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XWii-o.K develPS it rigorous theory of approx"imiation foi amnbiguity funct ions,

based on i-eari squarc error approximation, It seems hýowever that the thecry is of

little help in findinga the "ideal" ambiguity function.

The Use ofFxpansions in Series of Orthonormial Functions

Given a sequence of functions (P 0 (t), (P I(t), . p . ( (t), , whijch are

orthonormual and complete one can generate:

it(x. y)= f 0 It - x/ 2) 6P n(t +x/2.) e-2ry dt

The sequence {f(x,y)} is orthonorm-al and complete over the x-y plane.
n-in

Any function F(x,y) which is L 2over the x-y plane can be expanded in terms

of the sequence {'(x, v)}. The expansion J-s:
ninn

N' N
Fxy) N -- n-n mn (

m=0 n=0

c fF.(XY) 1-i-i(x.y) dxdy

Approximation ofArbitrar-y F-unctions by Ambiguity Functions

One wants to find the -ambiguity function which best approximates a given

function F(x,y) in the mean square error sense.

minimium of fJ I F(x, y) - A_(x ,Y)12 dx dy
U

F(x,y) is limited only in that

J, f II-(,Y x y I

It is convenle,4t to consider the class of waveform-s which can be generated from a

finite set of orthonormaj functions



'b (t) (t) d

mn n mn

tn (t () - V

Corresponding to the orthionormal set j4) (t)} there is the orthonormal set

d in (x, y)} The given funIctionI F(x, y) caii he expanded in terms of the 4) (x, y)

as sta!ted, above, and as a result one will have a H-eri-itian matrix [ c j where

J' F (x, Y) n (x, y)dx dy

The solution to the approximation problem is as follows: The minimum mean square

error of approximation is 2(1 -p 0)where po 1s the largest eigenvalue oi the
N

matrix [c I.It is attained b-y the waveform Ya 0 (t) where
inn ý- m M,

M=O

(a.a, a)i n eigenvector for [c mn orspnigtoI h~n a1 ,. , sa0'orspnigt h

corresponding ambiguity function is:

N N
A (x, y) a a . (x, y)u 111 n1 il mn

II. A Particular Set of Orthonormal Functions: The Hermite Waveforms

A pal-tik&UisI' set of orthonornial waveforms is the Hermite set

-1/4 2

It(t H (2 \i-rrt)e C n 0, 1,2,..
11 n

2 2
x x

In 2 (d(xn 2
where I I ()(-)e (d) e ný 0, 1,2.
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C-,rrespondi.g to {un(;)} is the orthonormal set {A (x, y)}
n inn

_' - (2 x 2+ )m)-n (m -1-n)(x-y (--, - e ("lit Ix. ± iy]) L (ir[x2 + y2])Am (X, y) = ( - !1) 1-(,,-n7 x

:n I x mn. n

where L (x) -n e x (d/dx) (x e for x - 0

7R 2
in-nr7! 2 r r)m-n -ii0 (m-n) (m- 2.or A (x,y) (- e r) L - r r

mi nn\ m ' . n-

]V. An Application of Wilcox's Theoi

Let us find tile ambiguity function which best approximates the "ideal"

function F(r)

2 2
F6 (r) r U r

2 2•

2a-

Nut r F(r) =~ F 6 (r)

Notce that F(01) I

and fjf F(r) dS= I
S

First find the nermite matrix of F 6(r):

C (u,a) J f F(x,Y) mn (X,y) dx dy f f F(r, 0) ' (r,0) rd 0dir
- 0 -Co r=0 9=0

2

2 2 2 m-nr
r 12u + 2 -r /aFT 2 (fjlr r)m-n L(n-n)f• 7 \ ra 2  j (-l) tv '. 2n"ir

-iO(m-n)* r J e d~dr

0=0

r0 for m / n

2
S2 7rrr2 /2u -•2a2 -_f 2r 'a j 2 (0) 2

e - r /(rr ) 27r r dr
' ia nr=:0' ' Ra fo r m-n
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Now:

Ffax -ax x X 1 n x
L (x)d = e .... e (d/dx) (x e )dx

x.00 0

= I - e a)x (d/dx)n (xe -X)dx
0

I (I-a)x e K I n ex) dx
-n.e (d/dx) (x e(1a)x (d/dx)e (xn. 0T h e b h vo r f ( dd* n-i1 -

The first term for large x is zero if a > 0. The behavior of (d/dx) (x e-)

near the origin is as n' x x, so at x= 0 the first term is again zero. So

Sax 1 (1-a)x/ n-I (x -x
- (x)dx f e (d/dx) (x e dx tor a > 0

x=0 0

"-a)x n-2 n -x - (-a -a)x n-2 (ne-X)dxl

/dx)j (We) I -a c ddx (xe

0 for a > 0

(I -a)2 0 (-a)x n- 2  n -x
e (d/dx)-x e-x ) dx

0

( (-a)" e (d/dx)n- (xn e ) dx
0

1n( n c(-1 (Ia -ax n1jn!a e .x dx

0

1)n l-a n nn
)n1(1-a) -D (a- for)a >_0

n. n+1 n+1a a

We had

- - /2c2 r 2 2 r rr 2/2 (0) 2C nn(ua)= J e Ne
2 ' " (i2- 2mrr dir

I.:0 •aI
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2
Let iTr = x 21rdr = dx

c (o-,a)= e X/2;Tc 2  t x/ra 1 e L (x)dx

x=O L 7ra _**

2 2aq~ -0 -r 2

ef 2 L (x)dx+ FT fe Lra L(x)dx
X= 0 n 2

ra x=0

n n

27rcr 2 2 7a2 2)
n+l', ' 21 ~

2 - 2F

2_2u 2ra

For any val,,e of cr ,i ( and n ,, e can allow that the largest cnn (o, a) is c o(u, a)

The matrix of coefficients of the orthonormal expansion of F (r) is the diagonal

matrix

c 0 0 l(o, a) 00

c (u, a) "

c 0~, a) c (u, a)
L n nnc22

0
00 c (nn(, a)

The largest eigenvalue of this diagonal matrix is

c (u,a) 1 2 " t
2 2 2 2

2-ira 7ra
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Thle normalized eigenvector corresponding to this eigenvalue is

0
a =0

0

Hence the waveform of unit energy having the ambiguity function which best

approximates F 6 (r), is the zero order hermite waveform

2 2
u0(t 4 H02Tt 2= 11/4 -7rt

u (t= 21/4 H 0 (247t) C 2

or a gaussian pulse.

The corresponding ambiguity function is
2

7r

2
A (x, y) e00

This result shows that the ambiguity function which best approximates a cir-

cularly symmetric gaussian function of arbitrary variance is the zero order

Lagucrre atmbigulty function or the only circularly symmetric gaussian ambiguity

function.

The mean square error in this particular approximation is

2(1 - M 0 )= 2 ['1 - c o(u,a)]

Now in the limit as we let F A(r) approach our "ideal" function F(r)

lim
F~r) F-(r)

then the largest eigenvalue in the expansion of F(r) is



Iimc =~ Co (u, :)

cT--- 1 + - na _ _ + -
a o 2 9u 2 a

0

Now the error in the approximation is

2(1 - p )= 2(1 - co) = 2

If you consider that both the "ideal" function and the approximating ambiguity

function have a unity integrated square, one sees that the "best" approximation

is unfortunately orthogonal to the desired delta function.

V. Conclusion and Criticism

The technique of approximating an arbitrary amplitude function by the "best"

ambiguity function in the mean square sense seems to be of small immediate

usefulness. The best approximation of an ideal function is no good at all.

However, the function of practical significance in the radar problem is the

ambiguity function squared. It might be possible to get a good approximation to

an ideal envelope filnction using the magnitude of the optimum ambiguity function.

An entirely different criticism of Wilcox's approach is that the mean

square error criterion is not significant or correct for this approximation problem.

An ideal ambiguity function includes a sharp central peak. A mean square

expansion at a discontinuous point of zero measure fails entirely or converges

in the mean. At the region of greatest interest, the expansion is at its worst.
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A beter approxim-ation criterion would be that oj Cliebyshev. that is the

best approximation is thai which has the smallest maxirnumn excursion from thie

dc..;Ired .unction. A theory of Chebyshev approximation has not been develo.•c

over the infinite plane,.
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