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ABSTRACT

The most general numerical formulation that can be made of the aero-
dynamic lifting problem is a matrix of aerodynamic influence coefficients
(AICs) that relate the control’(collocation) point forces (the local surface
integral of the pressure) to the control point downwash velocities (or the control
point deflections, whdse substantial derivatives ar; the downwash velocities).
The AICs are nec.essar§r in any aeroelastic analysis by collocation methods.
Furthermore, the AICs offer a large computational advantage in aeroelastic
analyses by modal methods since the AICs need be derived only once ‘and the

generalized forces fo;low from multiplications with the modal matnx, any

approach tha.t derives generahzed forces directly i is mefﬁment to the extent

that the aerodynamm a.na.lys1s must be repeated for every rev1s10n of the

° LN . PY L] ..
modal set. e .. . . o° . .
o, * o )
. " 'Downwash is cons1dered to arise from either motion or a gust, and the
_unsteadmess is corxsidered to be oscillatory, trans1ent, or statxc (a 11m1t‘of
the osc111atory.case) The oscallatory AICs are defined by . ° .
L] ee® 0 o Y

for motion, and by _’

°
L]

g

= B oot .

pVWbs[C]‘w., g" L.t .o

‘o . . .. DAY .

° .
% o 2.5 o s
. .

for a gust. The static AICs are dei’ine& by’s g e o
(qS/c) [C°h ] |h] : :

. e

The use of AICs thus defined is illustrated in collocation formulations of

several aeroelastic problems, and the use of the AICs in analyses by modal

Several possibilities for the defmltlon of transient AICs

methods is discussed,

are suggested in a preliminary review of the transient problgm.

ii
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The status of AICs is discussed for surfaces of various planforms by two-

dimensional {i.e., strip) theories and by three-dimensional theories, for

slender bodies and for panels, throughout the range of Mach number of current

interest. A unified lifting surface theory approach to AICs is demonstrated in

the subsonic-transonic-supersonic Mach number regimes based on a critical

review of current techniques. A systematic approach to interference effects is
[ ]

suggested. A ctritical assessment of transonic and hypersonic problems is
presented, and the linear approximations of slender-wing theory and piston
theory are discussed in detall to 111ustrate the AIC development. A result is
derived for the AICs from slender body theory, and the significance of first-
and second-order slender body theory is revered. The AICs for a two-
dimensional panel are given, and the problem of adapting three-dimensional®

aerodynamlc theory to the finite panel problem is mentioned. * The oscillatory

AICs for a hsrmonic gust are developed from incompressible strip theory, and

a method of extensmn of the AICs*for motion to obtain the gust AICs from

hftlng surface theory is shown. A discussion 18 g1ven of current investigations

of poss1b1e formulat).ons of ;ranment AICs and of related computational prob-
L] e

lems. An empq‘lcal we1ghtmg matrix that perm1ts quustment of the
theoret1ca1 AICs to'mcorp0rate the results of expenmental measurements is

suggested, and, finally, a number of* recommendatmns for further investi-

gations andﬁexperlmefltal correlation are*made. , : . . . *
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I. INTRODUCTION

The essence of the aerodynamic lifting problem is the relationship between
the distribution of lifting pressure (the pressure differential betyeen the upper
and lower surfaces) and the surface distribution of downwash velocity. The
mathematical formulation of the lifting problem leads fo an integral equation for
the lifting pressure. The most general numerical formulation that can be made
$rom the aerodynamic integral equation leads to a matrix of aerodynamic influ-
ence coefficients (AICs) that relate the control (collocat.ton) point lifting pres-
sures (or the control point forces, which are the local surface integrals of the
pressures) to the control point downwash velocities (or the control point de-
flections, whose substantial derivatives are the downwash velocities). For

aeroelastic analysis, AICs that lead to control point forces, rather than pres-

sures, are more useful. In the problems arising from atmospheric disturbance
(e. g.» a gust), the AICs may rtlate the forces to the downwash directly; in the
problems arising from motion of the surface (e.g., lift effe.ctivene ss, flutter),
the AICs should relate the forces to the deflections or the streamwise slopes. In
the present treatment, we prefer the deflections rather than streamwise slopes
as the generahzed coordmates. because the deflections have a more,general
meaning on a cambered surface, and deflection influence coefficients are more
.

readily obtained from a structural analysis than slope influence coefficients.

Accordingly, we have defined1 a matrix of static AICs fdr quasi-static motionby

E ]
. |Fs| = (S /%) [Chs] lh| : (1)
We have defined 2 a (complex) matrix of oscillatory AICs for harmonic
motion by .
l 2.2 2
o} <ot e B g

We have defined3 a (complex) matrix of oscillatory, AICs for a harmonic gust by

IFgl =p VW b s [C] |Wg/wg|- ' &




We note that the definitions of Eqs. (1)to (3) are completely general, heing equally
applicable to two-dimensional (i. e., strip) or three-dimensional aerodynamic
theories. We also note that the forces given by Eqgs. (1) and (2) must be equal in

the limit of zero frequency

IFSI - klir’no |F| (4)
r

which leads to the relationship between the static AICs and the oscillatory AICs

for motion °
[ch] = lim (2kZ sg/S) [ch] (5)
S_.I k—e 0 r
r [ ]

Hence, the static AICs need no special consideration in the subsequent discus-
sion. We do not wigh to minimize the importance of the many developments in
the static context.4-12 However, we shall concentrate on the unsteady formu-
lations because of the recent number of significan;‘. advances in unsteady aero-
dynamic theory, while recognizing that there are,some problem areas, as we
shall point out in our review of piston theory, that await the steady solution be-

fore the unsteady one is known.

We may 8emonstrate the general usefulness of AICs by considerig’lg the
collocation formulation of a number of the aeroelastic problems. For the illus-
tration, we choose the problems of static lift distribution, flutter, and the fre-
quency response analysis r.equired for structural fatigue analysis under random
atmospheric turbulence. For simplicity, we assume no rigid body degrees of
freedom. Our basic equation relates the structural deformations to the applied

forces through the structural influence coefficients .
PREEA X

For the static aeroelastic analysis, the external forces are given by Eq. (1)

where the deflection mode is found from the sum of the initial deflection mode of




the surface considered as rigid and the deformation mode

4 = il + I

Substituting Eq. (6) into Eq. (7) and the result into Eq. (1) permits solution for

the external loading:

(al |F,] (8)

iy
n,_
n

where

(as/2) [Cy ) |n,| (9)

.__
=
”
—_—
"

and

[A]

([I] - (gS/c) [Chs][a])"1 (10)

From Eq. (8) not only may the structural loads be calculated (i.e., shear,
moment, and torque), but also the aeroelastic stability derivatives may be eval-
Zq = [1j lFaI/an when we take

in the case of # symmetrical angle of attack).

uated (e.g., the lift curve slope is given by C

lh | =o,|x
r

We next consider the flutter problem. A f{lutter analysis is usually carried

out Hy assuming a harmonic solution and seeking the combination of sf:eed and
frequency for which harmonic motion actually exists. To this end, an artificial
structural damping is introduced into the system to sustain the assumed har-
monic motion, and the flutter point is found when the actual damping and the re-
quired damping are equal. The total applied loads require the addition of the
inertial loads to the oscillatory aerodynamic loads of Eq. (2), which for the as-

sumed harmonic solution leads to

[

- wZGM] + obfs[ch])|hf| e * ® (11b)

-[M] |iif| + |FI (11a)




Combining Eqs. (6) and (11b), and introducing the artificial damping as a complex
divisor (a complex factor to the modulus of elasticity) to the flexibility matrix,

leads to the formulation of the flutter eigenvalue problem

lhfl - 1‘*’+_2i§[a] ([M] +pbls [C}J) Ihfl ) (12)

The eigenvalues, \ = )\R + ikl = (1 + ig)/wz, of Eq. (12) may be found by complex
matrix feration from which we find the required damping

g = XI/KR ) (13)
the frequency

l/V“x;

and, since the formulation of the oscillatory AICs required the assumption of a

w (14)

reduced frequency, the velocity
vV = wbr/kr . (15)
The frequency response problem requires the addition of the harmonic gust
forces of Eq. (3) to the oscillatory applied loads of Eq. (11b). The total applied

force becomes

lFal = wz([M] + pbf s[C}])Ihfl + ngl o (16)

Substituting Fq. (16) into Eq. (6), and again introducing the structural damping,
but here as its actual value, permits the solution for the frequency response of

the structural deformation mode

|4

pVW_ b s[R] [cg] | Wg/wﬂgl (17)

where
2 2 -1
(0 - @2/ +ig Mal (IM) + pb2s[C ) . (18)

(R]

If the response calculation is carried out for constant velocity, then the range of

reduced frequency used to determine the oscillatory AICs for motion and for the




gust follows from the range of frequency (v.;.\l fws wN) of interest
< <
wlbr/V_kr_war/V (19)

From the frequency response of the structural deformations, the frequency re-
sponse of any stresses may be found, and a basis is provided for random loading

fatigue calculations,

The above examples have shown the application of AICs in a collocation
formulation of various aeroelastic problems. But a collocation solution is not
always feasible when a very large number of degrees of freedom must be treated
and a series or modal solution of the collocation equations must be sought. The
modal formulation may be derived a number of ways (e.g., from the collocation
equations using the Galerkin method, or from the mass, stiffness, and AIC ma-
tricesusing the Lagrange method). We do not wish to illustrate the modal form-
ulations of the preceding examples, for these are perhaps better known than the
collocation formulations. However, we do wish to illustrate the calculation of
the generalized aerodynamic forces from the AICs for use in the modal approach.

Consider a series approximation to the deflection mode,

[ = 1] fo

where [hn] is a rectangular matrix of the assumed modes (e. g., each column
may be one of the free-vibration modes), and the q are their respective gen-
eralized coordinates. We may compute the generalized force in each mode by
considering the virtual work done in perturbing the mode. The virtual work done
in perturbing the m'th mode is given by

SW_ = ldhml* IFI ) (21)

and the generalized force is given by

Q_ =6W_/bq_ = !Ghm/qul*IFl . (22)
[ ]
5
.. [
o




We note from the assumed series, Eq. (20), that

|6hm/6qm| = Ihml (23)

with which we obtain
_ *
Q = Ihml |F| . (24)

We may extend this result to obtain all of the generalized forces

|Q| = [hn]* IFI . (25)

Combining Eqs. (20) and (25) first with Eq. (1Pleads to the static generalized

forces

o] = w52 [ End Pl fle &

and then with Eq. (2) leads to the oscillatory generalized forces for motion

o] = ooty B0 fa] @

combining Eqs. (3) and (25) leads to the oscillatory generalized gust forces

|Qg| = PVW, brs[hn]* [cg]lwg/wg' . (28)

At this point, it is obvious that the AICs offer a large computational advantage
inaeroelastic analyses by modal methods, since the AICs need be derived only
once, and the generalized forces follow from multipltcations with the modal ma-
trix; any appraoch that derives generalized forces directly is inefficient to the
extent that the aerodynamic analysis must be repeated for every revision of the

modal set.
.
The discussion throughout this paper will center on theoretical results. We

cannot discuss experimental correlation of the theoretical AICs, since sufficient




unsteady measurements are not available. Any modification of theoretical

unsteady AICs must be based on the limiting case of the static AICs and corre-

sponding steady wind tunnel measurements. A derivation of a weighting matrix

that permits adjustment of the theoretical AICs to incorporate the results of ex-

perimental measurements is presented in Section V.




II. AICs FOR MOTION

A, Strip Theory

We conside}' first the derivation of the AICs from the simplest of the
aerodynamic theories - - that of strip theory in which the flow along any sec-
tion of the wing can be considered as two-dimensional, The derivation is
taken from Ref. 1, and is repeated here to illustrate the three basic relation-
ships that must be established for any aerodynamic theory to obtain the AICs:
(1) the pressure-downwash relation; (2) the force-pressure relation; and (3)
the downwash-deflection relation. Although these are the basic relationships,
they are found in an equivalent manner in the case of strip theory, since the
pressure integration has already been carried out for the tabulation of the
oscillatory coefficients., However, this equivalence is apparent, and, since
the strip theory approach is so fundamental, we shall find it a satisfactory

introductory illustration.

In the case of strip theory, the matrix of AICs appears in a partitioned

form. For example, the AICs for the two-strip wing appear as

—
Q
=
e
1"
]
1
1
]
L
1
[}
1
1
—
[g¥]
0
~—

where the Chi are the AICs for each strip. Hence, it is only necessary to
derive the AICs for one strip, The given and the equivalent force systems and
géometry are shown in Fig, 1, We have arbitrarily chosen the forward control
point at the quarter-chord, the intermediate control point at the control-sur-
face hinge line, and the aft control point at the trailing edge. The chotd is con-
sidered to be rigid, The oscillatory aerodynamic coefficients referred to the

quarter -chord are defined by

100 L L h
Lh a B
= ncos A pw?ptBDylobol| M M_M ba (30)
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Fig. 1. The Original (a) and the Equivalent (b) Force
Systems and Geometry for Strip Theory

>~

(N.B., the t;actor m cos A is used with subsonic cocfficients; usually the factor
4 is used in its place with supersonic coefficients.) Eq. (30) is the strip

theory equivalent of the basic relationship between pressure and downwash.

The equivalent of the force-pressure relationship arises from the transformation

of the given loads to the control point forces. This load equivalen.ce is given by




Jr 11 F] L
== 0d(d+ =
(d ca) . F2 =J]M . (31)
00 <, F3 T

The geometrical equivalence, which is the analog of the downwash-deflection

relationship, is given by

h) 1 0 0
ba }=| -b/d b/d 0 . (32)
bg b/d -(b/d+b/c.) blc
J a a
Placing IFI in terms of |h| by combining Eqs. (30) to (32) and identifying the

result with Eq. (!) yields the strip AIC matrix

[Ch] = ﬂcosA(b/hr)Z (Ay/s)

1 -b/d
x| 0 b/d

y

(33)
In the absence of the control surface, we have
= 1 0
c (b/b )* (ay/s) R
= wcosA(b/t__ Ay/s 34
h ! 0 b/d||M M | |-b/d b/d (34)

Once the AIC partitions are obtained for each strip, the surface AICs are

formed by assembling the partitions according to Eq. (29).

A survey of the status of two-dimensional oscillatory aerodynamic theory
must begin with the incompressible solutions of Theodorsen =~ and of Theodor-

15 and the tabulations of Smilg and Wasserman .16\ These

sen and Garrick ’
solutions are for the case of a rigid airfoil and control surface; the incom-
preseible soluticon for the case of a flexible chord undergouing parabolic changes
in camber has kcen obtained by Spielberg 20 The subsonic solution fcr the

rigid airfoil and control surface has been obtained and tabulated by Timman,

10




o

2 1!
vvan de Vooren, and Griedanus.
and the ﬁx(ension to include a2 .

20
oy Nelsomn and Berrnan,

qsupersonic solution for a flat plate airfoil in-
4 g . . 2
7 as been obtained by Garrick and Rubinow " and
cluding a control sur 4 ¢ . 22 y _ . )
tabulated by Hucs' g «d Durling, The zero thickiiess supersonic solution
abu AL ’

PN ) enservative flutter predictions becsuse of its aft location
tendas to g

! «lc center. A supersonic frequency ex ansion solution for the
. of ae- . * - '
\‘ ) eressure including thickness effects but withcut a control surface has
1ir
& givenby VanDyke,23

R . wWden and Reve1124
b J en tabul ated,

(;iston theory at high Mach number, Third-order pls

«ton theory including a
tontrol surface has been discussed by Ashley and Z rtarian;

this solution
/ vill be reviewed in a three-dimensional context ir

: & later section,
F b Lifting Surface Theory
."/ d. Subsonic Lifting Surface Theory
- a, Introduction
Ng -

‘where [Bj ] is a pressure integration matrix, A is the matrix relating
nrm &

pressure loading coefficients to downwash, and l"w

deflections of the collocation points,

‘rices in detail,

relates downwash to

We first consi: ler these component ma -

We refer to methods leading to an integral equation relating downwash

and the pressure loading on the wing represented by a series of functions with
unknown coefficients to be determined as the main problem

11

) onic solution kas been given by Rot:t:19

ﬂrol surface and a tabulation have been given

and the pressure coeffic.ent has been integrated by
to obtain the oscillatory coeffi-‘ents; the results have not

The solution with thickness effects approaches second-order

gl equations for
. e i _“‘,,:‘ n W _
the aerodynamic influence coeffro =5 lifting 51{rfac¢ tlhi 0y f.s;‘%\‘.l:epx;e .
senting the contrgl point force to deflection relation 10 be as previousi “-?‘aé’\lfl\t%
in Section I, ‘ ;
- w2 [ ) A
IFJ-‘ = pw b ! [Ch lh_j E (35)
then we shall show that a convenient representatlo'l ‘e
j J Al ] [ v ] (36)
(e ] - wand [o, ] [aka] |




b. Review of Earlier Solutions

The general theoretical foundation for the solution of the sub-
sonic unsteady problem was laid by work of Kuessner,26 and, subsequently,
by Watkins, Runvan, and Woolston.27 With the advent of large high-speed
. digital computers, the deve'lopment of numerical methods followed., Among

these was the method of Runyan and Woolston,'28

which was subsequently B
developed by Rodden, Hodson, and Revell29 in the form of AICs according to o
the present formulation, This development will be discussed in the context of
the general method to illustrate the technique, The more rece‘nt work of Wat-
kins, Woolston, and Cunningham, e having more general applica_bility, forms
the basis for recent developments of Revell, Carrington, Milligan, and

Vivian, 31 A'development basically parallel to the NASA work has been made
by Hsu32’ 33 and the M. I. T. Aeroelastic Research Laboratory (see Ref. 34 for
a general review of this work). All of these subsonic methods are based on the
acceleration potential, or pressure loading approach, wherein the unknown
pressure distribution on the planform is represented by a series of functions

whose unknown coefficients are®related to the known downwash distribution

by an integral equation, which for the harmonic case is of the form

W (x.’V’O'“’)':"f_/ K(x - & y-mn, M, wap (£, n) dEdn (Y,
: |
and |
M N
sp&sm = 3 T ap, Ema_ (38)

m=0 n=0

We consider the development of AICs as illustrated by the earlier development

of Rodden, Hodson, and Revell29 in the context of the current work of Ref, 31. ,

The derivation of the AICs from an arbitrary lifting surface theory is N
always possible, however complex may be the. details, We'“pres'ent a systematic ". a|
approach.which is valid for either subsonic or supersonic flow when the acceler -
ation potential method is used. This form is preferred over the velocity po-
tential method in supersonic cases involving subsonic edges as will be discussed

in Section II. B. 3). We define the downwashes {wi/V}, (i = l(l)ND,. induced at

L 12




a point set i} in the field tc he linearly related to the load distribution ex -

pressed as a serics of suitable functions and undetermined coefficients {a n },

(n=1(1)N, m = 1(1)M). In matrix form, we write

‘wi /v} - [D;m] {anm} “ (39)

where in the subsonic case, following Watkins, Woolston, and Cunningham

: gt. e. (n)
; b 1 Kg (x; <&, vy, -n, My k) sp  (E.,n) dE
D — dT] v(40)
nm 4w 22 (y. - 2 v
‘ y, - p
. L. c. (n)
and
M =
2 - [ 2 &
Ap, . /pV" = 4n(l/bg) | (b, /b) 5 ™ Vioq YL (8) . (41)
= m=0 ’ n=0
The planform geometry is shown in Fig. 2, and
£ = £y ) - (bln)/b)cos o . , (42)

®
Before discussing the development of AICs, we pause to consider the problem

posed by Ey. (35) which is the heart of the aerodynamic problem.

£z

Fig. 2. Subsonic Planform Geometry
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c. Calculation of the Induced Downwash

The matrix [Drixm] of Eq. (39) is handled several ways. The
Runyan and Woolston method follows the approach of replacing the distributed
loads by a discrete set of concentrated loads {APv(xv, nv)} and related them to
the downwash at the control-grid {1} by a set of '"downwash factors' [FVN/GN]

for a spanwise strip €., wide, so that

N
_ 2
{wi/v} = (1/ampVE) [F /e ] {APv(xv,nv)} : (43)
Now the concentrated loads are related by an integration matrix [gm(n)Gvn] to
the pressure loading coefficients {anm } s0 that
AP (x )| = 4tpvie (n)G a4
ALY ‘ TP [gm n, vn] \anml (e

where from Egq. (41) we have
J 2
gm(n) = 'I]m 1-n c (45)

Then Eqs. (43), (44), and (39) imply that

[Dilm] ={t/m [FVN/GN] [gm(nv)Gvn] ) (5

In the method of Runyan and Woolston, and, hence, the above developments, the
downwash factors are expanded in a fifth-degree polynomial in the reduced fre-
quency k = wa/V. Furthermore, the fifth-degree term behaves as k5/[38 as
Ni-—» I; whence, the solution is only valid when kM/ﬁ2<<l, although it should
serve as adequate for many lower mode instability problems for Mach numbers
up to, say 0.80. Application of the ratio test shows convergence whenever

[kxo < 1052/3, which, in general, is nonuniform on the planform (through the

2 . .
x, variation)., However, for delta wings, ‘xol< 2, and k< 5B7/3 is a sufficient

0
condition for uniform, absolute convergence.

The method of handling [Gvn] in Ref. 29 differs somewhat from that of
Runyan and Woolston, but leads to similar quantitative results. An improved
computational procedure for this method has been developed by Rodden, Farkas,

and Oyama.
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The more recent works of Watkins, Woolston, and C\mningham3o and

Heu32 33

proceed to evaluate I:D:xm] directly by Gaussian quadrature for the
nonsingular regions, and uses the finite part concept of Hadamard to treat the
singular region (see. Ref, 36, pp. 277-280). The development of Revell,
Carrington, Milligan, and Vivian L congiders piecewise continuous planform
edges, and the integration r-nust be interpreted in the Lebesque sense, The
integration scheme of Ref., 30 is essentially valid over the entire frequency
range, and the more accurate integration provides a more reliable represen-
tation of the effect of the distributed loading than does the replacement loads
method, This [Drilm] matrix is the point of departure for the remainder of
the problem, and the question arises as to how many loading functions and
downwash match points to demand for an adequate, efficient engineering so-

lution of the problem,

d. Numerical Solution of the Downwash Integral Equation

' An exact solution of the linear boundary value problem of
lifting surface theory demands that the downwash shall match some prescribed
values everywhere on the planform, The boundary condition, therefore, requires
Ni»oo. For computational purposes we settle for the finite number of points
Pi(xi' yi). Historically, the early computational procedures developed by Wat-
kins, Woolston, and Cunningham have chosen Ni =9, and 16. The method of
Hsu32" e involves a 25-point collocation scheme whose locations are chosen
to preserve the total chordwise load. In order to solve Eq. (39), it is clear
that we need one equation for each unknown a Thus the simplest view of
the problem is to set Ni = N x M and make Ni as large as possible for a given
digital comput.ing capability, Howeve:r, because of the polynomial form of gm(n),
the matrix [D;m is not "well conditioned! for a finite digit arithmetic system,
A common remedy to such problems is the least square solution which over-
determines the problem (see Ref. 37, pp. 149-164). Thus, we shall choose a
relatively small value of N x M which is sufficient to describe our load distri-

bution, but endeavor to increase N. as far as possible. We thus find a non-

finality of the

anml’ but for cach combination N & M we find a convergence of

the ja as N, —00.
nm i
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We thus expect to find an optimum computational solution by choosing
(N x M)<Ni to reduce the size of the associated algebraic problem, This point
is clear when we consider the general solution of Eq. (39) for the case Ni>(N

x M). Here we have
_ i
lanml - [Anm] lwi/Vl ! (47a)

where from Eq. (39)

o) = ([P [85) o ]) " el (2] e

where [A Sj] is the least squares diagonal weighting matrix whose elements
cor}sist of the incremental areas surrounding the control points, We note that
[D;m] is complex for the oscillatory aerodynamic problem, and it can be con-
sidered as the Fourier transform of the general time dependent downwash,
Noting the ranks of the matrices carefully, we know that the solution of Eq.

(47) exists only if Ni>(N x M). Physically speaking we are approximating the

Ni point boundary condition in a least square error sense for any given Nx M

combination of loading functions. We shall now discuss the loading functions

briefly.

e. Choice of Loading Functions

(1) Chordwise Functions: The most widely used loading

functions satisfy the Kutta condition of pressure continuity at the trailing edge,

and have the classical, thin airfoil square root singularity at the leading edge,

Inrterms of the trigonometric variable, 8, defined by Eq. (42) the .fn(ﬁ)l of

Eq. (41) are of the form
1o (A) = ctn (r/2) (48a)
{ (8) (4/22“) sin (nfA), n =1 . (48b)

n

In the case of a trailing edge flap, we have a discontinuity in downwash,

3 . . . . .
and Hsu 2 has shown that a logarithmically singular loading term arises of the

form > 5 3
Aw. \/ 1-M l-% - X VI—(‘ V 1-%
oz |
! (,\) - < S [ _ -
1 - ¢x - \/l-(‘z 1-%2

=~ log
) ¢ 2 g

~

Zw‘l(f/ho) 1+

B (A :zin-1 v)l (4)




for a control surface covering c< X<1, and the wing chord is defined by

-15.?55_1.

(2) Spanwise Loadings; Interference Effects; For the

treatment of interference effeccts it is convenient to modify the spanwise load -
ing function given by Eq. (45), for clearly at the wing root, no combination of
functions of the type qm 1 _nd will alter the loading for n«l, Falkner4 has
contrived the so-called P functions for this purpose, However, for the pur-
poses of thisdiscussion, any convenient analytic function which is even in n-"Mas
where T]d is the center of a spanwise interference effect, wbuld be sufficient.

We might choose, for example

8m (77’77(1) = (1/2M2) V1 -772 cos mw(?}—'f)d) (50}

where M>m, or
i (119) = [1 - (7250 V1 -7 (51)

Having described the classes of convenient subsonic loading functions which

satisfy the boundary condition, we consider the problem of downwash specifi-

cation.,

f. Specification of the Downwash; Interference Considerations

The planform boundary condition for the general aerodynam-
ic problem is to match the normal component of velocity of the fluid relative to

the surface

v -w=V .T" o, (52)

and for the linearized lifting surface problem, this amounts to evaluating we
on the plane z =0, (cf,, for example, Milos38), Hence, Eq. (39) expresses the

fluid downwash velocities, w induced by the wing loading at any point, (xi,

fi’
Vi) in the plane z = 0. The body vertical velocity, at (xi, yi), therefore,
must cqual the sum of all the induced fluid downwash velocities from cach of

Nd disturbance fields (of which, the wing-induced downwash is the major
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component), Then N
d
w = 53
bt z (w fi)n . (53)
n=1
The body downwash'for an arbitrary surface deformation pattern Zw = h(x, y, t)

is to the first order of approximation,

sh | 3 h)
b x 9t =
1 < i R A LR A .
For the purpose of the collocation method as discussed in the previous sections,

we must relate 'Wi/V to the deflections at a discrete grid point set ‘hj l

(j =1 (LN). To this end we define [wij ] such that
‘Wbi/vl = (1/by) [ng] lhjl _ (55)

The problem of computing [W.. ] requires some type of analytic inter -

polation of the deflections, For example, let

: z Z d rs (x,y) . (56)

At our control point grid we have

h, ] - [;{J'rs] {d]_sl . (57)

Using a local chordwise interpolation only, we obtain for y = Yy X = Xj

[m o) = 1) o] [ )i =Ny (s

Then by least squares

[dl. (yl)l

([H{] [A\] [H’]>-l [HJ] [ij] lhjl (59a)

[I'] lhjl (59b)

where the least squares diagonal weighting matrix is composed of the incremental

chord longthsAxJ.. Then Eqs. (59) and (55) imply




H .
(R B S i
x=x,
A general discussion of this problem would lead us too far afield, but it
is an important problem, We merely remark here that a local chord or interpo-
lation "in the small" is most advisable with considerable '"overdetermination"

of the ‘dr being a necessary requisite for reliable results, Interpolation of

the entire surface ('in the l‘a‘rge") can often be done but frequently leads to

nearly singular matrices.

To consider an interference problem, we specialize Eq. (53) to the case

of a wing and a fuselage and write using Eq. (39),

w w F .
‘wbi/vl . \ w) /v| 4 Iwi /vl (61a)
. [D"W V1 lw,F/vl . {61b)
nm nm i
Then our solution for Eq. (47) requires that we define Iwi/V as

W { W WE

lwi /Vl - l“’bi/vl - lwi /V] (62a)
W W WEF

rvg) (Wil J{n" ] - ™o \GeE)

where W, F/Vl might be evaluated from some scparate analysis and related to

the local fuselage downwash and deflections, For example, by slender body
theory the fuselage ficld perturbation potential is (cf., Miles38), noting sin A=

z/r for a circular fuselage

P

e (1/1~)w§ (x,1) Ri,(x) S (63)

whence, the downwash in the ficld is

WE F
W, (xi; rj’ei’t) = 9é¢ /9 (64a)
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- (1/ri2) wf: (x;, ) Ri, (x,) (1 - ZZiZ/riZ) . (64b)

For Z‘.Z << r.2
i i

WF _F 2 2
w, = wy (xi,t) RF (xi)/ri . (64c)

Further if the fuselage downwash is related to the deflections by
N AR LY L
[w Gepot) | = (1/vg) Wi ] [ (65)
2

we have again for z ; << r.2 ;
i

WE¥ B 2 2 F F
[ e v oy ] = g [RE e ] [wi] (] (66)
Then substituting Eq. (66) into Eq. (62b) gives an aerodynamic interference

coupling between the fuselage and wing motion
i’ rv] = reg {([w] [n7] - [reterf ][] 7)) voma

which may be written in the partitioned form

(LW
[} - Y L] o
J

W c q
The matrices [W\:J,] and [W IF;] are obtained by means of deflection interpo-
lationas discussed previously, We next consider development of the matrix

{BJ ] relating the forces ,FI to the loading coefficients, |a I
nm j nm

g. Relation Between Control Point Forces and Pressure Loading

Coefficients
This is perhaps the most intuitively simple aspect of the
method, and in the limit of an infinite number of force points gives [cf. , Eq. (41)]

2 6
FJ-~APJ~ A5j~pV 1n(9j) gm(nj) ASj . (68)

However, what we are interested in is a finite lumping of the aerodynamic
loads which, in some sense, preserves the most important properties of the
distributed load and must be placed at points chosen arbitrarily by the dynam-
ics engineer (for reasons of inertia and stiffness data availability), We

formalize the definition of [Bnrr.i ] by the relation
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(69)

SN o 2 2 J
ll‘j|_ﬂpv 1 [Bnm] a'nml )
The simplest trecatment, and one which is especially appropriate for a

large number of chordwise collocation stations, is to write

B}]]m]: (l/vpVZLZ) SS AP, by 1dE A7, | = l(l)Nj . (70)
As.
J

In the method of Ref. 31 for the cases where 4£Nj(y) < 5, the strip lift,
pitching moment, and control surface hinge moment arc matched, and, rather
than matching higher order moments, an alternative method called the '"mini-
mum vector length constraint'' is used, Although the mcthod of matching
higher order moments is necessary to yield the correct generalized forces
for an arbitrary chordwise deformation mode, it does not lead to a satisfactory
estimation of the chordwise load distribution for the purpose of stress analysis
when only a small [e. g., Nj(y) = 5] number of chordwise control points are
chosen, The minimum vector length constraint adds to the basic conditions
of lift, pitching moment, and hinge moment, the requirement that the sum of
the squares of the control point forces be a minimum, We estimate that the
procedure defined by Eq. (70) is satisfactory for Nj(y) of the order of six or
more per half wave of chordwise deformation, and the minimum vector length
constraint approach has its utility in nearly rigid chordwise deformation prcb-
lems. We add that one must keep a balanced view in regard to aerodynamic
lumping versus the inertial lumping for the vibration analysis, and with due
consideration for the quality of the structural influence coefficients for the

acroelastic analysis,

h. The Aerodynamic Influence Coefficients

We are now in a positioi to assemble the component matrices
to obtain the desired AICs, The fundamental relationships as described in Scc-
tion II A are formed in: Eq. (47a), the pressure-downwash relation, Eq. (69),
the force-pressure relation, and Eq. (55), the downwash-deflection relation,

Combining these so as to relate the forces and deflections lecads to
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- 2,2 J i
|55) = wp V2P o9 [Bhn] [Anm] [V In) - (71)
Identifying Eqs. (35) and (72) leads to the AICs
1 2 j i
[ch] = NG /hy) [Bnm] [Anm] [wij] , (72)
We have elaborated on the formulation for the subsonic case because it
contains most of the possible complexities of applying lifting surface theory,

and we have demonstrated the feasibility of the cecllocation format of the AICs.

We next consider lifting surface theory in other Mach number regimes.

2. Transonic Lifting Surface Theory

a. Introduction

This regime is the most important of all the Mach number
ranges in aeroelasticity, even for vehicles whose design Mach numbers are in
the supersonic range, In fact even for a hypersonic vehicle, there will exist

two critical regimes controlling stiffness:

(1) A transonic design point, due to the fact that aerodynam -

ic derivatives reach their maximum in this regime,

(2) A hypersonic design point, due to the forward shift of
aerodynamic center due to thickness effects, and due to temperature effects on

stiffness.

Perhaps the grceatest source of difficulty in the transonic regime on a
hypersonic vehicle is the type of configuration (e. g., blunt leading edges and
very low aspect ratios, such that the planar surface concept 8 breaks down,
and we must proceed with a "wing-body' approach from the outset). However,
for all vehicles for which acrodynamic heating is not crucial in dictating wing
design (i. e., approximately up to M = 3, 0), we shall face the problem of low
aspect ratio, very thin wings, since wave drag is an important consideration
in design., For such vehicles the transonic problem is esscntially three di-
mcnsional39 and lifting surface theory is the only reasonable basis for

acroelastic loads analysis, N
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b, Linearization; Shock Wave Effects

It is generally appreciated that shock waves and nonlinearity

are the essential features of the steady transonic flow past a body or surface of
38,39

finite thickness, 0 but it has been shown that there exists a valid range

for linearization for the unsteady regime, for low aspect ratio wings defined by41

\ (see Fig. 3)
. 1/3)

k >> oge log (e (73)
where 0 = l/Zbo, e = thickness ratio, and k = u)bO/V is the reduced frequency.
(For example, for a 60-degree swept delta wing withe = 0,03, 0 = 1/V3, we

require k » 0, 02.97%.9 ;3 this event, the appropriate linearized equation ‘for the

unsteady motion is

d)l +¢51 -ZMZQ(1 - M ¢1 =0 . (74)
Yy 27 xt tt

THICKNESS

RATIO, €

APEX MACH CONE TRACE

Fig. 3. Planform Geometry for Transonic Regime
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The presence of shock waves has an important effect in modifying the
boundary conditions. Eckhaus 42 has recently developed a solution of the ideal-
ized problem of an unsteady two-dimensional flow with a uniform supersonic
zone separated from a uniform subsonic zone by a normal shock wave perpen-
dicular to the airfoil surface (see Fig. 4a). This actually is a fairly realistic

model of the subsonic-transonic regime (see Fig, 4b).

4
A b4
< : ? SHOCK TRACE IN
| Xsu , /
| / PLANE y= CONST
My > |
2 | M2 < /
.
T % /
3
f
| i — X /—_" X
l
| \
| \ SONIC SURFACE TRACE
\ IN PLANE y= CONST
| XstL
(a) IDEALIZED FLOW (b) SUBSONIC-TRANSONIC FLOW

Fig. 4. Transonic Flow with Shock Waves

Eckhaus' model has already proven to be helpful in explaining many of the

39, 42 ) .
% wherein a disturbance due to control sur-

features of control surface buzz
face oscillation sends upstream a wave which interacts with the shock in a man-
ner such that, as always, the Rankine-Hugoniot relations must be satisfied.

For the unsteady problem these provide a sct of boundary conditions relating the
unsteady perturbation potential derivatives on either side of the shock, KDL
Eckhaus shows that the most important first-order effect of the shock is to make
the airfoil appear "semi-infinite' (with respect to an origin fixed in the steady
state shock wave position), Part of the solution yields the amplitude of the

shock wave oscillation in relation to the surface motion which originated the
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disturbance, This is also of interest in connection with problems of shock wave
interaction with turbulence which are of importance in the growing field of aero-
dynamic noise theory pioneered by Lighthill.44 For a review of these turbu-

lence interaction problems the reader is referred to Chu and Kovasznay.

The Eckhaus method could provide a useful basis for the improvement of

lifting surface theory as a prelude to development of AICs if:

(1) The stcady state flow field about the wing body is given

or can be estimated (say, for a symmetrical body);

(2) The shape and location of the shock surface is given by
an equation of the form Fs(x, y,z) = 0;
(3) The Eckhaus solution is extended to treat the case of

upstream disturbances and their transmission through the shock wave;

(4) The solution is formulated in terms of acceleration po-
tential to avoid integration over the wake, in order to be more compatible with

a unified kernel function approach,

c. Vorticity Effects

We note finally that linear methods do not preclude considera-

tion of vorticity effects, for we may write, following Sears,

— —r
Vf:iV+Vd+Vl (75)
e
where\/x vy 3‘0, but where
|V, /v <<15 | werv] <<, (76)

leading to equations of the form (specialized to steady flow here for illustration

of the influence of steady flow nonuniformity)

2 2M (y, z) ZMy(y, 2)
- 1 - ' - - ' 1 1 -
[1 M~ (y, z) ] Pyx My, z py Miy, z) P, + pyy * Puz Y (77)
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. . . 4 . .
where p' is the disturbance pressure, Lighthill < has also introduced a modi-

fied potential function X such that (u', v', w')is the disturbancg velocity field)

R

Ix

axX

—_ = V! (78Db)
3y )

and shows that for the two-dimensional case,

& —
(1 - M%) v+ yyy_o (79)

This type of consideration has been used by Miles 0 in studying boundary layer
effects on panel flutter and by Lighthill46 in shock diffraction effects (e. g., an

atomic blast passing a corner of an airfoil).

The above remarks on vorticity have been included here as appropriate to
the context of departures from linear potential theory, but actually, the vorticity
problem per se can be safely ignored* for transonic aeroelastic problems (ex-
cept for the proper handling of the shock boundary conditions). Thus cn either
side of the shock the velocity may be described by

>
Vf: 1U1 *VQ‘I (X,Y,Z,t), x<xS (803)

—
Vo= iU, 174, (x,y,2,t), x> (80b)
f 2 2 s

and the isentropic pressure cquation may be used,

t

Av, = p, V, "‘z\_ t P, °‘2t (81b)

d. Linearized Transonic Lifting Surface Theory’

If we consider only the first-order effects of the shock bound-

ary conditinns, the downstrcam disturbanccs are e\:cluded and the linearized

“The entropy is proportional to | (y- l)B /M [Y+] -8 (Y l)' laplay and the
ratio of reflected to incoming wave pressure amplitudes is D /D = (1-M) [3-

(I+M)]/(I+M)a[3 (l-M)] (See Ref. 42, pp. 23-25).




39

transonic problem is obtained, This has becen thoroughly treated by Landahl]
He shows that a similarity property exists for solutions of Eq, (74) described by

the relation

dl (X.Y» z, t; (T:k; M) = (l/M) él (X. My» Mz: t; Mﬂ'p k, l) . (82)

Then the solution need be carried out only for M =1, A.?.hley48 has recently

proposed a '"transonic box method, " using Landahl's result

x (0 e}
+ 1 i -n)’?
¢, (x,y,0",K) = - - f de S My exp {"ﬁ%[(x‘g“((x-)ﬂ”d” ’
0 -0

(83)

Ashley suggests that a fixed, square box grid be employed, extending out some
finite distance past the wing tip, and that the diaphragm downwashes be de-
termined algebraically in the same manner as in the supersonic application for
the subsonic leading edge case. (See Section II. B. 3 for a discussion of this
problem.) In this case, the fixed grid would make possible an AIC development
without the inconvenience of the ""floating' Mach box grid system referred to in
Section II, B.3. The above approach would constitute a practical method by

which Eq. (83) may be used for general configurations,

A second approach to the linear transonic lifting surface problem is to
regard it as a limiting case of the subsonic problem. Watkins, Runyan, and
Woolston‘n have given the kernel for M = 1, and calculations have been car-
ried out by the kernel function procedure. Landahl gives some comparisons

39

with his work.

We finally consider some limiting cases. For low aspect ratio and re-

duced frequency, we have the slender-wing theory, for which the potential satis- (
fies Laplace's equation in planes transverse to the body axis. This solution has
been developed in the form of AICs by Rodden and Revell, <Y and will be discussed
at length in the following section. The other limiting case is the high-frequency
slender-wing theory developed by Merbt and Landahl, >0 in which the two-
dimensional wave equation in the cross-flow plane is solved in terms of Mathieu

functions, after transformation to elliptic cylinder coordinates. (See Ref. 38,

Ch. 9 for a review of this problem.)
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Having framed the linear, transonic, unsteady lifting problem in its prop-
er context in fluid mechanics, we now consider the formulation of AITs by

slender -wing theory.

e. AlICs by Slender -Wing Theory

Slender -wing theory provides a solution to the slender lifiting
surface problem that achieves its maximum accuracy at transonic speeds. The
present demonstration is based on Ref, 49 in which we utilize the results of the
derivation of the unsteady slender-wing velocity potential given by Bisplinghoff,
Ashley, and Halfman (Ref. 34, pp. 400-404). We assumc for the present form-

ulation the geometry shown in Fig, 5. The surfacc is divided into clemental

Y,M ‘

Fig. 5. Slender-Wing Geoinetry

areas whose deflection characteristics arc specified by the deflection of their

central coordinates, x., V.. We nondimensionalize our coordinate system by
1 )

=, n, ~() = x/c, y/c¢, s(x/c)lc (84)

]
and the time by

- = Vt/c¢ , (85)
and assume that the surface deflection can be represented by

hi(x,y,t) = c¢yy a (7) fm(F) gn(’ﬂ) (86)

mn
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where

m v« _ ._n
£ (e) =¢g and g (n) =n

The assumed series: for the deflection leads to an expression for the downwash

dh |, 91l
w(x,y,t) = V-g; + 5?1 (87a)
r
= V) ). lamn(T)f‘m(E) tal fm(E)] g (n . (87Db)
In the present notation the perturbation of Ref. 34 becomes
n . 2 2
d v - A
${z,n, 1) = = j i 4 w(Z, A, 1) —F——— d\ (88a)
o@ oy -0 Voo
- ¢ VZZ (amn f:n ¥ a;nn fm) In(n’“) e

where the integral In is given by

n
d /.2 2
In('ﬂ'O) '—"% S "‘——21—2— gn()\)—%—_-—;\:—— dA

o YTV o (89)

in which the Cauchy principal part of the first integral is indicated.

The lifting pressure differential is found from the unstcady potential.

Ap = 2p (Vg _+¢,) (90a)
= (2p V/c) (4 4 4,) (901)
- &y Ve . '
=20V ZZ{B EEaxnn fnl ! n fm) In((" 'ﬂ):l
Pt A ) T} (900)

We are now in a position to consider the force on the elemental area surround -

ing the point (xi, yj). The geometry of the clemental arca is shown in Fig. 6.
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Fig. 6. Geometry of an Elemental Area

The fore and aft limits on x, are denoted by X, and X, 0 respectively, and the
inboard and outboard limits on y.i are denoted by in and Y_jo’ respectively.

The limits Ko X and yji are considered constant. The limit on may either
be constant as in an interior region, or be variable as at the edge. The force
assumed to act at the point (xi, yj) is found by integrating the lifting pressure

over the elemental area.

F(xi, yj , t) = j’f Ap(x, y,t) dxdy .(9la)
A S
J
' £, M. 6)
2 Jo
S @ [ Ap(E,n, T) dE dn (91b)
éi "y

where we denote by T]jo(é) the possibility of the limit varying. The force

becomes
€. n. (€) .
i 2 Zraz ia jo 3
F(xi, Yj’ t) = 2pV ¢ Z‘ [ j }K (amn f]'1+ a;nn fm) In
é.f ..
i ji .

] 1 11}
+ (amn fm tar fm) In dndé
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Since In (N, 0) vanishes on the edge, we may interchange the order of differen-

tiation with respect to § and integration with respect ton, Then, if we define

J (&,m) = fln(n,O) dn , (93)

in which we emphasize the functional dependence 0= 0 (€, and

J‘fl(g) =J_(F, n; o - I, (8, nji) , (94)

the force becomes

2 & { ) , j
F(X ,Y Jt) = 20 ZZ '6—‘ an"m f;n + amn f;’l’l) Jn(E)

s 0 +an )3 }dz . (95)
mn m mn m°' n
Finally, if we define
= g 6
o (2T ffm(” J (g, m) de (96)
= ' ' 7
mn (£, n) fl;n(g) Jn (F,m) de (97)
and _ |
< = & 0. ) - . 98
Krnn (8) = P\mn (= nj(’)) “mn (g, n " ) (
j : - 4 ’ 28 ’ 99)
mn g) = Llmn (€, ﬂj“) i (% n_]l) (

we obtain the final expression for the local force

2 e - 2 2 . 1 J
r('\i’y_j’t) =2 V-c ZZ {[Amn rm(aia) ’ mn n (Eld] T (E: )
= : J‘ e
[amn m (Fﬂ') mn n (F ):I (

j a Do i (e
* a;nn [Lmn(eia) an(F‘ir'):, dn]n [Kmn( ‘ia) mn(! ) (100}
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which can be abbreviated to

- 2 2 ij i i n
F(xi’yj't) = 2n V- c Z z (an mn * Nmn #mn * Kmn amn) (101)
where
i - v ! ’ 1
Mo = D €50 T, (e ) + £ (e ) T (8, Mjo)
- ' 1
[ (B30 T By Mig) + 6, (80 T (8 nji)] (102)

ij  _
Noon = G Gigd T0Gip Mioh + 10 Bya) Tn&iar M)

mn

- ’:fnl(gif) Jn(gif’ njo) * fn"l(zia)‘]n(g:ia' nji)] * Lmn(gif’ nji)

Y
+ Lmn(g ia’ njo) - [Lmn(gif' T‘jo) * Lmn(Eia’ T]ji)_] (103)

K =K

(104)
4 L) - .,Nn. )+ K €. ,M..)].
mn mn Eif' nji) * Knm('ia' n_]o) I:Kmn(glf nJO) mn( ia n_]l)]

We see from the last three relationships that the matrix elements depend on the

three quantities

M (g, n) = fi,€)J (g n) (105)

nin
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N o6 = ()T (E,m)+ L (E,n)
(106)

and

K ,
mnté: M) (107)

evaliated at the four corners of cach clementary area, viz., the sum of the

forward inboard and aft outboard values, minus the forward outboard and aft

inboard values.

Before proceeding with the derivation of the AICs let us illustrate the
calculation of the various integrals by computing the lift on the rigid plunging

and pitching delta wing. For pitching and plunging we have

h(x, y,t) = ho(t) + x aft) (108a)
= c(aOOngO + aloflgo) {108b)
orm=0,1, n=0, and a0 = ho/c, a =9, fO =1, gq = L, f1 = ¢
It is first necessary to cvaluate IO(?),O).
I G Y o \) Jo? - \2 dx (109)
ol o) = 3 2 .2 Bof v - % :
-0 -0

The first integral is evaluated from the substitution X = 0 cos 6 and the well

known formula of Glauert,

1 i cos r0 d0 _sinr ¢ (110)
T cos 0 - cos¢  sin ¢
0
and for go()\) = | leads to
7] 2 42
1 f Vol 2% L, (111)
™ v -\
-0
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The second integration is routine, and we ohtain

Io(n, a) = - o’ - n& . (112)
The integration of 10 leade to JO( &)
VA 2 Zh o=,
Jolésm) = -(n/2) Vo© - n~ - (07/2) sin” (1,/0) . (113)
In evaluating the integrals KOO' KIO' L‘OO’ and LlO it is nccessary to consider

whetlier the integration is carried out in an interior or an edge region, i, e.,
whether 17 = constant or 1) = 1)(£) during the £ integration. For a delta wing of
semiapex angle 0 the semispan is given by o = § tan §, so that along the edge
NE) = 0=£ tan 6. Carrying out the integration in the interior regions, and

letting =17 ctn 6 in the interior regions, yiclds

Koolé»m = ffo(ﬁ) Tolésm = const) d§ (114a)
= e 5{‘5 TIVES - it 4 (£376) sin~ N/ E)
=3 . 2 2
- (i77/6)log (E+VE™ -7 )} _ (114D)
Klo(ﬁ,n) = gfl(g) Jo(g,n = const) d& (115a}

= -tan® 6[(1/?.4)(552 7 - 2;73)\/.5z - 772 + (£%8) sin'l('ﬁ/gﬂ (115b)

Loo(g,n) = gf(')(g) JO(£,7) = const) d& (116a)
=0 (ll()'))
Llo(if,?]) = {fll({) Jo(ﬁ,?} = const) d& (117a)
= Kyolée) (1171)
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Carrying out the integration in the edge region yields

-

Ky (€M) =j f(€)Jy(€,m = € tan §)dg (118a)

o o (A el 6 (118b)

K, o(&m) :[fl(gno(g,n = & tan 8)dt

(119a)

= - (r/16)* tan® &
(119b)
Ly, (€:) =ff(', (6134 (€. = € tan ) d (120a)
=0 {120Db)
L, (€. m) =ff'1 () (E.,n = & tan 6)d§ (121a)
= Ko (6:7) . (121b)

Considering the right side of the wing as a single elemental area whose four
corners are the apex (taken twice), the center line at the trailing edge and the
wing tip, we may evaluate the coefficients M , Nmn' and Kmn at the corners

l'l, Nl'l, and Kl'l. For both
mn’' mn mn

modes considered, all three quantities vanish along the center line and the net

mn

from which we may obtain the net coefficients M

coefficients become the values computed at the tip. We therefore obtain

ij o
M= £ (1)) (L, tan §) (122a)
=0 (122D)

MY - )3 (1, tan 8) (123a)
1o = DL '

- (n/4) tan® & (123D)
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Nij =

00 fO(l)JO(l, tan §) + LO()(I’ tan 6) (124a)
2
= - (m/4) tan” & (124b)
i
N10 = fl(l)JO(l’ tan 6)+L10(l,tan 5) (125a)
2 .
= - (w/3) tan” & (125b)
KM - - (w/12) tan2 6 (126)
00
ij 2
Kio = - (w/16) tan” 6 (127)
Hence, from Eq. (101) the total vertical force becomes
F(t) = 2oviclzz(MY a  +NY (c/vya v kY /vy ] (128a)
P mn  mn mn mn mn mn
2 2 2 . 2 .
= -Z/DV ¢ tan 6[(ﬂ/4)(c/V)(hO/c) + (w/12)(c/V) (ho/c)
+(n/4) o+ (n/3)(c/V)a + (n/16)(c/V)Za] . (128D)
In the case of harmonic pitching about station x = &Oc, we let ho/c = ~§Oo' and
we obtain the lift coefficient
. 2 .
C, = -(TAR/2) o[} 4 ik _(4/3 - §0) + K (£5/3 - 1/4)] (129)
where C_ = F/(1/4)p Vac2 tan 6 and AR = 4 tan & and the reduced frequcncy

Z

is based on the root chord, kC = wc/V. This result agrees with that given by

Miles [Ref. 38, Eq.(11), p. 357].

ation of the various integrals.

ranges m

0(1)4 and n = 0(2)8 for the symmetrical case, and n

The above digression has illustrated the evalu-

A complete evaluation of the integrals for the

1(2)9 for
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the antisymmetrical case, is given in Ref. 49, which provides sufficient data for

the analysis of 15 control points, e.g., for the planform divided as shown in
Fig. 7.

T

Fig. 7. Division of Delta Wing for 15 Control Points

To complete the derivation of the AICs the matrix counterpart of Eq. (101)is

{F(xi,yj.t)} = o~ ([Mfin] (B} * (/¥ |Nijm] (Brnn)
s (e/V)% [KY ] {amn‘D (130)

where the dependence of a_ . on rcal time is now implied. The matrix counter-

part of Eq. (86) is written

h(x,, yj.t) = C[Hi;iln] {amn} (131)

where Hi;i)n = fm(gi) 8, (E,j). The solution for {amn} in terms of {h} may
follow directly from inverting Eq. (120) but for a number of numerical reasons
a least squares solution is preferable. The first is that a large matrix of poly-
nomials, e.g., [Hir;im] = [§mnn], tends to be singular. The second is that a
Lagrangian surface fit, as we originally proposed, tends to be poorly behaved

between collocation points. Finally, it is often necessary to consider a larger

37




number of structural degrecs of freedom in a vibration analysis than it is
necessary to consider acrodynamic degrees of freedom in a flutter analysis.
For these reasons we consider Eq. (131) to be over-determinr:d, i.e., the set
{h} is larger than the set {amn} » and the solution to Eq. (131) only exists in the

statistical sense. This least squares solution is
- IJ sk 1 1_) -1 1_] sie
(2rn} (1/c) ([HY ] [as,]] [uy ) [E) [as,] {n} (132)

where the diagonal weighting matrix of elemental areas, [Asij] » arises from
minimizing the mean square error over the surface area. The oscillatory AICs
follow from substituting Eq. (132) into Eq. (130), assuming harmonic motion, and

comparing the result with Eq. (2). We obtain

[Cy) = @/t te/s) LB ) ((l) ¥ Las 1 (ml) )7 (1) 1% 5] (133)
where
(BY 7 = (MY 4 i (e/n ) INY ] - wkEe®n?) K (134)

and the choice of reference semichord remains arbitrary.

The theoretical limitations on the applicability of slender-wing theory are

outlined by Miles.38 The Mach number limitation is given by
2 -2

IM™ - 1| << (AR) , (135)
and the reduced {requency limitation is given by

; -2

kr(clbr) << (MAR) . (136)
The practical significance of these limitations must be determined experimen-
tally to determine a meaningful boundary between low-and high-aspect ratio.

Some experimental correlation has been obtained on a very low-aspect ratio

. 51
rectangular wing by Fralich and Hedgepeth.
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3. Supersonic Lifting Surface Theory

a. Introduction

For many applications involving Jow-aspect ratio planforms,
the low supersonic regime with subsonic leading edges is next in importance after
the high subsonic and transonic regime. For the purposes of achieving a unified
format for calculating the AIC matrices by the relations of Egs. (35) and (36),
we choose the supersonic kernel function procedure, based on acceleration po-
tential as developed by Cunningham, Watkins, and WoolstonE2 hbased on carlier
work of Watkins and Berman.53 (See Ref. 38 for a thorough treatment of the
various methods of solving supersonic lifting surface problems.) We shall now
review some work in possible alternative methods and indicate what has been
done to develop the AIC matrices and how this development is influenced by the

type of acrodynamic solution.
We classify the solutions of interest in aeroelasticity as follows:

Class I: Closed form velocity potential solutions for specific analytic

forms of downwash variaticn;

Class ¢: "Box'" method numerical solutions for velocity potential

distribution;

Class 3: Pressure loading or acceleration potential kernel function

solutions.

b. Discussion of the Methods

In Classes | and 2, the integral equation has been inverted ex-
plicitly to obtain the velocity potential in terms of the downwash. It has been

shown (e.g., Refs. 34 and 38) that for the harmonic case [w = Rel-wexp(ikt))]

o, cos .‘:“zd_x/(x- £)% - p%(y - m)°
o(x,y, 0:k) = 1 fw(g,n) exp | - ikM” (x-£) B ds(§, n)

™ 2
B ’ ) 2 : 2 ; 2
Saip o Vix - €)% - 8%y - n)

(137)
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For the so-called ""simple planform' (e.g., with supersonic edges) the solution

is complete because the Mach forecone area of (x,y), S lies completely

’
on the planform. For subsonic edges, the problem is cgdr;xfy.’i:i.cated by the fact
that w(£,7) is unknpwn in the region between leading edges and the Mach cone
emanating from the wing apex (see Fig. 8). This region is called the '"diaphragm"'
region for which the boundary ¢ondition is the vanishing of the potential. The

box method solutions of Class 2 proceed with Eq. (137) formaily, and compute

the diaphragm downwashes at a discrete set of points from the vanishing of the
potential condition; the reader is referred to Pines, Dugundji, and Neuringer,54
Zartarian and Hsu,55 Zartarian,s6 and Li57 for details, Further developments
have been made for computation by Ashley and Andrew.58 The numerous static
versions (see Etkin and Woodward,10 for example) will not be discussed spe-
cifically, but have been useful in problems of optimum camber distribution. We

consider the prospects for box solutions in the collocation AIC format briefly.

®DIAPHRAGM REGION
(W) WAKE REGION

Z—TRA(:E OF APEX
MACH CONE
ly'l'r’

Fig. 8. Supersonic Planform Geometry

40




To begin with, an essential point with the collocation format is the lump -
ing of loads to obtain the force-pressure relationship., The box method assumes
constant pressure and downwash on each "box'" so that such an element is
necessarily a much smaller subdivision of the planform than is the AS,; associ-
ated with collocation control point force, wherein we are seeking the goarsest
possible grid consistent with a .good representation of natural vibration modes

shapes and frequencies., Thus, unless chordwise deformation is a crucial

feature of the aeroelastic problem in question, we shall seek the smallest pos -
sible number of acrodynamic control points. We are thur led to the notion
that a rather large number of boxes must be subassociated with a collocation

point such that

v
J
F. = > AS. Ap . (138)

Now Eq. (138) presents no difficulties for the fixed box grid; however, the con-
sensus experience with the box method indicates the superiority of the Mach
box approach, 29, 5l wherein the spanwise dimension of the box is bl/ﬁ and the
chordwise dimension is bl' This gives the same number of boxes covering the
entire diaphragm region for all Mach numbers and is computationally simpler
to handle. On the other hand, as M—>1,8 50, the lateral box dimension be -
comes prohibitively large unless the basic grid is proportionately finer (in
which casc the computing time becomes excessive). Notwithstanding this, the
solution has become a practical one as generally applied to the computation of
modal generalized acrodynamic forces, for say M>1.3. Now regarding the

collocation method, the variable location of Mach box grid presents a great

difficulty in the logic of assigning boxes to a fixed grid control point so that we

Furthermore, to satisf{y the boundary conditions of the

may apply Eq. (138).
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aerodynamic problem (especially Ap = 0 on R), the kernel function approach is

superior, In view of the importance of the subsonic edge regime, the de-
terioration of mechanical accuracy of the box method as M— 1, and the 'float-

ing grid' logic problem, we turn our attention to the methods of Class 3.

It is desirable to have a unified subsonic-transonic-supersonic lifting

surface approach to the development of AICs, For this purpose, the pressurc
kernel function approach (Class 3 solution) enables use of much of the computer
coding logic devcloped for the subtc,-onic program. In particular, the [Wij] is
the same, as is the rclation of ['Arlxrn] to lD;m] [Eq. (47b)]. As will be seen,
only the kernel, the loading functions, and the domain of ir.ltegration (S.M. fc.
instead of the entire planform) are changed; hence, the [B;m] and [D;m] ma -
trices are the only ones changed, Furthermore, if the moments of the chordwise
pressure loadings uscd in the [Brilml development employing the constrained
minimum vector length solution [Sce Eqgs. (71) and (72)] are devcloped by a
numerical quadrature technique, then the same[B;m] matrix program may be
retained! For a laf'go number of chordwise loads, we require additional con-

ditions of the form

4
N.(y) y+ay/e [t
RS RN d Apum o e (139)
Z nm xj Y mz R
j=1 y-Ay/2 c
l.e.

where the h(x) representdeflection functions whose gencralized forces are to be
preserved by the equivalent set of concentrated loads in the AIC representation.

C
The above approach is the essence of the current line of development of AICs. 29

The remaining Class 1 or closed form solutions, will now be discussed.
In this category are the works of Watkins and Berman60 and Miles38 which are
based on low reduced frequency solutions. Ref. 60 considers a cubic frequen-

cy expansion for a wing whose deformation is of the form

“These functions may be any functions representative of the type of mode
shapes thought to be important in the intended application. We thus find some
kinship to classical modal aeroelastic analysis here!




2 2
hix,y) =y Ya_xTy® (140)
r=0 8=0

Miles (Ref. 38, Sections 4.4 and 4.5) illustrates a procedure whereby the un-

steady solution is expressed as a power series in K = kM/B.If, following Miles,

o(x/B,y,z,Bt) = F(x/By,z)e M (141a)

9= ¥x/B,v, z)exp(iksz/Bz) (141b)

wherein the coordinate and time are made dimensionless by reference to£ and

L/v, respectively.

Then, a solution is found of the form

8

2n

3 = K™ 8

n

i {
an PiKE, ) (142)

™M

0

For the low frequency case the solution of ¢ is given in terms of &_, the steady

state term (See Ref. 38, Eq. 4.5.2). The procedure can be contir?ued for the
higher @n. As a starting point, the solutions of La.nce61 provide steady state
solutions for a general cubic I:r =0(1)3, s = 1)3] in Eq. (140) above. Rodden
and Revell 2 have developed AICs for narrow delta wings utilizing these results.
The course of this development follows closely the slender-wing development
described in Section IL.B.2, and the loading functions can be expressed as a
linear combination of the loadings of the type found in slender-wing theory.

The coefficients are Mach number depende;.lt, involving elliptic integral func-
tions.

The solutions of the Class 1 type have the difficulty that the deflection
interpolation in terms of Eq. (132) "in the large' can be inadequate for low-
aspect ratio wings with extensive chordwise deformation. However, the result
of Eq. (132) can be improved if N, the number of deflections, exceeds greatly

the number of undetermined coefficients in Eq. (140).




Before concluding, we shall mention some alternative developments of the
supersonic kernel function procedure. Ferguson and Guder1y63 propose a
solution by deriving a Volterra integral equation of the second kind, whose
domain of integration is confined to the planform and, as such, provides an
extension of Evvard's method9 to unsteady flow for the case of subsonic side
edges and a supersonic trailing'edge; however, the iterative procedure proposed
to solve the integral equation is not considered as simple as the direct matrix
solution of the Watkins' acceleration potential kernel function method. (For
a review of earlier difficulties in attempting to apply Evvard's area cancelling
techniques to unsteady flow, see R€I. 38, pp. 71-72.) We note finally that
Stanisic, el in an apparently independent series of investigations, has advocated

the use of the acceleration potential-kernel function approach.

To summarize briefly, the supersonic acceleration potential method is
considered to be the most efficient for the development of AICs as defined

here for the following reasons:

(b It automatically satisfies the pressure boundary cor-

ditions in the diaphragm region R (see Fig. 8);

(2) It utilizes much of the same digital computing logic

as does the subsonic problem providing a more nearly unified basis for lifting

surface theory over the range of Mach numbers;

(3) It is versatile for handling arbitrary planforms and
interference effects over the entire range of reduced frequency; hence, it is
suitable for practical enginecring use where rapid assessment of a variety of
aerodynamic planforms is an important capability in the earlier phases of

design;

(4) It is not enslaved to a particular form of surface

deformation function (as with the Class 1 solutions});

(5) It does not suffer additional deterioration of accu-
racy(beyond the implicit limits of linear potential theory) which are found in .

the Class 2 solutions as M — |;
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(6) It is satisfactory for the supersonic edge case
(notwithstanding the possibility of an explicit solution in this case); hence, the
method can serve as a logical basis for a unified supersonic lifting surface
theory for development of AICs. (Further results of Ref. 59 will be published
subsequently.)

4, Hypersonic Lifting Surface Theory

a. Introduction

In the hypersonic Mach number regime, our first consider-
ation will be the development of AICs based on piston theory. The later con-
siderations will discuss the various classes of approximations whose validity
depends upon the hypersonic similarity parameter Mgb, where % is the effective
local body surface inclination to the free stream with due account of angle of

attack and viscous displacement effects.

b. AICs by Piston Theory

The piston theory has been mentioned as a strip theory in
Section II. A. However, as a point pressure-downwash relationship, it is
more appropriately considered as a lifting surface theory. As such, the
pressure distribution can be found for any arbitrary surface deflection mode,
from which the AICs can be derived. However, this solution has not been ob-
taincd as yet in general form, and results will be shown here only for the
case of a rigid chord with a control surface. The derivation of the oscillatory
aerodynamic coefficients and the AICs is given in Ref. 65 and will not be re-
produced here. It differs only slightly from the treatment of Ashley and
Zartarian, 25 in that the third-order pressure coefficient is generalized to
account for sweep and steady angle of attack, and, following a suggestion of
Morgan, Huckel, and Runyan, to conform with the second-order quasi-
steady theory of Van Dyke. 61 Therefore, the generalized pressure equation is

written in the form
P -Py - 0gap [C (Wag) t Cyw/agl + Cyw/ag?’| - (143)
0 00 1 0 2 0 3 0

where, for the usual piston theory,
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1 (144a)
C, =(v+ 1)/4 ( 144b)
Cy=(y+ 1)/12 ( 144c)
and, for the quasi-steady theory,
c, = MV M? - sec? (1452)

C, = M4(Y + 1) - 4 seczl\ (M2 - seczl\)
4M° - sec®hn)® (145b)

Cy = (v + /12 (145c¢)

where the value of C3 is taken from piston thezosry since Van Dyke gives only a
second-order solution. Ashley and Zartarian ~ have shown that the piston
theory is applicable if any of the conditions M2>>1, Mk>>1, or k2>>l are met.
We see that if the reduced frcque.ncy is low, the Mach number must neces-
sarily be high; however, if the reduced frequency is large, the Mach number
need not necessarily be large, and, in fact, it could be transonic or even sub-
sonic. From this it is apparent that any correction introduced to bring piston
theory into line with linearized supersonic theory must be considered as a low
frequency approximation. The use of [q. (145) extends the lower liach num-
ber limit of piston theory at low frequencies. [£q. (145) is seen to be the
more general result, since if sec Ais taken to be zero, Egs. (144) result, and

no correction is made.

The derivation of the oscillatory aerodynamic coefficients referred to
the leading edge (i.e., both motion and pitching moment) leads to the following

values:
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L o= - K, /K% - iK,/k
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ao 2 3
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K_ = (1/M) {Cl(l - Ehz) +4C,MJ

2 2 2
4 -
2 + 3C,;M I:ZJS a, (1 F_hﬂ} (148e)

3 2 2 3
; (4/3M){C1l_l - B7) * 6C,MT 4 3C M35 + 0 () - By )]} ' (148f)

X
1

and the thickness integrals for the airfoil having the symmetrical thickness

distribution 2g(x) are

-

n [2b n-1,d
(1/2b) y x (ﬁ)dx, forn=1,2,3
I =
n 2b
(1/2b)”'3/ xn-4(%§)2dx, for n = 4,5,6 (149)
0
2b
((1/2b)" f n- 1(3 )dx, for n = 1,2, 3
J = “h
o S
(1/2b)""3 J —8) dx, for n = 4,5, 6 (150)
*h

The thickness integrals are evaluated in Ref. 65 for an airfoil cross section
idealized into a parabola from the (sharp) leading edge to the point of maximum
thickness, another parabola to the control surface hinge line, and a straight

line to the (possibly blunt) trailing edge.

The development of the AICs in Section II. A assumed the oscillatory
coefficients were referred to the quarter-chord. Since the present coefficients
are referred to the leading edge, an alternative derivation of the AICs for the
strip is necessary. This is also given in Ref. 65, assuming again the control
points to be at the quarter-chord, hinge line, and trailing edge, and the re-

sulting expression is
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(1 + b/2d) -b/d (b/ca)(3b/2d- 1)

[Cn] = 4w/op®ay/s) | -b/2d b/d -(b/c,)3b/24)
\ 0 0 b/ca
~Lh0 L(IO L[_3 0-1 -(l + b/2d) -b/2d 0 ]
X MhO MaO MBO -b/d b/d 0
Tio Tao Tao b/d  ~(bsd+b/c ) b/c, (151)

which in the absence of a control surface reduces to

hO a0

-bs2d bsd| M, Mg -b/d b/d |.(152)

[ch:|= 4(b/br)2(Ay/s) (1 + b/2d) -b/d| |L , L (1tb/2d) -b/2d

‘We have illustrated a technique to extend the lower Mach number limit of

piston theory. The question remains as to the upper Mach number limit. This

question has been discussed by Morgan, Runyan, and Huckel,68 and by Miles.()9
Experimental correlation has been obtained up to M = 6. 86. Milesé9 argues
that the basic philosophy of piston theory is valid if changes in entropy associ-
ated with the unsteady flow can be neglected. Then the perturbation pressure
p' may be calculated from the planc-wave relation

p' = paw!' (153)

where p and a denote Lhe local density and sonic speed for the steady flow,
and w' is the unsteady component of the downwash velocity. It is emphasized
that p and a need not be based on the assumption of an ideal fluid. In short,
Eq. (153) states that the unsteady solution is known when the steady one is ob-
tained, provided the changes in entropy due to unsteadiness may be neglected.
Miles suggests procedures for calculating p and a when the usual piston
theory [i.e., Eq. (143)J becomes inadequate. Morgan, Runyan, and
Huckel68 suggest that a probable upper limit of validity of piston theory is
about Mach 15, Beyond this, the problems of entropy changes, disso.:iation,

and boundary layer interaction must be considered.
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c. General Hypersonic Inviscid Considerations

In the hypersonic regime, a given blunt-nosed slender body
or wing can be thought of as possessing several distinct local flow regimes de -

pending on the local hypersonic siinilarity parameters (see Ref. 70, Sec. 1. 3).

Kgb = M8, (x) (154)

K, = Ma(t) (155)

where Qb(x) is the local streamwise slope of the body. If we specialize tc the

case of small unsteady motion, we may write for longitudinal motion

= @ v }.1(x,t)/V + &(x-xo) (156)

where
| v aliv|<< 1 (157)

Then in this case K<l LV Kc1 and becomes fixed for a given steady state vehicle
attitude Q- Now for any blunt—no'sed vehicle Gb varies from 90 degrees to
nearly zero, We must also add d 5='</dx , the boundary layer displacement
thickness gradient, to the slope, and thus the effective local streamwise
slope, Sb + dé*/dx , is always finite.

We now consider a typical hypersonic wing section as shown in Figure 9.

For convenience, we note that Hayes and Probstein classify the hypersonic

repiines as follows:

(1) Thin shocklayer or "strong shock' (nose) regime
MPb(x)>>1 (158)
(2) Small density ratio regime

(e= pg /o, =uy fug )

e<<1 (159)
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Fig. 9. Hypersonic Planform and Airfoil Section

{3) Slender body regime
9b(x)<<l (160)

(4) Linear regime

MBb(x)<<l (161)

In the nose regime, the simplest approach for aeroelastic purposes is the
Newtonian impact theory. Applications of Newtonian theory to unsteady flow
have been given by Hayes and Probstein,70 Kennet,71 and Tobak and Wehrend.
A typical steady flow application is given by Jackson.73 Not all thin shock
layer problems are adequately described by Newtonian laws. Kermet71 has
studied unsteady perturbations in the stagnation point neighborhood within the
shock layer due to plunging oscillations, and shows some severe departures
from quasi-steady Newtonian theory at M = 5,8. In this approach, <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>