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SUMMARY
An exact solution is found for the temperature distribution in a
rectangular plate of uniform thickness under varying ambient temperature.
For the special case of temperature variation in the form of a sinusoidal
pulse, a numerical comparison is made of the exact solution and an ap-
proximate solution obtained by a modification of the solution for con-
stant ambient temperature. The range of validity of this approximate

solution is considered in terms of a 'rise time."
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PHASE REPORT
HEAT FLOW IN RECTANGULAR PIATE OF UNIFORM
THICKNESS UNDER VARYING AMBIENT TEMPERATURE

WEPTASK NO. RAVL1J002/2021/R008-03-001
Froblem No. 3 (AV-4,016)

Ref: (a) Adams, Edwin F. and Hippisley, R. L. - Smithsonian Mathemati-
cal Formulae and Tables of Elliptic Functions, Washington D.C.,
1939
(b) Report No. NADC-EL-6143, "Phase Report, Development of Analyt-
ical Design of Heat Exchangers for Airborne Electronic Equip-
ment"

INTRODUCTION

The problem of calculating the cooling effect of fins under steady
state conditions i1s relatively elementary, in that it involves the solu-
tion of an ordinary differential equation. However, under non-steady
state conditions, as when the ambient temperature is varying, a rartial

ifferential equation is involved. The solutior to this equation must
satisfy a specified initial temperafure distribution as well as the
boundary conditions.

The rate of heat flow into the base of the fin in the steady state
may be written as

Q= (T, - T,)F(F,G)
where

Ty = temperature at base of fin

T, = ambient temrerature

F(F,G) = a functicn of the rhysical and geometrical rarameters of
the fin.

If now the ambient temperature is a variable, one is tempted to avoid
the difficulties associated with the solution of a partial differential
equation and to use the above equation, derived under the assumption of
steady state conditions, by substituting the variable ambient temperature
Ta(t) for the constant ambient temperature T, i.e., by writing

Q(t) = {Tb - Ta(t)] F(F,G)
and
Qt) = F(P,G)/’t’ib - Ta(T)]dT

This approximation will be referred to as "quasi-static."
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There 1s no doubt that thi- procedure furnishes a good approximation
if T,(t) varies slowly enough; but to justify its use the expression
"slowly enough" must be made more quantitative.

In this report the general sclution of the proper partial differen-
tial equation for a fin with fixed base temperature and variable ambient
temperature is derived. This 1s then specialized to the case where the
ambient temperature varies as a step function or as a sinusoidal pulse.
For this latter case the exact solution is compared with the solution
obtained by the approximate method discussed above, and the difference
is discussed in terms of a "rise time'" obtained from the response to a

step function.

For simplicity the fin was assumed to have a uniform thickness
(smallest dimension), but the general conclusions are applicable to the
case of a tapered thickness.

THEORY

Differential Equation

5
7 S //unit width
I, S/ : b
x=0 dx Yoxel
Assume heat flow in x-direction only. Then,
. . _ 0 oT
net rate of heat input to element = 5;(6k 5§>dx

h|T - Ta(t)de

rate of heat transfer io amblent medium

oT
cpd d.X-a—t

il

rate of heat accumulation in element

FT ony \ cp AT
= . =T - T (t)] -===0
0 6kt al )] k 2t
2 2
Let of = Qgi , B = c%} , Ta(t) = T, + £(t); then
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SZE}%?S - o°T - Sg% = - c?.Ta + f(t)' (1)
Boundary and Initial Conditions
At x=0
T(t,0) = Ty (2)
A x=1
2(t,1) = 0 (3)

Equation (3) expresses the assumption that the free edge of the fin
is insulated, so that no heat flcws through it.

When t = O the temperature distribution assumed 1s to be

) o cosh a(l - x/L)
T(0,x) = Ty + (Ty - Tp) oeh o (L)

This is the steady state temperature distribution with ambient temgera-
ture T,. (Thic temrerature dictrituticn iz enasily derived from the
steadyv state heat flow equation.)

General Solution by leans cf Laplace Transform

Let 8(s,x) =.Z [T(t,x)]
F(s) =& {£(t)}
where
L { } = Laplace transform of { }.
Then
zi{S%} = $8(s,x) - T(0,x)

and with the use of (L) the transform of equation (1) becomes

EO(5,%) (2 500(c x) o 1+ 8a) - FR(e) . B(T, 7 1088 0L -X/L)
'5727f7§ (a® +Bs)8(s,x) S(a +Bs) -aF(s) - B(Ty - T,) ——

The general solution of this ordinary differential equation is
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. | « _ «
8(s,x) = A cosh\/a? + Bs T°* B 31nh\,a? + Bs T
2 T _
, 9 F(s) - l(Tb G vcosh a(l - s/L)
2 a/
a +Ps s S cosh o

The transformed boundary conditions become

8(s,0) = Tp/s

d ..
aze(S,L) =0

Substitution of (5) in (2)' gives

d?F(s)
o® +Bs

A= -

Substitution of (5) in (3)' gives

B = - A tanh.d + 8s

Thus
2 —— = O . - b}
O F<S) (’2 ~ X / . = X
e(s,x) = - " + Bs {coshva + ps -I: - tanh\/’az + 3s smh,/on2 + ps EJ
2 T _
. GEF(S) L la, l(Tb ) Ta>cosh a(l - x/L)
o +3s S S cosh o
or
o F(s) cosh, & + Bs (1 - x/L)
8(s,x) = 5|1 - —
o« +8s cosh & + Bs
. cosh a(l - x/L)
£ 20 4 (Ty - Ty)
a* Ty a’ cosh q
Now
T(t,x) = 2 7 {6(s,x)}
where
Z'{ } = inverse Laplace transform of { }.

The first term may be written as F(s)G(s): and if

<=
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g(t)= £ {a(s)}

there follows from the rule for the inverse transform of a product

Wt
ZHE)G(s)} = r(M)g(t - M)
o]
o
AT(t,x) = | £()g(t - A)dh + Ty + (T - T,) cosh a(l - x/L) (6)
) cosh a

The inverse transform of G(s) is given by the sum of the residues of

G(s)eS" = < cosh., & + Bs (1 - 5/L>1est
o + Bs cosh. /o + Bs J '
By evaluating Lim (o +5s)G(s), it is seen that the residue at
s—-d°/r
the role, s = - o°/3, is zero. The expressicn

- o® cosh-,0® + Bs (1 - x/L) gt _ F(s) ot
= e
(¢ + Bs) coshae® + 3s Q(s)

has poles at

Jof +8s =1t (2n - l)gi

or

. 1)2 E? + o2
L(2n - 1) " o |

and its residues may be evaluated from the fact that residue at s = s,
is given by

Sn—-

W |

2 -
-2a° cosh~'a” + Bsn_glw—m_x./.L)eSnt

Q'(sn) B./a° + Bsp sinh.‘¢® + Bsp

Lo® cos (2n - l)g(l - x/L)
=T , eSnt
m (2n - 1) sin (2n - 1)
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_LLQQ 1 . ﬂ_XSt
"8 o1 sin (2n - 1) 5 T° n
[os]
_ Le? § 1 . mx -84t
g(t) = = m < sin ms ze
1,3)“
where
1, .7
8 = =(mf— + o)
"op
From equation (6)
& t
_ ba® E 1 Tx -6t ) S
T(t,X) _TT_B- ﬁSanl?'ie m f(A)e dh
1,3,-- o}

cosh ol - x/L)

u Ta * (Tb - Ta)

cosh &
Specific Solutions
Response to Step Function
_j 0 t <0
e f(t)'u\T £>0
(1)
AT

> 1

t it

/ £ )t gy = AT/ nh gy = %eemt - 1)
m
(0] o]
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2 +
T(t,x) = A’I‘— Z '_nz—_ sin )—c(l - e (m-E— ¢ t/B)
ST e o) 2L

cosh a(l - x/L)
cosh a (8)

¥ Ta * (Tb - lIa>

The rate at which heat enters the base of the fin (per unit width)
from the body being cooled is

o -
- - t
At) = sk = —6kAT— E ﬂ,ﬁ [1 - e g e o) /BJ
oxlx=0 L 1 3’__ 2 CL2

+ k63(T, - Tp) tanh o

This can be written in a normalized form as

: a(t) - (0) 2 R e R
2(t) = ———F—r =1 - L T s
Q=) - Q(0) tanh o 1030 i T + o 9)
where use has beel. .~de of the relation
N 1 _ 1 tanh o
T
1;3;“ ! _Il_ * a (10)

(This equation follows from equation 6.495-1 in reference (a); but it can
also be obtained from the condition that if AT = Ty -T_, then Q(=)=0,)

2(t) is zerc for t = 0O and approaches unity asymptotically as t <«;
also, except for values of t/B very close to zero, it can be expressed
as a simple exponential rise

”, 2

c 6, 1 T + o’ )t/B

2(t)~1 - — e
tanh « + o

i

This equation is plotted in figure 1 for several values of a.
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Thus the response of the cooling fin to a step change in ambient
temperature can be simply characterized by a rise time, i.e., the time
required for 2(t) to reach some fraction, f, of its final value, unity.
The rise time as calculated from the above equation is given in figure 2
for £ = 80 and 90 percent.

Response to Sinusoidal Pulse

"Exact" Solution

T )
SR 75 0 © 0<t <D
B Bt {u 2 £ 2D
£(t)4
TI 7
© . A T AN 14,
-t ™ O Bt Bph (6 sin 5 - 5 cos )
e sin;e' A =e = e 52 n‘g/Dg
+
0 L2 0
_ 1 (8, si nt m nt w -emt)
= p :—;5 m sin 7 - 3 cos I - pe .
mn .
D
Byt . B\ /D -8p(t - D) -8t
e sin E;e dh = = |e e
o @+ =
n I?
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N Nisy
X me-E' + CL2 ot t, = (m -E + OCa }"‘-

_ —_ 4
- sin cos e

) cosh a(l - x/L)
a cosh «

+ T+ (1, -

[oe]

\
1 m
- i 2 sin 3
2 ﬂ

1,3,-- ) m oC)F o+ oy

sl I

cosh a(l - x/L)
cosh a

+ Ta + (Tb - Ta)

where

SIS

: dT
From Q(t) = - kKo<=, . g
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+ (T, - T,) tanh o t 2D (12)

Quasi-Static Approximation

From the temperature distribution for constant ambient temperature,
as given by equation (L), the rate of heat flow into base of the fin
under this condition is

dT a

Q= - kéai =0 kéi(Tb - Ta) tanh o

In accordance with the discussion in the Introduction an approximate
sclution for varisble ambient temperature can be written by replacing
T, by Ta(t). In the case where

IN
w}

Tt
Ta + AT sin o for t
0 for t 2D

the approximate solution becomes

- 10 -
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=Q(t) = - atanha o7 sin 2+ (T, - T,) a tah e © €D
= (Tp - Ty) o tanh a t 2D (13)
DISCUSSION

The change in cooling rate produced by a change in ambient tempera-
ture in the form of a sinusoicdal pulse was calculated from equations (12)
and (13) for three fins of the dimensions given below.

Fin 1 2 3
L (ft) 0.0625 0.110 0.19)
§ (ft) 0.0015 0.0021 0.00327

The assumed physical constants are:

h =1 bty/(hr £t2 °F)
k =100 btu/(hr ft °F)
p = 168 1pv/ft®

:O. i) on
Gy 23 btu/lb °F

and the temperatures involved are

Ty = 150° F
T, = 95° F
AT = 50° F

The same three values of pulse cduration were chosen for each fin.
D (hr) = 0.22, 0.0336, and 0.00375.

The derived constants are:

Fin 1 2 3
o 0.228 0.340 0.480
& (nr) 0.00351 0.00468 0.01458
(90%) o (hr) €.0012% 0.00378 0.0112

The results of these calculations are shown in figures 3, L, and 5.
The ratic of the instantanecus rate of heat flow into the base of the
fin to the steady state rate is prlotted versus the ratio of time to the
endurance of the pulse.

- 11 -
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The ratio of the pulse duration to the rise time of the fin (D/t;)
is indicated on each curve. This ratio is a measure of the "slowness"
of the ambient temperature change, and, as seen from the figures and as
is intuitively obvious, the exact solution approaches the quasi-static
approximation for large values of D/tr.

The ambient temperature time-history given in figure 6 of reference
(b) may be approximated by a sinusoidal pulse of duration D = 0.22 hour.
Thus curve A of figure 3 gives the exact solution for a problem analogous
to the one considered in reference (b). In this case use of the approx-
imate solution is very satisfactory, and the small errors it does produce
are nearly all on the conservative side.

Reported by: é?' 13! z£<:L2AA/TJ/T)t;1

E. B. Schwartz J
Surveillance and Reconnaissance Division

Approved by: C{v‘% M./

E. R. Mullen, Superintendent
Development Support Division

D. W, Macgiernan !

Technical Director
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AFPENDIX A

LIST OF SYMBOLS

length of fin

thickness (smallest dimension, sometimes called
"width" in heat transfer literaturc)

density

specific heat

thermal conductivity

heat transfer coefficient
time

rise time

temperature
femperatu;e increment
vase temperature
constant ambient temperature

varying ambient température

variable component of ambient temperature
duration of sinusoidal pulse
dimensionless constant

constant (dimension of time)

dimensionless constant

- A-1 -
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APPENDIX B

SUMMATION OF SERIES

In equations (11) and (12) the coefficient of sin %; is proporticnaZ

to

2

jos)

o T
Hf?f P
Z aT? 2

1,3,-- (o + o) o

Rl Las

For large values of r the calculation of many terms in this series
is required for accuracy: however, this series can be summed exactly.

It is convenient tc evaluate simultaneously the series

x

1
Z (2"72 +a2)2 -

1533—' ; ?I

appearing in the ccefficienl of cos %;.

Let
o ™
-\ 2 2
L l m 7; +
= 7 E .
1 (meT s @R e R
Z 1
B = ]
(mzn s PP o+ p?
1333" +
. v mz_TEJFU? +1ir
A+ iB=Z :
" (ﬁ%+f)+f

14

- B-1 -
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But
X
1 1 tanh w
E g - = = (See eguaticn (10))
m _Il— + W2 2 W
1’3:'_
. . 1 tanha0° - ir
LA+ 1B = —
or @ - ir
Write
v - ir = Z = x + iy (x, y real)
tanh 2 1 el _ o2
Z 7 ol + et
_ 7 el elgls g7l
IZ:Q el + 72 ez + e'7
x - iy BX | gmex . 2iy | -2iy
F o+ f BX L gBX eziy + e-eiy
_ X - iy sinh 2x +* 1 sin 2y
X + ;’2 ccsh 2x + cos 2y
Ao A 1 x sinh 2x * y sin 2y + i(x sin 2y - y sinh 2x)
or (£ + y® )(cosh 2x + cos 2y)
From
\/on2 - 1r = x + 1}
-9 =&
2xy = ~ T

- B-? -
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aa + aq + 1'2 _ ‘/{ aa b \/‘a“ + 1;2‘
X =t 5 , ¥y =T 5
S VAN
= 3"2 3
12 Mt 1 u sinh 2u + v sin 2v
A= T = =
Y Iy Jp =0 ("‘az[f' v o o r 21‘\/\14 v cosh 2u + cos 2v
B = z 1 i A v sinh 2u - u sin 2v
13 (mg-'f— + o P+ * 2r~/{:4‘ + ¢ cosh 2u + cos 2v
.y Ay 7T
where




