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ABSTRACT .

A theoretical derivation is given for
elastlic and plastic buckling of stifféned circular
cylindrical shells under external hydrostatic pres-
gure. The theory accounts for variable shell
stresses, as Influenced by the circular stiffeners,
and critical huckling pressures are obtained for
simple support condltions at the shell-frame
Junctures. Methods are given for the determina--
tion of collapse pressures for both elastlc and
plastic asymmetric buckling by iteratlion and
numerical minimization, The theory 1s applicable
to shells made elther of strain-hardening or elastic-
perfectly plastic materlals.

Using the theory developed in this
report 1t 1s shown that a variation in stiffener
slze can change the buckling pressures. Test data
from high-strength steel and aluminum eylinders
are presented which show theoretlcal and experi-
mental collapse pressure; to agree within approxi-

mately 6 per cent,
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INVESTIGATION .ON. THE INFLUENCE
OF STIFFENER SIZE ON THE BUCKLING PRESSURES
OF CIRCULAR CYLINDRICAL SHELLS
UNDER HYDROSTATIC PRESSURE

INTRODUCTION

Since the USS HOLLAND was launched in 1911, the Navy
has been interested In the deslgn of reinforced cylinders
for submarine structures. Varlous theoretical formulae have
been established for the purpose of design to calculate a
collapse pressure for a specific geometry, and experimental
models have been constructed and tested under external hydro-
statlic pressure to check the theorles.

Collapee pressures for varlous modes of fallure must
be determined before the naval archltect can arrive at a
rational design. The collapse of a cylindrical shell gtif-
fened by circular frames may occur in one of three modes
depending upon its geometry. Consldering a given shell-
thickness to shell-dlameter ratlo, fallure may occur by

1, G@General instabllity,
2. Asymmetric shell buckling, or
3. Axisymmetric shell collapse,

General instabllity occurs when the size of the frames



is critical for a g;ven frame spacing, resulting in collapse
of the frames together with the shell. PFailure may occur
along several frames or 1t may occur over the entire length
of a compartment. Shell buckling occurs when frame size 1s
sufficient to prevent general instability, but the frame
spacing is critical. In this type of shell fallure a series
of asymmetrical lobes form In the shell between frames.
Axisymmetrlc shell collapse occurs when the frame size 1s
sufficlent to prevent general instability and the dlameter-
frame spacing ratio is sufflcient to prevent shell buckling.
Fallure occurs by ylelding of the shell material, resulting
in an axisymmetric fold in the shell between frames.

Theoretical solutions for the elastic ilnstabillty
of cylindrical shells have been derived by Mises (1) and
Sanden and Tglke (2), and their solutions apply when stresses
in the shell are linear when buckling occurs. The problem
of plastic collapse has been recently treated by Reynolds (3)
for the asymmetric mode of fallure and by Lunchick (4 and 5)
for the axlsymmetric mode. In thelr solutions the nonlinear
effect of the stress-straln curve in the elastic-plastic
region 1s consldered.

A subject of current interest to the naval archiltect
18 that of the effect of the size of the reinforcing zircular
frames on the asymmetric shell buckling of cylindrical shells
under external hydrostatic pressure., This problem becomes
important in the design of submarines, since it is advantageous

2
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-to have the structural material in the shell and frame so .
,distfibuted that it gives a maximum collapse pressure for a

minimum weight,
In this report a theoretilcal analysis of the agymmet-

ric shell-buckling mode of a circular framed cylindrical shell

loaded under external uniform lateral and axial pressure is
presented. Gerard's (6) equations of equilibrium for plastic
buckling are solved using realistic expressions for stresses
in the shell determined by the Salerno-Pulos (7) theory, which
acéounts for the effect of circular frames. 8Since the

stresses at the shell-frame Jjunctures are in the elastic-

‘plastlc range prior to plastic collapse, simple support 1is

assumed at the shell-frame Junctures. A series of curves show-
ing the theoretical eftfect of frame size for specific geometries
of Interest to the naval archltect is also presented.
The analysis presented l1n this paper 18 an extension

of Reynolds' (3) solution., It differs from Reynolds' (3)
work in that the plasticity coefficlents in Gerard's (6) equa-
tions of equillbrium are expressed in terms of variable shell
stresses determined by Salerno and Pulos (7). The feature
of varliable shell stresses becomes important in this problem,
as a change . in frame size will produce a change in shell
stresses.

| Many present structures are being constructed from

mateiials such as high-strength steel and aluminum, which
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exhipit a:nonlinear type stress-strain ocurve in the elastic-
plastic resion. Therefore, this analysis is outlined for
strain-hardening materials. Experimental results are shown
for compa.risan' with the theory.
[}
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CHAPTER I
THEORY 'OF ‘BUCKLING

Various investigators have considered . the.critical

.buckliﬁg pressure of a clrcular framed reinforced cylinder

-loaded under external uniform pressure. Mises (1) considered

the case of a cylindrical shell hetween two tulkheads without
intermedlate stiffening rings, for which he derived an elas-
tic analysis assuming the prebuckling stresses (stresses pre-
ceding bifurcation"of equilibrium) to be Oy = g%-and Oy = EE.
Later Sanden and Tolke (2) considered the effect of the stif-
fening rings and derlved an elastic analysis for hydrostatic
loading.\ Reynolds® (3) analysls considered both elastic and
plastic buckling for the case with stiffening rings. In

"Reynolds® (3) solution the stresses g%-and Eg-were uged to

calculate Gerard's (6) plasticity coefficients. Reynolds (3)

» "
then used stresses, as shown by Sanden and Gunther (8), to

define prebuckling stresses in the equations of equilibrium.

Plastic-Buckling Theory

In the case of circular cylindrical shells loaded under

external lateral and axial uniform pressure (external hydro-
static pressure) the two principal axes are parallel and per-

pendicular to the longitudinal axis of the cylinder (see

Figure 1).

T
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Figure 1 - Coordinate System for Stiffened
Cylindrical Shell
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Therefore, the shear stress i1s given by

. L |
T=Freo0. [4]

.

TR T ORI

s

Using membrane stress theory, which considers only stresses

on the middle surface of the shell (neglecting bending), the f

longitudinal membrane stress can be determined from the equa-
tion of equilibrium in the longitudinal direction:

g Ms o 2R

4 24’ 2]

where Nx is the longitudinal force per unit length in the

longitudinéi direction.
? The circumferential membrane stress can be obtalned

= . by the analysis of Salerno and Pulos (7) who express the

stress as follows: . f

ds= ¢——» . [3]

% where
| ¢ =¢(p).

! In the theory of buckling, a certaln stress condition
at a point 1n the shell 1s assumed to reach a limlting value
at the onset of collapse. The circumferential stress veries

with x and the stress condition is assumed to be most critli-

cal at‘midbay; therefore, the gtress is taken at the midhay,

midplane fiber location. The function, ¢, which determines
5 the axisymmetric stress at this location of a circular
framed eylindrical shell loaded under external hydrostatic

» 7




pressure is given by the theory of Salerno. and Pulos (7) and

expressed by Krenzke and Short (9) as follows:

CP'-'-'.I S (1"*)“,,Fz
ac,+5+,=,(1-a)

> [4]

where az 18 the ratio of frame area to shell area and is

A
%= i [4a]

and B is the ratio of faying wldth of the stiffener to bay

expressed as

length and 1ls expresased as
Be 1o
F
is-the effective area of the frame obtained by

multiplying the true area of the frame by
R/Rp for internally framed cylinders and

(R/RF)2 for externally framed cylinders,

[4p]

and

h 1s the shell thickness,
LF is the center to center frame spacing,

b 1s the effective faying width of the stiffener
in contact with the shell,

L 1s the clear span frame spaclng, LF - b,

R i1s the radius to the midplane surface of the shell,
R, 18 the radius to the c¢.g. of the frame,

v 1s Polsson's ratio,

E 4is Young's modulus, and

p 1is external uniform pressure.

8
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.The functiens F. and Fa are defined as followst

| F=(§L) e Ca.m"%a.—. CQ"‘ 26
m\e ) co!w]"q,e Sinnn, 8 4+ £05 726 S/N %26
% ' M?o % : N2 |
. | : ! -
, ' [Le)
CosHp8 Smwv#p,6 + S 4,6. COS 7,6
£ 7 A | )
= ‘ J
* Cosw 2.0 Sinw 2, 8 + Cos %426 Sin5. 6
A Pa

in which 6 is'the shell flexibility paraméter and 1is

expressed as

|
L .
6= 0= T [4d]
and ( ) /ab ’
’?4’—2,/_\//"71

N5l +7, ,

where v; is & measure of the beam-column effect and is

expressed as

: 2
Y =2_"_;_ (%) \/3{/—.1/‘) . Lue]

When Y1 = 0 (no beam-column effect), the above expressions
for the Salerno-Pulos (7) stress at the midbay, midplane

location reduce to the Sanden-Glnther (8) theory.

[4e]
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‘Por simplification, ourves are shown in Appendix A for-the

evaluation of the functions, Fi1 and Fe. It has been shown

by Krenzke and Short (9) that stresses computed using .these

_curves are within 0.2 per cent of those computed by precise

calculations.

In this analysls, the plasticlty coefficients are
expressed in terms of dx and 6El and the assumption of Reynolds
(3) that 6, = 26, is not made, Utilizing Gerard's (6) plas-
ticity coefficlents and general differential equations of
equilibrium for the plastic region (see Appendix B) and using
BEquation 1, one will find that the coefficients involving the

shear stress vanish; i.e.

Cs=Cs = Cas = Csz =0. (5]

Therefore, the equilibrium equations can be written as
PR 4_7._44‘ F A W AR b
(-xg)izte +F 5t + (3 x 28) 3¥
' - o TR O
#(h-aBf) g 5% = 0




. [6] cent'd

'It 1s obvious that an exact solution "co‘Equa.tiom6 is not

readily obtained and an approximate solution must be sought.
If simple support conditions are assumed at the shell-

frame Junctures, the boundary conditions which must be satis-

‘fled are

w = w =0 17]

x20 x=l
and
a
a W
3w = =
}xl axz o ’ [8]
X80 X3l

Simple support implies that the frames offer no restraint to

longlitudlinal bending in the shell at the shell-frame Junctures.

This assumption at the boundary may be Justified by concluding
that, when plastlc behavlior begins in the shell af the shell-
trame Junctures, the frames produce litile restraint against
rotation of the shell. The general solution of Equations 6
satisfying the boundary conditions, Equations 7 and 8, can be
expregsed as

11
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Y = /4, S/NVA's Cos A.x
v =B, Cosks SmIx

{9]
W = C:, \S/A//&S éLﬂV<A’( s

where the mode shape coefflcients, k and A, are expresped as

k = n/R and A = mm/L,
in .which m and n are numbers of half-waves of the buckling

conflguration in the longitudinal and cilrcumferential direp-
tions, respectively. The quantitles u, v, and w in Equations
9 represent small displacements in the x, y, and z directions,
respectively (see Figure 1). Substituting these displace-

ments into Equations 6, we obtain three linear equations:
TX0-=g) + £] A, - kA(F- %28,
"'f’(—é’ -x%&)co =0.
-ma(F-aSWA, - [KU-ag)+F]B,
fj;-(/"‘zja:)(:o =0
-$ (- «5W)A, k- PB]
P{DL N0 - %G # A (27 ) » k*0- %))
+ 5k (1-af) - AN —k‘/%}co oy vk

{10]
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“Equations 10 express the!displgeemants u, v, and'w, and their
derivatives, in terms of'the arbitrary mode shape parameters,
Ao, -Bo, :énd Co. The stability oriterion assumes the shell
will buckle when .the displacements increaée-bey?nd limit. To
satisfy this criterion, the determinant of the coefficients
Of'Ao,-Bp,»QNdICo must be set equal to zero. Equating,this

determinant to zero, we bbtain the characteristic equatiqnx

C(mag) P £ KU )+ ]
.' {D[A'(/-«-‘f) b ORKY (2 -aZyB) rk%(/-a 5] |
r ¥ (/-G - N, - KN+ G- a_;;")'}
+43(3 - « 89) {- 2 (3- = A9 {OLXU-=)

+ A% (2-a BE) + k'(/-aé‘g-‘)] [11]
'}}g-(/-« &) - NN, - KN}t ‘-’,—_%U-« ‘!%)(/-fr%f)}
i (- ) { A (-« B2 F)

A (- iai!;)[k’(/-ac-‘;:) + .é’-]} =0,

where
$E, h
- 3&.
Y= 3R

13




‘Bguation 11 implicitly expresses the pressure as a funotion
of Gx, 68, Nx’ and'NB., .Noting that

N, = oh = 'Q'ZR‘ Sy

and

Ns =6sh = ¢pR, | [13]

we can put Equation 11 in the form p =f (Gx,'dé)“

@

Nadal (10) and Hoffman and Sachs (11) show.that an
effective stress, 61, and an effective strain,ei,.can be

determined by the octahedral shear-stress theory:

o’;‘-—-— 6+ 6; ~ 6.6 +» 3T [14]
and
2 i
€ = '%"(é: = €5+ &€, +T)- [45]

If we utilize the ratio of the circumferential and longitu-

dinal.stresses, we obtaln

Y. 2 5 =20, [16]

For principal stresses and strains v = v = 0, and Equation
14 with the use of Equation 16 can be written in the following

three forms:

14
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a
a_ »_417
S = —rs ¢ + |
PIR'Y LY./ .
$pra29¢ + |/ {a7]
; a
e & 2¢ 49 )
x Og & *¢3_2¢ +/

"From Appendix B the effective stress parameter is expressed

as

oc=-g"’?(/-7£_f-) , [48]

where the tangent and secant modull are

= A [19]
“e oA€;
and
= i
£ = €; ’ [20]
regpectively.

The values 61 and €, in Equations 14, 15, 19, and 20 are
asgsumed to be the same as those in a uniaxial compreasion
test, and therefore, Et and'Es can be obtained directly from

a stress-strain curve of the material.

15
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_Equations 17 &nd 18 ocan be written as

PR
«z- = CM,
[21]
a.;‘-‘ = 9‘¢.CM, '
d
* « 25 2 4pCM,
where the coefficient, C, is
3
= [21a]
c *(4¢%-2¢+/)
and the modull parameter, M, 1is
£,
M=("7::‘). ~ [21b]

Substituting Equationg 21 intc the characteristic-value equa-
tion, Equation 11, the plastic-buckling pressure, pp, can be

expressed after simplification aé

-f_p_LER."(CM))_(,+'(CM)z7£_g_J %{‘if‘: ' ,
A(-§+k‘¢){(k*¢-x‘)“- smf( = k*9) +A‘kj} [22]

rot-2¢+/

- where x,zﬂz "143¢+4,,¢2

X,zAs +Agh +A, 0% A9’ + Ay 8%,
16
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and

A = E k2D

As = 52" (K*+2%)"(2k*+ X°)

Ag = 26X (k% 20"

A, = Zk'(k’*A‘)‘U{’*ZA“)

Ap =X (#x'#X) |

Ay = 2k A% (24%-2%) | [23]
A, = 2K X (2K N)(k"- 2 X)

Ag = BK* X (K*-2 %)

Ay = 2K (K*+ #2*) .

Since ¢ is a function of the pressure (see Equation 3),
Equation 22 represents a transcendental equation for the
pregsure, pp. The plastic-buckling pressure, pp, in Equatlon
22 defines a range of collapse pressures for different values
of 61 beyond the elastic 1imit. The flexural rigildity of the
shell, D, 1in Equation 22 is given by

. &b’
o= /z(’f-v-) ’ [24]

where Poisson's ratlo, v, in the elastic-plastic reglon is

shown by Gerard and Wildhorn (12) to bve
vk - E(E-,) [25]
3 £ \2 e/.

17
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';Althaugh_tha equilibrium. .equations were derived ror a cone

.24 to aceount for the fact that Poiason's ratio 1ncreasaa frem

its value v, in the elastic reglon to.an upper limit of 1/2
for an isotropic, incompressible material. . Poisson!s ratio
in the elastic region-1s.usua11y.assumed'to.belo.s_fbrumoat
structural materials. .For a check, a rigorocus comparison
shows that Equation 22 with ¢ = 1 reduces identically to
Reynoldst [(3), p.4] solution for dx/css = 1/2,

Equation 14 can also be used to determine the rela-
tionshlip between tpe prebuckling stress conditlion in the shell
and the applied pressure, Solviné Equation 14 for p, one

obtains:

2401 .
RVES =28 +] [26]

/% =

Since ¢ 1s a function of the applied pressure (see Equation °
3), Equation 26 represents a transcendental equaéioﬁ for the
pressure, pg.

Buckling of & cylindrical shell in the asymmetrlc
mode is assumed to occur when the appllied pressure, Py equals
the plastic-buckling pressure, pp. . Therefore, the plastic-
collapse pressure, Pas which uniquely defines the plastic-
buckling pressure of the shell, is obtained by the simultan-

eous- solution of Equations 22 and 26. As an analytical solution

18
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te theee equations would be quite tedioua, if not 1mposaible,

plotted in the form-pp versus 0, and Equation 26 in the form -

'a grsghical selution is recomimended, Equatlon 22 can .be

pg versus 61. The intersection of these 'two curves :then

.defines the. collapse pressure, P+

for Computing;Piastic-Collang Pressure

P

- Method
‘41, - Assume a value for n and compute k and A by Equation
9. The value of m which will yield a minim.um_pc is
unlty.
2. Calculate coefficients Ai, Az, Az, A4, As, As, A7,
Ag, and Ag by Equations 23.
3. Compute E, and E, and E_ by Equationé 19 and 20 for
stresses, 61, beyond the elastic limit.
4., Assume a value for pp at & specific 61 and compute
¢ by Equation 4,
. Compute pp by Equatlon 22.
. Repeat Steps 4 and 5 until the assumed value of p
in Step 4 1s sufficilently close to the computed
value of Step 5.
7. Repeat Steps 1, 2, 4, 5, and 6 varying n at one point
on the strees-strain curve to determine the value of
n which will yleld a minimum pp.
8.

With the value of n thus obtalned, repeat Steps 4, 5,
and 6 for various values of 61 between the elastlc

limit and yield point.
19




9. 'Plét.pp~versus 61 1nAtbe p - qi plane.
10. -Assume a value for Pg at a specific 61 and compute
¢ by Equation 4,
11. Compute Py bY Equation 26.
12, Iterate Steps :10 and 11 until the oqmputed Py equals
the assumed Pg-
13. Repeat SﬁepS'lo, 11, and 12 for various values of
61 beyond the elastic limit,
14. Plot pg versus 6, in the p - 6, plane,
1%, The intersection of the two curves of Steps 9 and
14 gives the collapse pressure, Pg-
The above procedure, outlined for a strain-hardening

material, is greatly simplified for an elastlc-perfectly
plastic material., As the value of 61 for an elastlc~perfectly

plastic materlal 1s never greater than 6_,, a curve of 61

y
versus €, 1s a horizontal line in the plastic region, and a

plot of pp versus 61 in Step 9 1s the vertical line 61 = §

y

Elastic-Buckling Theory

. When the geometry of the shell structure l1s such that
elagtic buckl%ng'can oceur, the intersection of pp versus 61
and p, versus 61 occurs for a value of 61 less than de, the
elastic limit of the material. In this case one sees that
E./E; = 1 and Equation 22 reduces to Reynolds' solution

[(3), p. 5] for the elastic-buckling pressure, p_, which can

20
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A plot of p, versus 6, is the horizontal line p = Py in the
P -'61 plane and, therefore, the critical buckling pressure
may be obtained directly from Equation 27. Equation 27 is
also a transcendental equation, and the elastic~collapse

pressure, pg, must be determined by iteration.

Theoretlical Results

Calculations have been carried out for a series of

geometries in the plastic-buckling range to show the effect §
of frame size on the shell-buckling pressure, Py» according |

to the developed theory. A strain-hardening steel with a

yield strength of 88,000 psi is used for demonstration pur-
poses, and the results are presented in graphical form in
"Figure 2. As shown in the graph, the flexlblillty parameter,
6, has & limiting value of 4,0, for whigh an increase of the i i
relative frame slze will not produce any inerease in collapse o
pressure, Thus, at this limit the ratio of frame area to
shell area need only be sufficlent to prevent frame failure
together wlth shell fallure. As 6 1s & function of h and R
and ls directly propoftional to the bay length, L, 1t 1s seen ‘
that for a constant h and R, 6 1s totally dependent on L. For
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-~~~ YhIy oaSe, Prame spacing is an important aspect on the effast
of frame size. The collapse pressures represented in Figure
_ ‘2 are .for an asymmetric collapse, and thus, for small values _ 3
of the ratio of frame area to shell area (close to zere) the
theory no longer applies, since collapse by general instabil- ]
ity would occur, ' i
' o
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|
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Collapse Pressure, p., in psi

900 .
800
700" o0s _
22.90 »
\
Lasmpamens=
600 =
500
634.00
400
© is the Flexibhlility Parameter,
' V3T -V w/m
300
# Experimental Value
022,90 A, /Ag= 062
200 (See Chapter 1V)
Material: Strain-Hardening T-Steel
6y* 88,000 psi
100
o .
0 0.2 004 o.e o.e

Frame Area/shell Ares

Figure 2 - Effeot of Frame Size on Shell-Buokling
Pressures of Steel Cylimlers
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‘CHAPTER II

EXPERIMENTAL INVESTIGATION

Descrlption of Models: , i

To.determine experimentally what effect the circular
frames have on a cylindrical shell loaded under external hydro-
statlic pressure, four models were fabricated and tested in a
‘pressure tank. - As pioneering work is currently being con-
ducted in the use of aluminum for oceanographic research vehi-
cles, & high-strength aluminum alloy wag,chosen. The four

models were constructed of 7075-T6 extruded aluminum 5 1/2-

in. dlameter round bar stock. Machlined structqral models

were favored as opposed to welded models to eliminate the

effects of initial deflections and resldual stresses which
occur in a welded model, Iunchick and Short (13) and Krenzke :
(14) have shown that, in welded models, the heating and cool- ‘
ing process occurring when the webs of the frames are welded
to the shell causes an inltial inward frame deflection for an
externally-framed c¢cylinder, On the other hand, an initial
outward frame deflectlon occurs for an internally-f{ramed

i cylinder. These initlal deflections cause resldual stresses

and beam-column effects which can affect coilapse pressures.

- BEach model had the same shell thickness, radlus, and

typical bay lengths, and only the cross-sectional area of the

frames varied. Figure 3 1llustrates the various geometries
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- ar the mpdels As 18 noted, the two end fremes of ‘each model

‘~Ii§ﬂ% ‘larger in cross<sectiomal area than the-twe

tgpieal frams; at midapén, and the: lengtha of the end bays are
8lightly changed from that of the three typical bay lengths.

caused by the very rigld closure bulkheads. These end-bay

‘arrangements were designed by.the "Optimum End Bay Design" of

Short and Bart (16) and, in effect, this design produces a
stress: distribution in the three center typical bays, which
would be the same as that for a clreular framed cylinder of
infinite length and under external hydrostatic pressure.

Model 1 had a frame area equal to 30 per cent of the
shell area. The frame area of Model 2 was 40 per cent of that
in the shell. Model 3 had a frame area 70 per cent of the
shell, and Model 4, 100 per cent of the shell area. Frame

glze was varled in the slze of the flange and depth of the web.

The shape of the frames on all four models was that of a T-
sectlion, and the faying width of the webs was held constant in
order to hold the bay lengths the same. Dimensions of the
frames for each model are noted in tabular form in Flgure 3.
Critical dimenslons of each model were machined to a
tolerance of .0005 in., and were measured after fabrication

to check tolerances.

Instrumentation

Models 1 and 3 were instrumented with 38 foil-type

electrical resistence straln gages. Fifteen gages were placed

26
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an-ths 1nside shell surface of the .center bay.at midbay in the

et g;rpﬂmrapantial direction, equally spaced ‘around a 18¢-deg.

'j:~f~*”*gsn&ratar Firteen additional gages were placed on the out-._
8lde.shell surface directly opposite the inside circumferential
mldbay gages. Four gages were placed on the inglde- surface
.direotly,beneath the centerline of the typiéal frames in the
- e¢irecumferential direction, and féur gages were placed perpen-
dicular to these for straln measurements in the longltudinal
direction.

Models 2 and 4 were instrumented with 34 strain gages.
The gages were oriented as in Models 1 and 3, except for the

. four longltudlnal gages utillized on Mcdels 1 and 3 but omiltted

on Models 2 and 4,

Test Procedure

The tests were conducted in the following order:

1. Model 2
2. Model 4
3. Model 3
4, Model 1

Each model was tested in a pressure tank under external hydro-
.static pressure. The ends of the models were closed by a
closure bulkhead and each end was sealed by means of an "O"
ring. Each model was placed in the pressure tank and a plpe-
line was connected between the head of the tank and one clo-
_sure bulkhead, venting the interior of the model to atmos-
pheric pressure. O01il was then poured into the interlor of the
model to absorb energy expected to be released at the moment
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of collapse., The tank head was then sealed, and the modsl was

m Lor tgstine. ngu.ne b 111ustra.tea the t&sb samp

TWO p¥GSEure ™Mns were made on each madel Enfiﬁg the

first run, strains were recorded at. various presgure .incre-
ments. and, when plastic action was observed,. the. pressure was
dropped to. zero, Stralns were then recorded at zero pfessufé

to determine i1f any permanent set had occurred., During the

- second run, strains were also recorded at various pressure

increments, but the model was tested to .collapse. Table 1
shows the loading schedule and pressure increments at which
strains were recorded.

Pressures were applied by means of a hand-operated
hydraulle pump and were recorded with a Bourdon-Tube pressure
gage. Stralns were measured by means of Baldwin Straln

Indicators.

Stresg-Strain Properties

To apply the plastic-buckling theory, the stress-
straln curves of the material had to be accurately determined,.
Sixteen test specimens were removed from the cylindrical
7075-T6 bar stock. At each end of the bar stock, four speci-
mens were taken 1ln the longitudinal direction and four in the

circumferential direction, each at 9Q-deg. intervals. BEach

- specimen was taken at a 2-in. radlus to colncide with the

locatlon of the shell of the models. Each specimen was
machined into a solid cylinder 1/2 in. in diameter and 2 in.
long. Before testing, the dlameter of each specimen was

28
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TABLE 1

LOARING SCHEDULE

" pressure, in psi, A% Wion Strains Were Recordst |
‘Model'1 Model 2 Model 3 |  ‘Model 4
>;ﬁ§n 1 Viﬁun 2 ;” Run 1 ; Run 2 | Run.1.| Run. 2 | Run 1 Bgn éA
o | o o | o | o o . o0 0
100 250 50 250 200 500 100 - 500
200 500 100 500 4oo 750 200 750
300 750 200 750 600 7| 900 300 900
400 900 300 1000 700 1000 400 1000
500 1000 koo 1100 800 1100 500 1100
600 1100 500 1200 900 1200 éoo 1200
700 | 1200 600 | 1255 | 2000% | 1300 700 | 1300
800 1250 700 1300 0 1350 800 1350
goo* | 13002 800 | 1355 1400 900 | 1390°
1000 0 900 | 1375 1420° | 2000* 0
0 1000% | 1400° o | 1100
1100 0 1200
1200 0
o)
# Inelastic action was first observed.
a Fallure by general instablility occurred before stralns
could be read.
b PFailure by shell buckling occurred before stralns
could be read.
¢ Fallure by shell ylelding occurred before strains
could be read.
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 HeESUFEd to the nearest 0.000L in. Each specimen was loaded
Ain-oohpressioﬁ-by a 30,000-1b, testing machine to détermine

D SR I R
! !

the characteristic lecad-straln curves. ILoad-strain .curves

‘were obtained on fourteen specimens by means of an automatie 5
recording extensometer,.and two circumferentlal specimens,
one from each end of the bar stock, were tested with' a

Tuckerman straln gage. Elagtlc limi¢s, toéether with an

10T e T DNETEIHE [ 1 I BRRRE IR 5

agssumed yleld strength at the 0.2-percent offset of the
stress-straln curve, were computed for all sixteen speclmens.

The elaptlic, tangent, and secant modull were computed from

RN EA VIR SR et ]

results of the Tuckerman tests. . Figure 5 illustrates in
detall the properties of the T075-T6 aluminum,

R e
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‘CHAPTER III
TEST RESULTS
"Model ‘1, which had 'a cross-sectional frame ares 30
per cent of the shell area, collapsed at a pressure of 1300

psl by plastic general instability. The frames were not of

suflcient size to prevent frame fallure, and both frames and

"shell falled simultaneously over the entire length of the

model in a single "deep dish" lobe. Width of the lobe was
approximately one-eighth of the circumference of the model.
Tearing of the shell from the end rings and frames occurred
throughout the lobe, and the two center frames buckled inward
(see Figure 6). Tearing of the model was a secondary effect,
and occurred after collapse because of the brittleness of
aluminum,

Model 2, which had a cross-sectional frame area 40
per cent of the shell area, collapsed at 1400 psi by plastic
asymmetric buckling. Fallure occurred in all three typical
bays by a serles of nonsymmetrical lobes accompanied by lat-
eral twisting of the frames. The length of the lobes was
approximateiy one~tenth of the circumference of the model.

In several places tearing occurred at the shell-frame
Junctures, but this was not as pronounced as in Model 1. It
was observed 1in areas where tearing did occur, however, that
several lobeg ran together, glving the appearance of a longer

than normal lobe (see Figure 7).
33




ot A ki gttt o -

:1ar'cant af tha shsll area, collapsad at 1420 psi hy axisgm"
metr1¢ ahell yielding. Failure oacurred in the first typiaal
bay from the end ring along a 180-deg. generator areund the

- ¢irocumference. Tearing ocourred at the two frame shell June=-

tures and at midbay (see Figure 8).

Model 4, which had a cross-sectional frame area 100
per cent of the shell area, collapsed at 1390 psli by axisym-
metric shell yielding similar to Model 3; however, the area of
collapse was more pronounced in Model 4, The length of the
failure in Model 4 extended over approximately 200 degrees,
Feilure occurred in the first typlcal bay from the end ring
and tearing of the shell at the hinge locations occurred as
in Médel 3 (see Figure 9).

A graphical representation of the collapse pressures
is shown in Figure 10, together with various corresponding
theoretical formulae. The'Heneky-Mises (17) yield criterion
at outside midbay assumes that fallure occurs when the effec-
tive stress,ci, on an outslide fiber at midbay reaches the
yield strength of the material. An extension of this theory
is that of Kempner and Salerno (18), in which fallure is
assumed to occur when the stresses inslde at the frame,followed

by stresses at ocutslde midbawzreach the yleld strength.

-Iunchick's (4) plastic-hinge theory for axisymmetric collapse

is for an elastic-perfectly plastic material and allows for an
amount of plastic reserve strength before failure occurs.
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piastio region. Slight permanent - set eocurrad after the,firzt

-presaure run, and much more was ebserved after the msdels failed.
'fstrain senaitivitiea for Mbdels 1, 2, 3,: and y msasured dﬂ?tﬁg

testa are - shewn in Figure 11, together with the eerreapendtns

.theoretical strain sensitivitles as determined by the Salerng-
- Pulos (7) theory. Strain levels decreased in the.circumfer-

-ential direction both inside and outside in all four modéls

fof>an increase of per cent area of frame, However, strain
levels increased in the longitudinal direction on the inside

gsurface at the frame for an increase of per cent area of frame.
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Pig. 6b Inside View

Figure 6 - Model 1 After Collapse
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Fig. 7b Inside Vievw

Figure 7 - Model 2 After Collapse
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Fig. 8b Inside View
Figure 8 - Model 3 After Collapse

38

St L bl s LY R e o 15 2




e 1 AT N e

Fig. 9b Inside View
Figure 9 - Model 4 After Collapse
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Collapse Pressure in psi
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200 collapse —————
(a) Theoretlical Buckle Equations
(b) Theoretical Yield-Type Equations
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Frame Area/shell Area

Figure 10 - Er:eet of Frame Size on Collapse Pressures
of Aluminum Oylinders
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CHAPTER IV

DISCUSSION

'Discussion of Experimental Results

The expérimental results showed that. an appreciable
increase in collapse pressure occurred from the 30-percent
frame area case to the 40-percent frame ar<s case, This kind
of behavior can be explained. At the 30-percent frame area
a general instability fallure occurred. At the U40-percent
frame area buckling of the shell occurred between frames. Only
a small increase in collapse pressure occurred between 40-
percent and TO-percent frame slize. At TO-percent frame size
an axlisymmetric yleld-type fallure occurred instead of asym-
metrie buckling. Strains at the frame indicated that longitu-
dinal stresses grow wilth an increase of per cent frame size

(see Figure 11) which could cause premature yielding. A sub-

‘sequent lncrease to 100-percent frame size .caused collapse at

a lower pressure than that of the 40-percent frame size. For
an increase 1n per cent frame size, the relative decrease in
circumferentlial strains at a frame was greater than the decrease
in clrcumferential strains at midbay. This shows that large
frames lower frame deflectlons, but increase bending of the

shell at the frames, thus causing relatively higher longltudinal
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‘stresses in the shell at the frame locations, Therefore, in

the case ot the. 100-percent .frame size, the bending stresses
in the shell at the frames could have adversely affected ithe

'~ collapse pressure,

Comparison of Theory with Experiment

For the models teétéd, the agymmetric theory predicts
an increase in shell-buckling pressure for an increase in frame
slze., As only Model é failed in this mode, 1t is difflcult to
make a positive conclusion concerning the actual trend. How-
ever, 1t would seem reasonable to assume, from the much lower
collapse pressure of Model 1 and the higher pressure of Model
3; that the experimental buckling pressures als¢o lncrease with
an lncrease of frame slze to a point where axisymmetric col-
lapse occurs. This increase in buckling pressure for an increase
of frame size agrees with Equations 22 and 26, pc,.as shown in
Figure 10. Using Equations 22 and 26, P, and Lunchick's (%)
plastic-hinge theory for axlsymmetric collapse, the translition
between asymmetric and axisymmetric collapse occurs for a
frame area 62 per cent of the shell area, which case ls between
Models 2 and 3.

The solution of Equations 22 and 26 of this report,
Reynolds' (3) theory, and Lunchick's (4) plastic-hinge theorQ'
all predict collapse pressures on the uﬁconservativé slde of
the experimental values. Reynolds (3) does not completely
account for actual prebuckling stresses in the shell as influ-
enced by the frames, and the plastlc-hinge theory 1s not strictly
applicable to a strain-hardening material.
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When the Henoky-Mises (17) yield coriterion is utilized
at outside midbay, theoretical collapse pressures are on:the
consaervatlve side of the experimental values. The theory of

Kempner and Salerno.(18) shows collapse pressures slightly lower

.--than. those glven by the theory of Hencky and‘MAses_(17). . The

theory of Kempner and Salerno. (18) predicts collapse to occur

‘when .the effective stresses in the shell on the inside surface

at the frame, followed by stresses at outside midbay)reach the
yield strength of the material.

The experimental results for aluminum indicate that
fellure cccurs at a polint somewhere between the membrane and
outer-fiber stress criterla. This should only apply to the
aluminum used In these tests, and posslibly for other structural
materials with the same properties as 7075-T6 aluminum,

The over-all effect of frame size between frames with
an area 40 per cent and 100 per cent of the shell area is
shown by Lunchick's (4) plastic-hinge theory, which indicates
only a slight change in collapse pressure with an lncrease in
frame area. Once axlsymmetric ylelding occurs, it appears
evident that any positive effect of an-increase in frame size
in increasing collapse pressures is offset by higher bending
stresses created both at the frame locatlon and at midbay.

As the test data presented in this report 1s 1nsuffici-
ent for an adequate comparison with the theoretical concepts
presented 1n Chapter I, other experimental data are studied.

Reynolds (3), in his comprehensive study of plastic buckling,

Iy
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_-alse raperted the test results of seven stecl models, five

»
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" "of ‘welded construction and two.machined. Results of these
.tests are compared with theoretical formulae in: Table 2.
Equations 22 and 26, P,s are within en average of 1.9 per cent
en the conservative side of test results, the -maximum devia-
tion being 3.5 per cent ‘for welded steel construction; average
deviation for machined steel construction is 4,9 per cent on
the conservative side, the maximum being 6.0 per cent. Model
2 of machined aluminum constructlon shows a theoretical value
6.1 ber cent on the unconservative szide of experiment.

Table 2 also shows a comparison between the analysils

presented in this report and Reynolds! (3) theoretical results.

. For the eight geometries consldered, Equations 22 and 26, Pg?
and Equation 27, Pys for the plastlc- and elastic-buckling
pressures, respectively, are approximately 3 per cent on the
conservative slde of Reynolds! (3) comparable solutions, |
Figure 12 gives a graphical representation of theoretical ver-
sus experimental collapse pressureg for the steel cylinders

ghown in Table 2, and Reynolds) (3)

Equations 22 and 26, Pos
plastic equations are shown to agree within approximately 6
per cent of the experiments. The elastic equations, Equation
27, pg» Mises (1), Sanden and Tglke (2), and Reynolds (3),

predict collapse pressures whiech are unconservative when com-
pared with the experimental results. Thils can be expected,

since all the test models collapsed plastically.
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18 shown superimposed on the graphs in Figure 12, When h/R

is relatively high and dy/E is relatively.small, a high value
of & is obtained. This 1s the case for Model U-12, in which
h/R 1s 0.0193 and ,csy/E ‘i 2,27%1072 for 0.488 frame area to shell

"area ratio (see Table 2), Also, for small values of h/R and

large oy/E a low £ is obtained, as shown for Models T-2A and
T-3. The trend of the € curve in Figure 12 agrees favorably
with the trend of the eiastlc-buckling equations. This should
be expected, as for Model U-12 the large h/Rincreases the
theoretical elastic-buckling pressure, and the small dy/E
lowers the experimental collapse pressure. Thus, for this
case, a high ratio of theoretical collapse to experimental
collapse 1s obtalned. Conversely, for Models T-2A and T-3

the small h/R and large Gy/E produce more conservative values
for the ratic of theoretlcal collapse to experimental col-
lapse. The trend of the plastic-buckling equations is inverted
from the € curve. This is explained by noting tﬁat Equation
22, which deflnes the plastic-buckling pressure, 1s a function
of the effective stress, oi, In the elastic-plastic reglon.
Forrrelatively smali values of éy/E the effective stresses are
also relatively small, and the intersection of Equations 22

and 26 occurs at a relatively lower pressure.
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- - - TARLE 2
COMPARISON OF THEORETICAL AND EXPERIMENTAL COLLAPSE PRESSURES
| Model Number Booetr-sof-60 p-casle - oalu - 1By - o8 2
Relative Frame Size** | 0,952 | 0.694 | 0.609 { 0.418 [0.2B9 | 0.488 | 0.576 {0,400 ]
6,/E x 10° 2,93 {3.60 [3.83 |3.43 |2.80 |2.27 |2.35 [6.80 - '
DR x 10%. 0.679 {0,669 10,953 10.653 10,979 14,093 10,873 11,525 ;
Shape of Frame . Tee Rectangular Tee
Material T - Steel Mild Steel T075-T6
Construction Welded Machined
Exp. Collapse Press. 670 553 | 1005 680 770 975 735 1400
Eas, 22 & | 062 | ohS | 080 | 691 7h3 | 917 707 | 1485
p . .
Inelastlc | o z‘nvs* 0,988 | 0,991 | 0,975 |1.016 |0.965 .40 |o0.962 | 1.061
Buakling . . - * n * n J
Reynolds(3)| 696 563 |1016 | 705 748 | 938 734 | 1502 1
T/ E 1,039 {1,018 | 1,011 |1,037 10.971 p.962 |0.999 | 1.073
Eqi 27, 878 603 |[1210 | 755 g78 | 1895 988 1643 é
/8 1.310 [1.090 |1.204 [1.110 |1.270 f.ous |1.344 | 1.388 !
[ Re g?lda 908 626 |1259 756 1010 [ 1907 1002 | 1976
Elastic T/ E 1,352 | 4,132 |1.253 [1.412 (1,312 K,956 ([1.362 | 1,411
Buckling
anden- 930 631 |1258 773 1032 | 2014 1054 | 1977
T81ke (2
T Z.E( ) 1,388 |2.481 11,252 114,437 l1.3450 B,066 [1.434 | 2.412
Mises (1) 786 585 {1180 705 995 Q786 963 | 1815
T/ E 1,173 |1.058 |1.174 |1.037 [|t.292 [.832 |[1.310 | 1.296 |
. * Data taken from reference 3 |
## Relative Frame Size 1s Frame Area/Shell Area |
### Theoretical Collapse/Expeyimental Collapse ;
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- , The following concluslons can .be made for stiffened

cylindrical shells loaded under external hydrostatic. pressure: 3
1. The theory presented by.the author for asymmetric
buckling adequately predicts collapse pressures
for shell gecometries constructed from
a. high-gtrength steel (Reynolds! (3)
experimental data) and |

b, high-strength aluminum,

when the observed collapse is Iin the asymmetric i

mode.

2. For a cylinder made of 7075-T6 aluminum and having

a shell flexibllity parameter of 2.5, an increase
in relative frame size leads to
a. a change in the observed mcde of fallure

between 30-percent and 40-percent frame

slze from plastic general instability to

E plastic asymmetric buckling,

i b, a change 1n the observed mode of fallure
between 40-percent and TO-percent frame
size from plastic buckling to an axisym-
metric yleld-type collapse,

¢. a change 1ln the predicted mode of failure

from asymmetric buckling to axisymmetric
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‘ylelding at 62-percent frame size (Iuhchick's
(4) plastic hinge and Equations 22 and 26,
Pg)»

d. an increase in the theoretical asymmetric
buckling pressures between 30-percent and
“70-percent frame size,

e. an lncrease in the experimental and theo-
retical longltudlnal bending stralns at the
frame locations, and

f. a decrease in the experimental and theo-
retical circumferential strains at the

midbay and f{rame locations.

3. A decrease in the shell flexibllity parameter, 6,
leads to
a. an increase in the plastlic asymmetric

buckling pressures, p for a specified

c)
per cent frame size and

b, a higher rate of increase in the plastic
buckling pressures for an increase in per=-

cent frame size,




" This thesis was written underrthe-supérvisioh of
. Professor R.A. Hechtman of The (Gscrge Washington Univeﬁsity,
7 and 1s based on a study carried out at the David Tayler Model

' Basin under the direction.of Mr. J., @..Pulos and'Dr. M: E.
Iunchiock. The-author’wishes.to-express his gratitude: to these
individuals for thelr assistance and‘ausgesﬁions. He is also
grateful to Mr. T. E, Réynolds for his valuable comments, and
to Mr., R. D, Short for checking the theoretical derivations.
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NOTATION

Effective .area of frame cross section, sq. in.

Coefficients for plastic-buckling equation, in.”®

Paying width of frame, in.

Gerard's plasticlty cocefficlents, dimensionless

" Bending rigidity of shell, Eshs/ia(i -v2), 1bv,-1n.
Young'!s modulug, psi '
Secant modulus, psi
Tangent modulus, psi
Shell thilckness, in.

Mode shape coefficient, n/R, in.”?

Center to center spacing of frames, in.
Unsupported length of cylinder, LF - b, 1in,
Moduli parameter, 1 - Et/Es’ dimensionless

Numbers of half-waves of the buckling configursg-

tion In axial and circumferential directions,

respectively, dimensionless

Forces per -unit length, lbs. per in,

Pressure, psl

Elastic ‘buckling pressure, psl

Plastic buekling pressure, Equation 22, psi
I 4

Plastic collapse pressure, Equations 22 and 26, psi
Radius of cylinder to midplane of shell, in.

Radius of cylinder to c¢.g. of frame, in,
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u, v, w She11=diepla§ements, in.
X, ¥, 2 coordinates,-dimensionless
o Effective stress parameter, 3/6,%(1 - Et/EB), pei™®

vi Measure of beam-column effect, p/2E(R/h)%® V1 - V8,
dimensicnless

€ Property parameter, %Z;E’ dimensionless
¥y

Y Shear strain, radlans

€ Membrane strains, in, per in,
Gi Effective straln, in. per in,

8 Shell flexibility parameter, [3(1 - v&)]1/4 LARD,
dimensionless

N  Mode shape coefficient, m¥/L, in."?

v Poisgson's ratio, dimenslonless

v Elastic value of Poisson's ratio, dimenslonless
dx, 65 Membrane stresses, psi

61 Effective stress, psi

de Elastic limit stress, psi
Gy vield stress, psl
0] Stress function, dimensionless

T Shear stress, psi

b s




APPENDIX A

"For simplification, the terms F, and ‘¥ in the Salerne-

" Pules axlsymmetric stress distribution expressions are shown

in Figures 13 and 14 where

,.-_,(_‘t_-) Cosn 7.6 — Cos*9,6
. 8 Coswn, 6 Sivw # 6 CoS #18 St 720
"’- "
i ? Pa |
' [A1]
COSH P, 8 SIN .8 4 Swwpb Cos.n6
1 7
fa = . ,
CosH RO Swknpd | COSpb Stn 6
; T
7 7a
in which
nezll=Y,
72 = "z'//_ *+ Y, [a2]
w L
= V3(1-VY) == >
and e ( )\/RF
Y = [A3]
Y, = ﬁ_-. (—%) 3(/-V7).
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-displacements u, v, and w increase slightly from that of the i .

-APPENBIX B

Gerard (6), in his derivation of the plastic-buckling

equllibrium equations, . assumes that when buckling occurs the

displaced equilibrium pesitlon Just before buckling., These
changes in dlsplacements cause incremental changes in the forces ' {

and moments, designated by primes, ('), and are defined as

follows:

M = ﬁ(@/ &, "'i Cia €2 ""I Ciz 53)
M'=B(ngfa+ﬁCg;€, -"‘2'63,;-;6.1)

/Vx:s' ‘%(Caa €s—=5Cs € - + Cazéz)

M,‘, = ‘D(C/; X,#2Ca%z " % Cis X,) [B1]
M; = -‘D(sz‘xz*-’z CZI Xr'_ "'2- 633X3)

/V\,:; s ’%(Cu Xg-’z CaX, -k Cuxz) )
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where

Q
£

and the plasticity coefficlents are as follows:

| : 2
i ; Cu= /—“dx

: or
) ; szal- “_#-

Cys=/ - xtT*
Car® Cp= / — 0 5= [83]
C3,= C,.’ = “dﬁ{c

C32=C23 = xd T,

in which the effectlve atress parameter is

oga-—n(/— ‘)
‘ 58
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b
1

e | The axial rigldity is !

and the bending rigldity is :

£4° ;
0'—-%4'-') " [35] |

and the effective stress, as defined by the octahedral shear 5

L LRy

law,1s

)
a 2
:(0" *- o:g - dxd‘ +3tz)‘ [B6]

In the above equations Gerard has made the assumption that
Poisson's ratlo 1s 1/2, which is true for an isotroplec, lncom-

pressible material. This simplifies the derivation of the

equilibrium equatlons.

| AFRAIE T W T AT 1Y AW R AL | IRSERAR T ART.I 1T BRE Y

The equilibrium equations, as shown by Gerard, are

S Fx = 34~& - B/V&s = O

a/v; amx.é:o .
i Zi/% ad. + ;

d X
3%AA; ‘/~QA$ - 3‘/47;
DA EE TRwas T est =7
N, w 3w
*—Ri *'N"a < 7 /y“ax 39S

+ N 2L 3 — +p =0

) where Nx, NS’ and Nxs are loads per unit width, and p is external
pressure. By use of Equations Bi and B2 these equilibrium
equations can be written in terms of the dlsplacements and thelr

derlvatives:s
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oS T T T T e 2 e
t

» : *u Cg 9V
Pu Gy 94 Cog 9 U Cu
Crgd = 2 dxos | F ost ¥ oxt
Ciz Ces\ 3*V _ Cas I Cia W
*(% + D5 7 350 T 2RIX
_ Cag W .
i3 =9
PV Cag 3V Css 3V cCu LL]
C22352 2 x9S #  Ix* ¥ ax
G 4 Ga) QU _ Cay 24
+(2 * 4/Ixd ¥ 0872
4 Caz W . a3 9% =0

(B8]

3w 3w

Cas 55558 * Caz 3.:‘*‘]
,«.é(c_'ﬂ-i“_' Cas I Caz 2V
R\ 2 3x % 98 X
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