulated from 
« 

the load carrying structure was included. The physical cap was approx¬ 

imated mathematically by sub-division into 70 small energy balance ele¬ 

ments, each with an unknown temperature at its geometric center. These 

unknown temperatures were then obtained oy a numerical computer solution 

3 
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which included internal conduction and radiation effects. Although the 

WADD program was a successful improvement over past investigations and 

did represent a rigorous analysis of the cylinder, there was still a need 

for further modifications and improvement. 

Primary in this need is the critical state of design and safety 

factors in re-entry vehicles. The state of the art has developed to the 

point that the conservative estimates of the past are a luxury which can¬ 

not be tolerated. In addition, a program was desired at WADD which would 

enable an investigation of the variation of external shape and after-body 

angle, and, an investigation of the effect of the back plate reflector. 

As a consequence, a large portion of this study was the formulation of a 

new and improved computer program to accomplish the above tasks. The 

problem ultimately was programed and solved on the IBM 7090 digital 

computer of WADD. 

The variables under consideration in this study are as follows, 

exterior body and back plate reflector shape; wall thickness and conduc¬ 

tivity of the main body and back plate reflector; and emissivity, with 

an allowance for different internal, external and back plate reflector 

values. In addition, provisions have been made for variable flight con¬ 

ditions, convective heating rate and angle of attack. For this investi¬ 

gation, the latter three were held at a fixed design-point value correspond¬ 

ing to critical heating conditions. This was done to reduce the number of 

variables under consideration. 

Little material was available for direct comparison of the results 

obtained. Where possible, results were compared with known data such as 

from the WADD program in operation at the beginning of this study. 

5 
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Also, numerous checks were made of computed values during the program 

check out phase. The most conclusive check of results was an over-all 

energy balance of heat added to the cap against heat radiated from the 

cap, the latter based on the temperatures obtained from the computer 

solution. This comparison gave an error of between 0.10 and 0.005 

pe 'rent based on heat added. 

The problem is presented, first, from the theory involved, and then 

from the investigation and results obtained. Appendix A contains the 

detailed account of how the problëm was mathematically formulated for 

computer solution. This is followed by Appendix B which contains sample 

data sheets from the computer runs and, finally, Appendix 0 with the 

complete computer program in IBM FORTRAN language. 

6 
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IT. 'fheorv 

A diagram of the mathematical model used in the analysis is 

shown in Figure 23, located in Appendix A. The body is analyzed 

as a two-dimensional leading edge of infinite length operating under 

steady-state, laminer flow conditions. The assumption of flight 

at maximum lift to drag ratio, and at the altitude and velocity 

for critical aerodynamic heating, is also made. From Figure 23, 

it can be seen that the model is subdivided into 71 elements for 

purposes of numerical solution. The method of analysis is to write 

a steady-state energy balance equation for each element. This results 

in 71 equations, which contain as unknowns, the temperature at the 

center of each subdivided element. These equations are then solved 

simultaneously by computer techniques for the unknown temperature 

distribution. 

Energy Balance Equation 

The energy balance equation for the Mi"the element is 

n 

where AS^ = external area of element "i" 

q^ = external convective heating rate of element "i" 

£ . = emissivity , external, of element 11 i" 
6 XT» 
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g = Stefan-Boltzmann radiation constant = 3.3402 x ICf^-iiü- 
in2- R*-sec 

G = solar radiation constant = 0.000854 . — 
in2- sec 

K = thermal conductivity 

a^_j = conductive area between element "i" and an adjacent element "j" 

T. . = unknown temperature of element "i" or ''j" 
i»! 

b. = conductive length, center to center, between element wi" and 
element ’'j11 

< = 8ray view ^actor between interior elements "i" and "j" ; 
A ^ J 

and where n = 2, 3, or 4> and represents the number of elements adjacent to 

the "i”th element. N = 25, the number of interior elements engaged in mutual 

interior radiation when "1" is an interior element. 

The equation is written in its most general form, and it should be 

noted that any one element will not encounter all three modes of heat 

transfer. For example, an external element will receive energy by virtue 

of the first two expressions in Eq (1) but will not be involved in internal 

radiation while a centrally located element will only conduct energy to its 

adjacent elements. The equation will now be examined in detail. 

External gating 

The first of the three expressions of Eq (1) applies to external 

elements of area and contains the external heating parameters examined 

below. 

Convection. A detailed study of current procedures for estimating the 

aerodynamic convective heating to a blunt nosed hypersonic vehicle has been 

conducted by the Hypersonic Flight Section of the Flight Dynamics Laboratory, 

8 
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WADD, Wright-Patterson AFB, Ohio (Ref 4). Of six different methods in¬ 

vestigated, the method proposed t>y Lees (Reft* 4 sod 6), has been adopted 

as a standard. This selection was based on the relative accuracy and the 

relative case of application of the Lees method. 

Lees' simplified equation for the heating rate at the stagnation 

point of a highly swept wing at an angle of attack is 

[ A* ’ ! ! ». > 

! t) I [ 1000 1 

n 
cos A (2) 

where p® = free-stream density 

V = free-stream velocity 
00 

(R + t) = external radius at the stagnation point = p0 

Ae = cos"1 [l - sin2 A cos2 a] (effective sweep angle) 

and where A = wing sweep angle 

a = wing angle of attack. 

The value of n in the above equation has been found to be 1.5 for wing 

sweep angles of less than sixty degrees and less than 1.5 for sweep angles 

of higher than sixty degrees (Ref 4:22). Two items should be noted in Eq (2). 

First, the stágnation point heating rate varies with the degree of wing sweep 

and with wing angle of attack as reflected in AgJ second, for a given 

velocity, altitude, and wing configuration, the heating rate is inversely 

proportional to the square root of the stagnation radius, or 

9 
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= ’Vv7 = “»»‘“tlv, 
(3) 

00' r00 

Eq (3) demonstrates the fact that for reduced heating rates in hypersonic 

heating, blunt nosed shapes are mandatory. 

i 

Equation (2) gives the heating rate for element "i" only if "i" is 

the stagnation point element. For the heating rate distribution over 

the surface of a blunt nosed two-dimensional body, an equation expressed 

by Lees is used (Ref 4t24): j 

J-- (4) Íi = 13 '6 

^ j ‘m 
oJ lp0) 

la 
Vi 

06 

d S 
T 

where -i = the local static to stagnation pressure ratio 
Po 

= the ratio of the velocity at the boundary layer thickness 
I i to the freestream velocity 

thus 

non-dimensional stagnation point velocity gradient, 

’CD 
dS 

S = distance from stagnation point to the center of the 
“i"th element. (See Fig. 3) 

11 

With the value of qQ from Eq (2) in Eq (4), the value for ^ is obtained 

in terns of the flight conditions, body configuration, pressure and 

velocity ratios, and the location of the "iHh element from the 

10 



/ 

GAE/toE/61-8 

Figure 3 

Element Location fren the Stagnation Point 
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stagnation point. 

Solar Radiation. A solar radiation constant G has been included for 

external elements in Eq (1)• It is treated as a constant for all external 

elements which neglects shadow effects for part of the cap. For this rea¬ 

son» the solar radiation treatment has a conservative effect on the exter¬ 

nal heating rate. 

Radiation of external elements to the atmosphere 

is treated by the standard radiation equation for a hot surface: 

/ 

q ) radiation to = ea t.4 (5) 
surroundings 1 1 

The temperature of the sink has been assumed small compared to the temper¬ 

ature of the body surface and is therefore neglected. 

Conduction Bgtyfggfl glflwpta 

The second of the three expressions of Eq (1) is for heat transfer 

between elements by conduction. This energy transfer between adjacent 

elements is accounted for by the Fourier heat-conduction law (Ref 3-27)» 

or 

(6) 

as the heat transfer rate in the n direction through Area A. In the fi¬ 

nite difference form and symbology of Eq (1) 

12 
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= - K (Ti - Ti) 

i-J 

(7) 

It should be noted that a linear temperature gradient is assumed to exist 

between elements. In additioni thermal conductivity is not considered to 

be a function of temperature over the body surface. To include a temper¬ 

ature dependence of the mal conductivity would have greatly complicated 

the analysis. This effect is considered to be small when compared to 

other variables of the problem. 

internal Ml&Usn 

The last expression in the energy balance equation is for the radi¬ 

ation exchange among the 25 interior elements in Figure 23. The math¬ 

ematical model described by Hottel (Ref 5:72) was used. The enclosure 

is assumed to be made of gray body elements which are diffuse reflecting 

with emissivity values of less than one. The net exchange of energy be¬ 

tween any two interior elements is given by 

q A 3 a(T4-T4) 
1^± 2 1 12 1 2 

L L (8> 
= *2*21‘ 'T!4 - T24> 

The deteraination of the gray body view factors requires a com¬ 

puter subroutine before the set of Eqs (1) can be solved. This sub¬ 

routine consists of an energy balance for the 25 interior elements and 

subsequent solution for the ^ factors. The method used is as 

presented in Reference 5, and includes the simultaneous solution of 25 

equations for each factor, or, the solution of 625 equations. 

13 
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III. ConuiütcT 1-roL’nin; 

A ictuiloi discussion of the mathematical formulation of the problem 

for the computer is given in Appendix A. The purpose of the present sec¬ 

tion is to enumerate the variables involved and present the general math¬ 

ematical model. 

The major criteria under which the program was written were simplicity 

of input and the ability to solve for the temperature distribution of an 

arbitrary (non cylindrical) geometry. The input sheet shown in Figure 4 

is used to tabulate the required computer input data. These variables are 

discussed below with reference to Figures 4 and 23. 

The conductivity of the cap material is given by K and in Figure 4. 

hrovisions have been made for conductivity of the reflector different 

from the main body conductivity K. 

The convective heating rate for the stagnation point is introduced 

into the problem as the heating rate parameter . Then, as shown 

in Eq (3), the external radius may be varied, at a fixed altitude and 

flight speed, without specifying a different heating rate for each run. 

The heating rate distribution over the surface is automatically computed 

as explained in detail in Appendix A. 

The effective angle of attack of the heating cap, b' » is included 

as a part of the computer input. This is the effective angle of attack 

of the cap with respect to the + x axis system as defined in Figures 21 

and 23. 
14 
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ARBITRARY LEADING EDGE HEAT TRANSPER PROGRAM 

7090 INPUT DATA 

GENERAL DATA 

PROGRAM INPUT 

Center X inch y inch 

°2 

°} 

C4 

Compute R*, p^> 9^. 

Notei excludes < 90°. V Rlil- V Cl-H 

ALTERNATE PROGRAM INPUT 

_*L. Pi inch 

C
D

 
V

J 

o
 

Pj inch 

C
D

 
JÜ

 o
 

Pi inch 

o
 

P^ inch 

e. P5 inch 

L, = ^ inch 

Compute X and y location of C^,,.C^and R^. 

Note: L-, excludes 

Figure 4 
Computer Input Data Sheet 

15 
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One of the major areas to be investigated in the study was the affect 

of thermal radiation on the nose temperature. For this reason, three pos¬ 

sible values of emissivity were included as computer input. £ext> external 

emissivity, applies to elements 1 through 24. internal emissivity, 

is for the internal elements 47 through 68, and is for the back plate 

elements 69, 70, and 71. 

Material thickness is introduced as x for the main body and x^ for 

the back plate reflector. It should be noted that, for investigations of 

the effect of wall thickness, the variation of x is manifested in the pro¬ 

gram by a change in interior dimensions, i.e., the external size and shape 

remains fixed as x is varied. In addition, from Figure 23 it may be seen 

that the main body is subdivided, in the x direction, into three elements, 

with the outer and inner elements O.OOlx in thickness while the center 

elements are 0.998x thick. The purpose of this material division is to 

give more accurate surface temperatures, both exterior and interior, for 

evaluating the radiation exchange of energy. 

The above defined variables of the problem list the physical prop¬ 

erties of the cap in question as well as the flight conditions. The last 

item to be specified is a geometrical description of the cap. This is 

accomplished in two different ways as shown in Figure 4 under Program 

Input and Alternate Program Input. 

The computer program is capable of solving for temperatures for any 

shape nose cap which can be approximated by five tangent circular arcs and 

16 
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two straight ed’ter-bodies. Tlie curved nose portion is specified, in the 

Program Input, by giving the locations of the centers of the circular 

arcs in x,y-coordinates from the x,y-axis as shown in Figure 23. In 

addition, a statement is required as to whether R2$ 5 • • • 

R^ < R^. From this simple input, the values of external radius and 

angular segment are then calculated by the computer. 

In using the Alternate Program input, values of the angular segments 

of constant external radius are given as input. In a manner similar 

to the calculations in the Program Input, the values of x^, y^ for and 

internal radius R^ are then calculated. With either input, the end re¬ 

sult is a tabulation of R^, p^, 0^, and y^ which are needed for further 

calculations as described in Appendix A. The lower straight after-body 

is described in the alternate input and is the length as shown in Figure 23. 

This value need not be explicitly given in the program input as it is, 

in reality, the value given for x^. The upper surface is similarly given 

as and is the length shown in Figure 23. The upper surface divergence 

angle, 0U> from the lower surface and consequently from the + x axis, is 

also a part of the general data input. 

Finally, the back plate reflector is described by the two angles 

and and the two lengths and by Element 71 is not specified in 

length because it closes the cap as a straight element from the specified 

location of elements 70 and 1. 

17 
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To summarize, the program will calculate temperatures for any body 

which may be approximated by five tangent circular arcs and straight 

upper and lower afterbodies. Provisions are made for a back plate 

reflector which can be approximated by three straight segments. Fin- 
4 

ally, variations in conductivity, emissivlty, thickness, heating rate, 

and angle of attack can be included. 

18 
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IV. nvestigation 

Introductory Remarks 

With the problem formulated on the I. B. K. 7090 digital computer, 

the investigation of shapes other than a cylindrical curved surface was 

now possible. Several problems were evident at the beginning of the in¬ 

vestigation of the variables. First, unlike many problems in heat trans¬ 

fer, there are no known groups of variables or dimensionless parameters 

such as Nusselt numbers and Irandtl numbers which may be used to sim¬ 

plify the investigation. Seme time and effort has been spent at WADD 

in this direction but to date, no generalized parameters have been de¬ 

rived. As a consequence, any investigation will be for a specific in¬ 

stallation on a particular vehicle in question at the time. The inves¬ 

tigation conducted in this report is for one representative size and 

shape of current glide re-entry vehicles. Thus, the numerical answers 

obtained cannot be considered general in nature but are for the one 

configuration analyzed below. But, the investigation does indicate 

trends of the several variables considered. In addition, it does de¬ 

monstrate at least one approach to the reduction of peak temperatures. 

The following constraints as to size and general shape were 

adhered to. First, a nose cap was assumed with a zero length lower 

after-body. The consideration here is toward a saving of weight and 

space as might be attempted in a practical design approach. Next, 

it was decided that the upper after-body would be at an angle 0u of 
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45°, oriented at a distance from the x,y-axis coordinate system as shown 

in Figure 5. This constraint represents a typical cambered upper surface 

as might be dictated from sub-sonic aerodynamic considerations. With these 

constraints so established, the investigation becomes one of choosing 

optimum exterior and back plate shape and, in addition, an investigation 

of the physical property variables involved, all for minimum nose temper¬ 

ature. 

An additional problem involved is that of the many variables of the 

configuration. Including shape, physical properties and flight conditions, 

there are a total of 26 variables (Figure 4) which may be investigated. 

The major problem then becomes one of attempting to derive the optimum 

nose cap with a large number of variables. The method followed was to 

fix certain variables while others are investigated to obtain minimum 

nose temperatures. The constraints of Figure 5 eliminate the lower 

after-body length and upper body divergence angle Pu, thus eliminat¬ 

ing two of the 26. Next, consideration was given to the physical var¬ 

iables of conductivity, emissivity, and material thickness. From pre¬ 

vious knowledge gained in the WADD program, indications were that con¬ 

ductivity K and would have a small effect on temperature over the 

possible range of K and values. Similarly, a variation of the 

thickness t: and was thought to have a small effect. Here, practical 

considerations of weight also dictate as thin a structure as possible 

that will still sustain given air loads. Conversely, emissivity 
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Figure 5 

Problem Constraints 
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can ba variad for diffarcnt» inaiorialsj surface conditions and 

coatings, and it was known that external emissivity does have a largo 

influence on peak temperatures. From the above considerations the 

decision was made to fix the physical variables at practical values 

during the investigation of the exterior shape and the back plate reflee 

tor. 

Two design points for the physical variables we’e ultimately used 

as shown below. 

Mis! 

Design Point Values 

Design Point ¿ 

K = Kb = 0.00083333 

e = 0.6 
ext 

e 
int 

= 0.8 

e 
b 

= 0.1 

Design Point 2 

K = Kb = 0.00083333 

e = 0.9 
ext 

e . = 0.9 
int 

= 0.05 
b 

i - 0.040 

Tb - 0.015 

e =45° 
u 

L = 0.001 
L 

^ VpT= 0,6944 

= 43° 
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The effective angle of attack is chosen for tho maximum lift to drag 

ratio which represents the critical leading edge flight attitude. Also, 

the heating rati parameter was selected to give temperatures near 

the critical values for present materials. and q*^ are held con¬ 

stant throughout the investigation. The conductivity values chosen 

represent a general average for high strength metals of 0.00083333 

3TU/3ec-in-°R (Ref 3:490). The number of significant figures retained 

is a result of converting the normal units for the average conductivity 

to the units of the computer program. The emissivity values used in 

design point 1 represent average values thought practical at the beginning 

of the investigation. Design point 2 emissivities are values later found 

to be possible through coating developed for skin surfaces. The only 

difference, then, between design points 1 and 2 are the emissivity values 

which represent a high and low limit to be expected. Finally, the thick¬ 

ness values T and are considered practical from a weight and strength 

standpoint. 

With the variables fixed at the practical design point values shown 

in Table 1, the investigation was then conducted to determine the effects 

of the nose shape and the back plate reflector on the temperature dis¬ 

tribution. The plan, then, was to first investigate the exterior nose 

shape at each design point. With the optimized shape so obtained, design 

points 1 and 2 were then extended tu include this optimum. Next, the 

reflector was investigated and an attempt to optimize was made with all 

other variables at the design points. Finally, with the optimum nose and 

23 



GAE/KIS/61-8 

reflector configuration, the properties e^, eb, K, Kb, t and i;b 

were varied through approximately one order of magnitude either side of the 

design point values to establish their effect on the peak temperature. 

The final optimum shape is thus derived in a stop-vise procedure for 

each of the major areas: nose shape, reflector, and physical properties — 

while the other areas are held fixed at the design point values. 

Exterior Shape 

Past Nethods. To show the past design procedures and an estimate 

of the magnitude of tne error inherent therein, the constraints of the 

problem were met with a simple cylindrical shape tangent at the origin 

and tangent to the 45° upper surface. The conductivity and the internal 

radiation were made extremely small or zero to duplicate the past design 

assumptions, in addition, a straight back plate reflector was assumed 

which closed from the origin to the point of tangency of the cylinder 

and the upper surface. Figure 6 A and B shows a sketch of the configur¬ 

ations while the computer solution for these runs are shown in Appendix 

B. The results of these analyses are shown in Figure 6 A and B as the 

maximum nose temperature on the cap. 

Next, the same configuration was run at design points 1 and 2 but 

with t and £ = 0. These results are shown in Figure 6 C and D, and 
b 

runs 6 G and D, Appendix B. Note the relatively small effect that in¬ 

ternal conduction has on maximum temperatures in thjß thiçkneps range. 

Conductivity variation, for material thicknesses around an order of 
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magnitude greater than the design point thickness, does have a substan¬ 

tial effect on the peak nose temperature, as will be shown later in 

the investigation. Finally, runs 6 £ and F were made to include both 

internal conduction and internal radiation. A comparison of Figure 6 A 

with 6 E and 6 B with 6 F shows the overall effect of conduction and 

internal radiation for this cylindrical shape. 

Exterior Shape. Recently, an investigation was conducted 

using Lees' equation in the Hypersonic Plight Section of WADD to attempt 

to establish an optimum exterior shape for minimum convective heating. 

Lees' equation for the convective heating rate distribution ( Eq (4) ), 

as shown in Appendix A, can be reduced to a function of the angular po¬ 

sition of the “iHh element on the body and of the external body radius 

p^. Expressed mathematically 

= f (pj. ij) (9) 

where is the angle between the tangents of the stagnation point and 

the Mi"th element as defined in Figure 3. Considering a given quantity 

of heat flux to a body of variable shape, the optimum configuration is 

one which will result, insofar as possible, in a constant energy distri¬ 

bution over the nose. Thus f (p^ ¢^) in Eq (9) was set equal to unity 

and the coordinates p^ and of the optimum shape were obtained. It 

should be noted that this constant heating rate can be maintained up to 
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but not past about i 38° on either side of the stagnation point depend¬ 

ing upon the value of r used. Figure 7 shows the derived optimum shape 

and the mathematical approximation of the optimum shape as used for the 

computer solution. 

This shape was then used, rather than the cylinder, to meet the 

constraints of the investigation. Figure 6 G and H and runs 6 G and H, 

Appendix B, show this surface. A comparison of Figure 6 A with G and 

6 B with H show the effect of internal radiation, internal conduction, 

and the optimum exterior shape. In addition, a comparison of Figure 6 2 

with G and 6 F with H show the effect of exterior change of shape only, 

for this configuration. 

It may be recalled from Eq (3) that large radii are desirable to 

minimize convective heating rates. Figure 7 shows how this fact is 

reflected in the optimum shape with a large radius at the stagnation 

point and then smaller radii on either side of the stagnation point for 

approximately constant heating. Figure 8 shows the effect of this 

constant heating rate on.temperature distribution over the nose. The 

exterior surface skin temperature distribution for the cylinder and 

optimum shape.are plotted for design points 1 and 2. 

Also, from Figure 8, it may be seen that the variation of temper¬ 

ature on either aide of the stagnation point for the optimum is small, 

i.e., within about one percent of the peak temperature between points. 

Because of the finite difference method of solution and because the 
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Figure 7 

Mathematical Approximation of Optima Leading Edge 
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Figure 8 

Comparison of Optimum and Cylinder Nose Temperature Profile 
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optimum shape must be describoci by only five radii and five angles in 

the computer program, this small variation in temperature was accepted 

as negligible and no attempt was made to further refine the optimum 

shape to a more constant temperature distribution. In addition, Lees' 

equation is thought to be reliable only so long as sharp corners are 

avoided. Any attempt to extend the region of relatively constant temp¬ 

erature distribution was thought to be beyond the capability and the 

theory of the problem solution. Thus, the shape as derived by the 

Hypersonic flight Section is considered to be a practical optimum from 

the results of this investigation. This shape is then adapted at this 

point as the design point exterior nose configuration and is added to 

the design points 1 and 2 given in labié I. 

Back ríate Reflector 

Straight Reflector. A design proposal for a recent glide re-entry 

vehicle was to include a nose shape similar to the optimum thus far 

investigated but with a straight reflector across the two tangent 

points as shown in Figures 9 A and B. The question was raised as to 

what effect rotation of the reflector, about the origin, would have on 

the peak temperature. Several runs were made to investigate this effect. 

The first run made was for the reflector arbitrarily set in a vertical 

position with respect to the x,y-axis system. The results are shown in 

Figure 9 C and D. Using the added length of the upper after-body 

between the two different configurations in Figure 9 A and C (or 

9 B and 0) as a unit of change in top area, several additional 

runs wen? made to further investigate the apparent effect of 
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this top area addition. The results of adding successively IxA top 

area are shovm in the remainder of Figure 9. As can be seeni the 

combination of the addition of this area and the rotation of the 

reflector can cause a substantial change in the peak temperature on 

the heating cap nose. A plot of the change in maximum temperature, 

AT max., per unit of top area added, is shown in Figure 10 for the 

two design point runs. It should be noted that the change in max¬ 

imum temperature per unit top area is non-linear and seems to be 

approaching a zero value after the 4*A point. From practical consid¬ 

eration of size, shape, and weight, rotation of the reflector to 

about the IxA point seems feasible and shows a significant reduction 

in peak temperature. Rotation past about IxA remains beneficial in 

lowering of peak temperature but the exact optimum point, for any 

specific installation, will be a compromise study between temperature 

reduction, weight, and allowable space. 

K Figures 11 and 12 are graphs of the maximum temperatures versus 

added top area. Figure 13 shows the nose temperature profiles for the 

basic zero top area and the four addition runs previously discussed 

for design point 1. Similar curves may be obtained for design point 2. 

The final phase of the straight reflector investigation was a 

series of runs, similar to those above, but with equal increments of 

reflector rotation as the parameter. 

Figure 14 A and B show again the basic optimum shape and the 
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Figure 10 

Variation of Temperature Reduction with Top Area 
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flgare 13 

Nosie Temperature Profile for Several Top Area Configurations 
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rlosel reflector. Figure 14 G and 0 show the reflector rotated through 

an angle of 18^- degree s and the corn-spending reduction in temperature. 

Figure 14 E and F show the next l&V degree increment which is equivalent 

to the IxA run of Figure 9 C and D. Figure 14 G and H show the next 18?, 

degree increment, and finally I and J show the total angular displace¬ 

ment of the back plate at an angln of 66.2 degrees. Th^ total reduction 

in maximum temperature is shown below Figure- 14 I and J. It can be seen 

that the possible reduction in t«m¡>erature is less for design point 2 

than design point 1. This is due to higher external r;.iiation cooling 

for design point 2 and ther' fon potentially less energy available for . 

the mechanism of interior radiation to dissipate out through the upper 

surface . 

A plot of the peak temiera tun-- against angular rotation of the beck 

plate is shown in Figure 15. The change in t-mferr.tur ■ ..s a function cf 

angular rotation is sc -n to bt v ry nearly s straight )1:. function. 

tot is sign point 1, a temper a tun- reduction of 6.11° F i> r d-gn : of 

rotation may b«1 tekan as a constar/ within one percent '.•••cur cy of com¬ 

puter vnlu< r,. ‘or design point 2, 4.31° F p>?r ingrat, rr fation is con- 

st'iTit within ori-: p; rc-nt accuracy of computer values. In conclusion, 

for rotation of the beck plat/ from the elos d position, the rngle through 

which th-i r-'flrctor is rotated b**comas a convenient parcjiieter, for this 

"fv TM* f ^ ^ - m.:- v i »rf irr & 
V.»y 4* A. i 4 'A »4.01* J wV/ .**.«»* ***- i..u- .. 1**^ 4 - V. Ui V .> • 

A similar investigation made recently by the Dyna-Srsr A'-'rodyriaalcs 

Group, on a diffor-nt. shaped nose cap but using the com put r . rogrut. 
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Figure 15 

Variation of Temperature with Angular Rotation 
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developed in this study, gave a temperature reduction-constant close to 

the value obtained in this investigation for design point number 2. 

During the investigation, the question was raised as to whether the 

addition of the top area or the rotation of the reflector, or both, con¬ 

tributed to the reduction of the peak nose temperatures. In Figure 

17 C-4 and D-4 are shown the same configurations as Figure 9 E and F 

with the exception that the second top area is insulated from radiating 

externally into the atmosphere. This was accomplished by extending the 

reflector, which is mathematically insulated from the structure or the 

atmosphere, over the second top area as shown in Figure 17 C-4 and D-4. 

Comparison of Figures 9 C, E and 17 C-4 (or 9 D, F and 17 D-4) show 

that about 20 and 25 percent of the temperature reduction is from the 

rotation of the reflector or the improved "view" which the cooler ra¬ 

diating areas have of the reflector, for the two design points. 

Curved Reflector. With the knowledge thus gained of the effect 

of rotation of a straight reflector, an investigation of the effects 

of a curved reflector was made. Several restrictive features of the 

mathematical solution with respect to internal radiation should be 

mentioned. First, a requirement exists that all internal elements must 

be able to "see" all other internal elements. That is to say that no 

internal element can be hidden from any other internal element or that 

the back plate reflector must be shaped concave outward as shown, 

generally, in Figure 23. It should be noted that two reflector 
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elements oriented in a straight line do not violate the above restriction. 

Secondly, in the determination of the grey body view factors 

for Eq (1), the assumption is made that the internal elements are diffuse 

reflecting. Had this restriction not been imposed, an investigation of 

specular or regular reflection of internally radiated energy would have 

been possible. To clarify, the possibility exists that "mirror" type 

reflection could be used to advantage to increase the transport of energy 

from the hot lower elements out through the upper elements by mirror re¬ 

flection from a suitably curved back plate reflector. But, because of 

the diffuse reflection assumption, effects of improved element orientation 

from the view standpoint are the only effects which may be investigated 

in this mathematical solution. 

As mentioned before, the choice of the angular orientation of the 

straight reflector of Figures 9 and 14 will be a compromise of allowable 

weight, size and temperature for the cap on any one vehicle. For the 

purposes of this study, the vertical reflector of Figure 9 C and D is 

arbitrarily chosen as a practical optimum. This reflector configuration, 

together with the optimum nose shape, is added to Table I for the design 

points. The purpose, then, of the present investigation is to curve the 

reflector concave outward, maintaining the constraints of one top area 

as in Figure 9 C and D. 

First, for all configurations of Figure 9 C through J, an arbi¬ 

trarily shaped concave reflector was tested. The maximum decrease in 
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T max whs around 35° F for the 4*A run while for the more practic.l 

configuration of IxA the reduction was around 20° F. Figure 16 shows 

these concave shapes for a direct comparison with th* runs of Figure 9. 

In addition to the runs shown in Figure 16, several more radical de¬ 

partures from the straight refl ctor were made. In all cases the 

temperature reduction was around one percent or less of the peak tem¬ 

perature. Finally, a series of runs were made to ascertain gross effects, 

if any, from the reflector shape. Figure 17 shows the results of these 

runs. 

The reflector was assumed in two pieces. First, the upper part 

was assumed at a 90° angle to the upper straight after-body. Then, 

the lower part was rotated from the vertical position through incre¬ 

ments of 15 degrees. From the figure, it can be seen that the major 

reduction in temperature occurs in the first 15 degree increment and 

that the reduction finally becomes zero. Also, the magnitude of the 

temperature reduction is small when compared to the larger reductions 

in temperature shown by other means. 

Adopting momentarily, the first 15 degree rotation point as an 

optimum, another series of runs was made to investigate reflector 

rotation about the upper comer as shown in Figure 17 C and D. For 

this series, the reflector was rotated and three runs were made as 

shown in the figure. Again the reduction in peak temperature occurs 

mainly in the initial movement but, in this case, an increase in 
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Design Point 1 

W * 3115 °* 

Taax ■ 28*9 

2889 °F 

£ 

Tmax * 2766 °F 

2786 

Itnax = 2708 °F 

^ax * 2671 °F 

2736 °F 

//2705 
oy 

Design Point 2 

B 

^nax * 2779 °F 

2601 °F 

Vx “ 2581 °î 

^ax 0 2504 °F 

H 

Vx s 2461 °F 

86 °F 

Tmax s 2435 °F 

2464 °F 

a'T * -¿44 ÛF 

Figure 16 

Peak Nose Température for Curved Back Plate Reflector 
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temperature is noted with a further reflector rotation. 

From the results of the two series of runs shown in Figure 17, it 

is concluded that there is an optimum reflector shape for a given top 

area constraint. The order of magnitude of the temperature reduction 

is small (less than one percent) and for this reason, the curved reflec¬ 

tor is abandoned in this investigation. It is believed that more fruit¬ 

ful results might be obtained in an investigation which would include 

specular reflection from a back plate reflector shaped for this purpose. 

ihysical Variables 

Adapting the vertical straight reflector as the optimum, the 

constraints of the problem have now been met. The remainder of the 

investigation is devoted to substantiating the assumption that variation 

in K, t; ctnd t values would have little effect on the peak temperature. 

The investigation of the physical variables was made on the now optimum 

exterior shape and reflector for design point 2. The method used for 

the investigation was to vary one variable through its practica] range 

about its design point while all other variables are held fixed at. their 

design points. For example, in Figure 18 A, the design point for 

ext'mal emissivity is 0.9. At this point, a peak nose temperature, 

called the design point temperature (T ) is obtained. Then, a plot D.l . 
of the ratio of peak nose temperatures (T ) off design point to the max. 

design point value is made against the variable in question. Figure 

13 A shows the large variation in maximum temperature with external, 

emissivity. 
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Figure 18 B shows the relatively small effect that internal emis- 

sivity has on maximum temperature. The t printed temperatures indicate 

the degrees temperature variation from the design point temperature 

when the ratio is small. Figure 18 C shows the negligible effect of 

the reflector emissivity e. . 
D 

For investigation of thermal conductivity, two ranges of thickness 

were included. First, in Figure 19 A, the design thickness of t = 0.040 

and T, = 0.015 inch was used while the conductivity of the main body K 
D 

was varied. The low value of conductivity was 0.0001 BTU/in-sec- R which 

was the lowest value that could be used due to computer limitations. It 

should be noted that in Ref 3:497, the lowest listed value for conduc¬ 

tivity is 0.0001388 BTU/in-sec-°R for nickel steel while the design point 

average in this report is 0.0008333 BTU/in-sec-°R. The high value for 

K is ten times the design vaille. The negligible effect of K variation, 

in this thickness range, is apparent. 

Next, the variation of K for a material of ten times the design t 

and X was made. Figure 19 B shows the results of thesè runs and the 
b 

larger effect that variation of K can have in this thickness range. 

Figure 19 C and D show similar results for the variation of Kb at design 

X and X and lOx design x and x . 
b b 

Finally, the variation of material thickness for three values 

of K and K, is shown in Figure 20. A and B show the negligible effect 
b 

of thickness in the design point range of conductivity. 0 and D show 
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the effect for conductivity values of approximately two orders of mag¬ 

nitude smaller than design point. Finally, E and F show the effect of 

thickness variation for an order of magnitude increase in conductivity 

over the design point value, A strange effect of the increase in thick¬ 

ness of the main body material is noted. 

Figure 20 A shows a decrease in peak nose temperature with increase 

in material thickness out to a thickness of 0.3 inch where the temperature 

trend reverses and increases with material thickness. This behavior is 

explained as follows: the normal result from an increase in the con¬ 

ductive path for heat transfer, would be a decrease in nose temperature. 

This increase in wall thickness has two detrimental effects on the 

radiation exchange of energy. First, the interior surface temperatures 

are reduced which lessens the potential for cross radiation. Second, 

the addition of wall thickness reduces the internal radiation area of 

the cap. 

If the conductivity of the added wall thickness is such that the 

increased conduction exceeds the decrease in radiation, the net effect 

is a reduction of the nose temperature. This is evident in the first' 

part of Figure 20 A. But, the internal cap area and the internal 

surface temperatures are being reduced with this increase in material 

thickness. Thus a body thickness of around 0.3 inch seems to define 

the crossover point where the effect of the decrease in the radiative 

exchange exceeds the effect of an increase in the conductive path, and 

the temperature starts to increase. In the limit and for this conduc - 
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tivity value, there would be no internal radiation, all heat transfer 

would be by conduction, and the resultant nose temperature would be 

higher than that for a thin shell cap. For the near zero conductivity 

value of Figure 20 C and D, the increase in material thickness shows a 

steady increase of nose temperature. This indicates that the detriment¬ 

al radiation effect exceeds the increased conductive path for the com¬ 

plete thickness range. In contrast, for the high conductivity value of 

E and F, the increase in nose thickness shows a steady decrease in nose 

temperature, indicating here that the conductive heat transfer effects 

are predominate. 

A series of computer runs were made to substantiate the above 

reasoning. These runs were made with e. . and e equal to zero thus 
mt b 

eliminating the radiation effects. For all three conductivity values, 

the nose temperature decreased with an increase of material thickness as 

would normally be expected. Thus an analysis of the effects of material 

thickness variation, neglecting internal radiation, would give erroneous 

results. 
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y. Conclusions and Recommendations 

The conclusions reached below are a result of the investigation 

conducted in this study on a representative glide re-entry vehicle 

configuration. 

1. ) An analysis for the peak temperature on a leading edge nose 

cap neglecting internal radiation and conduction can be in 

error by about six percent when compared to an analysis 

which does include these mechanisms of heat transfer. 

2. ) A substantial decrease in nose temperature may be obtained 

by variation of the external shape. A reduction of 183 °?' 

in peak temperature was obtained by replacing a cylindrical 

cap with an optimum exterior shape. 

3. ) The orientation of the nose cap back plate will have a large 

influence on the nose temperature. For example, rotation of 

the reflector for 60.2 degrees caused a temperature reduction 

of 407 °F. This temperature decrease was a result of im¬ 

proved radiation area "view" and the addition of top area 

for radiative cooling. 

4. ) A curved reflector will, based on the diffuse reflection 

assumption, have a minor influence (less than one percent) 

on the magnitude of the nose temperature. 
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5. ) Of the three emissivity material properties involved, ex¬ 

ternal emisaivity is the main variable of importance, in¬ 

ternal emissivity is the next most important variable while 

variation of back plate emissivity has no effect on the peak 

nose temperature. High values of internal and external 

emissivities are desired. 

6. ) High conductivity values are desirable, but the effects of 

conductivity are negligible for the thin material thickness 

values which are dictated by weight considerations. Con¬ 

versely, for a chosen material with average or low conduc¬ 

tivity, a large material thickness can result in increased 

nose temperatures. It can be thus seen that conductivity 

and material thickness are closely interrelated, and that 

one cannot be varied without having an influence on the 

effects of the other. 

7. ) For any variation of conductivity and material thickness, 

the effect on nose temperature is small when compared to 

other means of temperature reduction demonstrated in this 

report. For example, a ten-fold thickness increase (and 

thus a ten-fold weight increase) for a highly conductive 

material results in an 86 °F temperature reduction for 

design point 2 of this study. The same reduction in tem¬ 

perature can be obtained by the addition of one inch of top 
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area, at a small fraction of the previous weight increase. 

The following items are listed as possible recommended areas of 

further study. 

1. ) A computer program addition should be prepared which will 

permit the stagnation point to be located on the major angular 

segments and 0^. 

2. ) An investigation could be made to determine the effects 

of specular reflection from a suitably shaped reflector. The 

author has devised a method, not included in this report, for 

defining an optimum reflector based on specular reflection. 

3. ) The possibility of using a one-way radiation heat filter 

similar to the one-way mirror in Optics could be investigated. 

Such a filter could be placed between the hot and cool regions 

of the cap and, if the one-way exchange of energy could te 

affected, could be used to advantage in reducing the nose 

temperature. 

4. ) The optimum nose shape very closely approximates an 

ellipse. For this reason, a mathematical model approximated 

by an elipse in the stagnation region and circular arcs on 

either side of the ellipse mipht give better results than 

that obtained with circular arcs only. 

54 



GAiï/l' E/ól-8 

5.) An investigation to attempt to find a non-dimensional 

combination of conductivity, thickness, and heating rate 

is recommended. 
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APPENDIX A 

DETAILS QF COMPUTER PROGRAM 

The solution of the 71 fourth order equations requires the use of 

a digital computer. The criteria used in establishing the new program 

were: 

1. The program must have an arbitrary shape capability. This 

was to include any nose shape which could be approximated 

by five radii and five angles. In addition, nonparallel 

upper and lower surfaces aft of the curved nose section 

were to be investigated. The internal reflector or back 

plate was to be flexible to investigate the effects of 

curvature of this surface. 

2. Because of the finite-difference solution required, the 

mathematical model should be subdivided to the maximum 

capacity of the available computer and to optimize the 

distribution of elements to minimize error. 

3. The computer input for each desired run must be as simple 

as possible. This criterion complicates the initial pro¬ 

gram but is necessary for ease in making large numbers 

of runs in investigative work. The general physical 

properties such as conductivity, emissivity, and material 

thickness, and the flight conditions including convective 

heating rate, will be required as input for each run. 
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This leaves the geometric description of the elements 

to be simplifie! as much ns possible to meet criterion 

three. 

Geometry of Kathematical Model 

Orientation on Vehicle. Figure 21 A shows the generru hypersonic 

wing with the general heating cap attached. The wing chord, or any 

major vehicle reference line, is at an effective angle of attack * with 

respect to the normal component of the freestream velocity 7aj. The 

upper and lower surfaces of the heating cap need not be parallel to the 

wing chord line. The divergence of the upper and lower surfaces from 

this reference line is given by 0' and 0 respectively. 
U L 

Figure 21 B shows an x,y-axis attached to the heating cap. This 

axis is always taken parallel to the lower surface. In so orienting 

the axis system, the two descriptive angles O' and 0 are replaced by 
VI 1— 

a single computer input 0u. Thus, 0^ becomes the total divergence angle 

of the upper surface with respect to the x axis. Or, 

(10) 

The effective angle of attack of the heating cap with respect to 

the x axis and becomes (Figure 21 C) 

= * + 0T 
XJ 

(11) 
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Element Division. From results of runs made by the author on the 

WADD program, several conclusions were reached in relation to the best 

element distribution throughout the body. First, the WADD program was 

intended to analyze material thicknesses of around one-half inch. For 

this reason, the body was divided into three equally thick elements, in 

the transverse or t direction. In addition, an infinitesimally thin 

element was added to the exterior and interior major elements to obtain 

more accurate values of the skin surface temperatures for radiation pur¬ 

poses (Figure 2). Investigation with the WADD program indicated that, 

for materials under investigation at this time, arourd 0.050 inch, the 

temperature difference between the inner and outer skin elements would 

be of the order of three or four degrees. For this reason, the trans¬ 

verse element distribution of the new program is as shown in Figure 23. 

In essence, the body is divided into one element thickness in the trans¬ 

verse or T direction, but the infinitesimally thin surface elements are 

again provided for more accurate radiation temperatures and in the event 

analyses of greater thicknesses are desired. 

Additional information from the WADD program indicated that, around 

the circumference, high temperature differences between elements existed 

at locations of maximum change in heating rate. For example, in regions 

near the upper extreme of the curved nose, gradients as high as 450 0 F 

were observed between element centers while near the stagnation point, 

gradients as low as 20 0 F between element centers were noted. High 

gradients were also noted at the lower junction of the curved nose and 
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straight after-body. These observations were used in determining the 

best element distribution for minimizing the high gradients, and there¬ 

fore obtaining a more accurate computer solution. 

From computer limitations and the information mentioned above, it 

was decided that seventy-one elements would be a practical maximum number. 

From Figure 23, the element division was completed as follows; the lower 

after-body, length L = X , would bo a computer input to provide for var- 
L • 

iation of this surface, it would always be divided into three segments, 

as shown, to provide; for ahigher concentration of elements near the junction 

of the lower and curved surfaces. 0^, the first major segment of the ■ 

curved surface of constant internal radius F^, would always be sub-divid¬ 

ed into four equal angular segments. Again, this is to insure a higher 

concentration of elements near the critical gradients. The next two 

circular major segments, 02 and are subdivided into three equal 

segments each. 0 , again in the region of critical gradients, will be 
4 

divided into four equal segments and, finally, 0^ into three. 

The upper surface, denoted by L in Figure 23, is divided into two 
T ^ 

equal lengths , and, finally, the back plate reflector is approximated 

by three elements as shown. Provisions are; made for curving the bacx plate 

with the angles 0^ and 0,^, each a computer input. One caution is required 

here. For the solution to the internal radiation problem, one assumption 

which is made is that all internal elements must "see" each other. It 

should be observed that two elements in a straight lino arr not hidden 

from each other in the definition above. For this reason, the shap? of 
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the back plate must be restricted to either straight or concave outward 

as shown but can never convex inward or shaped in such a manner that an 

internal element cannot be "seen'1 by all other internal elements. 

irovisions are made, for a thickness of the main body t different 

from the thickness of the back plate t, . External elements and internal 

elements, for example, 2, 3, 4 . . . . 23 and 47» 48, 49 . . . . 68 are 

the infinitesimally thin surface elements provided for obtaining accurate 

radiation temperatures. They are entered into the program at a thickness 

of 0.001 T as shown on the figure. It should be noted that these elements 

are capable of radiating and conducting, the same as other elements. 

Choice fif Input. As mentioned previously, one of the major criteria 

for the program was a simple input. This might require some amplification. 

For example, the worst possible input would be to write the basic energy 

balance equation, Eq (1), seventy-one times for seventy-one elements, in¬ 

cluding measured or computed values of all conductive areas and lengths, 

and including calculated values of view factors and heating rate values to 

exterior elements. This worst possible input would be required for each 

desired solution or computer run and would be complex to the point that it 

would be prohibitive. Conversely, a better input would be a simple 

description of the physical shape as well as the required physical char- 

acteristics of the problem. Then, with the program written in such a 

manner that all parameters of the energy balance equation are calculated 

by the computer, the values are placed in the seventy-one equations and 

the final solution is made. This latter input is the one which has been 

successfully written in this study. 
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One of the major problems which had to be solved wes that of goo- 

mctric view factors for intexnal radiation. As a part of the solution 

for the grey body view factor the black body geometric view 

factor AT., is required. As defined in (Ref 5:68) the geometric view 
i ij 

factor AT., between two elements is 
i ij 

A F 
i ij 

. i fagged .§trj.,ngs ines - Ij uncrossed strings (12) 

As an example of this equation, consider the geometric view factor be¬ 

tween elements 47 and 67 in Figure 23. Per unit length normal to the 

page, A F . would be the sum of the distances, (left edge of 47 to 
4 » 4 I 

right edge of 67 and right edge of 47 to left edge of 67, minus the un¬ 

crossed distances or left edge of 47 to left edge of 67 and right edge of 

47 to right edge of 67, all divided by two). This computation, to be com¬ 

pleted by the computer if possible, levied the requirement on any in¬ 

put system that the x,y-coordinate of the comer of each interior element 

could be mathematically formulated as a function of the input. This was 

the most stringent requirement and, as such, was the first area inves¬ 

tigated for any suggested set of input values. 

In the pages that follow, the detailed method of formulating the 

problem to a computer solution is given. Although over 1000 equations 

were required in the computer program, only* examples of these equations 

are written here to describe; the method used. It should be noted that 

there are many variations of input and subsequent calculations that could 

be used to accomplish the overall computer solution. The final combination 
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defends upon the simplicity of input, complexity of program calculations, 

and the degree of flexibility desired in the program. After several at¬ 

tempts at variation of these items, it was discovered that, for the input 

and degree of flexibility of the solution of this study, five items would 

ultimately be required to build the final solution for all areas, lengths, 

and view factors and the heating rate distribution. These items are » 

p^, and x^, y^, the x,y-coordinates of the circular arc centers 

Oj . . . . G- of the nose. From the simple input given, these items 

must be computed (or partially given as input) and only then can suffi¬ 

cient equations be written to compute: the parameters required by Eq (1). 

Froeram Inout. The standard input for the program includes th« fol¬ 

lowing physical properties. 

K = conductivity of main body material — BTU/sec-in-°R 

= conductivity of back plate reflector — BTU/33C-in-°R 

q^p""* = stagnation point heating rate parameter — _3iUzíí¿.. 
in -sec 

6' = effective angle of attack with respect to the x-axis-degrees 

Eext = ex^erna^ emissivity — dimensionless 

t, = internal emissivity — dimensionless 
int 

t .= back plate emissivity — dimensionless 
b 

T = main body thickness — inch 

= back plate thickness — inch 

In addition, the respective lengths of lower, upper, and back plate straight 

surfaces and the back plate angles must bn given. 
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L 
L = X1 = lengtl-, of lower surface, excluding back plate- thirkne-, 

Tjj — inch ' ‘ 

L1 = lßr^th of uP^r surface, excluding back plate thicknas« 
•ib — inch 

~ length of No. 69 back plate element -- inch 

- l^flßhh of No. 70 back plate element — inch 

C6 = angle from upper surface to first element of back plate - 
degrees (measured from the interior surfac- of element 
bS to the interior surface of element 69) 

r 7 angle from elenx nt 69 to element 70 
from the direction of element 69 to 
element 7C.) 

— degrees (measured 
the direction of 

The remaining required 

Two separate methods of 

first, described below, 

input is the description of the curved nose section, 

describing the nose geometry have been used. The 

consists of specifying the center locations C, 

. . o,, of each circular segment 0 

With the x,y-locations of centers ^ . . . . ^ given as the input, 

the angles ^ . . . . internal radii ^ . . . . and external radii 

P1 . . . . p5 are calculated, thus completing the required set. The cal¬ 

culation of Rif ^ from given x,y-centor locations is as follows: with the 

x,y-axis located as shown, specifically, in front of tv and below t 
b ’ 

Ri = Yi -1 ■_ 

R2 = "i ~ xi)2 + »2 ~ V2' 

S = R2 V2+ «,-ï,)2’ ^ j tL 

R4 = B3 • V2 + (I4 - Y3)2’ 

r5 = r4 iVvvr7vv? 

R, 

R, $ R 
3 2 

R 
4 

R 
3 

(13) 

R 
5 

R 
4 
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method of calculation has the internal radii as a function of body 

thickness t. This is a desirable feature of the input in that as t changes, 

the external radius and therefore the external heating rate, does not 

change. This was a noted weakness in the WADD program when comparative 

runs where desired for variable body thickness. 

To determine the angles 01 . . . . 8^» note that, because the arc of 

is always tangent to the lower straight surface, center will always 

lie on a line normal to the + x axis. Therefore 

(H) 01 = tan 

To find 0^» note that the centers for two adjacent radii and Ry will 

always lie on R or its extension. This requirement is due to the fact 
J 

that the adjacent circular arcs must be tangent at their common meeting 

points. Thus, 02 will always be bounded by R2 and R^, and if the slopes 

of R? and R are known, 0 may be found by (Ref 7:43) 
** s éC 

(15) 

where m^ and m^ are the slopes of the bounding radii of 0^ with respect to 

the + x axis. For the slopes of radii . . . . R . 
2 5 
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ir¡ 
U 

y - y 
_2_1 

2 X2 - X, 

Yo - ï. 
= J_2 

3 X3-X2 

Y4' Y3 m - -4-i 

4 X4"X3 

Y5 ‘Y4 mR =-5-4 

5 X5-X4 

(16) 

With these values, 

G-, = tan -1 

-1 
03 = tan 

“R mR 
.3-2 

1 + v2 
Ai 
1 + mR"R 

4 3 

-1 G = tan -2-4 
4 1 + m ra 

R5R4 

(17) 

= iso0 - (e1 + e2 + o3 + e4) - eu 

It should be noted that Eqs (14), (15), (16), and (17) are valid regard¬ 

less of the relative locations of centers . . . . C , i.e., above, 

below, left, or right of C . 
J 

In addition to the above equations describing R and 0 , the external 
i i 

radii p of the curved nose section are needed in later calculations. The 
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radius is expressed as 

Pl = ^ d a (-8) 

where o remains constant, by virtue ol the above routine, for ail values 

of a. Thus from the general physical input, the simple input of center 

coordinates, and the above calculated values, the sot of parameters 

ft o . X . and V is now available for the calculation of the required 
i’ V i i 

lengths, areas, view factors, and the heating rate distribution for the 

energy balance £q (1). 

Alternate I rogram Incut. The second schi me successfully employed to 

describe the nose geometry is to give as input, the external radii and 

the major segment angles which an' used to approximate the arbitrary 

shape, rtith these values as input, it becomes necessary to calculate, 

from the computer routine written below, the internal radii and the 

x,y-locations of the segment centers through C^. tor the internal 

radii 

= - a. (19) 

it can be seen from Figure 23 that with given as a part of this 

alternate routine, the center coordinates may be calculated as follows: 

X 
•1 

(20) 

ï = R + T 
1 1 
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X2 = I1- 

Y = Y + 
3 2 

Y = Y + 
4 3 

X = X - 
5 4 

Y = Y + 
5 4 

(R2 - RJ sin ^ 

T + (R2- R1) cos 01 

(r3 - r2) sin (e1 + e2) 

(R - R ) cos (6 + 0 ) 
3 2 12 

(r^ - r3) sin (ei + e2 + e3) 

(R - R ) cos (G +0 + 0 ) 
4 3 12 3 

(R - R ) sin (0 +0 +0 + 0 ) 
5 4 1 2 3 4 

(R - R ) cos (0 +0 +0 + 0 ) 
5 4 1 2 3 4 

(21) 

(22) 

(23) 

(24) 

Thus, with the simple input of the alternate routine and the above calcu¬ 

lated values the parameters 0^, R^, p^, x^, and are again available for 

the ocropntation of the required parameters in the energy balance equation. 

It was discovered that, in practice, the alternate program input is prob¬ 

ably the most versatile and the easier of the two inputs to use. 

The general data input as well as the two geometry inputs are summarized 

in Figure 4. The first block is a listing, as described before, of the 

physical characteristics of the body, as well as the general description 

of the upper surface, back plate, and thickness. The second block is used 

when the center locations are given as the means to describe the nose 
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geometry. Note that a statement in the third column is required which 

depicts less than or greater than R . The computer then calculates 

the required values of R^, and 0^. If the alternate input is used, 

the third block is then completed and calculations of the centers through 

Cc and R. are then made as indicated above. 
^ i 

To conclude, from either input, the set of necessary calculation 

parameters is now available. The description to follow shows the way 

in which this basic set of variables is used to build the complete solu¬ 

tion for the unknown temperatures at each element center. 

Calculation Procedures 

Grey Body View Factor Coordinates. Referring again to Figure 23, 

equations can be written to describe the x,y-location of the end-point 

of each interior element as a function of the standard simple input. For 

example, the right inside comer of element 47 is located by X , Y as 

T7 
- 2 Y 
"3 ^ 

where both and T are computer inputs. Continuing, 

Y 
48 

= 't 

(25) 

(26) 
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(27) 

In a similar manner, the x,y-coordinates for the inner curved elements 

are calculated as follows: 

(28) 

sin (e1 + ^ ) 

cos (0 + ^2 ) 
1 3 

(29) 

= x? + r5 sin (e1 + o2 + Ö3 + e4 + e5) 

Y66 = Y5'R5 C0S i0l + G2 + + 04 + 05) 

For the upper surface elements 

(30) 

(31) 
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Similarly for the back plate elements 

X69 = X68 + L2 cos (06 + 0u) 

(32) 

and finally 

X = 0 
71 (33) 

Y = T 
71 

Thus, from the simple input as shown in Figure 4 and from the 50 equations 

written above, the x,y-location of each interior element is computed by 

the digital computer. These coordinates are then included in the view 

factor equations and the grey body view factors, as required in the en¬ 

ergy equation, are calculated. (Ref 4:57-63 and 5:72-76) 

Internal Areas. Defining the internal area of the Mi"th element as 

A^, the area of element 47, per unit span of the wing, is 

A47 = 2^ (34) 

Similarly, 

(35) 

(36) 
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For the curved areas 

(37) 

= R 
i n (38) 

where is the internal radius for the major segment Qi and where n = 3 

or 4* depending upon the subdivision of 0i. 

= R 
5 3 (39) 

For the remaining straight areas 

(40) 

(41) 

71 (v2+ (ïon ’ 70 
(42) 
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With tneae equations, the internal areas are mathematically described 

from the simple computer input. Note that the area for element 71 is con¬ 

nu ted from the calculated values X and Y to absorb any cumulative error 
y 70 70 

which might occur in the numerous computations above. 

External Areas. Defining the area per unit span of external elements 

1 through 24 as AS^, these areas are computed as below: 

(43) 

(44) 

X1 AS = 
3 6 

(45) 

(46) 

(47) 

AS, = (R, + t) 
i i n 

(48) 

where (R^ + t) is the external radius for the major segment and 

n = 3 or 4, depending upon the subdivision of 0^. 
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(49) 

«24 = ''b (50) 

Again, a set of required variables in the energy balance equation has been 

completed as a function of the simple input to the computer. 

Conductive Length Between Elements. Defining the center length be¬ 

tween two adjacent elements as b^, these values are calculated as below. 

Starting at the origin and proceeding around the figure counterclockwise, 

first for the outer two rows of elements, the lengths hiv 

b3-26 

= 0.4995 X 

12 

= 0.4995 a 

_h 
~ 6 

(51) 

(52) 

(53) 

(54) 

For the curved elements, the conductive length is written as the circular 

arc length around the periphery, and as the radial distance in the trans¬ 

verse or X direction. Proceeding from the lower surface 1d the first 

curved element 
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(1^ + 0.9995 t) 01 
8 

(55) 

b5-28 = 0,4995 T (56) 

b5 6 = (R1 + 0*"95 ^ (57) 

Between adjacent curved elements of different R^j the length is 

ft 0 
b = (R + 0.9995 t) •£ + (R„ + 0.9995 x) ~ 
8-9 1 8 2 o 

(58) 

For the upper surface 

(59) 

and for the back plate 

b24-69 
= 1 + 

2 
(60) 

and for element 71 

b 
71-1 

(X )2 + (Y 
70 70 

+ 

2 

1 
2 

(61) 
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This procedure is continued for the conductive lengths between all 

elements. Special mention should be made of the pivot elements 1 and 24. 

These elements are used to include conduction from the main body into the 

back plate. This is accomplished by element 1, for example, assuming that 

the heat is transferred between element 1 and elements 2, 25, and 47 by 

virtue of the conductivity of the main body. Then the length of element 

one in this direction is 

(62) 

Heat is conducted between elements one and seventy-one with conductivity 

kb of the back plate. Thus b 1 is as given in Eq (61). The choice of 

directional conductivity for elements one and twenty-four was due to the 

prevailing conductivity in the direction of heat transfer, i.e., body con 

ductivity in the horizontal direction and back plate conductivity in the 

vertical direction. Element twenty—four and its adjacent elements are 

treated in a similar manner. 

Çgnduçtlvg Argag Between Elements. Expressions for the adjacent 

areas per unit span between elements, defined as a , were written in a 
■** J 

manner similar to the conductive lengths above. A few examples are in¬ 

cluded below: 

a^ 0 — 0,001 T 

“1-25 = 0-"8 -1 (64) 
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a25-26 = 0-"8 t 

a - *1 d26-43 - — 

For the curved elements 

a4-5 

u 
5-23 

c.noi T 
o 

+ 0.999 a) 

a 5-6 0.001 a 

(65) 

(66) 

(67) 

(68) 

(69) 

n 
a = (R + 0.001 t) — (70) 
31-53 1 4 

a31-32 = C*988 X (71) 

With the conductive areas between elements completed, approximately 

720 relations have been written to describe the mathematical model as a 

function of the simple computer input. These equations enable the auto¬ 

matic calculation of all required variables in the energy balance equation 

with the exception of the heating rate for exterior elements. This topic 

and its computer formulation are discussed below. 
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Hoitin.f! Rate Distribution 

Ac presented in section II, Lees' equation for the heating rat- dis¬ 

tribution over a blunt nosed two dimensional body is 

when is the local heating rate for the "i"th element and qQ is the stag¬ 

nation point heating rate. The equation as presented here does not lend 

itself readily to the computer program. As with other parts of the basic 

energy balance equation, it is desirable to reduce the equation to be a 

function of the standard computer input values. Two major problems arc- 

apparent here. 

First, the desire for a program to handle arbitrary shapes eliminates 

the possibility of writing any standard heating rate profile for all con¬ 

figurations. To clarify, the outer elements to which the convective heat¬ 

ing applies, will, in general, be located at different points in the 

flow with changing nose shapes. The heating rate to the "i"th element 

thus cannot be a fixed value for that element and still maintain flex¬ 

ibility and generality in the program. Second, it is desirable to have 

a program capable of analyzing the heating cap at different angles of 

attack and therefore different locations of the stagnation point on 

the cap. Thus, the constraints of variable geometry, variable element 
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location and variable stagnation point location complicate the formu¬ 

lation of Eq (4) as a function of the computer input. 

it: due lion of Equation. Krom the above listed constraints, the best 

approach to the reduction of Eq (4) is to express all unknowns in terms 

of the geometry of each run and there fore in terms of the basic computer 

input. *Jith reference to Figure 3, the key to the solution lies in using 

the angle *>. between the tangents to the stagnation point and the center- 

point of the "i"th element. Figure 3 shows this angle for two example 

elements, one above the stagnation point and one below. The angle 

describes the location of the center of the "i"th element from the stag¬ 

nation point and is the variable through which a solution of the heating 

rate distribution is possible. ^ is considered always positive. 

From Figure 3 and Figure 23, it can be seen that the orientation of 

the tangent at the stagnation point may be referred to the x,y-axis system 

by 

V = 90 - (72) 

where ^ is a standard program input. Because the stagnation point will 

always be on the lower half of the body, v will always be positive and 

acute. 

From modified Newtonian Aerodynamics, the pressure ratio may be 
Po 

ressed in terms of rp, by (Ref 4:25). 

P. 2 
_i = cos #• 
F 1 

0 

(73) 

81 



GAE/f iE/61-8 

whervi Pi is the static pressure for element "i" and F is the static pres- 

surr: •: totaJ pressure at the stagnation jwint. Note that at stagnation 

¡t ' J-° Mhile at or P«t 90°, the line of eight, ii , 0 ne expressei bv 

m°dlficd Newtonian theory. With li, (73), the desired pmssure ratio for 

the "i"th element ia obtained as a function of the geometric orientation 

of that clement vith respect to the stagnation point. 

io obtain the velocity ratio the energy equation may be writ¬ 

ten in the inviscid flow field as 

, . ö 
n0 = h^ + = constant (74) 

where the subscript ft rvfers to the conditions at the boundary layer thick¬ 

ness ft and where hQ is the total or stagnation enthalpy. Solving for V 2, 

V = 2<ho - V (75) 

and for the case of constant specific heats, 

V = 2 C (T - T ) 
ft p o ft7 

V 2 = 2 C T i 1 - ^ 
ft P o I T 

» o 

(76) 

(77) 

Assuming isentropic conditions exist or that the total pressure is con¬ 

stant, along a streamline (Ref 2:45) 

V = 2 C T 
ft p o 

1 - 

Hi 
r (78) 
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Dividing both sides by V gives 

or finely 

(79) 

(80) 

where . 

h» is 

we get 

C T p o hypersonically 

2 y < 
small compared to ~ 

approaches unity based on the assumption that 

Finally, using Eq (73) for the pressure ratio 

1 - cos (81) 

Therefore, with equation (81), we now have both the velocity and pressure 

ratio as a function of the angle 

ßo in the heating rate distribution equation is defined as the non- 

dimensional stagnation point velocity gradient. Or, in general, 

as i 

From Eq (81) the derivative of V may be obtained as 
o 

(82) 
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0. 
1 

M 
13 

Substituting this expression into So (32) 

h\ (34) 
IS 

i i 

-1 COf 
_ 1 
T <y sin 

Kor a circular arc of the nose 

dó - _L 
dS i p. 

(36) 

Tc evaluate at the stagnation point, ¢^0 which results in en in- 

d.:terminant form. 

V 
With Eq (31) for ~ 

V. 
ß may be obtained as 

and by small angle approximation, sin ¢. ^ (fn, cos d>i ^ and expressing 

cos Ó as a series in the denominator, 
i 
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¿xpaniling the exponent in tho denorrinator by Lh1-' binomial u;rio.~ 

(90) 

dropping higher order terms. 

Using Eqs (90), (81), and (73) in Eq (4), we obtain for the heating 

rate distribution 

and over an arc of radius p 
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rim the reduction thus far, the heating rat<? distribution oquaticr* 5s f>b- 

tained as a function of the angular location of the "i"ih element. Although 

Eq (93) is a function of </>., in its present form it is inconvenient and 

complex. Guided by past work (Ref 4:25) an additional simplification was 

desired, in particular, the integral of Eq (93) is complex and no simple 

method of integration presents itself. In an attempt to find a simplifi¬ 

cation, a plot of th-3 velocity ratio 

U« 
cos 

2 
1 

0. 
i 

(94) 

i V 

against the variable was made for various values of y (Figure 22). For 

higher values of y, the plot very closely approximates a straight line. 

In addition, for the dissociated monatomic gas behind the strong shock a 

y of 1.66 is the correct value to use. Therefore, the simplification that 

Vs 
the velocity ratio 

00 

was adopted, or, 

may be expressed as a straight line function of 

i 

= 0.608 

i 

(radians) (95) 
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1.5708 1.2217 0.8727 0.3236 O 

¢ (radian) 

Figure 22 

Variation of Vj/V^ with (> for Various Values of / 
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where the constant is obtained from Figure 22. 

Thus Eq (93) is further simplified to 

(0.608 ¢^) cos 

2?, 
•0. 

(0.608 ¢) cos $ p d 0 

(96) 

and collecting constants, define 

2po (0.608) 

(97) 

and for y “ 1.66, 3 = 0.613 
o 

a =■ 
po (C.603) 

2 (0.613) 
(93) 

496 p (99) 

and finally 

O 

^ cos 

" [/' 0 cos 0 p d0 
T (100) 
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Equation (100) represents the reduced and simplified heating rate equation 

in terms of the variable 0. In its present fora, however, two difficul¬ 

ties are still present. The first and most obvious is that the radius p 

inside the integral is a discontinuous step function of the variable 0 as 

the integration is performed over the nose. The integration cannot be 

performed except in steps over which the radius p is constant and may thus 

be taken outside the integral. Second, keeping in mini the ultimate com¬ 

putei adaptation of the solution, the location of the stagnation point, 

and therefore the location of the lower limit in the integral for element 

"i’ ; : i not fixed with a variable angle of attack as required in an arbi¬ 

trary program. These points will be further clarified in the next section. 

Ada hytion to Computer-Curved Elements. To further clarify the prob¬ 

lems mentioned above, consider, for example, that the stagnation point, as 

determined oy the angle of attack and element distribution, is on element 9 

as shovm in Fi.gure 23. If the body configuration, element distribution, 

and ringle of attack are always to be fixed values, the unknown angles 

at the center;joint of the "i"th element could be measured. Then Eq (100) 

could be solvyJ by substitution of these values and by stepwise inte¬ 

gration over segments for which p is constant. But a solution of this type 

would not bo in keeping with the desired simple input and the capability 

to handle arbitrary shapes and configurations. 

As the- first step in solving the present problem, note from Figure 3 

that if the angle 0', which the tangent of the "i"th element makes with 

89 



GAEA'E/61-8 

the + X axis is known, that from simple geometry and Eq (72) defining v, 

^i =l^>,i ” vl (101) 

where the absolute value sign is provided to keep always positive. 

Thus, if the angles 0'^ were known for all configurations, or, as a func¬ 

tion of the basic input angles 0 , the required angles 0i for any config¬ 

uration and all angles of attack would be known by Eq (101). To repeat 

and clarify, having v as a function of the input by Eq (72) for all angles 

of attack and if were a function of the input major segment angles 0^ 

then by Eq (101) we would have the angles as a function of the input 

for all configuration, angles of attack and for all element digtrlbutlqng. 

To obtain the magnitude of the "i"th elements* ¢^, note that the tan¬ 

gent to a circular arc is always normal to the radius of that arc. For 

the radius p1 to point to the center of element five, was rotated 

through ^ degrees and, as a consequence, the tangent to the center point 

8 01 
of element five was also rotated degrees from the x-axis. Thus the 

orientation of the center of element five with respect to the + x-axis 

is known by 

•(102) 

With this value of 0* in Eq (101) and the value of v from Eq (72), ¢, 
" 5 J 

may be determined. As another example 

0' = 0, + 
18 i V V 

A similar expression is written for all exterior elements 5 through 21. 
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With the values now automatically computed as a function of the basic 

simple input, Eq (100) may be used for any variable configuration or 

element distribution over the surface of the nose. 

To continue with the example of the stagnation point on element 9» 

assume that for a given configuration and angle of attack, the unknown 

values have been obtained from the procedure outlined above. To adapt 

the distribution equation, Eq (100), to computer computation, the equation 

may be written as 

(103) 

where 

D- . 2 
(104) = a cos 

or for the example presented here when element 9 contains the stagnation 

radius pQ = P2 = + T> 

(105) 

Thus the numerator of the q^ equation is readily solved by computer tech¬ 

niques by substituting the appropriate pre-calculated values. The 

values are then stored for future use. 

To evaluate the denominator, note that is defined as 
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D 

Di = 

2 1 i 
0 COS 0 p d0 I (106) 

As stated before, the required integration in may be accomplished by 

a step-wise integration over d0 for which p is constant, i.e., p^, p^ , 

. . . Pj. For example, to evaluate the integral for element 13, D. would 

be 

p^lil p 
D13 = P2 J ¿ ^ C0S¿ ^ ^ + P3 

0 13 2 
0 cos 0 d0 (107) 

where 0^ ., the angular orientation of the junction of elements 11 and 12, 

is obtained by Eq (101) the same as the 0^ values for element center lo¬ 

cations. Here again a simplification is available. 

By defining the integral in as 

5 r”1 * 
- j t COS 0 d0 (108) 

and evaluating this integral with zero as a lower limit, 

D 0.2 0. sin 2 0 cos 2 0. 

1 4 
i-1 

8 8 
(109) 

The use of zero as a lower limit reduces the complexity of I and thus 

simplifies the working expressions. By the use of the operation not¬ 

ation and with 0^ obtained as before, the values are finally obtained 

as follows with the stagnation point on element 9: 

92 



GAfí/KS/òl-g 

D 
11 

y¿ 

p3 

(110) 

(111) 

(112) 

(113) 

(114) 

8 
(115) 

Thus with these values of computed, the expression for at the 

center of each curved element is obtained by Eq (103). 

It should be noted that the system as written here is valid for the 

stagnation point on any element in the 62 segment. This is required by 

virtue of the solution in terms of the values but is not a great re¬ 

striction in that P may be placed to include the stagnation point over a 
'2 

Q 

range of effective angles of attack of about 85 , with a slight sacrifice 

in ideal element distribution. 
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The procedure described above was adapted to the computer and has 

teen checked by hand calculations for accuracy. Two additional joints 

should be noted. If by chance, the center of either elements 9, 10, or 

value for the stagnation point. Second, for upper elements at or past 

the line of sight of Si (¢^ 2 90°) the heating rate is zero as dictated 

by modified Newtonian theory. In addition, no provision for a heating 

rate to elements 22, 23, and 24 is made. The program is written for 

critical heating flight altitudes, and under such conditions, efficient 

design would dictate that the upper surface be hidden from the Newtonian 

flow. In reality, the upper surfaces will receive a small amount of con¬ 

vective heating but this is considered ne gligible. 

Adaptation tç Computer-Straight Elements. For ^ of the lower straight 

afterbody elements 1 through 4, a similar routine is established. Recall 

that these elements are all orientated with respect to the stagnation point 

tangent at an angle v. Or 

$1 = </>2 = = ^4 = v (116) 

and therefore 

N 
i 

2 
a v cos v (117) 

where 

i = 1, 2, 3 and 4 
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For the denominator D^, note that the integral is evaluated around the 

curved nose to point 4a' similar to the curved elements and, at this point, 

the variable will revert back to the variable dS or 

(118) 

(119) 

when the length S' pertains to the linear distance from point 4¼ to the 

center point in question. Therefore, 

D 
4 

(I - I ) + V COV — 
V 8j 12 

(120) 

and the expressions are completed for the straight lower afterbody 

elements by Eq (103). 

Summary of Heating Equations. To show again, but in more concise 

form, the equations and the interrelation of variables, the equations 

are re-printed below as the finalized computer program was written. 

Items marked » indicate those items which would be altered in the event 

that a program change is desired which would place the stagnation point 

on either or 0^. 
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1, Stagnation tangent to x-axis (introduces variable angle of at¬ 

tack into the heating rate distribution routine) 

V = 90 - V (72) 

2. 0. locution of tangent to center point (or major segment 

junction points) of "i"th element with respect to stagnation tangent 

(combines variable angle of attack and variable element distribution to 

find the primary heating variable ¢^) 

joint 

4i 

5 

c 

V 

3. Integral operator I 
1 

I 
i 

sin 2 cos 2 ^ 

4 + 8 8 
(109) 
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= 1 (v) 

I5 = 1 (05) 

(122) 

(123) 

I = I (0 ) 
21 21 

where ip, < 90° only. 

'■Y 
4. ï = "\ /0.496 (R0 + a) * = 

Ve'496 p2' 

N 
5. q^- q _i (curved elements)where 

_ 2 o 
N = a 0 cos 0 0 < 90 
i i i i 

j5 - + ^ (i5 - y]* ' 

(124) 

(99) 

(103) 

(104) 

(125) 

D = fp I , + p (I , - I ,) + p (I - I ,) + P (I - I .,)! (126) 
21 LP2 1l£ P3 14i Hf 4 18^ 14i 5 21 iSiJ 

(103) 
N. 

6. q = ó -ï (straight elements) where 
i o 

= ã V cos V 

J4 

\ « 
9 at I 

4 Pl (IV ' 4 V C0S‘ ” Î2-I 

(117) 

(120) 
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V 

Note again that Eq (72) for the angle v contains the effective angle of 

attack of the body. Then the equations in item two, above, in terms of 

the . . . . Qj inputs and the angle v, incorporate element location 

and changing angle of attack. Finally, using the system of integrals in 

items five and six, the heating rate for any element is obtained for all 

angles of attack, and for all element distributions, so long as stagna¬ 

tion falls on the segment. 

Program Check Out 

With the complex nature of the computer program, a detailed check 

of calculated results was mandatory. Many checks were made, as listed 

below, before results from the program could be accepted. The check 

out was made on an arbitrary shape, and a simple cylindrical shape with 

parallel afterbodies to simulate the WADD program. All items listed 

below were checked, for these shapes, from the initial computer print-outs 

which listed all calculations of the program. The items checked were: 

1. 

2. 

X,,Y for centers C . . . . C and R 
i' i 1 5 i 

Gray body A 
i 

symmetry in a 71 x 71 matrix 

98 



GAEAf/61-8 

3. Internal, external and conductive areas 

4. Conductive lengths 

5. Heating rate distribution t)y hand calculation for several elements 

6. location of interior elements 

Finally, the most conclusive chock was an overall energy balance for 

the cap. Under steady-state conditions, all energy leaving the cap must 

equal all energy entering the cap. Using the solution temperatures to 

express energy leaving; and the heating rate distribution to express en¬ 

ergy entering, a balance was made and a percent error calculated. This 

percent error based on heat added has been about C.0ü6 to 0.008 but never 

greater than 0.10. The check represents a valid investigation of the 

manner in which the mechanisms of conduction and internal cross radiation 

redistribute the energy in the cap. 

With the accuracy and reliability of the program so established, an 

investigation was made as presented in section IV. 
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APPENDIX C 

FORTRAN COF'PUTER PROGRAM 



GÆ/rDS/ôlG 

WRÎTEC0TPUTTAPÇ3:552f f ürTEST'i » i 3 != h22î 
ChEAT TRANSFER TÁST« - . 

D| P EN' u¡ C t\ T ( T. r7 N( 7 i ¡ r X P ( ? 6h: VP (2 6 J r A P ' .2.51« $P'. ZU] tPSI Jf 2 4 F r 
I A( 7 I f 7 H jB( 7 î r71 ) ?F (25i 25) rCi 25c 25 î rCH?4? í;H;2'.’ Í r SUM(25 J - ANT524) 3 
2AK(24 / fEP(24 ? jX(5)jY(5 J tR(5)cRHC! 5 5 cTHEVAt 5i; TR(4)t RP(4 3 r 
3AB(71(72 IV ARE(25»50)»ÏEST(22) 

ECL'I VALENCE ( ABc ABB ) 

1 READlNPLT7APE2w201,KC,THETAüvCÊLTAPvULÏtUL2lUL3clLL,lHEVAèlrHtV;/ 
1C r, c 0 e t T A U, y PU B J EIN ï i E X Y ; F 3 * er C Y c X . Rrt ÍL VH F ï A. V R L rc 

2ül FCRPAY( I '( /(5c Î3«7) i . . . 
DCT5I»1j7( 

75 T(n = ÏC 
D02Is1171 
DC2 J= 1 ¡i 71 

2 AirrJÎ=C 
THE TAL=THE"AL ^,0174532925 " 
THETA6STHETA6««0174532925 
THETA7=*THE TA7fl,0174532925 
OEUAP=CELTAP^. 0174532925 
IF(NC)9 »3 c 9 

? .. R(U*Y(1)-ÏAL 
IiC51=2j5 - -- 
TEP'PsSCR'fr ■ (X(I )-X( i-n ) J j2v(Y(I )-Y(I-U )*;c2) 
IFîTR(I-n )5,4j5 

4 TCPP^-TEPP 
5 R( n*R( 1-1 J-MEMP 

. ... 000,1=1,5 
6 RHCd )=«(( 5 + TAU ' . *' ---- - 

THETA! 1 )*ATANF( AESF(X(2)-X ( 1 ))/ABSF( Y{2 r-YH )) ) 
DC7i=2,5 

7 RPin = (YU)-Yn“i) )/(xm-x(r-u) 
0C8I=2,4 

c THETA ( n = ATANF ( (KM ( Id )-Rp U } ) / ( 11 tRMfl )ftRK( F* 1) ) ) 
THETA (5 ) = 3.14 1592653-( THETA! 1 ) <-f HETA(2K 1>,E TA ( 3 ) ♦THÊTA (4 ) Î-THL7AU 
COTC12 

9 OC ICI = 1,5 * 
Ri n = RHCi ï 1-TAIJ 

1C THETAU ) = THCïAU )o,G174532925 
_X( U=UL 

Y ( 1) = R( 1 HTAL “ ‘ ’ .- — '• 
X(2)=UL-ÎR(2)-R(1 ) )«SïNF!THE7AM ) ) 
Y(2)=KU)<TAUMR(2)-R( 1 ) ) *CCSF H HFT A( 1 ) ) 
Tt HP = THLÏA( i i 
DO 111 = 3 y 5 
T E M P=T E P P ♦ Ï.H1.T A ( I - 1 ) 
XU )«X( 1-1 )-(R( I )-R( I-Ï ) )«SÏNF (TEMPI 

11 Y(1)=Y(I-()♦(R(I)-R((-I))*CCSF(TFMP) 
12 XP(1î=0 

XP(2)=2 o«X(1)/3. 
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Xi’ ( 3 ) = rj• • X { 1)/6. 
X P ( 4 ) * X ( 1 ) 
CC 131 = 1,4 

13 YPm--TAl 
r; 
l>C 14 i = j,t' 
r M ï1 = T V p ♦ 11 L T a ( i)/4. 
XIM l ) = X( 1) ♦«( 1 ) «SIM (TFMP) 

14 YPU)=Y( 1 )-.1(1) •CCSHTIVI3) 
T C MP - îr £ T A ( 1 ) 
DC 1 jI = V, 11 
r [>(' = TEM)-♦ TF C T A ( 2 ) / 3 • 
XP( I )=X(2)4H(?)«SINrnEMP) 

I » YP U)=Y (2 )-*(?) «CCSF UL-MP) 
TCPH=Tf:CTA( 1 JtniCTAC1) 
i;C1cI = 12, lu 
r£MP = lEMP4n c T A(3)/-. 
XP(1)=X(3)*.<(3)»S1\) (TCVP) 

lo YP ( I ) = Y ( .3 )-.< ( J ) «CC l>F (Tf^r ) 
TCMPMH TM I )*Ti-rTAm*Tpr:TA(’) 
r c w i = ij, 1 c 
Tf MP = TCM'fTI-L*TA(4)/4. 
XPU )’-X(4)fP(4)«SlM ( TF MP ) 

\f Y P ( I ) = Y ( 4 ) - il ( 4 ) «Crif ( T C Y P ) 
TCPHMtr. IM 1 ) ♦ T 1 [ I A ( 2 ) ♦ F P _ T A ( 7 ) H I í I A ( 4 ) 
C( 1::1 = 1 ;f?i 
T! M P = T L M P * Tt t IA('j)/3. 
XP( l )=X(‘j)*u(r))«SIM ( T Í.v P ) 

II YIMl) = Y(C)-.:(rj) •CCSr(TCMP) 
T r M P = L L1«CCSr(THC T AL ) 
XP(22) = XP!21 )-UM'/2. 
XP(2 3 ) -XP(2I)-rtMP 
TCMP=LLl»Sn.r (ThETAU 
Y P ( 2 2' ) = Y P ( 2 1 ) ♦ T l M P / ? . 
YP(23I=YP(21)♦TtMP 
XP(?4) = XF(23)*L»L2*CCSr(rFF.Î AtUPPTAL) 
YP (2 4) = YP(23)-UL;?*SIfvF(TFETA6+Th2TALi ) 
XP(25)=XP(24)*UL3*CCSFITPfT Ai♦IHLIAL-THCTA7) 
YP(2‘j) = YP(24 )-ULj*j1iXF (Tt ET A6* TilLTAC-THL TA F) 
XP(2ü)=C 
YP(2ô) = T AU 
AP( I )=?.«X| 1)/3. 
AP(2)=X( l)/t. 
A P ( 3 ) = A P ( ? ) 
UC 191 = 4,7 

IV A P ( I ) - R ( 1 ) • Í h E T A ( 1 ) / 4 . 
l)C2Cl = e, R 
AIM 1 ) = R ( 2 ) « T P 1; T A ( 2 ) / j. 
LC2 11 = 11,13 

113 
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21 AP(n*R(3)*ThETA(3|/3. 
00221*14*17 

22 AP (1) *R ( 41 «ThEJM 4 ) /4.__ 
0C23I*1£.2C 

23 AP(l)*R(bJ«ThETA(5)/3. 
AP ( 2 í 1*l»l 1 /2 • 
AP(22)*AP(21) 
AP(231*112 
AP(24)*U3 . .... .. . - 
AP(25)*StRTF(XP(25)««2*(YP(25)-TAt)«*2í 

SP( 1 ) = TAtB 
SP(2)*APm 
SP{3í*AP(2) 
SP(4)*SP(3J 
00241*5.16 ___ 

24 SP!I)*(R(1HTAu)*THETA(1)/4. 
00251*9,11 

25 SPm*(R12>^TAU>«THEIA(21/3. 
00261*12,14 

26 SPm*(R<31»TAU)«THETA{3)/3. 
_ 0027_LM5,ie_ 

27 SPtlMRl4)*TAU)«THETA(4)/4. 
00261*19,21 ______ 

20 SPd )*lR(51*TAU)»THfcTA<5)/3. 
SP(22J*Ul/2. . 
SP(23)*SP122) 
SPL24J'™^8 _ _ _ 
Al 1,2)*Xf11/3.+ TAUB/2« 
Al 1,25) = A(1,2) 
Al 1,47)*A( 1,2) 
Al l,71) = lAPI25)*TAU)/2. 
A(2,3) = 5.»XI D/12. 
A12,25)*.4995*1 At ._ ___ . .. 
AI 3,4) = X(1)/6« 
Al 3,26)=A12,25) 
TrPP=IRI 1 •m.9995*TAL)«THCTAI l)/4. 
A|4,5)=.5*(X|1)/6.*TEPP) 
A14,27)=A12,25) 
A|.5,6)*TE^P - .. -. 
AI5 »26) = AI2,25) 
A|6,7)*TEPP 
AI6,29)=AI2,25) 
AI7,0) = 10^2 
A(7»3C)=AI2,25) 
TEPPl-|RI2)*.9995*TAU)*T)-ETAI2)/3« 
Al8,9)*.5*ITtPPMCPPD 
AI6,31)*A12,25) 
A19,1C) = TCPP1 
AI9,32)*AI2,25) 
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TFNP=(R(3) + .9995«TAU«THETA(3)/¿. 
A ( 11, 12) = .5»(TEPPHTFFP) 
A ( 11,34)=4(2,25) 
A ( 12,13 )*TEPP 
A ( 12,35)=A(2,25) 
A ( 13,14)*TEPP 
A ( 12,36) = A(2,25) 
TCPP1 = 1R(i* ) + .9995^141) »Tl-ETA(14 )/4 
A(14,15)=.5.•(TCPP+TEFP1) 
A (14,37) = A(2,25) 
A ( 15,16) = ÎEPP1 
A( 15,38)=A(2,25) 
A(16,17)«TEPP1 
A(16,39)=A(2,25) 
A (17,18 ) =TEPP 1 
A(17,40)=4(2,25) 
TCPP=(R(5)+.9995*T4L)*TH014(5)/3. 
A ( 18,19) = .5»(TEPP1 + TEPP) 
4(18,41)=4(2,25) 
A( 19,20)=TEPP 
A(IV,42)=4(2,25) _ 
A (20,21 )=TEPP 
A(2C,43)=A(2,25) 
A(21,22)=.5«(TCPP+UL1/2.) 
A(2 1,44) = 4(2,25) 
A(22,23)=Ull/2. 
A (22,45)=A(2 ,25 ) 
A(23,24)=.5+(4(22,23)*TAtR) 
A(23,46)=A(2,25) 
A(24,46) = 4(23,24 ) 
A(24,68)=4(23,24) 
A(?4,69)=.5+(TA04LL2) 
4(25,26)=4(2,3) 
4(25,47)=4(2,25) 
4(26,27)=4(3,4) 
A(26,48)=4(2,25) 
TEPP = (rt(1)+TAU/2.»«HCTA( 1)/4. 
4(27', 28) = .5+(A(26,27) + TEPP) 
4(27,49)=4(2,25) 
A(28,29)=TEPP 
A (26,50) = A(2,25) 
4(29,30)=TEPP 
A (?9,51)=4(2,25) 
A(3C,31)=T0PP 
A(30,521=4(2,25) .. 
TEPP1»(K(2)+TAU/2.)»THETA(2)/5. 
A(31,32)=.5»(TEPP+TEPP1) 
A (31,53)=A(2,25) 
A (32,33 ) =TEPP1 
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A( 32,54 )•= A ( 2 » 2 j ) 
A(3<,J4) = T^P1 
A (33 » 55)*A12 »25) 
TEPP = (R(3MïAl/2. )*TKTA(3)/3. 
A(3»4,35) = .5*(TEPPWTEPP) 
A ( 3*4 » 56 ) *A (2 »25 ) 
A ( 35,36)=TEPP 
A ( 35,57)SA(2 *25) 
A(36,37)=TEPP 
A ( 36,5C)=A{2,25) 
TEPP1-(R(4)♦TAU/2.)*THETA(4)/4. 
A( 37,38) = .5«(TEPP*TEMP1) 
A(37,59)*A(2,25) 
A(38,39)=TEPP1 
A (38,tC)=A(2,25) 
A ( 39,40) = TEPP1 
A(39»61)=A(2,25) 
A(4C,41)=T£PP1 
A(4C,62)=A(2,25) 
TCPP=(R<5)♦TAU/2.)«THETA{5)/3. 
A(4),42) = .5«(TEPPl*n-PP) 
Al4l,63)=A(2,25) 
A(42,43)=TEPP 
A(42,64)=A(2,25) 
A (43,44)=TEPP 
A (4 Î, 65)=A(2,25 ) 
A<44,45) = .5«<TEPP^A(22,23) ) 
A (44,66)=A(2,25) 
A(45,46)=A(22,23) 
A(45,67)=A(2,25) 
A(46,6B)=A(2,25) 
A(47,4P)=A(25,26) 
A(48,49)=A(26,27) . 
TEPP=(P( m'.C005«TAU«THETAt 1)/4. 
A(49,50)=.5«(A(4e,49)4TEPP) 
A (50,51)=TEPP 
A (5 1,52l=TEPP 
A(52,53)=TEPP 
TEPP1 = U<(2) + .C0C5«TAU)*T)-tTA(2)/3. 
A( 53,54 )=.5»(TCPP4TEM.P1) 
A ( 54,55 )=TEN P 1 
A ( 55,56)=TEPP1 
TrPP=(R(3)4.C005«TAL)*THLTA(3)/3. 
A156,57)=.5»(TEPP)4TEMP) 
A(57,58)=TEPP 
A (58 * 59) = T EPP 
TEPPl=(R(4)4.C005«TAU)»ThETA{4)/4. 
A(59,60) = .5«(TEPP4lfc^PD 
A(60|61)=7FPP1 
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A (6 1 » 62)=TtNP1 
AtdSfójí’Ttí'Pl 
íC!PP=(R(5) + «CCQ5*TAt)»THfcTA{5)/J« 
A(6i,64) = .SMTCFPHTtFP) 
A(64,65)=TCf'P 
A(65»66)=TEPP 
A(66,67)=.5«(TEMPLA(45,46)) 
A(67,6ß)=A(45,46) 
A(69,7C)=.5«(tL2fUL2) 
A(7C,71)*.5«(AP(25)+lil3) 
3(1,2) = .CC 1»TAU 
El 1,25 ) =.99¿«TAL 
b( 1,47)=EM,2) 
b ( 1,7 1 ) = TALB 
0(2,3)=3(1,2) 
b(2,25)=2.«X(l)/3. 1 
0(3,4)=3(1,2) 
ß(3,26)=X( 1 )/6. 
0(4,5)=0(1,2) 
0(4,27)=0(3,26) 
B(5,6)=0(1,2) 
ß(5,28) = (R(1)♦.999*1AU)#TH£TA(1 )/4. 
0(6,7)=0(1,2) 
6(6,29)=6(5,28) 
0(7,0)=0(1,2) 
0(7,30=0(5,28) 
0(0,9)=0(1,2) 
0(8,31)=0(5,28) 
0(9,10=0( 1,2) 
0(9,32 ) = (R(2) + .999«TAU)«ThETA(2)/3. 
6( IC,11) = 0(1,2) 
ß( IC,33)=0(9,32) 
0(11,12)=0(1,2) 
ß( 1 1,34)=0 (9,32 ) 
0( 12, 13) = 0(1,2) 
D( 12,35) = (R( 3)*.999«TAU)*THETA(3)/3 
0( 13,14)=0(1,2) 
0( 13,36) = 0( 12,35) 
0(14,15)=0(1,2) 
0(14,37)=0(12,35) 
0(15,16)=0(1,2) 
0(15,38) = (R(4)*.999*TAU)«THETA(4 )/4 
C( 16, m=8( 1,2) 
0( 16,39)=0(15,38) 
0(17,18)=8(1,2) 
01 1 /,40)=8( 15,30) 
0( IP, 19)=0(1,2) 
0( 18,41) = 0(15,38) 
01 19,201=8(1,2) 

117 



GAE/ME/61-8 

ti{ 19,í42)«(R(SU.99V 
b(2C,21)*B(l,2l 
CI2C » 43) = B{19,42) 
812 1,22)*L( 1,2) 
8 (2 1,44 ) = (1 ( 19,42 ) 
8(22,23)=011,2) 
8(22,45)=111/2. 
8(23,24)=0(1,2) 
8(23,46)=0(22,45) 
8(24,46)=8(1,25) 
b(24,6C)=P(1,2) 
0(24,69)=TAtC 
8(25,26)=0(1,25) 
8(25,47)=8(2,25) 
8126,27)=8(1,25) 
0(26,48)=8(4,27) 
8(27,23)=0(1,25) 
8(27,49)=8(4,27) 
8(22,29)=8(),25) 
0(28,50) = (R( m.cei 
8(29,30)=8(1,25) 
0(29,51)=8(28,50) 
0(30,31)=8(1,25) 
8(30,52)=8(28,50) 
6(31,32)=8(1,25) 
0(31,53)=8 (28,50 
0(32,33)=8(1,25) 
B(32,54)=(R(2)*.001< 
0(33,34)=8(1,25) 
6(33,55)=8(32,54) 
0(34,35)=8(1,25) 
0(24,56)=8(32,54) 
6(35,36)=6(1,25) 
8(35,57) = ( f< (3) + . 00 1< 
8(36,37)=0(1,25) 
8(36,58)=0(35,57) 
0(37,28)=0(1,25) 
8(37,59)=0(35,57) 
b(3t,39)=8(1,25) 
6(3 2,60) = (8(4) + .00^ 
0(39,40)=8(1,25) 
0(39,61)=8(38,61) 
6( 40,41 )=6( 1,25) 
6(40,62 )=8 130,60) 
0(41,42)=0( 1,25) 
0(41,63)=0(38,60) 
6(42,43)=6(1,25) 
0 ( 42,64 ) = (R(5) + .001 
0(43,44)=6(),25) 

TAU)«THCTA(5)/3. 

T AD )«THCTA(1)/4. 

TAU)*TH£TA(2)/3. 

TAU)«THETA (3)/3. 

TALi)«THCTA(4)/4. 

TAU)«T)ETA(5)/3. 
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HI 4¿,t:j)=E(42,64) 
ß ( 44 f 45) =C ( I t2'j) 
CI44,66)*C(42,64) 
b I 4 j » 46 ) =1! 11 »25 ) 
bl45»¿7)-r(25(46) 
Hl4t,¿P) = r 123,46) 
DC29l=47,6'7 
JM + 1 

29 £{ I,J)*Bl1.2) 
ßI 69 » 70)*ß124,69) 
b(7C,71)=P(24,69) 
003)1=1,71 
DC31J=1,71 
IF(.MI,J)) 30,31,30 

JO A(I,J)=Cr«e(l,J)/AU,J) 
Í1 CONTINUE 

AI 1,71)=A(1,71)*CCH/CC 
A(24,69)=A(24,6V)*CC0/Cr 
A(69,70)=A(69,7C)»C0C/CC 
A(7C,71)*A(7C,71)«CCH/CD 
00321=1,71 
ÔC 32J=1,71 

32 A(J,1)=A(I,J) 
00341=1,71 
TLNP=C 
00333*1,71 

JJ TEM^TEVP + At l, J) 
34 A ( 1,1) = -TEPP 

00371=1,25 
1,0 3 70=1,25 
If 11-0)35,36,35 

3 j F ( I, J ) = .5*A"$F ( SCRTF ( (XIM 1 ♦ 1 )-XP{ J» 1 ) ) ^2+ ( YH( I ♦ 1 )-YP( J* 1 ) )««2) 
I-5CR1M (XP1IH)-XP( J))*»2»(YPU* 1 )-YP ( J ) ) ••? )-S, UFI ( XPID-XPC J» 1 ) 
2)»*2+(YPII)-YP(0+l))»»2)+3^RIFIIXPI I)-XP(J) )*»2*(YP(I )-YP(J ) )**?)) 

UCTC37 
36 r(I,l)=C 
37 CCNT1NUL 

00 391 = 1,25' 
00300=1,25 

3c C(I,J)=riI,J) 
39 Cl I, 1 )=-AP(I )/(l.-EINI) 

P04CI=23,25 
4¡J C( I, I )=-AP( 1 )/( l.-EC) 

00421=1,25 
00410=1,2? 

4 1 F { 1,0 ) =-F ( 1,0 ) *0 IN T 
00420=23,25 

42 F ( 1,0 1 *-fI 1,0)»fC 
004201=1,26 

119 



OâE/to/61-8 

nC419j*1*25 _ 
419 ABB(11J )-C( 11J) 

OO^QJ.fîéiiÇ _ .... 
ABB (I » J)=F11.J-25) 
CALLf'ATS(AEB,C,2b,2i>» 
ÜC4 11 = 1,22 
DC43Js1,25 

41 rn,J)*C(l,J»»AP(I)«EINT/(l.-ElNn 

DC«»4!*23,25 ... .... _ ._ 
UC44J=1,25 

44 F( I,J)*C(I,J)»AP(I)«EB/(l.-EB) 
GAKyA=1.57C796326-CELTAP 
SA*S<«BTF ( «496»RHC( 2 1 ) 
PSK 1)*GAI-KA 
PSH2)*ABSr (THOiAm/fc.-GAPHA) 
PSI(3)=ACSF(3.»TH:TA(n/8.~CA^MA) 
PSn4)=ABSF(5.»THETA(U/8.-GAy^A) 
PSH5)*ABSF(7.«ThETA(l)/e.-GAFNAl 
PSn6)*Ae$F< THETA! n-GAKPA) 
PSI(7)*ADSF(THETA11)♦THETA!2)/6.-GAMMA) 
P5I(ö) = ABSF(THETA( IMTHETAI2L/2.-GAPMA» _ 
PS|{9)*ABSF(THETA!1 »♦5.«THETA(21/¿.-CAHFA) 
PSi(IC1=ABSF(TH¿TA(1)4THfcTA(2)-oAPFA) 
TEPP=THETA(1)4THCTA{2) 
PS I ( 1 n = A['SF(TEHP4THCTA( 3)/6.-GAPPA) 
PSH12) = ADSF(TEHP4THETA!3)/2.-CAPPA) 
PSl(13)=ABSF(TEPP4j.«THCTA(31/6.-GAPPA) _ ._ 
TEPP=TEPP4THETA(3) 
PSI(14)*ACSF(TEPP-GAPPA) 
PSH 15) = APSF(TEPP4THf TAC4)/8.-CAMPA) 
PSI(16)=ABSF(TCMP43»*THETA(4)/B.-GAMMA) 
PSI(17)*AESF(TEPP45.»THETA14)/8.-GAMMA) 
PSK IB) = A[!Sr (TEPP+7.#THCTA(4)/8.-CAPPA) 
TEPP=TEPP4THCTA(4) 
PSIl 19) = AfiSF(TEPP-GAPPA) 
PSI (2C)=A0SF(TEPP+THCTAISJ/ô.-GAPPA) 
PSII21 )=ACSnTFPP*THETA(5)/2.-GAMPA) 
PSI(22)=ABSF(TCPP45.«THr TAIS)/6.-GAMMA) 
PSK22 )=ACSE (TEMP + THCIAI S)-GAPPA) 
DC45I=1,23 

4 5 ANTII)*.25*1 PSI(I)•»24PS111)«S INF 12.«PS I ( I ) )♦ 
l.5 *CCSF(2.«PS 11 1))-.5) 
S4R=Sî;RTF(RHC(2) ) 
TEPP=GAPPA#(CCSF(CAPPA))**2 
TrPPl = RHC(2)»ANT(6) ♦RHO ( UMANTl 1 )-ANT(¿)) 
1.( 1 ) = (SA«TF.PP/SCRTFITEMPHTËMP*(XriMTAlO/2. ) ) )*CDOT/SCR 
y(2)=(SA*TEPP/SCRTF(TEMPl4TEMP*2.«X(1)/J.))«CrOT/SCR 
4(3)=(SA*TEPP/SCRTF(TEMP1*TEPP»XI1)/4.)»«CCCl/SCR 
U(4)=(SA*TEPP/S4RTF(TCMP1*TCPP«XI1)/12.))«CLOT/SCR 
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4ïQ46I*5,fl. .. -,. 
46 QU)»<$A»PSI( I-3 >*COSFI PS I i 1-3 ) )««2/( SQRTF tRH0<2 )»ANT(6) ♦RHO (U* 
_IIAMXLLt.3 trJ^ULAllUl«QDÛI/3ÆB- 

D049I*9#11 
If lPSitl-21-JO« «f.1-51 )47»%7j*i8- 

47 Q!I)*GDCT/SCP 
G0JQ4S—.. ... . - 

4 8 Gm.(SA«PSin-2)*CCSF(PSni-2n*«2/(SQRTF(RHO(2)«ANTU-2n J) 
_liÛDfiJV-SûR--- 
49 CONTINUE 

DQ5Q.I».L24J.k_____ _• - - 
50 QII)«ÎSA«PSI(I-n«C0SF(PSIU-n»»»2/(SQRTF(RH0(2)*ANTl10)*RH0(3) 

If*.ANI(l-UrANT.( 101)1)l«fiDQT/SG* -- 
TEHP»RHC)2)«ANTM0)>RH0I3)«(ANT( 14)-ANT(10)) 
00531»15» 18 
IF (PS K 1)-1.570796326)51,52,52 

51 QUl»iSA»P&I imCQSF (PSMI ) l*s2/iSCAIf 1 IE.HP4ÂM.O(A)• (ANT( Í )-ANT(14 ) 
1 ) ) ) MCOOT/SGR 

GO TC 53 
52 Q(l)«0 
-il_comumi- 

TENP»TEH)»4RH0(4)»(ANI( I9)-ANT( 14)) 
. 00560-1^21---- - - —-- 

IP(PS Kl* 1)-1.570796326)54,55,55 
54-. 0Ul»15AfPfil(UHfCOSFlP-Sli.Itl>J•J2/1ÍQPIFlTEW>>RhQ(5)•(ANJU + D 

l-AÍW(19>))í)tOOOT/SOR 
_GOTOSA_;- 
55 Qt11-0 

.56..— COItTUaiE::-----—- 
00571*22,24 

57 QUlf-fl _ _ 
D058I«1»24 

5fl nm«-lfXT«.CQûa54t0m)TS£ÎJJ- 
00601*1»25 

.TEMP-sO___-T.—-- 
0Q59J*1»25 

59 TEMPaUNPPMUJJ.— --- -- 
60 SUNUl^TENP 
5flfl 006.11 » 1 »7-1- 

' 0061/-1,71 ' 
.^i.AUlUtALLfiU--- 

* 00621*1,24 
..8PUl*x4^*IlU*«3lSP.tn.fUXtl.34û2.Uû.»*a-15) 
62 4Ma*-3,*T(I)4*4*SPm*IKT«3.3402*10.**(-151 
..00631»,l»25-:-----^- 

D063J*1,25 f ... 
,6i_CH 1«.1uaü5W12 t .10 «4* t-.l 51ilUtk6.Uf 3*f LUJL- 

00641*1,25 
64. Cl I.4.I1*C(111 lr II 11-4 6J.*f 3 * 4 • «i» 3402 P..Î 0 • -15) •SUM.LU 
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. 00641*J *25 ... . . 
64 Cl I ti)*C(IfI)~T(1*461••3«4»»3.3402*10»««Í-15)«SUIU 11 

_006401*1.24___ . 
640 BU.n»Bii»n+BPin 

... . 0065.1.47,71.„ ... ___ . . . 
D065J*47,71 

65 B( 1 » I » J !♦£( 1-46» J-46)  ...... . . ... . 
00661*1.24 

_64._IHJUUüUiaâB «11__ 
00671-25.46 

•.67... TN.m*q..... .... .. 
00691*1.25 

....IÇHP-.Q...•_.....  .—... 
D068J*1f25 

_TEHP*TEPP»FUxJlj.1 I J+46M.4*3«*3.3402*1C.*«I-15)__ . 
K-I446 

69 TNIK1-TÇHP-3.*3.3402*10, •• 1-15 )»TCKI«*4«SUMm 
006901*1.71 
006e9j-1t7L ^ ____ .. 

689 AB(I.J)*B(I.J) 
1ÄQ_ABÜ.XÎ215IÜU1____- 

CALL PAATS(AB»TN,71,1) 
.. ..00701*1,71_____ 

IFIABSFCTCH-TNI 1))-3.)70,70,72 
...7Q_CQAtlMUL__-.-. ..—.- 

00851*1.71 
_65 ...IUJjJMJLL_ 

0ELTAP-0ELTAP/.0174532925 
_TJHF1A0-THU AO/, 0114 «2 92 ^_ 

THETA6-THETA6/.0174532925 
_ IHETAI*7HfTA7/,0174532925 ____ _ 

00801*1,5 
._.ii_tiüiáii iíJusiaiu^aQ i mizm_ 

TEPP-O. 
. - 00811*1,2.4____ _ 
8) TEMP*TEPP*SP(I)*IQII)-EXT*TII)**4*3.3402*10.*»(-,5)*EXT*.000854) 

_CK1*TEPP______ ___ 
TEPP*C. 
008210,2)L___ 

82 TEMP-TEHP+SPCI)*IQII )♦EXT*.000854) 
... CK20EPP. . ... 

TEPP-0. 
, 0083!-1,.24  . , 

83 TEMP-TEHP+SPIlI*3.3402*10.**(-15)*EXT*Tlll**4 
.._ 

CK4*ÏÇK1/CK2)*1C0. 
-.TESTfll*AJ25,2)*(íi25)-T(2))*AÚ5,1)*IT(25)-TM) )*AI25,26)* 
ÎIT125)-1126))tA(25,47j*CTI25)-TI47)l 
TEST(22)*A146,23) *11146)-1123))>A(46,45)-(1(46)-1(45))+4146,24)* 
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eu 

71 

K=I+24 
irSTd ) = A(K,IH)#(T{K)-TU + n)>A{KfK-U«ÍT(K)-r(K-n )♦ 

1A(K,K*n«(T(K»-r(K*U)>A(KtK*22)MT(KL-T(K*22)) 
DC71I=1,71 
Tm=TN(n-*459.68a 
«RITE. CUTPUTTAPlÍ»599»C(23)iC(2?) 
WRIT£CUTPUTTAPEá,6CC,T(23),T(22) »U21)iVi(20),G( 19) 
WRl TE CU T PU T T APE 316U1 tT(46)tT(45)»H21)»T(20)»TM9)» 
G(18).UI17),Cn6)»GM5) ___ 
i_. n »Tc/^iiTniiTT Ane i 602 tT(68)fT(67),T144),TH43;rTi ^2).1( 18),T «RITfcCUlPl'TTAPEi 

1T( U),T(15) 
WRITtCUTPUTTAPE3 
WR1TCCUTPUTTAPE3 
WRITLCUTPtTïAPEi 
KRITLCUTPUT I APE3 
WR ITECUTPUÎTAPE3 
WR J, TLCUTPU T T APC3 
WRITECL7PUrTAPE3 
writecutput;ape3 
WR I TECUTPUT T APE3 
WR ITtCUTPUTTAPE3 
WRITtCUTPUTTAPE3 
KRITECUTPU7TAPE3 
WRITtCUTPUTTAPEi 
WK ITECUTPUT1APE3 
WR I TE CUTPlT T APE 3 
WRITLCUTPUTTAPC3 
WR ITtCUTPU Í T APE3 
WRITECUTPUTÏAPE3 
WR I TLCUTPUTTAPE3 
WR ITLCUTPUTTAPE3 
WR l TECLTPL T T APC3 

1T ( 9 ) t T MC » vTUl) 
WR ITECUT PU TT APE3 

K(9)•(.( io sunn 
WRITECUTPLTTAPE3 
WR ITLCUTPUTT APC3 
WR I TLLUTPU T T APE 3 
WR ITECUTPUT IAPE3 
WRITECLTPUTT APC 3 

( 57) 

603tT(66),T(60»,T(64),T(41),T(4C),TI39)rTl3e) 
604}T(63)»i(62),T(61),T(60) 
605»CDÿTHQTA(1) 
6û6 tCCB s T)'ETA ( 2 ) __ 
6C7»GLCT »TEETAI3) 
608 sTAU s THETA(4) 
6C9jT(24)»TAUb»ThETA(5)pT{59) 
61C tT(3 7) 
6 11 * T(69 ) » EXT » T( 14) 
612, CIM»G(14)iT(5d) _ 
613, T(7C),EB,T(3él 
614, T{13) 
615, T(71),CELTAP,kH0( 1 ) ,T(rj7) ,^l 13) 
616, THETAU»RHC(2),T(35) 
617, TI 1 ) ,THETA6,RH0(3) ,TM2) 
618, CI1 ),TI-ETA7,RHC(4)f.Gn2) 
ó 19,RHO(5 ) 
62C.UL1,UL2tUL3,LLL 
621, T(54),1(551,T(‘j6) 
622, T(50),T(5l).T(^2),T(53),T(32),T(33),T(34) 
623,7(47),7(48),1(49),7(28),7(29),7(31),1(31), 

624,7(25),7(26),1(27),7(5),7(0),7(7), 

623,1(2 ) , 7( 3),f (4),i,(5) ,C(6),C(7),w(i 
626,0(2),4(3),«(4) 
65C 

7(8), 

___65I,CK?,CK3,CK),CK4 
WRITECUTPUTTAPE3,652,(1,TEST(I),1*1,22) 
FCRPAK 1H1///////4H Cr5.3,6h WE5<,3) 
FCRPAT(RH 23 r5.C,6) 22 F5.0,3(6H 
FCRPAT(IX,3H46 F5.0,6h 45 F5.C,6H 

16)i 19 F5.C ,4( 6H G F 5.3)) 
FCRPAT(IX,3)68 FS.O.CH 6 7 F5 

16H 42 F5.C,6H 18 F5.C,6H 
FCRNAT(23X,3h66 F5.C.6U 65 F5.0,6h 64 

I6H 40 F5.C,6h 39 F5.C,6h 38 F5.0) 
FCKP AT(3 X,3h63 FE.C.Ôh 62 F5.0,6H 

G F 5.3 ) ) 
21 F5.0,6H 2G F5.C, 

0,6!' 44. F5.0,6li 43 F5.C, 
) 7 F 5.0,6H 16 F5.0,6)1 15 F5.0) 

41 F 5.0, F 5.0,6 h 

61 F5.0,6H 6U F 5.0) 
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6Û5 FORMAT ( //////23)(*2HK=C 13.6» 18X, 7HTHETA 1*E 13.6) 
606 FORf'AT(23X»3HKB*E 13.6, )7X»7HTHETA2»E 13.6) 
607 FÇLR^ATÍ^X^WaÔT^UtòjííX^yHEiAJ-EJA.ÒJ_ __ _ 
608 FORMAT(23X »UHTAU*E13.6»16X» 7HTHETA4«E13.6) 
609 FORMAT(4H 2k F5.C,14X,5HTAUB-C13.6,15X,7HTHETA5*E13.6I13XP 

13H59 F5.0) 
610 FORMAT (69X,3h3_7. F5.0I 
611 FCRMAT(4H 69 F'S.O, 14X,5HEEXT«E 13.6,48X,3H14 F5.C) 

Jll2 FORMAT(23X.5HEINT=E13.6.49X.2HQ F5.3.6H_58 F5.0]_ 
613 FORMAT(4H 70 F5.0,14X,3HÊB«€Í3'.6,'6ÍX#3H36 FS.Ö) 
614 FORMAT (100X,3H13 F5.0! _ _ . 
615 FORMAT(4H 71 F5.0t14X,7H0ELTAP*E13.6,13X,5HRHCÍ=E13.6,15X, 

13H57 F5.¢^.6^1._QF5.3). _ _ ... 
616 FORMAT(23X,7HTHETAU*E 13.6,13X,5HRH02»E 1 3.6,15X,31435 F5.01 
V 7._f C RMAT14H 1 F5.0.14 Xj 7HTHETA6»E 13.6,13 X l5HRjH0 3* Ej 3 ._6,15 X, 

13H12 F5.C) 
618 FORMAT(4H C _F5.3,14X,7HTh6TA7*E13.6,13X,5HRH04*E13.6,16X, 

I2HC F5.3) 
619 FORMAT(56X,5HRH05»E13.6) 
620 FORMAT(23X,3HLÍ*Eî 3.6/23X,3hL2*E13.6/23X,3HL3*E13.6/ 

_1 zjts.muLL^UlLLL_ _ 
621 FORMAT(78X,3H54 F5.0.6H 55 F5.0S6H 56 F5.0) 
622 FORMAT(34XI3H50 F5.C,6H 51 F5.0,6H 52 F5.0,6h 53 F5.0, 

16H 32 F5.0,6H 33 F5.0,6h 34 F5.0) 
623 F0RMAT(4H 41 F5.0,6H 48 F5.0,6H 49 F5.0,6H 28 Fb.C, 

16H 29 F5.0,6H 30 F5.0,’6H 31 F5.0,6H 9 F5.0, 
_26H 10 FS.Cx.6H_11 F5.0) ___ 

624 FCRMATÍ4H 25 F5.0,6H 26 F5.0,6H 27 f“5.0,6H 5 F5.Ó, 
I6H 6 F5.C,6H 7 F5.0,6h 8 F5.0,3(6H O F5.3)) 

625 FORMAT (4H 2 F5.0,6K 3 F5.C.6H 4 Fb.OíAlôH O F5.3M 
626 FORMAT(4H _ C F5.3,6H C F5.3,6H G F5.3) 
650 FCRMATMH1///////50X, 10HERRCR CALCULATIONS) 
651 FCRMAT(//1CF: _HEAT IN=E13.6,4Xf9HFEAT OUT =E 13.6,3X, 

n?H DIFFERENCE"c13*6»4X,22HPERCENT ERROR hEAT IN=E13.6///) 
652 F0RMAT(4(1CX,I2,E15.6)) 

ÜCTC1 
72 00731=1,71 
75 T( I ) = TN( I ) 

GCTC5C0 __ „ 
END 
SUBRCLTINF MAATS(CC,X,NR,M) 
DIMENSION CC(71,72),A(71,72),X(71,1) 

100 FORMAT (12X,39HMATRIX INVERSION SMALL DIAGONAL LLEMENl) 
N=NR 
MM = N + M _ _ . .... __ 
DO 11= 1 sN 
0015=1,MM 

1 AU, J)=CC( I, J) 
00151=2,N 
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âái/fcxAi-* 

l)015l*2»M _ 
7C 11*1-1 
X_HC ISJLf.Ull_: _ 
£ IF(A(I»JM9,15f9 
9 IF(ABSF(A(Jf J)1-ABSF(A(I»J)))11tlG«10 
10 R=A(I »J)/A(J«J) 

G0TC13Û 
11 R*A(J|J)/A(I«J) 

_Ü.OL2fc!Ll*ÍíK_____ 
B*A(JfK) 

- .. A(J,K)*A(i,K) 
12 A(I,K)*6 
130 . 
13 D014K-JJ.W 

„14-- -l^lijiOjçAlUiazRfALl^ia_ 
Ib CONTINUE 

IF(ABSFIA(N«N))-1.E-20nó>l6.17 
16 WRITE OUTPUT TAPE 3,100 

CALL EXIT. .. 
17 00 28 J *1,P 
_KK*itU_ 

X(N,J)*A(N,KK)/A(N,M 
D026I*2,N ... .. _ _ _ 
JJ*N-I+1 
8=0. _ . 
II-N-H2 

-0025K.?iI*N___ 
2b B=8+A(JJfK)*«{KjJ) 

IF(A8SF(A(JJ*JJ))-1.0E-2C)16,16,26 
26 X( JJ, J)= (AUJ,KK)-B)/A( JJ.JJ) 

RCTLRK 
CNC 

-b LfiRCU IINE XATbJl C i X*NR*J J_ 
DIMENSION C(25,50),A(2S,SC),X(2S,25) 

IOC FORMAT {12X,39HMATRIX INVERSION SMALL DIAGONAL ELEMENT) 
N=NR 
MM=N + M. 
DO 11 = 1 ,N 

- . DOU=UM.M._.. ____ 
1 AII » J)=C( I » J ) 

CO Ibl = 2,N 
70 11=1-1 
7 DC 15J = 1,Î1 
6 IF(A( I, J))9t15,9 
9.- If (ABSFlAXJ4XU-AQSFaAlL,Jiail,lCXlíL_ 
10 R=A( I ,J)/A(J,J) 

GOTO 130 
11 R=A(J,J)/A(I,J) 

CO12K=1, MM 



M/M/Ql*1» 

— 

U- 
130 
13 
14 
b 

JiL_ 

B.*AXiUKl_ 
AUfK)««(I,K) 
AlLdOSfi_ 

DOlWifJJLiftlÎ_ 
A(I*K)*AlItK)-R«A(J,K) 
ÇP-NIIUUJL 
I F( ABSf ( A ( N, N) f-î. E-12116 f 16.17 
HPU6 QjjTPVT -- 
CALL EXIT 

„..17 -DQ.2flLJ .y.by_ 
KK>N+J 

_UhtliïàltLxm ¿¿UUM 
00281*2,N 
__' 

JI5 

JiL 

B*0* 
Hy.Wrl±2_ 
0025K*II.N 
.B-DiAUJtlU'XlKjJl.___ 
IF(ABSFtA(JJ,JJ 11-1«OE-12116,16,28 
XUJ.Jl»(A(JJ.KK1-Bl/A<JJiJJ)- 
RETURN 
END_ 
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