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ABSTRACT

A theoretical derivation is given for

elastic and plastic buckling of stiffened circular

cylindrical shells under external hydrostatic pres-

sure. The theory accounts for variable shell

stresses, as influenced by the circular stiffeners,

and critical buckling pressures are obtained for

simple support conditions at the shell-frame

junctures. Methods are given for the determina-'

tion of collapse pressures for both elastic and

plastic asymmetric buckling by iteration and

numerical minimization. The theory is applicable

to shells made either of strain-hardening or elastic-

perfectly plastic materials,

Using the theory developed in this

report it is shown that a variation in stiffener

size can change the buckling pressures. Test data

from high-strength steel and aluminum cylinders

are presented which show theoretical and experi-
I

mental collapse pressures to agree within approxi-

mately 6 per cent.
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INVESTIGATION ON THE INFLUENCE
OF STIFFENER SIZE ON THE BUCKLING PRESSURES

OF CIRCULAR CYLINDRICAL SHELLS

UNDER HYDROSTATIC PRESSURE

INTRODUCTION

Since the USS HOLLAND was launched in 19i1, the Navy

has been interested in the design of reinforced cylinders

for submarine structures. Various theoretical formulae have

been established for the purpose of design to calculate a

collapse pressure for a specific geometry, and experimental

models have been constructed and tested under external hydro-

static pressure to check the theories.

Collapse pressures for various modes of failure must

be determined before the naval architect can arrive at a

rational design. The collapse of a cylindrical shell stif-

fened by circular frames may occur in one of three modes

depending upon its geometry. Considering a given shell-

thickness to shell-diameter ratio, failure may occur by

I. General instability,

2. Asymmetric shell buckling, or

3. Axisymmetric shell collapse.

General instability occurs when the size of the frames



A

is critical for a given frame spacing, resulting in collapse

of the frames together with the shell. Failure may occur

along several frames or it may occur over the entire length

of a compartment. Shell buckling occurs when frame size is

sufficient to prevent general instability, but the frame

spacing is critical. In this type of shell failure a series

of asymmetrical lobes form in the shell between frames.

Axisymmetric shell collapse occurs when the frame size is

sufficient to prevent general instability and the diameter-

frame spacing ratio is sufficient to prevent shell buckling.

Failure occurs by yielding of the shell material, resulting

in an axisymmetric fold in the shell between frames.

Theoretical solutions for the elastic instability

of cylindrical shells have been derived by Mises (I) and
'I

Sanden and Tolke (2), and their solutions apply when stresses

in the shell are linear when buckling occurs. The problem

of plastic collapse has been recently treated by Reynolds (3)

for the asymmetric mode of failure and by Lunchick (4 and 5)

for the axisymmetric mode. In their solutions the nonlinear

effect of the stress-strain curve in the elastic-plastic

region is considered.

A subject of current interest to the naval architect

is that of the effect of the size of the reinforcing Circular

frames on the asymmetric shell buckling of cylindrical shells

under external hydrostatic pressure. This problem becomes

important in the desIgn of submarines, since it is advantageous

2



-tv tve the strucotural material In the shell'and frs~e so
distributed that it gives awmaximum collapse pressure for a

minimum-weight.

In this report a theoretical analysis of the asymmet-

rio shell-buokling mode of a circular framed cylindrical shell

loaded under external uniform lateral and axial pressure is

presented. Gerard's (6) equations of equilibrium for plastic

buckling are solved using realistic expressions for stresses

in the shell determined by the Salerno-Pulos (7) theory, which

accounts for the effect of circular frames. Since the

stresses at the shell-frame Junctures are in the elastic-

plastic range prior to plastic collapse, simple support is

assumed at the shell-frame Junctures. A series of curves show-

ing the theoretical effect of frame size for specific geometries

of interest to the naval architect is also presented.

The analysis presented in this paper is an extension

of Reynolds' (3) solution. It differs from Reynolds' (3)

work in that the plasticity coefficients in Gerard's (6) equa-

tions of equilibrium are expressed in terms of variable shell

stresses determined by Salerno and Pulos (7). The feature

of variable shell stresses becomes important in this problem,

as a change in frame size will produce a change in shell

stresses.

Many present structures are being constructed from

SmatoE1ials such as high-strength steel and aluminum, which

1w



eILzIt anonline"a type Btress-strain. ourve in the elastie-

plastic region. Therefore, this analysis is outlined for

strain-hardentng materialSo Experimental result s are shown

for oomparison with. the theory.

44
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CHAPTER I

THEORY OF BUCKLINO

Various investigators have considered.the. critical

buckling pressure of a circular framed reinforced cylinder

loaded under external uniform pressure. Mises (1) considered

the case of a cylindrical shell between two bulkheads without

intermediate stiffening rings, for which he derived an elas-

tic analysis assuming the prebuckling stresses (stresses pre-

ceding bifurcation of equilibrium) to be .= and s = -"
I,

Later Sanden and Tolke (2) considered the effect of the stif-

fening rings and derived an elastic analysis for hydrostatic

loading. Reynolds' (3) analysis considered both elastic and

plastic buckling for the case with stiffening rings. In

Reynolds' (3) solution the stresses B and R were used to

calculate Gerard's (6) plasticity coefficients. Reynolds (3)

then used stresses, as shown by Sanden and Gunther (8), to

define prebuckling stresses in the equations of equilibrium.

Plastic-Buckling Theory

In the case of circular cylindrical shells loaded under

external lateral and axial uniform preseure (external hydro-

static pressure) the two principal axes are parallel and per-

I p pendicular to the longitudinal axis of the cylinder (see

Figure 1).

S5R



See Detail-

Figure I Coordinate Systemn for' Sltriffne
CyllmdrLoal Shell
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Therefore, the shear stress is given by

Using membrane stress theory, which considers only.stresses

on the middle surface of the shell (neglecting bending), the

longitudinal membrane stress can be determined from the equa-

* tion of equilibrium in the longitudinal directiont

= [2]

where Nx is the longitudinal force per unit length in the

longitudinal direction.

The circumferential membrane stress can be obtained

by the analysis of Salerno and Pulos (7) who express the

stress as follows:

4. [3]

where

In the theory of buckling, a certain stress condition

at a point in the shell is assumed to reach a limiting value

at the onset of collapse. The circumferential stress varies

with x and the stress condition is assumed to be most criti-

cal at midbay; therefore, the stress is taken at the midbay,

midplane fiber location. The function, 0, which determines

the axisymmetric stress at this location of a circular

framed cylindrical shell loaded under external hydrostatic

7



pressure is given by the theory of Salerno. and Pulos (7) and

expressed by Krenzke-and7 Short (9) as follows:

41 - 1 [4J

where a, is the ratio of frame area to shell area and is

expressed as

and • is the ratio of faying width of the stiffener to bay

length and is expressed as

and

A is the effective area of the frame obtained by
multiplying the true area of the frame by
R/RF for internally framed cylinders and

(R/RF) 2 for externally framed cylinders,

h is the shell thickness,

Li is the center to center frame spacing,

b is the effective faying width of the stiffener
in contact with the shell,

L is the clear span frame spacing, L - b,

R is the radius to the midplane surface of the shell,

RF is the radius to the c.g. of the frame,

v is Poisson's ratio,

E is Young's modulus, and

p is external uniform pressure.

8



The. fuaotionh V anj F2 are defined as followse

CO-S/ S,/,, •+ -+$I' ,H CSI t% 6

_____, __,._Nq 9_._ CO$/?a.G uv qh6

in which 0 is the shell flexibility parameter and is

expressed as .

and

[4,e]

where 71 is a measure of the beam-column effect and is

expressed as

Y' ";•E '•')J3'(- ,•) .[4f] ,

When y, = 0 (no beam-column effect), the above expressions

for the Salerno-Pulos (7) stress at the midbay, midplane

location reduce to the Sanden-Gfnther (8) theory.

9



ii
Vr -simplifioation, curves a'. ahown in Appendix A ftr-the

evaluation of the functions, P, and Pm. It has been shown

by Krenzke and Short (9) that stresses computed using .these

-curves are within 0.2 per cent of those computed by precise

calculations.

In this analysis, the plasticity coefficients are

expressed in terms of 6 and s and the assumption of Reynolds

(3) that 6 =26 is not made. Utilizing Gerard's (6) plas-

ticity coefficients and general differential equations of

equilibrium for the plastic region (see Appendix B) and using

Equation i, one will find that the coefficients involving the

shear stress vanish; i.e.

C13 - C31 - Ca 3 Csa 0 [5

Therefore, the equilibrium equations can be written as

(n 0

JV __2._A_

.05 (6]

10
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-A- cc + A, E6] oonttd

'It is obvious that an exact solution to Equations6 is not

readily obtained and an approximate solution must be sought.

If simple support conditions are assumed at the shell-

frame junctures, the boundary conditions which must be satis-

fied are
Wi I[]w = W 0 17]

and

a [8]

Simple support implies that the frames offer no restraint to

longitudinal bending in the shell at the shell-frame junctures.

This assumption at the boundary may be justified by concluding

that, when plastic behavior begins in the shell at the shell-

frame junctures, the frames produce little restraint against

rotation of the shell. The general solution of Equations 6

satisfying the boundary conditions, Equations 7 and 8, can be

expressed as



F 1 .. A. S/N *4 C. A.x

V B. CCUs j -S A x
[9)

W: C. S•,iks SN AX,

where the mode shape coefficients, k and 7, are expressed as

k = n/R and X = mrT/L,

in which m and n are numbers of half-waves of the buckling

configuration in the longitudinal and circumferential direc-

tions, respectively. The quantities u, v, and w in Equations

9 represent small displacements in the x, y, and z directions,

respectively (see Figure 1). Substituting these displace-

ments into Equations6, we obtain three linear equations:

A dida d.=o

2 - o 012"

12



-ftmations 10 express thel displaoements u, v, and; w,, and heir

derivatives, in terms of the arbitrary mode shape parameters,

Ao,.-Be, :nd-Co. -The stability¥oriterion assumes the shell

will buckle when the displacements increa~e beypnd limit. To

satisfy this criterion, the determinant oi the coefficients

of Ac,-Bo, and Co must be set equal to zero. Equating this

determinant to zero, we Obtain the characteristic equationi

aA kj

i • .• '+--• . (:-+ ) Eli]

o where

143



• Euation ii implicitly expresses the pressure as a function

of 5x#' dss N x and Ns. .'Noting that

A/x :[12]l

and

N/s = .13J

we can put Equation $i in the form-p =f (d 6().

Nadal (10) and Hoffman and Sachs (ii) show..that an

effective stress, d., and an effective strain i, ecan be

determined by the octahedral shear-stress theory:

and

a

If we utilize the ratio of the circumferential and longitu-

dinal, stresses, we obtain

",•= * " = 2 . ±16)

For principal stresses and strains T = 0 0, and Equation

14 with the use of Equation 16 can be writt en in the following

three forms:

14
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~ "',

'From Appendix B the effective stress parameter is expressed

as

where the tangent and secant moduli are

[±9]

and

6d1 [20]

respectively.

The values i and e in Equations 14, 15, 19, and 20 are

acsumed to be the same as those in a untaxtal compression

test, and therefore, Ht and'E. can be obtained directly from

a stress-strain curve of the material.

15



-EQuations ±7and 18 oan be written as

i • - C;AA,•

S[121]
O 0 4 M2±I

and 46d

where the coefficient, C, is

C , [21a]

and the moduli parameter, M, is

M [21b]

Substituting Equations 21 into the characteristic-value equa-

tion, Equation Ui, the plastic-buckling pressure, p., can be

expressed after simplification as

q (cm) X,+ C(CM) XJ ÷ ] "

-(*j){(#) a M --

where

16



A& 2 A(A"- A) 2A)1As

"A, = 8 Ak a')1)3
A, - *1 ,' •,'(2J ,,"

Since 0 is a function of the pressure (see Equation 3),

Equation 22 represents a transcendental equation for the

pressure, p . The plastic-buckling pressure, pp., in Equation

22 defines a range of collapse pressures for diffeEent values

of 6i beyond the elastic limit. The flexural rigidity of the

shell, D, in Equation 22 is given by

S_[241

where Poisson's ratio, v, in the elastic-plastic region is

shown by Gerard and Wildhorn (12) to be

V- Ve). [25

17



S: ";lthoghthe equi~librium~equations were deri.ved for-a PLon.-

"".24 to account fro -the-faot that Poisson' s-ratio increases from

its-value V e. in the elastic region to..an, upper limit of 1/2

for an isotropic, incompressible material. PoIssonse-ratio

in the elastic region is.usually. assumed to.be.0.3 forimost

structural materials. •For a check, a rigorous comparison

shows that Equation 22 with 0 - I reduces identically to
Reynolds' [(3). p.4] solution for 6 s = 1/2.

Equation 14 can also be used to determine the rela-

tionship between the prebuckling stress condition in the shell

and the applied pressure. Solving Equation 14 for p, one

obtains:

I;..

Since 0 is a function of the applied pressure (see Equation

3), Equation 26 represents a transcendental equation for the

pressure, ps.

Buckling of a cylindrical shell in the asymmetric

mode is assumed to occur when the applied pressure, ps, equals

Sthe plastic-buckling pressure, p.. Therefore, the plastic-

collapse pressuwe, p., which uniquely defines the plastic-

buckling pressure of the shell, is obtained by the simultan-

eous solution of Equations 22 and 26. As an analytical solution

L 18I|
I



to .these equations would be quite tedious, if not impossible,

a graphioal solution is recoimnded. Squation 22 oan .be

plotted in the form pp versus d. and Equation 26 in the form

P. versus d. The intersection of these 'two curves :then

-defines the. collapse pressure, p.,

Method for Computing Plastic-Collapse Pressure

i. ,Assume a value for n and compute k and A, by Equation

9. The value of m which will yield a minimum Pc is

unity.

2. Calculate coefficients A,, A2, A3 , A4 , As, As, A7,

As, and As by Equations 23.

3. Compute E, and Et and Es by Equations 19 and 20 for

stresses, di, beyond the elastic limit.

4. Assume a value for pp at a specific 0i and compute

0 by Equation 4.

5. Compute pI by Equation 22.

6. Repeat Steps 4 and 5 until the assumed value of p

in Step 4 is sufficiently close to the computed

value of Step 5.

7. Repeat Steps 1, 2, 4, 5, and 6 varying n at one point

on the stress-strain curve to determine the value of

n which will yield a minimum p

8. With the value of n thus obtained, repeat Steps 4, 5,

and 6 for various values of 6i between the elastic

limit and yield point.

19



9. Plot p-versus d1 in the p - 6. plane.

$0. Assume a value for ps at a specific di and compute

0 by Equation 4.

±1. Compute ps5 by Equation 26.

12. Iterate Steps:1O and ii until the computed p5 equals

the assumed p5.

13. Repeat Steps 10, ii, and 12 for various values of

di beyond the elastic limit.

14. Plot ps versus d in the p - 0i plane.

15. The intersection of the'two curves of Steps 9 and

14 gives the collapse pressure, pc'

The above procedure, outlined for a strain-hardening

material, is greatly simplified for an elastic-perfectly

plastic material. As the value of di for an elastic-perfectly

plastic material is never greater than dy, a curve of 0i

versus e is a horizontal line in the plastic region, and a

plot of pp versus d1 in Step 9 is the vertical line 6i = dye

Elastic-Buckling Theory

When the geometry of the shell structure is such that

elastic buckling can occur, the intersection of pp versus o

and p. versus (5 occurs for a value of di less than de, the

elastic limit of the material. In this case one sees that

Et/EB = i and Equation 22 reduces to Reynolds' solution

[(3), P. 5] for the elastic-buckling pressure, Pe' which can

20



be written as followsZ

'e 5  [~[27]
Pee

A plot of pe versus 0. Is the horizontal line p -p e in-the

p ,-di plane and, therefore, the critical buckling pressure

may.be obtained directly from Equation 27. Equation 27 is

also a transcendental equation, and the elastic-collapse

pressure,, p, must be determined by iteration.

Theoretical Results

Calculations have been carried out for a series of

geometries in the plastic-buckling range to show the effect

of frame size on the shell-buckling pressure, p0, according

to the developed theory. A strain-hardening steel with a
yield strength of 88,000 psi is used for demonstration pur-

poses, and the results are presented in graphical form in

Figure 2. As shown in the graph, the flexibility parameter,

e, has a limiting value of 4.0, for which an increase of the

relative frame size will not produce any increase in collapse

pressure. Thus, at this limit the ratio of frame area to

shell area need only be sufficient to prevent frame failure

together with shell failure. As 9 is a function of h and R

and is directly proportional to the bay length, L, it is seen

that for a constant h and R, e is totally dependent onL. For

21



04".i fsO rame spacing is an importan~t aspet on the eff~dt

of frame size. The collapse-pressures represented in Figure

2 are .for an aseyetric collapse, and thus, for small valueos

of the ratio of frame area to shell area (close to zero) the

theory no longer applies, since collapse by general instabil-

ity would occur.

22
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'CHAPTER II

EXPERIMENTAL INVESTIGATION

Description of Models

To-determine experimentally what effect the circular

frames have on a cylindrical shell loaded under external hydro-

static pressure, four models were fabricated and tested in a

pressure tank. As pioneering work is currently being con-

ducted in the use of aluminum for oceanographic research vehi-

cles, a high-strength aluminum alloy was chosen. The four

models were constructed of 7075-T6 extruded aluminum 5 1/2-

in. diameter round bar stock. Machined structural models

were favored as opposed to welded models to eliminate the

effects of initial deflections and residual stresses which

occur in a welded model. Lunchick and Short (13) and Krenzke

(14) have shown that, in welded models, the heating and cool-

ing process occurring when the webs of the frames are welded

to the shell causes an initial inward frame deflection for an

externally-framed cylinder. On the other hand, an initial

outward frame deflection occurs for an internally-framed

cylinder. These initial deflections cause residual stresses

and beam-column effects which can affect collapse pressures.

Each model had the same shell thickness, radius, and

typical bay lengths, and only the cross-sectional area of the

frames varied. Figure 3 illustrates the various geometries

24
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k tehe- odels. As. Is noted, the two end frames of .-eachmodel

-~ ti~de ~?1'irk c s sct imil &i*. than the t~w

týi-1 f.am at mideptn, and-the .lengths of the end biays ae

slightly changed from that of the three typical bay lengths.

1!Wne changes are necessary to reduce discontinuity. strqsse$±,(i5)

caused by the very rigid closure bulkheads. These end-bay

arrangements were designed by the "Optimum End: Bay' Design" of

Short and Bart (16) and, in effect, this design produces a

stressmdistribution in the three center typical bays, which

would be the same as that for a circular framed cylinder of

infinite length and under external hydrostatic pressure.

Model I had a frame area equal to 30 per cent of the

shell area. The frame area of' Model 2 was 40 per cent of that

in the shell. Model 3 had a frame area 70 per cent of the

shell, and Model 4, 100 per cent of the shell area. Frame

size was varied in the size of the flange and depth of the web.

The shape of the frames on all four models was that of a T-

section, and the faying width of the webs was held constant in

order to hold the bay lengths the same. Dimensions of the

frames for each model are noted in tabular form in Figure 3.

Critical dimensions of each model were machined to a

tolerance of .0005 in., and were measured after fabrication

to check tolerances.

Instrumentation

Models I and 3 were instrumented with 38 foil-type

electrical resistance strain gages. Fifteen gages were placed

26



on.th Inside shell surface of the .oenter bay.at midbay in the
L ..... ... _•-_e•ntlel d.Lrection,, equally saced a=-ud• a -d. -

-• ••ratr.- Fifteen additional gages were placed on the out--

side ahell surface directly opposite the inside circumferential

midbay gages. Four gages were placed on the inside.-surface

directly beneath the centerline of the typical frames in the

circumferential direction, and four gages wpre placed perpen-

dioular to these for strain measurements in the longitudinal

direction.

Models 2 and 4 were instrumented with 34 strain gages.

The gages were oriented as in Models i and 3, except for the

four longitudinal gages utilized on Models I and 3 but omitted

on Models 2 and 4.

Test Procedure

The tests were conducted in the following order:

i. Model 2

2. Model 4

3. Model 3
4. Model I

Each model was tested in a pressure tank under external hydro-

static pressure. The ends of the models were closed by a

closure bulkhead and each end was sealed by means of an "0"

ring. Each model was placed in the pressure tank and a pipe-

line was connected between the head of the tank and one clo-

sure bulkhead, venting the interior of the model to atmos-

pheric pressure. Oil was then poured into the interior of the

model to absorb energy expected to be released at the moment

27



or collapse. The tank head was then sealed, and.the model was-

.-P~ rQZ tRntiA Figure. 4 illu-strates, the t~est setuip#

Two pt'esgure runs were made on eadh. modbl.- Oi the!

first run, strains were recorded at. various pressure .jnre-

ments. and, when plastic action was observed, the.press ue wa&s

dropped to zero, Strains were then recorded at zero pressure

to determine if any permanent set had occurred. During the

-second run, strains were also recorded at various pressure

increments, but the model was tested to collapse. Table I

shows the loading schedule and pressure increments at which

strains were recorded.

. Pressures were applied by means of a hand-operated

hydraulic pump and were recorded with a Bourdon-Tube pressure

gage. Strains were measured by means of Baldwin Strain

Indicators.

Stress-Strain Properties

To apply the plastic-buckling theory, the stress-

strain curves of the material had to be accurately determined.

Sixteen test specimens were removed from the cylindrical

7075-T6 bar stock. At each end of the bar stock, four speci-

mens were taken in the longitudinal direction and four in the

circumferential direction, each at 90-deg. intervals. Each

specimen was taken at a 2-in. radius to coincide with the

location of the shell of the models. Each specimen was

machined into a solid cylinder I/2 in. in diameter and 2 in.

long. Before testing, the diameter of each specimen was
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LOADING 'MEE=ttL

,Pressure, in psi, At Whioh Strains We.re Reeorde4

S Model I Model 2 Model 3 ____M el 4 4

Run i Run 2 Run i Run 2 Runi.. Run,2 Run.i Rfn 2

0 0 0 0 0 0 0 0

0oo 250 50 250 200 500 100 500

.200 500 o00 500 400 750 200 750

300 750 200 750 600 900 300 900

400 9g0 300 o000 700 o000 400 1000

500 ioo0 400 100 800 i±00 500 i±00

600 0loo 500 1200 900 1200 600 1200

700 1200 600 1255 1000# 1300 700 1300

800 1250 700 1300 0 1350 800 1350

900# 1 3 0 0 a 800 1355 40O0 900 1390'

1000 0 900 1375 1420c 1000# 0

0 1O000 1 4 0 0 b 0 1I00

1100 0 1200

1200 0

0 .

# Inelastic action was first observed.

a Failure by general instability occurred before strains
could be read.

b Failure by shell buckling occurred before strains
could be read.

c Failure by shell yielding occurred before strains
could be read.
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In. od-Pmression by a 30,000-lb. testing machine to determine

the oharacterlstio load-strain curves. T.oad-stratn. ourves

-were obtained on fourteen specimens by means of an automatic

recording extensometer, and two circumferential specimens,

one from each end of the bar stock, were tested with'a

Tuckerman strain gage. Elastic limits, together with an

assumed yield strength at the 0.2-percent offset of the

stress-strain curve, were computed for all sixteen specimens.

The elastic, tangent, and secant moduli were computed from

results of the Tuckerman tests. Figure 5 illustrates in

detail the properties of the 7075-T6 aluminum.
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TEST RESULTS

-Model 1, which .had a cross-sectional frame area 30

per cent of the shell area, collapsed at a pressure of 1300

psi by plastic general instability. The frames were not of

siTicient size to prevent frame failure,. and both frames and

shell failed simultaneously over the entire length of the

model in a single "deep dish" lobe. Width of the lobe was

approximately one-eighth of the circumference of the model.

Tearing of the shell from the end rings and frames occurred

throumhout the lobe, and the two center frames buckled inward

(see Figure 6). Tearing of the model was a secondary effect,

and occurred after collapse because of the brittleness of

aluminum.

Model 2, which had a cross-sectional frame area 40

per cent of the shell area, collapsed at 14oo psi by plastic

asymmetric buckling. Failure occurred in all three typical

bays by a series of nonsymmetrical lobes accompanied by lat-

eral twisting of the frames. The length of the lobes was

approximateiy one-tenth of the circumference of the model.

In several places tearing occurred at the shell-frame

Junctures, but this was not as pronounced as in Model i. It

was observed in smas where tearing did occur, however, that

several lobes ran together, giving the appearance of a longer

than normal lobe (see Figure 7).
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S*.:*voent of the. shell area, collapsed at ±420 psl -by-, axigu,-

metric shell yielding. Failure occurred in the first typioal

bay from the end ring along a 180-deg. generator around :the

circumference. Tearing occurred' at the two frame-shell Juno-

tures and at midbay (see Figure 8).

Model 4, which had a cross-sectional frame-area i00

per cent of the shell area, collapsed at 1390 psi by axisym-

metric shell yielding similar to Model 3; however, the area of

collapse was more pronounced in Model 4. The length of the

failure in Model 4 extended over approximately 200 degrees.

Failure occurred in the first typical bay from the end ring

* and tearing of the shell at the hinge locations occurred as

in Model 3 (see Figure 9).

A graphical representation of the collapse pressures

is shown in Figure 10, together with various corresponding

theoretical formulae. The Hencky-Mises (17) yield criterion

at outside midbay assumes that failure occurs when the effec-

tive stress, id, on an outside fiber at midbay reaches the

yield strength of the material. An extension of this theory

is that of Kempner and Salerno (18), in which failure is

assumed to occur when the stresses inside at the frame~followed

by stresses at outside midbay, reach the yield strength.

-Lunchick's (4) plastic-hinge theory for axisymmetric collapse

is for an elastic-perfectly plastic material and allows for an

amount of plastic reserve strength before failure occurs.
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piAstio region. Slight permanent set occurred aiter tho, fI- t

Tessure, runj, and much more was observed after the-oaei fllued,

Sitrain sensitivities for Models i, 2, 3,- and: 4 meamwed during

tests are-shown in Figure iU, together with the "o'respondins

_theoretioal strain sensitivities as determined :by, the Saler'no-

,'Pulos (7) theory. Strain levels decreased in the circumfer-

-ential direction both inside and outside in all four models

for an increase of per cent area-of frame. However, strain

levels increased in the longitudinal direction on the inside

surface at the frame for an increase of per cent area of frame.
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Fig a OusdeVe

MOE

Fi'g. 6b Intside View

P~igure 6 - Model 1 After Collapse
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Figs 7& outside View

SMODEL 2.

INCHES

Ib qI

P1ig '7b Inside View

Figure 7 - Model 2 After Collapse
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Fig* 8s Outside View

IINCHES

Fig, 8b outside View

Pig. 8b Inside View

Pigurs 8 - Model 3 After Collapse
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II MODEL 4

INCHES

• ~INCHES

Fig. 9b Inside View

Figure 9 - model 4 After Collapse

39



K -- ~1600 -

Lunabif F •t LQ-

1600.

,Henokr-Mises at Kempner-
outsi~de Md~bay (17) Salerno (18)

p1000-1 - 1 .
Type of Applioable

Model Symbol Failure Theory

Plastiic"" 1 •General lions

* Instability
klast tO(a

sy600 2 •eAsieoti o Buckle

.Axymmetri(
400 3 Yield.-Type (b)Collapse

•.Ls•,et~lo(b)
4 Y) ¥el-Type

200 collapse

(a) Theoretical Buokle Equations
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Figure 10 - Effect of Frame Size on Collapse Pressures
of Aluminum Oylinder•
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E Cxperimental Inside

Idepan (_ir____otia_
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-Figure 11 - Effeot of Yrame Size on Axisymietric

Strains of Aluminum Cylinders
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CHAPTER IV

DIS1USSION

Discussion of EPerimentl Redults

The experimental results showed that, an appreciable

increase in collapse pressure occurred from the 30-percent

frame area case to the 40-percent frame ar'4a case. This kind

of behavior can be explained. At the 30-percent frame area

a general instability failure occurred. At the 40-percent

frame area buckling of the shell occurred between frames. Only

a small increase in collapse pressure occurred between 40-

percent and 70-percent frame size. At 70-percent frame size

an axisymmetric yield-type failure occurred instead of asym-

metric buckling. Strains at the frame indicated that longitu-

dinal stresses grow with an increase of per cent frame size

(see Figure ii) which could cause premature yielding. A sub-

sequent increase to 100-percent frame size caused collapse at

a lower pressure than that of the 40-percent frame size. For

an increase in per cent frame size, the relative decrease in

circumferential strains at a frame was greater than the decrease

in circumferential strains at midbay. This bhows that large

frames lower frame deflections, but increase bending of the

shell at the frames, thus causing relatively higher longitudinal
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stresses in the shell at the frame locations. Therefore, in

"the case of the. ±00-percent frame size, the bending stresses

in the shell at the frames could have. adversely affeotedithe

collapse pressure.

Cqmparison of Theory with Lx.eriment

For the models tested, the asymmetric theory predicts

an increase in shell-buckling pressure for an increase in frame

size. As only Model 2 failed in this mode, it is difficult to

make a positive conclusion concerning the actual trend. How-

ever, it would seem reasonable to assume, from the much lower

collapse pressure of Model i and the higher pressure of Model

3, that the experimental buckling pressures also increase with

an increase of frame size to a point where axisymmetric col-

lapse occurs. This increase in buckling pressure for an increase

of frame size agrees with Equations 22 and 26, p.0 , as shown in

Figure 10. Using Equations 22 and 26, p,, and Lunchick's (4)

plastic-hinge theory for axisymmetric collapse, the transition

between asymmetric and axisymmetric collapse occurs for a

frame area 62per cent of the shell area, which case is between

Models 2 and 3.

The solution of Equations 22 and 26 of this report,

Reynolds' (3) theory, and Lunchick's (4) plastic-hinge theory

all predict collapse pressures un the unconservative side of

the experimental values. Reynolds (3) does not completely

account for actual prebuckling stresses in the shell as influ-

enced by the frames, and the plastic-hingetheory is not strictly

applicable to a strain-hardening material.
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When the Henoky-Mises (17) yield criterion is utilized

at outside midbay, theoretical collapse pressures are on the

"conservative side of the experimental values. The theory of

Kempner and'Salerno (18) shows collapse pressures slightly lower

than. those given bythe theory of Hencky and'Mises (±7). The

theory of Kempner and Salerno. (±8) predicts collapse to occur

when .the effective stresses in the shell on the inside surface

at the frame, followed by stresses at outside midbayreach the

yield strength of the material.

The experimental results for aluminum indicate that

failure occurs at a point somewhere between the membrane and

outer-fiber stress criteria. This should only apply to the

aluminum used in these tests, and possibly for other structural

materials with the same properties as 7075-T6 aluminum.

The over-all effect of frame size between frames with

an area 40 per cent and iO0 per cent of the shell area is

shown by Lunchick's (4) plastic-hinge theory, which indicates

only a slight change in collapse pressure with an increase in

frame area. Once axisymmetric yielding occurs, it appears

evident that any positive effect of an increase in frame size

in increasing collapse pressures is offset by higher bending

stresses created both at the frame location and at midbay.

As the test data presented in this report is insuffici-

ent for an adequate comparison with the theoretical concepts

presented in Chapter I, other experimental data are studied.

Reynolds (3), in his comprehensive study of plastic buckling,
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realso rerted the test results- of seven steel models,, five

of wel4ed oonstruction and two machined. Results of these

-tests are compared with theoretical formulae in Table.2.

Equations 22 and 26, pc. are within an average of 1.9 per cent

on the conservative side of test results, the~maximum devia-

tion being 3.5 per oent"Por welded steel construction; average

deviation for machined steel construction is 4.9 per cent on

the conservative side, the maximum being 6.0 per cent. Model

2 of machined aluminum construction shows a theoretical value

6.1 per cent on the unconservative side of experiment.

Table 2 also shows a comparison between the analysis

presented in this report and Reynolds$ (3) theoretical results.

For the eight geometries considered, Equations 22 and 26, pop

and Equation 27, PL, for the plastic- and elastic-buckling

pressures, respectively, are approximately 3 per cent on the

conservative sIde of Reynolds# (3) comparable solutions.

Figure 12 gives a graphical representation of theoretical ver-

sus experimental collapse pressures for the steel cylinders

shown in Table 2. Equations 22 and 26, pc, and Reynolds' (3)

plastic equations are shown to agree within approximately 6

per cent of the experiments. The elastic equations, Equation

27, Pe' . Mises (i), Sanden and Tolke (2), and Reynolds (3),

predict collapse pressures whiih Are unconservative when com-

pared with the experimental results. This can be expected,

since all the test models collapsed plastically.
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The property parameter, defined as

0- IF 28]
y

-is shown superimposed on the graphs inFigure 12. When h/R

Iis relatively high-and 0 /E is relatively small, a high value

of' t is obtained. This is the case for Model U-i2, in which

h/R is 0-.0193 and d/is 2.27X1083 for 0.4+88 frame'area to shell

area ratio (see Table 2). Also, for small values of h/H and

large 6 /E a low e is obtained, as shown for Models T-2A and
y

T-3. The trend of the e curve in Figure 12 agrees favorably
with the trend of the elastic-buckling equations. This should

F ~be expected, as for Model U-12 the large h/h~Increases the

theoretical elastic-buckling pressure, and the small 6 y/B

[ lowers the experimental collapse pressure. Thus, for this

case, a high ratio of theoretical collapse to experimental

collapse is obtained. Conversely, for Models T-2A and T-3

the small h/H and large 6 /E produce more conservative values
y

Por the ratio of theoretical collapse to experimental col-

lapse. The trend of the plastic-buckling equations is inverted

from the j curve. This is explained by noting that Equation

22, which defines the plastic-buckling pressure, is a function

of the effective stress, 0., in the elastic-plaBtic region.

F'or relatively amali valut;- uf 6 /E the effective stresses are

also relatively small, and the intersection of Equations 22

and 26 occurs at a relatively lower pressure.
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I TAMZ .

I COMPARISON OF THEORETICAL AND EXPU IMNTAL COLLAPSE PRIMUR8

INdl1hme P- 2 - 3 -60P-20Tm7NU - - 9- --.

Relative Frame Size** 0.952 0.694 0.609 0.418 0.289 0.CA 0.576 0.400

0 /E x i0e 2.93 3.60 3.83 3.43 2.80 2.27 2.35 6.8,

Sh/R X 102 6.7 .691 0.9531 o.653 10.979 1.O93 0 ,87.1 !.SR5

Shape of Frame Tee Rectangular Tee
Material T - Steel Mild Steel 17075-T6

Construction Welded Machined

SExp. Collapse Press. 67o 553 1005 680 770 975 735 1400
Eqs. 22 & 662 58 980 691 743 917 707 1485

26, ;r
Inelastic T / E*0* . 0.991 0.975 1.016 0.965 4.•0 O.62 1 .06

Reynolds(3) 696 563 1016 705 748 938 734 1502

T /E 1.039 1.011 1.037 0.971 .962 0.999 1.073

Eq. 27, 878 603 1210 755 978 1895 988 1943

T 11 1.310 1.090 1.204 1.1o 1.270 1.944 1.344 1.388
Reynolds 906 626 1259 756 1010 1907 1002 1976(3

Elastic T / E 1.352 1.132 1.253 1.112 1.3±2 1.956 1.362 1.411
Buckling g anden- 930 631 1258 773 1032 2014 1054 1977

T Ike (2)
i.Li....... .~i 1,141 1.5 1113 i.340 .066 U.434 1.412

Mlses (1) 786 585 118o 705 995 786 963 1815

I T / E 1.173 1.058 1.174 1.037 1.292 .832 1.310 1.296

* Data taken from reference 3
"** Relative Frame Size is Frame Area/Shell Area

Theoretical Collapse/Experimental Collapse
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0.8 T/E for Plastic-Buck~ling Equations
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Figure 12 -Graphical Comparison of Th~eoretical vs
Experimental Collapse Pressures

F f or Steel Cylinders
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The follvwing conclusions oan .be made for stiffened

"cylindrical shells loaded under external hydxostaticpressurez

I. The theory presented by~the author for asymmetric

buckling adequately predicts collapse pressures

for shell geometries constructed from

a. high-strength steel (Reynolds& (3)

experimental data) and

b. high-strength aluminum,

when the observed collapse is in the asymmetric

mode.

2. For a cylinder made of 7075-T6 aluminum and having

a shell flexibility parameter of 2.5, an increase

in relative frame size leads to

a. a change in the observed mode of failure

between 30-percent and 40-percent frame

size from plastic general instability to

plastic asymmetric buckling,

b. a change in the observed mode of failure

between 40-percent and 70-percent frame

size from plastic buckling to an axisym-

metric yield-type collapse,

c. a change in the predicted mode of failure

from asymmetric buckling to axisymmetric
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yielding -at 62-percent frawr size

(4) plastic hinge and" Equations 2.2 and 26,
p ),

d. an increase in the theoretical asymmetric

buckling pressures between 30-percent and

70-percent frame size,

e. an increase in the experimental and theo-

retical longitudinal bending strains at the

frame locations, and

f. a decrease in the experimental and theo-

retical circumferential strains at the

midbay and frame locations.

3. A decrease in the shell flexibility parameter,, ,

leads to

a. an increase in the plastic asymmetric

buckling pressures, pc, for a specified

per cent frame size and

b. a higher rate of increase in the plastic

buckling pressures for an increase in per-

cent frame size.
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NOTATION

A Ar ffective-area of frame cross section, sq. in.

A1  Coefficients for plastic-buckling equation, in.75

b Paying width-of frame, in.

Cii Gerard's plasticity coefficients, dimensionless

D Bending rigidity of shell, Esh8/12(i -_V), lb.-in.

E Young's modulus, psi

Es Secant modulus, psi

Et tangent modulus, psi

h Shell thickness, in.

k Mode shape coefficient, n/R, in.-'

Lr Center to center spacing of frames, in.

L Unsupported length of cylinder, L. - b, in.

M Moduli parameter, I - Et/Es, dimensionless

m, n Numbers of half-waves of the buckling configura-
tion in axial and circumferential directions,
respectively, dimensionless

Nx, Nap NxB Forces per unit length, lbs. per in.

p Pressure, psi

P Elastic buckling pressure, psi

p_ Plastic buckling pressure, Equation 22, psi
F

PC Plastic collapse pressure, Equations 22 and 26, psi

R Radius of cylinder to midplane of shell, in.

RF Radius of cylinder to c.g. of frame, in.
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u, .v, w Shell displa~ements, in.

x, y, z Coordina&es,-dimensionless

a Effective stress parameter, 3/6•(i - Et/E5 ), psi-

y± Measure of beam-column effect, p/2E(R/h)g 41 -V7,
dimensionless

Property parameter, hR dimensionless
y

y Shear strain, radians

ex' 6 Membrane strains, in. per in.

•i Effective strain, in, per in.

e Shell flexibility parameter, 13(1 - v2 )]'/ 4 L/.4&X ,

dimensionless

A~ Mode shape coefficient, mY/L, in.-'

v Poisson's ratio, dimensionless

V Elastic value of Poisson's ratio, dimensionless
e

6' 6d Membrane stresses, psi

6i Effective stress, psi

de Elastic limit stress, psi

C5 Yield stress, psi
y
0 Stress function, dimensionless

T Shear stress, psi
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APPENDIX A

For simplification, the.terms PF and?, in the Salemne-

Pulos-axisymetric stress distribution expressions are shown

in Pigures 13 and 14 where

Fa GOH'G
F,-os# CoG ,,v ,0 Co",

Co-wip, a ,Sly ,0 . _ CO-S,• 0 ,.,Ov!?!,

[Ai]

C -Se SI*69S+ 9

in which

and
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APPWNDIX B

"Gerard (6),. in his derivation of the plaatic-buckling

equilibrium equations,.assumes that when buckling occurs the

displacements u, v, and w increase slightly from that of the

displaced .equilibrium position just before buckling. These

changes in displacements cause incremental changes in the forces

and moments, designated by primes, ('), and are defined as

follows t

Wit" .8 (C#, 6, C.-j d, a C,. -6,

NJ x B g 6,L 4-CZi -4C 6,

AS I- V (c,..S - iC, I e- -• C A4)

--D(C, Z,- xa - O- C 3 x) XBI]

Mi :-jO(C2,aXa*jCa1,X, Cz IA~

- (c.,. ,5
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p..

where

S+

C)" •w_ [B21
2B2

and the plasticity coefficients are as follows:

C22-/ - cp

Cal, /- -

Cj•=C..,i O= eCr

in which the effective stress parameter is
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The axial rigidity is

[B43

and the bending rigidity is

and the effective stress, as defined by the octahedral shear

law, is

cr, (B63

In the above equations Gerard has made the assumption that

Polsson's ratio is 1/2, which is true for an isotropic, incom-

pressible material. This simplifies the derivation of the

equilibrium equations.

The equilibrium equations, as shown by Gerard, are

Fs-

UX

aAAL

•*/v~ ~~a •'N.S -

Ns -0t

where Nx, N and N are loard por, unit. widrth. and p is external

pressure. By use of Equations BI and B2 these equilibrium

equations can be written in terms of the displacements and their

derivativesc 59
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