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EQUATIONS OF THE FRU-FOW OF MOLECULES AROUND OBJECTS

By

E. Larih

Equations are dervied which express stationary and nonstationary flows of

rarefied gas around bodies under conditi ns of free-molecular flow, where it is

necessary to take into consideration the repeated reboundings of gas particles

from the surfaces of the bodies around wl ch the flow is directed. Due to reasons

which are explained in this report, these equations are formulated without irn-

position of any kind of limitations on the law of reflection. In the appendices

there is described a method of determinirg the reflective properties of a surface,

possessing a certain finely granular structure; an important special case of the

reflection law is discussed, representing a combination of diffusional and mirror

reflection; a simplified nonstationary stance is examined where nonstationary

movements which are superimposed over th stationary ones, appear to be small;

and finally we discuss the flow around bcdies of a stream, the parameters of

which execute small harmonic oscillations around their man values.

If in the flow of a rarefied gas se eral bodies are simultaneously situated

arranged so, that their reciprocal influ nce is noticeable, or even one body, the

surface of which has depressions, it is ecessary to take into consideration the

repeated reflections of gas particles fr m various parts of the surface of bodies

around which the flow is directed. This problem is discussed here for a com-

bination of bodies, the dimensions of wh ch are such, that the flow flowing

around it can be considered as free-mole ular. This requires that the charac-

teristic length,

it; FTD-TT-61-57/1+2



accepted in, the problam. should be mu llr than the smallest of the lengths of

the free path, in the Sam for particles of the oncming flow and for reflested part-

liclsc Whom this condition Is maintained t can. not only be considered that te part-

idlesof the oneoming flow have an usper ;ubod velocity distributiosebut also that:

between the subbequenit ref leetioms from t ke surface the particles are mot seatteled

At such a stoplified arrangemnts it imul appoar,that it is possible directly

to find the distributioa function for the gas. We disregard the reaction of the part-

icbes,amd the distribution. function ohoul satisfy the Lonville equation and depo

consequently, upon, time and the invariants of fres particle f a f (v,,rvr1Ot). te

form, of function f should be determined f onthe boundary and initial ecaditioms.

This latter operation appears to be diffisult, and here Is suggested another approah

to the solution of the problem ,eonnected with the derivation of an Integral ewa

for the density of the flow of particles oflected from the surface around Woik tb

flow im directadod, ~ m which in the gvon eame replaces the kinetic equation.

Applying this method is report i n~e vestigated the flow around bodies with

absolute diffuuional reflectring surface. As is shows by experiment polished surfaces

a& with a eertain accuracy be treated as absolute diffusion reflecting, and for

smooth bodies it would mot be necessary to introduce into the imvestIMtic awre

complex reflection laws.It mighthowevere appear to be convenieat to produe sufa

coon with a certai. proper finely-grained struetureg because is this way it Is possib-

I* to change of their streamline, ecasiderablyo This structure cam be considered an

the average, by Latroduing a suitable reflection law,which can be determined from

experimental or theoretical sonsideratios* as it will be shown later on. Next are

14 derived equations for stationary flow ar at any arbitrary ref lection, lawommelL

with this latter case is mind. It is onl zatural,that during diffusion as well as

t any other kind of ref lectioa law the denity of the iacts can be determined

1~4 l.'i/l422



independeNtly from the temperature distribution. ah a possibility disappears

during natationr flow around~wkea th density of the impacts (collisleas) amd

temperature distribution should be deter med parallel. The znstatiomary flew oqu-

tie proposed in this report are ob is aWits simple mnane,by gemeralislo

stationary flow eutos

1, Stationary flow, Flow around surfao s, which alike diffzaiealwscattsrimg ref

lot so that the diotribution of particl* of the reflected strem by angles depend

only upon the point an the body, can be ascribed, afte lading Only the umber af

particles colliding aipiat unit of surfa ce per unit of time. I& the presease 49.

a relationship between incident flow and reflected o the hatter mhb*al be Leeh,

/bed in greater detail,including the angn velocity distributioa of the particles,

For this we will introduce into the invi itigationa funatiens Ai(P, ). g (P.c (4 1

)so that the products aidtf pd~o and zrdl~ O' will designate the sumber of particle$

falling (reflected) on the element of suface near point P. the velecity Of Whisk

has the trend included in the solid ag 4uW with axis (I,

To determine funo tiftn~ it is possible to obtain an integral oquation,whish.

appears to be the resul) of the conditio of preserving the umber of particles

during the reflection. The form. of this ination, depends upon the law of refloetio

of the surface of the body around which the flow has been directed. Assuming that

R(P.~.Ij,4)) dc(,r - probability that the j rticle falling on the surface near point P

with a velecity having, the trsanadu% as uires upon reflection a velocity with

trend in solid aingle. &4., Next it is imfletnt that R dees net depend (er depends

only slightly) upon the absolute velocit value of the incident particle and upon go

the temperatuxe of the surface. The miss ons of function 3k are sufficient to deo-

scribe the stationary flow, because it eni be expected, that at the discussed hare

Ilow densities is the ]K6605 at roflecti, h ]AW4!IMIe at superposition will, be



) iniatqjpaedhe Preservation of the nMb.0g of particles during roflteam to amrei

Terelaticasbip between Ur and n1 Is tr

tea in fruo

n, (, ,) (,o, w)fi (P, w) do (1.2)

I& order to trensfrm this relatim I*

an equatiom to ietermdne Or we like to Pt

lig~l. emt that the particles moving ia direc -

tie& Oarrive either from the oneomiags lesuOr from that sectionato the surface

near point P where the direction i mtessests the bedy for the first tift (figl),

vIt Is apparent that'2.-
rpp. CflvP

nt=(P, w)= nj*(P, w) +-~ nr (P., W) (1.3)"P. APP
where a1 - denu~ty of collisioas of particles of the unpetturbed inuident flow, r

-diwtamce between points P and q,, and, 0 - Biwol Teeter of the norma in point

The sealer products are always in absolu e value.

if this wxpreSSioa for Z1 IS subStitl in forMula (1.2) thken the latter asqui-

re the form at-* J~ ~ d 14
r (P, '*r) ~R(P, w w)L[n,'(P, o + (P., o) do 1

This is the sought for equation for ur - basic equatioa of the problem* It oa

be formed differeatlyechangif ntegtA by agles with iategral by surfae.jo

this we Rabe a Shae P , d .*~Qd. P

amd we will obtaia instead (104)

__________ * (P, Ra) (P wi )-:*wi

SP
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abed the integation In; dose ever that par t of the sarf... S which is visi ble frois

point P.A

We will shom that this equatioa has single solutios.V. will take tor fthis -

poU a %nifor a tin toresodig :0enta(j

1 ?, ( , ) R (P 'opc, I, ( , pQ) d:;Q, (1.7)

0. Having integrated this equation acoe ding to (A) and aiginossiek

tie. (1.1) w will obtain . -

n, r(P, w) r (PQV n, QI.8 c;

We will again integrate over the enie (1fso tralndWs.-

Sddp n,*(P, w)(2 o 2PL~, (, )pQ) ddQ

In this equality the left part characterze* the general number of partioles,

reflected by the body per unit of timean the right part the mumher 'of particle&

which Is reflected from the ~uz f~*~ body and failing on it again. In

the case of flowing around as is discussed here (but not for movements in coesed

zose) the first numtbe should alwqys be geater than the second omegin. view of the

fact that a pert of the reflected partio es departs into infinity. Formala (1.7)

7 oossequentLy. cannot be fulfilled.

2. Unsteady Flow* We will fotmlat4 as equation of noastationary tim in, the

jjcase'when, only the parameters of the out r flow art chauagedad the goetrie pars,

metoe regain unchange Generally spa *g to write an etuatioa for as wnstationr

flow is seded a aowe detailed descripti4 of the properties of the reflecting our

faee,whieh was aecessary in the xxistatiomary case. But the basic diff iculy,

which emerges here, lies in the fact, t t the density of the collisins ean now

loager be determined indesedently from eperaturs distributisa; vals ar at tim

mcmant t appear to be dependent up..a theI tan~wature Values in all foregoing mine *



' TWs leads to the point where the, equstic of the Scoblem in essenee become soap:1lizear.The equatios to determine the t rature will be written out here.; it will
be considered as a fixed function of posi tion. A& time.

The reflection process is considered anoccurring instantaneoasly; we deal Is

their dea nthee" mcroecopis details of the surface *about which matien was

made in the introduetioa.

We like to point out,first of allothft the aseessity of intrdwming changes izINo

statoMary flow Sq~ations Originates onl at sufficiently rapidly changing state of

the systom. Namely the parameters of the incident flow or the neometric parameters

of the bodies should sbange noticeably at the time of relexationtwhich is of the

Sorder here of the average time the iparticles remain within the limits of the sy A

around which the flow in directed (-. vy w~oro 1 - mean distance covered by the tS I

idle between two subsequent reflections, v -certain mean velocity of reflected par

idles). Otherwise the movement is quasis ationary and -ft It is possible to apply

equation (1.5),replaeing, of course$ all the parameters by values at tha inoweat
(iipQVp~t W

nl, , w, t = n,' (P, w, t) + R (P,wQo) ' t l.Q0pQ - ~ 21
SP (1) Pr2 t )

This equationa should .be - olved in the iAumtioa that t -paramweter. Here we can

have a chajge not only in form of functi, arebt the vyry surface around whiesi tb

f low Is directed may become quite defor id.

Let us discuss-the particular form of ourfaces,which are of special practical

importanee and the flow around whish can be described with the aid of equations

(1.3), (1.5). This includes these surfaces which allew to give a descriptiOR of th

stream reflected from them with the aid of the temperature aspect. It means that

the distribution of velocity values ot ptideso reflected from &W give namll

j h~i-T-6l-57/l'26



S seetioa of the surface in given for all agles by the expression of the f Orm of

coincide with the temperature of the marfac.Mn I& eepasetod with, smm~ h Aee

latio). of accoummodation.

Asnuming dfp and do' q,-two, wach face elements ,where one in visible from

the oter;'let ae se how their =tulI inuenc spreads* The particles which ar-

rive from the element dfp fall on dd ith delay rpg/,I naprnI g4t

-temperature, of particles leaving the element d ten fromn thir wmeme the fellown

ant will fall on ej.amt d during tke time interval dt a

AC~ /Sp 4./''/ 1  iCt~(.A)

Hence we obtain a generaliz~ation of qutioa (1.5) foor the neastatier eaS

I& spite of all this, this osjation am fermUated on the basis of a ertain

acheintiuatioas it in still quite sumberaimo A substantial simplification of sMOe

an be attain in the following swmew* By virtue of the presence of an expomeftial.

maltiple the time, integaI in (2.2) is priatically talten cal in the interval

0. 5rpQ i.rp

The temperature T.*which is connected with the termerature -of the afaoehangi

generally speahiug. slewlysso that we can wntei

Mkin substitution srgtuC y )'
rPQ~T

we btininsea o (22)n, (P, to, t) n,' (P, w, t) +(2.3)

'AI~Q~ PO a- oxp - 2) n,. [Q, W PQ, t- TPQ (1) us) juI SP rPQ 0

rTi-T1'-6-57/l42 7



dt Onr (Q, W PQ, t - T) (06)'2T (Ql - c frpQ) x j.,
xexp J- -))2k~ i292dod

v gkT(Qt'Cr)- J rQ

nl. (P, ci), t) n, (P, wi, t) + 5R (P, O)PQ, Cm)(mPQvpVI(.6))/[kgQ ~)J
Sp r k

JL\PQ )3 (Qp 2 )lf nr (QWQ, t -) daQ (2.2)

Tr7-



The physical idea of the approwzimt on md here is seao $the temperature of

body surfaess should not change sharply d ing the elapse of time betwea subsepteat

reflections; below equatioa (2.2) is considered in scmewhat geater detail.

Application of the temperature cone pt to the reflected streamoevon though it

appeared xyt up until am satisfactory fo the recording of the energy balance and

aantity of nation at the surface, may ap ear to be highly apprxlmate for the rose-

ding -of onstatioary flow equatiozsbeca uso these oqlations are more sensitive to

details of the distribution funotion. The published experiets oeanot be UAed as

basis for the evaluatiea# equatisa (2.2) bs to be presented im a more general form

We will very briefly describefor refereso purposes, how this should be hedled.

If the distribution of reflected particles by energy value depends upon the ap os

r' the propeorties of the reflecting surface hould be given through funetia

)i' R[P, T (P), aj, V,, ,

so that

is the probajility of the feat that 'the tiale falling with a velocity vi Vill

appear after reflection i the dvr element of the velocity spae* Consequently the

densty of collisions s#mls also be A voken down into m peememts in. v lo-

city spaes nr(P.o , vr)vr dvrder-mbe of reflected particles with a velocity

in the Ilowt dvr.l result the_ gnwalizod equation (1.5) acquires the frm-
n. (P, i), v) = n, (P, o), v) .

± i 5V2dvi OpQI R [P, T (P), COPQ, vi, ), vlnr(Q, CpQ, v) d3Q (2.4)

The oastatienary flow equatioa,corr ppoing to (2.4) is obiaimed'iniately

by changing frm intgatig by vlocii into i.tsgating by time.As ndng that'

a rPW/i.w obtain , (P, ci), v, t) ,r" (P, t, V, t) + 65 ,< o+  '
P

x R P, T(P,t), pQ, _'Q , V'nr (Q, o)pQ -, p - ) d i (2.5)

Trf-IY,61-_7/I+2.



Iquatiea (2.2),q (2.3), (2.5) were foonato. by us in, the *#~lptea that the

geiotry of the streamlined system is so otaS. It slow shangos ayeVoever, be

taken into consideration, jus as it was Loe. In (2.1).

Practically up to this momet it vas: believed that in the flow exists only one

kind of partieles. If there are several Lads or Luring refleetion. the partioes

disseeiat. or bosom ionizedsthen a s ate suitable equatio. should be writtos

for eaeh type. All these equations areT( ependeat, and form a system, Solted eve g

states of mue and the very sm partiele should sot be considered separately eino

they have a very short life span, and iaf ounee only the srgy balaago.

3o flow of berg and Aerodynamsic as, If the reflection. onerg has be

found then the recording of term for one g floVs and for the anewat of motion pe

seats ao difficulty whatsooverAt first eo find the collision density

nJ (P, to, v, t) ni*(P, W, V, t) -IL )PQ'pn,( ,OPI t- rQ

The flow of the number of movemaetfal jgon the body. i0e0the 2M foee. aetla

per unit of Its surface Is deternined by axuosion.

/(P t-m'V 3 dv fni,(P, t, v, t) -n, (-P, w, v, t)) wd w (3.2)

The stresim of energy yIelded to the boyIs otieInform

V. 8 - d \(I%-~nr)v'dv (3.3)

Part a of there ezwressioongeorrosm Ling to a10 ,for combining diffusiemal and

uIrrer reflection, can be found in the bof by Pattsrsah2] ;fCr the floweezoeuting --2

aecillations, they wwo establiaisL by N.T*iashchooko in, reperj .

If upon reflection the particles tranform into excited. state~then. the enrgW
4

eamarsd for this should, apparently, be oductod from the right part (.)

4- 4. Appendix. W. will shown, briefly h to find the probability of rofloetions

a ((4)j.A) for a surfaeewhich is not the Separating from the surfase aeq giv

IT~mT-6l-7/41



elmeoat of its structure we shouAd solve for this elemout equation (1.3) from roper

1 thaving take& PO(P) for the single flcr with -twed(. we will oba11, i thi g *o

a tor..aeternliag j ( a) a function of *Ae Thora
R!,(Caj, (0r) = N[(P)jvpO~(dp (41)

where the iategral Is takeat by the veryIm art ot the struetwral elment mhiek

is seen free directio .

For exaIple, for a surfaee with Bph ial depressions one ean use solutie j i

equation (3.5) for a sphere. For a surfac with eyliIdrical uooves (fig.2) eme ea

*in solutioa for a eylinderwhioh aequire a simple Ai form

-We shall Ike a Ie therou h ivostigat Le

of a stationary flow in the important spe Il ease whoa the law of reflectiom errop-

pond te a eobizatioa of diffuoisaal andM rr refleetioas. quation (1.5) look no

n. (P, (o) W (. 0') + (.'V ,, W) (P +.,

cO~pF C(Op.pi +( - _VP N" (P )+ n, --- .(Q, o pQ) da (4.3)

PS rPQ

where Sum is the coeffioht of proportt. culity of 'mirror refleatien (specular re

fleetion).($30 a 2 (Czovp -W. vecter, sympustrisoaiCA) iz ratio to vp; a £esipatIOma

4 xtrodued

In concrete proble,to which equatio (4.3) can be appliedthe proportiorn of

the specular reflectie ox always mall.kturally according to this it is neeI

to break deI the values figuring in aeeoIn to degees sia. We wite

nr fl () [ (P --' n ' P,0))] O~V1pr n'(P, (.)) = n"(,P, w ) 0)vp/Jt (4. t

In sore apiWumantioa we obtain instea of (4.3) sad equation

) ~N (P) =N* (P) +-A O~V0p N (Q) dc;Q (4.4) -

:, I0-TT-61-57/1+2 10
Sp rPQ '



0 ~ B
0 (4.2)

(qo) oosl,-d(PO, B2d p
0 -~0

-7- 71/z



vich. natrally, coincides, with equatit (l.3) fr.m roput),.si.o it deseribes

the flow x around an absolute Aiffticasmi reflective srfoo, Jer hatchd val

mew we obtain in fst apOximtion an wmtoat

nr' (P, (o) =ni*'(P, w') + N (P.,) - N (P) + PQ (lPQ p~Q "'Q ()d (45I S... s rp-Q fl / (Q, (°PQ) da.Q (4.5)

This equation is imdiatel.y reduced into fr of (.4).o realise feha trans

formatimkwe will mmtion'that functios

N' (P) nr' (P, co) - n*'(P, ,'):+ N (P) - N (P,) (4.6)

so longer depends upon the angles, For itis obtained an equation corresponding ez-

Set..Y with (.4....Y with! A...P.VQ 6;Q) + N(Q)-N (Q, 0pQ)] daQ(

instead of N*)P). In this wu ,the preseae of a ml fraction of specular refloe-

ties does not bring in a substantial di ficulties into the solation of pwoblisps

conewing flow around diffusion refleotive surfaces.

We will investigate simply the flow around bodies,whick besides stationary

motion execute a small zonstationary movemet. We investigate this ease with the

aid of eqation (2*3).At first we will an apre . ae ealeulatem of the time

integal fi~pingd there(00

*, V Inr(Q, CwpQ, t - pQ(t) u) u- 'exp(-2)dunrEQ, opQ, td "- npQ(t)]

".', 0

MaSice the nonstaionsary- movement is' idered suall,then the shift of tMe ar-

meat can be considered in approi nation. ustoad of (2.3) is obtained oqut$.

where !g(,) - f a mean temperature ror poit Q. The physical Idea of the ap o

ximation adopted here is as follws$ the velocity of the partless leaving df is 4
assumed to be constant, identical for all particles ad equal to the mesa velocity

at a temperature Tg (Q). With the aid of place transfers eoatiem (4.7) io rehee

to a corresponding eqtioa for the stati Wy ease.

rrj).TT-61.5/l 11



nr (P, (, t)= nr* (P, o), + 2 R (P, o ( ) x

xn Q,6Q I rpQ (4kTg (Q) )/]d,;Q (4.7)

' We will discuss a case of small -am il'lafa.Ve will do that %4h the ald of

general aquatic& (2.2). Ammiag the va3s sfiguring in this eqiatemoare troon

ted i& form i
,n (P, 0), it= (P, (0) + n, (P, 0)) e P~

Tg (P, 1) = Tg (P) +[ T g'(P) e--lpt (ZZ)
The values with primes appears to be complex here in conformity with the fact

that thller phase. generaliy speaking, ar vaxriete . Making a lieariaatima of

oquatioa (2.2) and mki as proviously Ia substitution

2PQ kTg (Q) /2 (* I
it is possible to reduce same into form

in which time figures no longer.The form )f this equation allows to make the fellr ag

important conclusioam.In view of the pros e of an exponential mltiple the late-

P al acedrdia g to u is taken actually on within limits

At given frequency,cona equently, the tual influenee is noticeable only fe

not too distant from each other parts of he surface

because otherwise the function under the ia of the Integal oscillates she.Ply.

At higher frequenieosschg that

for all existing irpq repeated reflecti generally produce nO effect. The seeillk

tion with lov frequony can be treated as a quasistatiinary movemet. Thus

n-T66457/l2 12



(16)/
n'(P. 6))=n (1', 6) + - -~ R (P, (J)pQ. 0) n,. (Q, WipQ, X

~~~~s F YQ'QQ)- -

0~ Lr(Q' WPQ)+& +)TQj x

-- -x exp [U-2+ irpQ (2mQ PU] duda Q (4.8)

n,' (P, (j) nr2 '(p, ()), P >- 1- (4kT (Q))'/2

-rpQ m

2)QV R (P, (IopQ, 4) n' Q. (o pQ,) daQ
Sp rPQ

1

p <rQ L

F127-7~7.oI67/a-



If it *ill bem possibl, to solve 4S8) for any given frequgsq thea br Vao

imposft Its solutions it is possible to loerib. say giveni amll woiat.
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