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grefaoe 

This report is the results of my attempt to survey and 

present in an easily understandable: manner the basic theory of 

correlation and its 4)plication to the analysis of comnunication 

systans. Any topic involving the use of statistical theory is 

inherently a mathematical dissertation. However, an attempt has 

( k®en made to limit the report to the more important mathematical 

relations with emphasis placed upon physical interpretation. 

The Sunmary of Linear System Relation, presented in Table I, 

page 33» is, I think, a relatively complete summary of the important 

relations for a linear system disturbed by random inputs. As a reference, 

it proved itself invaluable in the solution of the problems present 

in Sections 17 and 7. 

The idea for this report was first suggested by Professor 

George V. Qgar, to whom I am deeply indebted. His patience and 

understanding, along with his many helpful suggestions is greatly 

appreciated. 
) 

And last but not least, a debt of gratitude is due my wife 

and children. May we once again renew our acquaintances, 

Paul H. Hass 
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Abstract 

This report is a survey of the important principles of 

correlation theory, as applicable to the statistical analysis of 

communication systems. The underlying theory of correlation 

functions and their relations to the power-denoity-speotrum is 

presented. Linear systems, excited by random inputs, are analyzed 

and.describing relations are developed from the correlation functions. 

Corresponding frequency domain relations in terms of the power- 

density spectrum are also developed. The mean-square—error as a 

design criterion is presented both from a general and a specific 

viewpoint. The specific approach is a problem which entails the * 

excitation of a linear system by a message corrupted by noise. It 

is shown how the general development for the rœan-square-error 

reduces to the specific problem presented. 

vi 
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THEORY AND APPLICATIONS OF 

CORRELATION TECHNIQUES 

I* Introduction 

The purpose of this report is to survey, present, and analyze 

the theory of correlation and its application to the statistical 

analysis of communication and c ontrol systems. The frimaiy concern 

in any communication or control problem is the flow of messages or 

signals. In general, these messages or signals may take on a 

variety of different forms. Typical examples are; tenperature 

changes, wind gusts on an aircraft, barometric changes, music, et 

cetera. In the past, conventional design procedures have been 

based on the response and characteristics that systems exhibited to 

certain preoictable signals. Some examples of these predictable 

signals are the sinusoidal signal and step functions. It has often 

been said that any signal or message could be characterized by a 

sum of sinusoids or steps. However, is it possible to visualize 

what will be the effect in the output of a astern due to this 

combination of inputs? Statistical design theory employing 

correlation techniques is an attempt to broaden the design to 

include consideration of general and random inputs. 

1 
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The material presented in this report primarily concerns the 

underlying theory of correlation ae applicable to the analysis of 

linear systems. The block diagram approach will be used in that 

linear systems under consideration will be characterized only by 

system funbtions. Little attention will be given to the internal 

. configuration of any particular system. 

The remainder of this report is divided into four major 

parts: (1) Correlation Functions, (2) Analysis of Linear Systems, 

(3) Problems and Examples, and (k) Mean-Square - Error Design 

Criterion. In the first part the correlation functions are 

introduced. Autocorrelation and cross-correlation are defined and 

their important properties are discussed. The second part involves 

the application of the information presented in part (l). Linear 

systems are discussed and describing relations are developed with 

the correlation functions. The third part is devoted to the 

solution of illustrative example. In part (1:) the mean-square - 

error design criterion is presented. It is shown that tí« mean- 

square - error can be adequately described by correlation functions. 

2 
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II* Correlation Functions 

Autocorrelation Functions 

Periodic Junctions. The autocorrelation of a periodic function 

f^it) is defined by the expression 

where 

fait) ■ the autocorrelation of f^(t) 

^ “ ¿¡T* Period of f^t) 

^d t is a continuous displacement in the interval 

9m) t independent of t. 

A close examination cf the defining equation reveals that three 

distinct operations are involved: (l) displacement by an aaount 

t » (2) continuous multiplication, and (3) averaging by integration 

over a conçlete period. 

An important property of the autocorrelation function is that 

its Fourier Transform is 

£7rt) /K(n)/A 
(2) 

where F^n) is the spectrum of f^t) 

and F^(n) is the conçlex conjugate of F-^in). 

3 
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To establish this relation, the exponential Fourier expansion. 

of t) is 

#>*-« 

where 

and 

F,<nu f 

^-¾ 

a fT** n * J Tt(*)Cos uj-t 
mT'U 

4>« / ftU) S* 
n dt 7,,u*' 

ft*om equation (3) the expression for f^it +7») is 

Hx -co 

(3) 

(W 

(5) 

(6) 

(7) 

Substituting the expressions for ^(t +t) into the defining 

equation for Ä-f« gives 

'i * 
(8) 

li 
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Interchanging the order of integration and euanation 

• . 

The Integra contained In the abore elation 1» the codiez 

conjugate of F1(n) ae defined In equation (li). Therefore 

&(%)'■$:$ *±<n) c- f 

(9) 

or 

fad) • ^ /*(»)/* 
n*-«o 

« 

The value of the autocorrelation function at zero arguaent ie 

'J-T‘U 

(10) 

(11) 

(12) 

which is the mean-square-value of f^t). From equation (11) 

and (12) it can be seen that the mean-square-value of the 

function fjit) is equal to the sum, over the entire range of 

harmonic, of the square of the absolute value of, its spectrum. 

If a load of 1 ohm is assumed, and ^(t) represents a voltage 

or current, then the mean power consumed is the sum of the 

power contributed by the harmonic into which f-^t) has been 

resolved. This is known as Parseval's Theorem for a periodic 

function. 

5 
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fc<n)r 
Defining ^ as the power spectrum, and denote it ty 

the symbol than from equation (11) 

hid)* ^ $n(n)C j'4'" ^ 
(13) 

and inversely 

(1U) 

The above two equations form the autocorrelation theorem lor a 

periodic function. That Is, the autocorrelation function «xi the 

power spectrum are Fourier transforms of each other. 

^erl0dlc £Sctlona* ^ basic tool in the analysis of an 

aperiodic function fj(t) is the. Fourier Integral 

ft> * ikf" 

and its inverse 

■JW* (/t 
(16) 

6 
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where f^W is the spectrum of t). In general Prfw) may be 

conplex. Whereas the spectrum of a periodic function was an 

amplitude spectrum, that for « aperiodic function is an 

amplitude-density ¡pectrum. Ihe restriction on the function f^t) 

in »der that it have a Fourier integral are that the integrals 

of both its squares and its absolute value have finite values, 

and that it posses a finite number of discontinuities in any 

finite interval (Ref. 11:239). 

The defining equation for the autocorrelation function of 

an aperiodic signal is 

(/•(0 (1 

The main difference between the aitocorrelation of a periodic 

function and that of an aperiodic function is that the latter 

does not include taking the mean value over a finite interval. 

The square of the absolute value of the spectrum of an 

aperiodic function is the Fourier transform of the autocorrela¬ 

tion function. This is called the energy-density spectrum, fjit) 

and gives the distribution of signal energy with frequency. To 

establish the relation between ¢,,(t) and §Jut) , the inverse 

Fourier transform of fjU + fc ) is 

***** aãr£ de: 

7 
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Substituting this expression into the defining equation for 

gives 

*<*)<!* €Jwf***)(/„ 
(19) 

• By interchanging the order of integration 

In the above equation, the term ^ dt 

is the complex conjugate of Therefore 

6,(1)* £ff M<a»/*£JU,te/u (21) 

or in terms of the energy-density spectrum 

(22) 

The inverse relation is 

¢,,(1)e'JwtJz 
(23) 

8 
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Equation (22) and (23) relate the autocorrelation function of 

an aperiodic function to its energy-density spectrum as Fourier 

transforms of each other. It is important to note that the 

physical interpretation given to is the energy-density 

spectrum of the aperiodic function and not the spectrum of 
y 

The value of the autocorrelation function at zero argument 

is 

(2U) 

This relation is often referred to as Parseval's equality# 

Random Functions. A random process is an ensemble (or set) 

of time functions, such that the set can be described by certain 

probability distributions. If f-^t), f2(t), f^t)_ 

are functions comprising the ensemble, then the value of these 

function at the time t^ must obey a certain probability 

distribution law. At any given time tj (see Figure 1) there 

must be a definite probability of any given member-function 

lying between specified values, A stationary random process 

is one in which the probability distribution fhrations do not 

change with time. Thermal noise wltage generated by the random 

motion of conduction electrons in a resistor would be a stationaiy 

random process, as long as the temperature remained constant. 

9 
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record. In other words, if one member of a stationary random 

process is examined over a sufficiently long period, all 

important characteristics of the ensemble will be observed. 

If f^t) represents a member of a stationary random process, 

the autocorrelation of t) is defined as 

h(*)9 {¡Z+zt J ¿M-f'U + Dc/é 
JmT (25) 
10 
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The function ¿fz) ia assumed to exist fbr aU values of the 

«•Sumeat t . ft,» th. previous discussion on rani,» processes, 

the autocorrelation ftnction is tte sa» for each »enber of the 

ensemble. It is theref<re a characteristic of the enserie. 

In generé tens a rando. function or process is one in 

-loh the effect can not be related to the cause a uni,», 

mathematical expression. The autocorrelation ^operty ofrendo» 

étions is therefore en portant tool in the analysis of 

communication end control systems. Tbrough use of correlation 

functions an equivalent frequency domain expression for a 

random process can be found. Without the intermediate step of 

correlation «.is feature would not t* possible, since raMom 

functions in general do not possess Fourier transforms. 

The relation between the autocorrelation iUnction, tin» 

domain representation of f,it^ +u 
f^Hand the power-density spectrum, 

frequency domain representation of f^t^is 

¿./V -- £rj~ §« (w)€JW1lJw 
(26) 

and 

fuM « /> (Z)€ 
-jwt dt (27) 

The above two relations are known as t* Wianer-Khintohine 

Theorem. Tbe physieal si^ficanoe of the power-density speotrum 

11 
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$„(<*>) can be seen try letting t*o in equation (25) and (27)# 

Prom the defining equation for the autocorrelation function# 

equation (25) 

<»> 

which is the mean-square-value of the function f]U), From 

equation (27) the value of the autocorrelation function of 

zero argument is 

(?s) 

therefore 

« 

it ÍtJ/MJ* * frrfà Md« ™ 

The above eqiation relates the mean-square of f-jjt) to the 

power-density spectrum. If f^t) represents a voltage across, or 

a current through a 1 ohm resistor, then the mean value of f^(t) 

is the mean power taken by the load. This mean power consumed is 

equal to the integral of f„(w) with respect to the angular 

frequency ut over the entire range of frequencies. Consequently 

$„(<&) represents the power-density spectrum of f^(t) 

(Ref. 7:58)» Since $n(U>) is defined as the Fourier transform I 
°f 4*(t) which is an aperiodic function, it is a continuous 

12 
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spectrum of the autocorrelation function. 

Properties of the Autocorrelation Function of a Random Rrocess. 

Listed below are some of the more important properties of 

1) The autocorrelation function is an even function of t, 

¢,, (t) * ¢,, (-t) ■ (n, 

2) The value of the function at *•» is tte oev-equare 

value of f^t). 

(32) 

3) If a random function contains a hidden periodic 

component, then the autocorrelation function contains calórente 

of the same period, however, any phase information that the 

periodic component may have had is lost. 

li) The value of the autocorrelation function is a 

maximum at the origin. 

¢,(0) >! ¢,(4)/ Z+O 
(33) 

5) The value of ¢,(X) asr-- is zero if the 

function f2(t) contains no d.c. or p-riodic components. 

6) A given autocorrelation function may correspond to 

13 
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» üiflalt« number of different time iUnotlonsi however, any 

given time finotlon hae only one autocorrelation function. ' 

—e~ teste the Relatlonshin Between the 

Autooorrelatlon Funotton and its Aseoclated Spectrum. Since the 

autocorrelation function ie an even function of t, previous 

equations expressed in exponential form may be ch»ged to 

trigonometric form when convenient. For the case of the periodic 

function 

$» (n) Cos wn X 
A*-«» (31*) 

and 

For the aperiodic and random functions 

* iff J Ë" (<v) Cos Uf ? (Jfju 

(35) 

(36) 

and 

(w) ¢,,(1) Cos ujtc/z (37) 

11* 
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Characteristics of the Power-Density Spectrum $«(<*) of a 

Random Function.1 Listed below are some of the more important 

properties of the power-density spectrum of a random function. 

1) is an even function of frequency 

» 

&<<*>)* §„(-u>) (3 

2) measures the power-density spectra 

rather than the amplitude or phase spectra of the signal. This 

results in a loss of the relative phase infomation of the 

various frequency components. 

3) A given power-density spectrum may represent an 

infinite number of time f unctions. 

k) The power-density spectrum is a real and non¬ 

negative function for all values of frequency. 

Cross-correlation Functions 

Iggfo*10 £Fctions* The cross-correlation between two 

different periodic functions t) and f2(t) is defined as 

4*™ -1 * t) Jt (39) 

■'•Truxal, J. C. Control System Synthesis, pp 

15 
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where f^(t) and fgit) are of the same fundamental frequency. If 

the displacement is given instead to f±(t) then 

4 ft) -- ^ / V* ^ r) £«) Ji 

y 

The order of the subscript of * indicates which function has 

been shifted by the amount t. The two functions are rented by 

(ho) 

0a ft)* 0ju(-t) (la) 

The cross-power spectrum of the two periodic furetions is 

fn) . ^ in) F,(n) (lr2)a 

and 

§„(/>)= *(n) zini (li2)b 

where Fi(n).and F2(n) are the amplitude spectra of f-^t) and 

f2(t) respectively. Similar to the relations of the auto¬ 

correlation function, the cross-correlation function and the cross¬ 

power spectrum are Fourier transform of each other. Stated 

mathematically 

§a(»)eJu>nX 

16 

U3) 
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and 

f ^^u(t)£mJWñt(/r (lá) 

Similar expressions exist for the relations between and 

fj, (n) . It is also tnie that 

i 

frt) s $&(») (It?) 

This can be readily seen from equation'(1*2)a and (l*2)b. 

Concerning the use of the term cross-power spectra* It 

is not always true that the transform of a cross-coirelation 

function represents a power transfer. Where the operation 

performed on the input current' and voltage of a system, then 

the cross-correlation function after transformation, would 

represent a power dissipation. However, if the operation was 

on the input and output for example, this would not correspond 

to a transfer of power through the astern. 

Ape il odie and Random functions. Since the relations and 

expressions for the cross-correlation function of an aperiodic 

amd random functions are similar in nature to those of the 

autocorrelation function, they will be listed here without 

discussion. 

a) Aperiodic Functions. 

Definition of the cross-correlation function1. 

17 
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0/a (V) * J + z) o/é 

and 

[*£(*+*) 4«) ok 

where 

Am Cu)* 4a, (-Z) 

Cro ss-energy-density spectrum. 

£m (*) » ra(W) 

and 

Ã/^;= k(lu) 

(46) 

(47) 

(48) 

(49) 

(50) 

where ^(w) and ty«.) are the amplitude-density spectr. of 

fl(t) and f2(t) respectively and are determined by the 

following expressions 

Í AU)6mJa/tJ¿ 
¿«a aC (51) 

18 
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and 

■* (52) 

The cross-correlation function and cross-energy-density 

. spectrum are Fourier transform of each other. 

b) Random Functions. The defining equations for the 

cross-correlation of two stationary random functions f^t) and 

f2(t) is 

(53) 

and 

4 W(Z): ,/ fTX/. r yr ^ jifé) (fe 

where ftA(t)* (-Z) . The reciprocal relations relating 

to the cross-power-density spectrum of t) and f2(t) are 

t*fz)'Ér if* w € Jwt d«, (K> 
''-•e 

$<*to):j\(t)£-j«yt (56) 

19 
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Properties of the Cross-correlation Function. Listed below 

are some of the more inportant properties of the cross-correlation 

function *,h(x) 

d V« is not an even function of t. In general, 

shifting of f2(t) ahead by an amount X does not give the same 

result as a retardation (Ref. I3). 

2) M d°es not necessarily posses a maximum at fO. 

3) The cross-correlation of two 11 uncorrelatedM 

stationary random processes is zero. By "uncorrelated" is 

meant that the two functions on which the cross-correlation is 

being performed are derived from independent sources. 

W The cross-correlation functions tends 

to zero as the value of t tends to infinity. This is true 

provided that either one or both of the two signals have no d.c. 

component, and, in addition, if the functions contain periodic 

componento, those in one have no periods commensurable to the 

periods of the other. (Ref 7: 76) 

20 
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III* Analysis of Linsar Systems 

Relation Between the Induise Response and System Function 

A linear ^stem is characterized by its response to a unit 

impulse excitation. The response to a unit impulse is denoted 

' by h(t). Since the iirpulse t(t) is applied at t - o, h(t) is 

zero for Z<0 because tne system can not respond before an 

excitation is applied. Another important property of a linear 

system is that if the unit impulse is delayed by an amount 4 

the impulse response is delayed by the same amount, (see 

figure 2). 

The convolution integral mathematically relates the input 

and output in terms of the unit impulse response 

Á(*)f¿(t-Y)</v (57) 

where 

fo(t) is the system output 

h(v) is the impulse response 

fi(t-v) is the system input, delayed v sec. 

A physical interpretation of the convolution integral is as 

follows: From figure 3 the input fi(v) is plotted as a function 

of v m part (a). In part (b) the input is folded about the 

21 
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á(t) Mt) 

FrA<?!Í?tÍOn Between Unit Impulse 
Excitation and Unit Impulsalësponae 

(Hef. 7:325) 

22 
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Figure 3 

Integrand of the Convolution Integral 
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ero aoas to form -t). Part (c) ^ the folded ^ 

^ e t. The Impulse response i, plotted as a function 

of T in part (d). Part (e) is the product of parts (c) and 

'd) ^ COrreSPOnds t0 ^ tóegraM of the convolution 

integral. The area under the curve of part (e) correspond, 

to the output at the tine t. Thus. h(v) can be considered ■ 

a weighting function, the output at the tine t is dependent 

“Pon the input at that sa,e aai at all ^ ^ 

convolution integral isa va i ñ ^ 
c 13 a val:Ld expression for periodic, 

aperiodic and random furetions. 

Ihe ^Sten taction «(«) of a linear system is defined as 

AYO/Jr Si 

whore Eo and Ei are the cooler atitudes of the input and 

output respectively (Ref 7=326). The desired relations which 

related the i^ulse response and the system taction are 

(56) 

'' J ~<s (5?) 

and 

H(u>)= ("/>«)£ 

The two functions are Courier transferns of 
each other. 

(60) 
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The Output Autocorrelation Theorem 

An expression of great importance in the analysis of 

systems vdth random inputs is that relating the input and output 

autocorrelation functions. To obtain this relation, the necessary 

step relating the two is the convolution integral. For the 'hn^rr 

system shown in figure 1* the output autocorrelation function ly 

definition is 

(61) 

input 
» 

System 

hU) 
-♦ 
output 

Figure K 
Linear System 

Expressing the elements of the integrand in terms of the 

convolution inte ral gives 

¿um JL ¿tJt ^J 
AMfiCt+r-s) ¿J 

(62) 

25 
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By interchanging the order of integration 

Since 

0)(/0 

r-**> 2r úfa-v)-f<(t +z~d)cj+ 

y 

faft+r-a) z ¿ñn frf./, i_r / 
TWcojarJ^ £ (t-*) £({+ 

The expression for the output autocorrelation becomes 

This is the desired ti» domain relation expressing the 

output in terms of the input autocorrelation and the qrstems's 

inpulse response. The mean-squarc-value of the output may be 

found by setting r«e in the above equation. 

Thus 

Aofa) 8J A (6)(/4 0¿¿(+-6) 

If the system under consideration is a filter, and Ue input 

fi(t) a noise or unwanted interference, the above equation 

provides an index as to the success of the filter in smoothing 

the noise (Ref 6:195). 

(63) 

(61;) 

(65) 

(66) 

26 
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An expression for the output power-density spectrum can 

be found by taking the Fourier transform of equation (65), 

• Through a change of variables, x , the above 

becomes 

(ut) *Jj -J“*'’■‘'"'Vxmdi fafy) 

Interchanging the order of integration and rearranging 

terms gives 

The first factor in the aberte equation is the conjugate of 

the system function, HW] the second term is the system 

function WOO j and the third term is the defining equation 

for the input power-density spectrum. Equation (69) may 

tiie ref ore be written as 

$oq(uj) * tf(LU) HCw) §AA (uj) 

or 

/«(W)/* fa (W) 

(67) 

(68) 

(69) 

(70) 

27 

(71) 



GE/EE/61-6 

This is the desired frequency domain relation expressing the 

output power-density spectrum in terms of the system function 

and the input power-density spectrum. The significance of 

this equation is as follows; the convolution integral is a valid 

time domain expression for periodic, aperiodic, and random 

functions. Likewise the transform of tie convolution integral 

results in valid expressions for periodic and aperiodic functions 

in the frequency domain. However, when random functions are 

involved it is not possible to transform the convolution 

integral; but through the intermediate step of correlation a 

corresponding express-'on in the frequency domain is possible. 

The Input-Output Cross-correlation Theorem 

Another important relauion xn the analysis of linear system 

may be derived by considering the cross-correlation between the 

input and output. The cross-correlation function is 

falX) * á**» -L. 
r+co ¿T (72) 

Expressing the displaced output in terms of the convolution 

integral yields 

JL 
7W ZT 

28 
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or 

In terras of the input autocorrelation function the above 

• equation becomes 

Examination of the above equation reveals that the input-output 

cross-correlation function is the convolution of the input 

autocorrelation function and the system impulse response. Thus 

the cross-correlation function may be interpreted as the response 

the linear system exhibits when it is excited by the input 

autocorrelation. 

ihe frequency domain expression of the input-output cross- 

correlation may be found by taking the Courier transform of 

equation (75). Thus 

(76) 

or 

(77) 
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Through a change of variables /• t-v the above equation 

becomes 

or 

The above equation shows that the input-output cross-power- 

density spectrum is equal to the product of the input power- 

density spectrum and the system function. This is an important 

relation in the analysis of linear systems. It is frequently 

used to determine the system function from measurements made 

on the input and output signals. The system function is the 

ratio of the cross-power-density spectrum to the input power- 

density spectrum, (iîef 10:118) 

An expression for the output-input cross-correlation 

function may be obtained by starting with the expression 

previously detemined for the input-output function and using 

the following property of the cross-correlation function 

¿O Cz) = 0Oj¿{-v) 
(80) 

Prom equation (75)> repeated here for convenience 

30 
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then 

(82) 

Since is an even function 

(83) 

Therefore the output-input cross-correlation isthe convolution 

of the input autocorrelation and system impulse response, where 

time is running backwards, from positive value on through zero 

and on to minus values. This is due to the plus sign proceeding 

the variable of integration in equation (83). The output-input 

cross-power-density spectrum, found by taking the Courier transform 

of equation (83) is 

m 

This relation may also be derived directly from equation (79). 

&<«*>) - £~(ã) * ¿i (<jU) (85) 

or since ¿’¿¿ft«’) is a purely real function 

(uj) - H(u>) f4¿(cu) 
(86) 
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Summary of Important Linear System Relations 

Equations v7l)> (79) > and (8ii) are the three fundamental 

relations describing a linear system in terms of its system 

function and associated power-density spectrums. Prom these 

three relations^ it is possible to derive the expression listed 
i 

in Table I« Table I provides a complete cross reference between 

the outputj input-output, and output-input relations for a 

linear system, from the relations listed in Table I it can 

also be shewn that the ratio of the output power-density spectrum 

to the input-output cross-power-density spectrum is equal to the 

ratio of tne input power-density spectrum to the output-input 

cross-power-density spectrum. 

or 

(87) 

i—(u) foi(uj) = (tv) $i0(w) (88) 
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Table I 

of Linear System Relations 

input output 

I. Output Relations: 

(a) ¿00 m 'luto) 

(b) £00 (co) = M(us) £0± (co) 

(°) sfCO (ut) ~ M/(4/) (w) 

II. Input-Output Relations: 

(a) Íàc(uf) c //t(cu)£¿¿(cu) 

(b) £. (w). JÙ&L- ¿0- (w) 

m75) 

(c) 1,0 (CU) . J~~ (w) 
ïïJtSi 

III. Output-Input Relations: 

(a) $ol (cu) « Mtcu) &<(«,) 

(b) jíú (U>) r ^L- /io (u>) 
M(uf) 

(c) /«X (w) , - ■— $atl (a,) 
M/uf) 
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IV« Problems and Examples 

This section is concerned with the application of the 

information presented in sections II and III. Sample problems 

are solved that illustrate the application of correlation 

functions and power-density spectrum. 
i 

Illustrative Example No. 1 

The problem of detection of a periodic signal in the 

presence of noise illustrates many of the basic properties of 

correlation techniques. A message received consists of an 

additive mixture of signal and noise. It is assumed that the 

signal and noise are »uncorrelated", that is, they are both 

derived from independent sources, and that the noise has no 

d.c. component. 

The received message fm(t) is given by 

SU) * n(4) 

where s(t) is the periodic signal component and n(t) is the 

random noise component. The autocorrelation of the message is 

[ frn<i)fmU+X) di (90) 

or 

rt)* irlH*n<*'][s(**r)'nu.njJJi 
(91) 
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Expanding the integrand of the above 

( Z) S(*)S<t*t) + S(4)r)U+ï) 

+*«)$(* + *) + nU)rtU+V)Jjé 

(92) 

. By separating the above equation, the autocorrelation of the 

message becomes 

0t$(Z) + &sn(Z) * 4n%(Z) + &nñ(t) 
(93) 

where 
» the autocorrelation of the signal 

0 ^16 sipial-noise cross-correlation 

the noise-signal cross-correlation 

Tn*(t) = the autocorrelation of the noise 

Since the noise and signal components are "uncorrelated", the 

cross-correlation functions are zero and 

0«mM = 0SSw * ¿„„ft) (9k) 

Therefore the autocorrelation of the message consists of the sum 

of the autocorrelation of the signal and noise. If the noise 

component contains no d.c. conçonent 

¿/»n (tmO) a O 
(9$) 
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and the value of for large values oft becomes 

0t$(Z) 

Therefore if the original signal was a sinusodial signal, the 

autocorrelation function of the message for Jarge values of t 

is a periodic function having the same fundamental frequency. 

Illustrative Example No. 2 

For the system shown in figure 6 it is desired to find an 

expression relating the cross-power-density spectrum f • ((it) 

in terms of the system functions arri the input-output cross¬ 

power-density spectrum, $u (u>). 
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Assuming linear systems tie input-output cross-power-density 

spectrum is, from equation (79) 

Mt(uj) H¿(uj) H3(u)) $.: (to) 
(97 

This rtlate" input-output spectrum in terms of the input 

spectrum. The problem now is to find an expression relating 

$¿¡(*0) and fjH (to) , from the relations given in Table I 

$jj((V)= M.<w) H,(w) $¿¿(uj) (98) 

and 

$Jk (W) - Mx (w) <£jj (¿¡j) 
(99) 
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Substituting (98) into (99) and solving for nelds 

íüMx ----- (loo) 
M /Va ‘ 

Which is in turn s*stitutod into (97) giving for §. („) 
w * 

-—• /«(^ (101) 

Examining the above, it is seen that the cross-power-densily 

spectrum between the input and output of tin second system in 

figure 6 is independent of &,(«). This could prove of tremendous 

importance in a system when the actual points for measuring $•„<«)) 

night be inaccesible. 

Illustrative Example No. 3 

For the feedback system shown in figure 7 it is desired 

to find an expression relating the ou^ut and input power-density 

spectrum in terms of the system functions. 
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Prom figure 7 

fi(t) * fM +st(t) 
(102) 

The input autocorrelation function is 

^(z)m ^Z. trj*Mi)fid+ 1) dt doí) 

Substituting the expression for fi(t) given in (102) into (103) 

T+co 2T 

Expanding the integrand of the above yields 

hm. +-f<,uuh(t^) 
r (ioí; 

or in terms of the autocorrelation functions 

&ct3- (^,4cr) + ^(v) +0^(2) * t) (lo6) 

From the above equation, the frequency domain relation would 

be 

$¿¿(uí) .- /„ (w) + $tl(w) * (ut) * 
(w) (107) 
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í^om figure 7 

(102) 

The input autocorrelation function is 

& (Z) ' U" £.r Tf.(t) f. (t 'X)e/t ( 103) 

J-T 

Substituting the expression for fi(t) given in (102) into (103) 

^(x). +fkM]fc(ttt) rf¡(ttz)j^ (1¾) 

Expanding the integrand of the above yields 

T doí: 

or in terms of the autocorrelation functions 

^(t) r (t) * fal(t) (lo6) 

tarn the above equation, the frequency domain relation would 

be 

^ ^ * A.^ h (10?) 
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Referring to the relations given in Table I 

Á* (<*) » -- 

§U,(<u)z /¾ to) 

(108) 

(109) 

and 

§&è>(<») * Mfcu)H2(w) £a<K(cu) 

£ba(w)s MCwTut (w) $c aa (to) 

^ equations (106) a„a (110) the egression to $.(u)) 

in terns oí the output power-clcnnity spectrun is 

JtOo 
Mr«/; 

rcc»; 

And from equations (106) and fill) +>,« V ana UJlj the expression for 

ik¿») in te)’ms of the output power-density ¿ 
pectnun is 

-^a fa») r ^ (Ui) 

(to) 
Éoo(Ut) 

Substituting equations (106), (105), (112)i aid (u3) 

(110) 

(111) 

(112) 

(113) 

Ü0 
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into (107) and simplifying yields 

ÃífaO = ÍIli± 

or 

N, (w) JTJüü) 

lui*) 

which iruy be written as 

&»(<*) 
(nii) 

f +H,(U>)Ht(Ui)I/ /+t4,(U/)tix(tu) 
(115) 

jfoúfo) 

fü(iO) 

H,(ut) 

This equation expresses the output power-density spectrum 

m teans of the input power-density spectrum and the system 

functions. This result can be compared qualitatively to the 

control ratio for a feedback system in servo theory. The 

control ratio is -¾¾ where C(s) is the Laplace transform 

of the input and R(s) is the Laplace transform of the output, 

ihis relation is given by the quotient of the transfer function 

G(s), to the quantity one plus the transfer function times the 

feedback transfer function H(s). however, when random signals 

are involved, tne method of Laplace transforms is no longer 

valid; but through the use of correlation functions, an equally 

descriptive relation is available in terms of the power-density 

spectrum. 

U 

(116) 



V, Mean-Square-Error Criterion 

To formulate an expression for the mean-square-error 

consider the system shown in figure 8. 

The cross-correlation between the output of the two systems 

is (lief 7:3Ü9) 

0CL¿(t)= f A.Mc/vf Áfi(¿)(/¿ 0/z(Z+v-d) (117J 
J-C0 J-en 

and the corresponding frequency domain relation is 

(CO) - *,(cu) Ha (co) $fA (cut) 

(118) 

Define a new function fe(t) as tl-E d;ff. ..i;ce of the 

two outputs fa(t) and fb(t) as 

Am* fa«) - ft«) 
(119) 
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whose autocorrelation is by definition 

^<th too ¿rlT *)</* (120 

By substituting (U9) into (120), expandlng) ^ 

correlation functions, the above equation becojnes 

$19(%) - ^oa (%} - &a6(Z) ~ * $H(z) (121) 

Taking the Fourier trar.sfome „f (121) yleUs the power.deBsity 

spectra, of the difference of the two eijnals as: 

iaa(w) - $al(u>) -fiaCu) + 
(122) 

Usine the previously developed relations for 

spectrum, namely (see Table I) 

§a*(U)) - H, (oj) H,(tu) £„(to) 

the power-density 

(123) 

lii (w) = /¾ (»,) Ht (u/) (w) (121,) 

and the results of equation (IIS), the 

becomes 
expression for fe9(co) 

« #,f*) m*i0 - h,m HÂ(W) gtA(i0) 

(125) 
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The importance and/cr physical significance of this equation is 

as follows. If fa(t) represents the desired output of a 

physical system and f^(t) represents the actual output, then 

the difference between the two at ary time t would be an 

instantaneous error e(t). Equation (125) relates the power- 

density spectrum of this instantaneous error to the qystem 

functions, input power-density spectra, and input cross-power- 

density spectra. The value of the autocorrelation function of 

e(t), equation (120), at * 0 is the mean-square-value of 

e(t)j called the me an-square-error ( «* ). Since 4S0CZ) is 

the Fourier transform of ; or 

(a*) e jcuZ 
feu (126) 

an expression for the mean-square-error is 

foe(o) a c* * ¿fr £1 

*q(<jU) dcu 

(127) 

Or substituting the value o£ f^(tu) given by equation (125) 

¿n fj 

H.MnVoãü $n(Ui) - HAw) H%(w) 

- HAW) hU(u>) - tU(ut) H»(u>) &i(w)Jdtv 

(126) 
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This expression relates the mean-square-error to the system 

function, input power-density speçtra, and input cross-power- 

density spectra. 

An example of the mean-square-error criterion, consider 

the systen shown in figure 9. The input *d output of system 

»• 1 are the same. Therefore; its impulse response is ai impulse 

or delta function applied at t = o. 

The instantaneous error is defined as the difference between the 

desired output and the actual output. Comparing figure 8 to 

figure 9, and using the expression for the mean-square-error 

given by equation (128), it can be seen that 

¿ÍJ $#«*) - Hi(co) &i(tu) 

+rix (w) H% (cu) $ii(<v)]a/at 
(129) 
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Or since is the complex conjugate of , the 

kbove equation may be expressed as 

c* [&(<*>) -tiâ(<o) Sn<w) - H*(ïù) 

+ H* (Ui) Ht m i'jJi (w)¡c/cü 

where 

(130) 

(w) = input power-density spectrum 

= desired output power-density spectrum 

Í;i(v) = input-desired output power-density spectrum. 

Therefore, given the input, and specifying a desired output, 

the mean-square-error can be evaluated as a function of tie 

system function ^(ui). 

As another example, consider the case -diere the input is 

n additive mixture of signal and noise 

fife) - SU) + nU) 

The cesired output in this case is exclusively related to 

the signal component of the input. The situation could be 

represented as shown in figure 10, where hd(t) is the impulse 

response of the desired system relating s(t) and f¿(t)-. 
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SU) 
signal 

Y! U) 
noise 

w*) 
desired 
output 

f.U) 

Figure 10 

Signal And Noise Input 

actual 
output 

SU) 

-fiU) * SU) + nu) 

fa U)* ¿¿U) 

fk(t) = -foU) 

(132) 

(133) 

(13ii) 

(135) 

An expression for the mean-square-error can be obtained fror 

the following identies 

§„(CU) = $ss (iv) 

in«»)* 

w -• = fsifio) * $in(uj) 

§*! (w) - §Ai (w) = $55 (io) + $ns (tí/) 

-vhen these expressions are substituted into (126), 
_ « 

c* » -L f/b«i>) íüütí) $si(w) - ÏÏÏ70?) H«4J) $ù(<u) 

- tíé«u) H(W) (to) + ff (CO) H(co) ( iss«v) * §nn(Ctij)J</co 

(136) 

(137) 

(136) 

(135) 

duo) 
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il the signal and noise are "uneorrelnted" tæn the cross- • 

correlation between the signal and-noise would be aero, and the 

cross-power density spectra and would contain 

only a signal component, that is 

and tlie expression for the 

ts(u>) 

mean-square error would then be 

(Ha) 

e* z -J- Í [lnmlX f*m(<0) * / html * - Hl((0) H(w) , , , 
i (Hi2) 

- t4l«o) N(w) + / *J $s$ «0)1 </w 

or 

* Érf f^Hml * * /H(w) -mmjxit3«ú)Iju) 
“* J (11^3) 

Under these conuitions, tne nean-square-error can be thou£ht of 

as having two components. One corresponds to the input sifnal 

acting through the difference between the desired a* aotol 

system function, and the other component corresponds to tie 

noise acting through the actual system function. 

The above two examples have shorn how the mean-square-error 

can be expressed as a function of the free parameters of the 

1*8 
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system. This is accomplished by first finding the power-density 

spect am of the instantaneous error, and relating this in turn 

to the mean-square-error through the use of equation (127). 

A general procedure for the mean-square-error will now 

be developed considering the problems of ^filtering. In a 

filter the incoming signal is a message that has been corrupted 

by noise. It is desired to extract the message vàth a minimum 

of error in accordance with a chosen index. Therefore, either 

the system function or the impulse response h(t) of the 

filter must be determined that performs best. Once this is 

specified, the filter can then be constructed by well-known 

techniques. 

In specifying the output, more of the filter is demanded 

than is usually physically realizable (Ref 7:35^). There will 

be an error which will be the difference between the actual 

output and the specified or desired output 

where fd(t) is the desired output and fo(t) is the actual out¬ 

put, The mean-square-value of this instantaneous error is 

chosen as an index of success and is uven by the expression 

(Ref 7:356) 



GE/ES/61-6 

By relating the actual output to the input through the 

convolution integral it can be shown that 

ê* ' Jm *<*)</* fa(t-ó) 
" * i*) c/t tuft) * 

where 

AÍÍ) , the inpulse response of the filter 

* the autocorrelation of the input 

Aw«) ■ the input-desired output cross-correlation 

i*«*) » the mean-square value of the desired output 

Therefore if the input of the filter is known, and the desired 

output is specified, the only unknown in the above equation is 

the impulse response of the filter. The problem is now one 

of selecting an impulse response that ’.dll minimize the mean- 

square-error. Through the use of calculus of variations it can 

be unown (rief 7:36u-7) tnat the condition for to be a 

minimum is 

L ¿fa) fa - 0Am) s O Tío 
(1^7) 

This is known as the weiner-Hopf equation. A physical 

int rpretation is as follows, riewritinr the integral equation as 

Z’o 
(1Ü6) 
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the right hana i3 the COOTolutlon of the systam 

respome ahd the input autocorrelation function, a. aolution 

Of this equation ineolvea finding an impulse response, which when 

convolved with the known input autocorrelation function will 

produce the specified input desired-output cross-correlation, ^e 

aolution will have to be United for «* . I„ other words, 

for the system shown in fi^re 11. it amounts to designing a system 

•■■ith an impulse response Art), such that when the system, is ercite, 

by the input autocorrelation, an ou^cut/ff) win v , i, «i output rrv/win be produced that ij 

equal to the input-desired output cross-correlation. 

hft) ffz) 

Figure 11 

Interpret-lion of Integral Equation 

It is interesting to note how the results of the general 

development agree -.nth the results of the special probl«, considere, 

in the beginning of the section. Referring to equation (1W. a„d 

considering the case where the input is an additive mixture of 

■uncorrelated" signed end noise and the desired output is exclusive! 

51 



GE/Efi/él-6 

related to the signal component of the input alone, then 

fart): face) * fan) 

The corresponding expressions for iylt) end fa(o) uould 

be (see Appendix k) 

(149) 

' Í far) ¿ 
J-aP 

bifá-v) Jv (150) 

and 

00 om 

(151) 

where h^(v) ls the desired impulse response that will suppress 

the noi^e. Substituting equations (I49), (150), £nd (151) into 

(1Z|6) yields 

5¾ - J Act)c/'tJ A(ó)c¡áI"+ 

-¿J A(t)(/tJ h¿(v)Jv di$(Hmv) 

* J ^v( h¿(6)d¿ (frn(v'¿) 
(152) 
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By rather siíçle but n011.obTl0U3 MnlpulatloM (3m b). 

the above equation becomes 

in fufo) 
# 

- **(») fifañ fato) t t*(to)#ãòl(fato) +fato))Jjcu 

C153) 

which is identical to 

shorn how the general 

examined earlier. 

equation (142). Therefore, it haa been 

development reduces to the specific problem 
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VI. Summary 

Three main types of functions were discussed in this report; 

periodic, aperiodic, and random. The periodic function has a 

finite mean-square-value, the aperiodic has a finite integral- 

square-value, and the random function has a firfite mean-square- 

value over the infinite time interval. The basic tool in the analysis 

of periodic functions was the Fourier series; and in the analysis of 

the aperiodic function it was the Fourier integral. However for 

random functions an intermediate step is necessary. This step is 

correlation, and is necessary because random functions do not 

possess Fourier transforms. Through the use of correlation, the 

power-density spectrum of a random function can be found. This 

spectrum is characteristic of all members of the ensemble, and is an 

important step in the analysis of random functions. 

The response of linear systems disturbed by random inputs can 

be described by correlation functions. Corresponding relations in 

the frequency domain can be derived from these correlation functions. 

These frequency domain functions are called power-density spectra, 

and are related to the correlation functions by the Fourier integral. 

From the correlation functions and power-density spectrum functions, 

describing relations for a linear system can be developed. In the 

time domain these relations are between the impulse response and the 

correlation functions. In the frequency domain these relations are 
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betve, tKe pover-denaity spectr» and the syet«, funetion. 

Specifically, these relations are as follona, 

A. Tine domain relations for a linear system diet,.bed by random 

inputs. 

1. The .output autocorrelation function can be expressed in 

terns of the input autocorrelation function and the inpuls, response 

of the system (Ref Quation 65). 

a he input-output cross-correlation function can be 

expressed as the convolution of +he imm- ,,+ -, 
'tie input autocorrelation function 

and the Impulse response (Ref Scuation 75). 

3. The output-input cross-correlation function can be expressed 

“ a 3Pe°ial 0338 °f th* between the input autocorrelation 

function and the invulse response (Hef Bjuation 83). 

s. Frequency domain relations for a -a ns i or a linear system disturbed by 
random inputs. 

Table I. page 33. gives a complete list of the frequency domain 

relations for a linear system. The input-cutput cross-power-density 

spectrum, input power-density spectnm. and the output-input cross. 

power-density spectrum are tablized each 1+,+. eacn in te.-ms of the other. 

The detection of a periodic signal in the presence of noise is 

an important communication problem. Correlation theory and 

techniques ^ve been of considerable importance in the solution of 

those problems. If it is assied that the signal and noise are 

•uncorrelated., and that the noise hes no d.c. component (these 
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are not unrealistic ass-jmptions), it was shown that the value of 

the autocorrelation function for large value of its argument is 

a peiiodic function of tne sane fundamental frequency as the signal« 

If minimization of the meen-sc;uare-error is chosen as a design 

criterion for a ccnmunicotion system mth random inputs, then this 

index is adequately described by correlation functions. For the 

problem of filtering, an impulse response function that optimizes the 

desired output can be expressed in terms of the input autocorrelation 

function and the input-desired output cross-correlation function# 

In the frequency domain the mean-square-error c.-n to o'-'prsssed us 

a function of the associated power-density spectra and the system 

function. 

In conclusion, it can be stated that correlation theory 

provides a means whereby signals that are not periodic or aperiodic 

car. be analyzed. It ,lso provides on insight into the capabilities 

and limitations of linear systems in general. 
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Appendix A 

jfetbematical Development of Equations (l^p) and (iqi) 

From equation (145) the mean-square-error is 

P* ¿¿m j. f 
T4- *tLt l J 

^vhere fQ(t) is the actual output, and fd(t) is the desired 

output. For the problem under consideration the input is 

an additive mixture of signal and noise, or 

S(4) + n(è) 

Relating the actual output to the input through the con¬ 

volution integral gives 

foU)* j A(v)fs(t-v) +n<t-v)JJy, 

Also the relation between the desired output and the input 

would be 

, «O 

rJ + rUt-v)Jtjv 

where hd(t) is the desired impulse response that will suppress 

(A-l) 

(A-2) 

(a-3) 

(A-4) 

tne noise. Under these conditions, the convolution between hd(t) 

and n(t) would be zero, and equation (a-4) may be written as 

■/c/Sé) - f Áj(v)S(¿-v) c/v 
(A-5) 

-8 
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Substituting equations (A-3) and (A-5) into (A-l) and squaring' 

yields 

f.-z*c -zaejdt ^ 

where 

/9* f />/v) SCt-v') c/v 
-Í 

(t-v)civ 

(A-7) 

(A-8) 

c = = J Aj(v) S/V-v') c/v 

(A-9) 

Equation (A-6) for convenience may be written as 

5 * jr, -2Z. -z r -ZZr-ZTe (Ai-10) 

where 

- ¿*>»4 -L. 
2r 

- ¿um J- 
7¾ t*> 37- fT 

(A-ll) 

(A-12) 

(A-I3) 

(A-14) 
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-Z>.- ^ 
r--> - *t1t 

AC a/+ (A-15) 

and 

JQ - 
^ 7~-}ù0 2T 

fTsc</f 
J-r (A-lé) 

Consider now each of the terms cf equation (A-lO) separately. 

Ç s ¿i¿n 
r+ct> 

r • °* 
frj^JM*)SU-,)JV CAfí)su-¿)c/á (à-17) 

where the variable 6 is used in the second integral to avoid 

confusion with the first variable cf intecration. Interchan^in/? 

the order of integration in gives 

•* •• T 

X* s f A(v)Jv f A(6)Jó j- fS(t-v)SU-6)c/+ f .n\ 
J-*> J.+ T*c0 2Tjr U-18) 

or since 

tr{rSft'v) S(i ~i)d* 

the expression for becomes 

O0 m 

A(>f)dv^ A(6)Jó fc$(v-¿) 

60 
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Sy identical t»ona the relations for I , I„ I Ic( anä j „ 

be 

and 

ould 

•O ^ 

'z' lj'Mdv L 0*» (*- <t) 

** mo 
, =J ¿„OOc/vj Aj(i) Ji Qiiiv-á) 

~ + 

<kr> (v-¿) 

9* W 

: lo» ^^^1 ^(6^6 <piS(v-<4) 

r‘ zl^(v)JyIj'StiJ* <fisn(v-¿) 

U-21) 

(A-22) 

(A-25) 

(A-24) 

(A-25) 

Slnce-tho sif^al end r.:.i.;e are -racorrelnted», »eir cross- 

CJrralation in zero, and f.o egression for I. and I, v0nld be' 

zero, .¿hen the entresolr t T t T 
r • >^a I- are substituted 

inte e uation (A-10) the reen-s .’.are-error becorr.es 
mm w 

e* *1 *<V)^yf h(à)dó[pu(v-ó) +Pnn(V-6)j 

+ J hj(v) Jrj Áj(ó)c/¿ Pis(y-d) 

■ 2¿d(v)c/vtssfr-d) 

Comiiarin. e uation U-26) vdth the genera], 

',1 

(n-26) 

G-.Urtion for the 
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raean-sc.uere-error, equation (146), reveals th£ 
0 fowing identi ea 

</v^ Ájf¿) 4ts(v_¿) U-27) 

and 

'£ (¢, « cv-¿) c/v 

Since jfffy-d) is an eV£n function, 

'Titten as 
equation (A-28) may be 

^xV r6) ‘J (6’v)Jv 

2y s change of variables *« * , th 
e above becomes 

oe 

^tXi'1. 

(A-2S) 

CA-29) 

(A-30) 

Quation (A-27) and above of + 
“ stated as equation (1^1) 

Mi (150) in the bony of the report. 
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iprendix B 

ífeth.çnatical Jeyslopment of ¿búa ti on 

Starting with equation (I52) 

e* " L i» (*.¿) . <B-1) 

•*jj'M'htj AJ(V)JV 4u(t.y) 

* ¡\mJvj\<t) A 4u(y_j 

e* - Tt -zzz + X* 

where 

(3-2) 

(s-5) 

and 

(ß-5) 
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and 

-Z** (hjWJvf Áj(6)d¿ fsí(r-J) 
O-o* c/.eO 

Exarr.ininc each of the above intesrals separately; 

JW (H-é) 

(E-5) 

(B-6) 

where the following substitution has been irade 

ImMJ6 Jwít'¿)c/u> 
Equation (B-6) maj be rearranged as follows 

(3-7) 

or since 

= f An)£jwile/u (B-9) 
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and 
09 

MV): f 
Jd* (H-10) 

the expression for ^ becomes 

09 

Z = 
¿IrJflsito) +J„„ (wlj/ffid f/M ctu/ (B-ll) 

Now consider the expression for I which my be written as 

^ r 
* z J J.AjMc/y 

Aft) J ? JA¿(r)Jv 0t 'st(Z-v) 

since Or-v) is an even function 

*x* "jMvc/zJÁjMa/v fai(z-v) 

0» 

+ (/)(?) d't Í/ijMdv fa(-z+v) 
J.* 

By substituting the folio- in^ expressions 

-ÓO 

(E-12) 

(2-13) 

(B-14) 
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and 

¿stí-r+Y) *f ít»(w)ejw('r*v)c/w (B-15) 
¿n / 

c/.oo 

into equation (B-I3), and rearranging terras 

\ 

(B-16) 

4-T» * -¿L f ///Co) M/io) ¿‘si/co) c/co 
¿"J* d 

(s-17) 

+ J- f ///&) ///co) gss/u,) oh/ 
- ^ 

In a similar manner the expression for v-uld be 

-¾ r -C- 
2Z7 

ty/to) /fy/co) j/Tss/co) ûio 

/ / 

bb 

(B-18) 
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Substituting the expressions for 1^, 1^, and into equation 

(B-2) yields 

- rij(u) ti«*) }%iOs) + H(tu) M Jtu 

which is as stated in equation (153) °f the report. 

(B-18) 
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