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mathematical analysis of the effect of the
lethality vs. dose function on the expected
nunber of casuslties, and a better under-
standing obtained of vhen certain epproximations
apply. It depends on the introduction of a

Fandom variable for lethality.

2) The effect of the lethality ve. dose function
on the varience of casualties is obtained. This
variaence 1s now expressed in terms of the joint
distribution of men, the lethality distributionm,
and Joint distributioas of the total dosages

~.....Angested.

~ 3) The possibility is considered of using a

. second Monte Carlo procedure to compute the
A(D) curve from each sample or trial obtained
by the first or dbasic Monte Carlo procedure. A
gseries of test celculations to be computed is

given,
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I. Casualty Production

a) The Expected Mumber of Casuslties E(C) .

In Appendix A we outline the mathematical and computing steps
involved in the calculation of G(x,y) without derivation or motivation.
This is sort of a mathematical flow chart for the calculation. The
various inputs and approximations needed are also deucribed. From @,
we obtain B(C) by the Equation ‘

I

(W 20 = [ elxyotnyiay
X,yeA

If the expected density of munitions 1(u,v) is constant N then

R

G(x,y) 18 a constant G and we have

@ &) =0 [ [atxy)axy
J
x,yﬁA

In Appendix B, Notes on the Calculation of G.I, we give a series of

notes on the details mynlved in reducing the indicated functions, inte-
grations and other operations to mumericel quantities. E.g., the flmctional
inputs needed, W.apouible essumptions, alternative computing
techniques, recommendations, etc. Tt is conceived that Appendix A gives
the basic mathematic structure of the calculation, while Appendix B gives
decisions end details that have to be made in realizing this structure.
Appendix A should not require much change, Appendix B will require expansion




. a8 more details are added.

4
In Appendix D we dsscride a method for improving or simplifying the |
mathemetical analysis of the effect of lethality on E(C). This also
lesds to much better understanding of what ooours mathematieally when
the distritution of | | |

(3) D, =D(x,,7,) = Total Doss Ingested by & men in 4, if he is there.

is not lognormel, end hence of when the assumption of lognormality leeds
to a good approximation of @.

b) The Varisnce of Cesualties, dg

In Appendix D, the effect of lethality is now included in the
nthmtiealwionfor 02 . Inprevlouavork % was obtalined in

terms of the Joint distribution of men, and the Jo:l.nt conditional diltribn-

tion of casualties at & point i1f a man is there. Only mean and covexriance
finctions sre needsd. The inclusion of the effect of lethality is obtained
by expressing the necessery mean and covariange funetions of oconditional

" casualties at two poltits in terms of the Ww functions or dutribution, ]
»:untheaointdutrlmuonofthe D,. .

If the biveriste distribution of D, end D 4 is bivariste lognormal, j

4hen the necessxry caloulstions becows greatly simplified. Results are
given for both this sssmption end the generel case. In the gameral case,




1andDJ

wvith given marginal additive distributions, particularly the gamma or

a method is given for obtaining a bivariate distribution of D

e¢.d. The results require the calculation, for each 1 and j of the five

- parsmmters Allbip P.DJ; Uniy l‘cDJ’fDI’DJ .

Of course, these five parameters descridbing the joint distribution

of I)1 and DJ , involve the rest of the problem, i.e., the joint

distridutions of breathing rate, the munition éontaninant pattern, and

the mmnition impact points,

The simplification that occurs 1f 7(u,v) , the expected density
of mmnitions, is constant is also given in Appendix D.

II. Monte Carlo Similation of A(D) Curves

Monte Carlo simlction, or calculation,of the distribution of casualties
or the distribution of the A(D) curve is teing considered. In such o
simlation, a field trial is similated on & computer by selecting observed
values, by the use of random numbem,from the appropriate probabllity

distributions. For each such field trial , the problem arises of computing

the obtained A(D) . This cen be done by systematic mathematical procedures,

of using a second Monte Carlo procedure to compute each field trial A(D)
curve is under considerstion and the work is described in Appendix C.

Lot

Project Director

-l}.

but ‘those tried to date require mich calculation. The alternative possibility

B D Sy




APPENDIX A

Memo 526.03 M. L. Norden December, 1961

An Outlime of the Calculation of G

I Introduction

In the Fourth and Fifth Quarterly Progress Report (Progress
Reports 526.17 and 526.18) the expected number of casualties, E(C),
was mathematically derived in terms of various known functions and
parameters. The motivations and derivations are given in these
progress reports. We now wish to work toward the numerical calcu-
lation of E(C) . In this memo we shall outline the mathematical
and computing steps involved, (without derivation or motivation) and

describe the various inputs and approximations involved.

3.1

}r}“ggng;al_ { _wish__to_comp,ui..e

(1) B(c) = [ [w(x,y)axdy
X,y€ A

where w (x,7), the expected demsity of men, is given and G(x,y),
the probability that a man at (x,y) would become a casualty, depends
in a complex way on the remainder of the problem.

In this memorandum, we shall assume that the munition density

n r(u,v)r 1s constant. This 1,.51 we shall assume

@ alwmen

- e e

oy e
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This assumption makes G(x,y) = @ = a constant. Hence

(3) E(C) = @ [ [ o(x,y)dxdy
, x,yeA

and we now wish to describe the calculation of G ., At a latter
time it will be desirable 1o not aésume (2). Then a(x,y) will
have to be separately calculated at the different points (x,y),
but the steps will be intrinsically the samec as those given in

this memorandum.

In this memorandum, we shall ocutline the mathemetical and

computing steps and details involved in the calculation of @G, so

-~ that the choices involved in programming the numerical calculation

of @ can be examined, and the necessary flexibility of possible

inputs to the calculation determined.

* .
In Memo 526.04 we shall give Notes, which will contain more
detalls, e.g. the functional inputs indlicated, approximations,

. assumptions, alternative computing techniques, ete. — -~ — oo s

) n The Calculation of G

G is defined as
) G= Z L(D)£(D)AD = Z [1-r(D)] AL} ap

# Appended as Appendix B




3.3

where
. (4nD-jsp ) /oy g2z
(5) L(D) = —=— f eV /¢ dy = Log Dosage vs Probit
e Ng- -c0 lethality
F(D) = Probability that the dosage at a point (x,y) is
(6) <D :
£(D) = Probability density = dF(D)

ab

The probability distribution F(D) will be mathematically
specified in terms of its mean Hp and variance 05 . (Notes A,

B,C,D,E).

We now assume the special breathing rate function model of

the progress reports,

The quantities p, and 03 are then given by

o0

=~
-

Y and

ot [ L-H{t)}-R-(L )t
5= Hp tio [-H( )R

o0 t .
(8) ug +0f =20k +ud) [ [ [1-H(t)] [PR(£)R(s)4R(t,3)1dsat

where W, 07, W., O,, N &nd U are known constants and

r

(9) % 1if the munitions are placed at random.
VU =
Q0 if the munitions are at fixed points.

(10) H(t) = Prob [T < t] .

H(t) will be a known probability distribution, possibly a

three parameter log normal. (Notes F,G,H) .
-T-
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R(t) and R(t,s) can be defined by the following sequence of

equations

40 4o
(11) R(t)= [ [ ¥{u,v,t)dvau
Yo

Us-0

o e
(12‘) R(t,s) = [ J . ¥(u,v,t) ¥(u,v,s)dvdu

U

(13) Y(u,v,t) = ‘lzo x(u,v,7)aQ(t-7) = ‘I‘L x{u,v,t-7)dQ(7)

e—-

(%)  Q(t) = 1-ae”®

[Note that Q(0) = l-a]

(15 Y(uv,t) - (1-.)x"(u,v,e)+.b_iolvx(wu,vv,vt-c)."‘""m

t .
w(l-a) x(u,\r,t;)-uln'bt 1£° x(u,v,r)e"b' at




and finally

- [ {xsU8)® S
AQ.e (P +a e, (e84 %’"}'
(16)  x(xz,y,t) = =2

ﬁkxkyk‘(tr+ o )_—r-r u.y)(tsB + ag)

where x,Qo,ﬁ,a.ux,cy,cz,l&,ky,kz are given constants.

_In thi;_uork,__'g_have_.lﬂ_tm_t »8,X,¥,u,v_range symbolically to

®or # », It may be necessary to truncate. Numerically noticable
effects on ‘G should-physically not-arise from-large values of

these variables.

The steps do not have to performed in this order. An alternative

sequence is the following.

__Cembiaing the steps, we obtain for R(t)

o e t
(17) R(t)= J / f{ox(u.vn)ﬂ(t-f)dvdu

USe® Yoe®

— i . .Aj:#-._;.___f-—q-@-t»_m.:m-d Sl

+
.




Interehanging the order of integration, we obtain

e - o
18)  A(t) = Zo 7T xtuvielavas &a(s-v)

UBe® YR

- 1}_ox(r)ae(e-r) - zo““’"’“"’

Substituting Equation (4), we obtain

¢t
(29) R(t) = (1-2) K(t) +ab [ K(t-t)e”°T av
=0

= (1-a) K(t) + abe”® } k(<)o "0t ax
=0

9) K&} = T T x(uvetluty e ——22
us-e ve-e Vo (tPra,)

=10-
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- anall |

3.7 | ‘
. Bemse |
R, 1-a R
(21) R(t) 8 e [ - + ad J ar ] i
A ’/?::. ™0V (v )Pt o ’ |
) 1-a -bt } P ] |
- + abe ' -  ;
m tr+ &, ™0y ; + a, - .
Similarly for R(t,s) - ) -
o) . w 4wt g ! .
( R(t,8) = ‘L . v{_ . -rl£0 '2.{0 X(u,v,%) )x(u,v,7,)aQ(s-7,)

8 . . .
- / 'z.f.o x('lﬁ"a)Q(""a)‘Q(t-fl) Tt T e

i

olle

[ e




+ aQ(t-7,) avau '

t s - -
T b letmtgmeny

wlle

3.7
{
MRy 1 | ¢ S
(21) R(s) = [—=2 + & [ . ar )
"R; Vt’+¢. ""°V(t--r)5+c, o
B
. k |
.ﬁ_ [ l-a + abe” t } ."'b? ar ] | i
"R ., =0V, a,
Similarly for R( t.,s‘)- — o M
o - et &
(22) R(t,8) = uL “{_. . -{o . 2£o x(u,v, 7 )x(u,v,v,)aQ(s-15) °
® 1




3.8 ?

v ) <+
(2s) k(¢t,8) = [ J  x(u,v,t) x(u,v,s) dvau
® Y=

.Ut (t-s)"
ke (tF+ 8 +oa, )
AQp e
" Vil (P raPran, ) (tF+ Pran ) (P4 0 )P+ o)

Again, because of the jump in Q(t) at t=0, we have from

 Bquation (22) and (4)

+ot
‘1 ax

(2%) R{t,8) = (1-a)®(¢t,s) -0-.‘(1-:) ab ot zo K(%;,8)e 1

3}

N P, ) . bty
HOa e T K(br) @ B |

+b(%, +< .
+ (ab)* o-D(t4s) 7‘ zo lt(rl,re) . ! 2)d1'2,d

-O'r,‘,

s 1
1
b}




ATPEOD B | b1

“Memo 526,08 M.L. Norden Desember; 1961

-

Notes on the Calculation of G.
mmwmm—m.muam gateons
without o letbter refor %0 Appwndix A, edove.

rlloto A_3 The Various mtnctiﬁai Forms for F(D)
Re: Equations (4) and (6)of Appendix A

M(D), fitted to ip and o;; will ve.

(A-1) The Lognormal.(usual two parameter)
(A-2) The Scaled Gamma

(A-3) The Scaled C.D

(A-4) Etc. |

These various slternatives shall be availablé from the
final program.

]

Note B: .The Mathematical Relationship between (u,,0,) and (p,0p)

Re : Equations (4) and (6) and Note (A-1)

If P(D) 1s log normal, that is, 1if

( 4nD-u, ) /o
(B-1) P(D) = 7;— -{.1 ! e 7"/ 2y
" then we have
RO gy - 12 (LAY
(3-2)

of = o®(inD)= #n(1 +vg)

where

-13-
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3:3)  vi = oB Al

Note C: The Simplification if F(D) is Lognormal
Re ;: Equations (4) and (6) and Notes A and B.
If F(D) is log normal, then Equation (4) becomes

where

e T o ,“,,1__ e e . L T
v °£ + o

1

and-wehave eliminatedone troublesome integration.

Note D: The Relationship between (u.L,oL) and More Usual Probit
= Iethallty Notatlon
i ..M 3 Equation (5)

~ In the usual Probit terminology

. Prebiteash b e 5+ln(n/.5°)

In this notation

(p-1) By, = 3n(n!5°)= ig_‘

L
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qi.—l 3 cLal/b

Note E: Integrating Equation (4)

Various suggestions for integrating Equation (4) when P(D)
1s not log normal are given in the Fourth Quarterly Progress Neport [1]
pages 19 to 23. In particular Technique 2 seems appealing.

Note FP:; Properties of H(T)

Re; Equations (7), {8) and (10)

|
Present data indicates that H(T) can be described as follows

(?-1) = T=T,+ T,

That 1s, the random variable T 1s the sum of T, the
alarm time and T, the time to stop intalee of the contaminant. Then

if we let

(r-2) T, = reaction time = time to the stopping of breathing
MS) 7, = mesking tims

it was found that, particularly at high work retes, masking can ocour
before breathing stops. Hsmoe

.15-




(r-4) Ty = min [T, 3 T,]

It was also found that the probability distridbution of -'I.'r
can be approximated by a three parameter log normal distribution,
the three parameters being a, Mo and oy - That is, the random
varisble Tr + & 1is distridbuted in & log normal distribution with
parameters. '

Hy = E [ n(T, + a) ]
(r-5)
05 = o2 (#n(T, + a) ]

Yes, this allows the random variable ‘T’r ‘to take on negative

values. This is meant to correspond to the alarm being sounded while
exhaling.

The probability distribution of 'rr is also approximated
by a log normal distribution. Here the choices seem to be

(a) A two parameter log normal distribution
(b ) A three Zparmter log normal distribution
{(6) A three parameter log normal distribution with the

- paremstor "a" hlving the same value -as for the: -

- d4stridbution of - 'r

Mote @ & The Calculation of H(T)
Re, tions 8) and (10) and Note F




(@-1) T, = min [T, 3 T,.] o | -

(a-2) 1 - Hy(t) = [1 - H(t)] [1 - Hy(t)]

k.5

In Note P we defined

The probability of T, can be computed in two ways. The
first or exact solution is as follows. Let !%(»t ), lg,—(t) and i&(t)‘
be the probability distridbutions of T,: 'rr and Tm respectively. Then

and so the correct answer can be obtained. Note that if l-lr(t) and

_H,(t) are log normal, then H,(t) is not exactly log normal.

However, we do feel that masking rarely occurs before breathing
stops (the exact pmbabiutie- can be obtained rrom the data),

@-3) B (smm,) ama o(mr,)

hence should have on a snghtr erect on H'(t) 80 perhapa some
approximation can be given which is easier to compute. Hence the
second solution would be to approximate the probability distribution
of '1' _presumably by a two or three pan-otor J.o; mml dintribution i
That is we would try to approx.tntc

N e ﬂ

(G-4) E[fn (T, +a)] ant o*[4n (T, +a))

from the paremeters of T, and T

-17.




4.6

We could then use these values to approximate a log normal
distribution. Such a technique has been derived.

Determination of whether the approximation or the exact
solution are preferable for calculation needs to be made.

Note H: Re :Equations (7), (8), (9) and Notes F and G L

A decision of what to do about the probability distribution ; L
of alarm time TA still needs to be made. If it is assumed to be

a constant, this value needs to be entered as a parameter.

Note I : Input Controls

———= Re_:Equations (I) to (I0) -

We wish to be able to request these alternatives or switches

from the program. (Position 1 is standard, i.e. our present best gusss) |

(a) The Distribution of F(D)
1. Log Normal | | ?
2. Scaled Gamma
3. Sealed C.D. oo
4, Eto.

2. 0, =0 (constant breathing rate r)

S. op=0 (constant stopping time '1'.)

=18~

¥



hop

§, 6, =0, 6p =0 (constant breathing function)
T, ,

5. K =0 (Neglect masking time)

(¢) Drop of Munitions
1. v = q Random Dirop

2. v = 0 Flxed, known impact points

.19-




5.1

Mo 526,05 M.L.N./L.H. January 1962

Cax* 7 curve

This nemo is a preliminary report on some of the thinking of NYU and CRDL
personnel on the problem of determining the distribution of the A(D)
curve by Monte Carlo techniques, where A(D) 1s the area covered by a
given dose or dosage.

Conceptually we have a field trial vhere munitions Impact, the contaminant

spreads from the munitions, it is ingested (say by breathing) and a dose
*

ingested occurs at each point of the target. Hence, A(D) , the ares

—eovered by a -dose D; -can be-obtained--for the triaml, If another trial is"

run under "identical conditions" the munitions mey impact at different
points, etc., and another A(D) curve will be obtained. If very many
trials are run, at least conceptually, we will obtain many trial A(D)

it

curves, and these can be described by a probability distribution of
A(D) .

For given mathematical probability distributions or exact deseriptions of
munition impects, contaminant dissemination patterns, breathing rates

" (and positions of men snd lethality functions if we vant casualties), we
can proceed in two ways.

Trst o M description of the prob.b:l.lity dhtrihation or A(D)
" can be obtained, and work is proceeding along these lines.

% If ingestion is neglected we have dosage, if the distribution of men
uamwummmmm..mpm,munhm

«D0w




The second method is to model the trials, using Monte Carlo procedures,
on a ter, hence obtaining the equivalent of a mmber of trials and
hence of a mumber of trial values of A(D) , which can then be used
to estimate the prohability distribution of A(D) . This is dome by
selecting rendom numbers from the eppromriate probability distribution.
For exsmple, if seven munitions are dropped on one aiming point with
@ known probebility distribution of impact, then we can select seven
rendom impact points from this distrubution and use these seven points
in a computer trial, Similarly all other values for the trial are
selescted randomly, and we obtain a mathematically defined and computable
A(D) ecurve for the trial. This process is repeated until a
sufficient number of trial A(D) curves are obtained. let us call
this the first (or basic) Monte Carlo procedure.

At this point, the question arises of how to compute the A(D) curve

—for-a-given-trial, and-this-is-the-topic-of the-remainder of this. .

meporandum.

This calculation hes been tried by a systematic procedure, The
possibility of using another Monte Carlo procedure to obtein the A(D)
for a given trial, is nov being examined, a sort of second Monte Carlo
procedure within a first Monte Carlo procedure.

The systemstic procedure used bresks the target rectangle up into

‘smsll ereas of sizs AxAy and computes A(D) by counting the mumber of
such aress with a central dose >D ., Here the error is a

“mathematical error” and depends on Ax and Ay . By "error" we msan
the difference between the correct A(D) curve and the A(D) cmve

~ caloulated. Yor given mmsrical values of D, Ax, 4y and the starting =

points of the interval, the error is a corresponding mmber, ssy e(D) .
We call this mmber, ¢(D) the "mathemstical error”. However, for this
procedure, the mmber of calculations also depends inversely om Ax
end 4y . 8o wve f£ind that 1f Ax end Ay are largs, the mmber of

o2le




5.3

~ caleulations needed can be small, but the "mathematical error” will be
large, Similarly, if Ax and 4y are made small, the mathematical
erTor can be made small, but at the expense of a large mumber of
machine calculations.

One alternative is to try to develop other way. of cystmtic mmical
caloulation of A(D) . Here we can efther, (a) try to improve the
 accuracy of the sbove procedure or, (b) attempt to develop essentially
different systematic procedurs. As an exsmple of {a) , the sbove
prccedure computes D(xi, 7'3) at & set of points x, = 1Ax, ¥y = Yy.

If we look at the subareas Of vhich these are the centers, it is
clear that some imgrovement around D [which occurs at (0.0)] might

beo‘bta.inedbyuningthepo:mtcxi-u+m,yd-v+$ In
pu-timhrthevmuu-b*/a,v-ooru-Axla,v-Alaseen

indicated. As sn exsmple of (b) , we might consider trying to compute

70rm0ﬁmtetheoontmrinthe(x,y)plmaom«pond1ngtos .
given D, and then mumerically integrate to obtain the area within it.
This has been tried using simple interpolation to obtain the contour,

e —gid--gave-a- larger-exrror. -Fossidbly-the-use-of -higher-order-inter~-

polation, or the fitting of spmopriate curves to the contours (m
bivariste polynomicals) will give betier results.

A seoond alternstive is to use a second Monte Carlo procedure to

- -compute A(D) . Here-the mmber of calculations n-and the sise of
Ox and Ay are unrelated. n is usually celled the semple size,
- and forany Ax and Ay we can selsct any sanple sise n we wish.

and a statistical ervor depending onr . That 1s, the second doute
Oerlo prooedure results in sn A(D) curve ecmguted from the n values
of D obtained. Howewer, unlike the systematic prooedure, if the

seoond Jomte Carlo process or ealculstion is repeated on a cosguter,
e different set of remdom mmbers vill be selected, hence a different




5 &
set of n values of D, snd hence a different A(D) curve will be
Obtained. That is, the A(D) obtained is now a rendom varisble. For
ey D, A(D) , vhile having an average or expected value E [ A(D) ]

" 'snd e probability ddstribution sbout E[ A(D) ] vhich can be described

. in terms of 2[ A(D) ], the standsrd deviation of A(D) . B[ A(D) ]
18, for any chofce of Ax and Ay , the value that would be caleulated
by the above systematic procedure based on the seme 4&x and Oy .
Hence the difference between E[ A(D) ] and the correct value of A(D)
is the mathematical error described above (called the "bias" in
statistical texrminology). Note that it does nmot depend on n. The
"gtatistical” exrror of the A(D) calculated is described in terms of

ol A(D) ] and depends on n, not on Ax end Oy .

In fact, since the random mmbers used to select the points (x,y) ere
eight digit decimals, it turns out that it may be most convenient to use
a Ax and &y of 0.00000001, which is very small and results in what
—can-only-be-called-a-very-negligible-mathematical -exror.

error of the second Monte Carlo procedure is Jultthcotatuticdom.

It should be pointed out that even for the sams impact points, ete.,

"~ “the second Monte Carlo procedure (sampling of observation points) will

introduce veriability in the A(D) cwrve. Nowever, for sny set of
chosen A's this can be reduced by sampling more points., The main
problem is to determine Just how many points to select.,

It is deemsd preferable to concentrate on the ssoond part of the problem
(estimating the A(D) curve for givem drop data) before going to the
first part (estimating average A(D) curve end its miability for a

' glven tastiscal situstion). In the lsnguags Of stochastic Drocesses,

—The-reel- — - ——— e

 this second problem involves treating a single realisstion of the

d0sage fie1d, rather them the ensemble of fields. The variability
obtained in this phase will have to be added 50 the verisbility due

to changing impect points, etc. (first phase of the problem).

-23-
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To explore the possibilities of using such a second type of Monte
Carlo procedure, the following machine calculations were agreed
upon. ‘

1,mam-mtmmm
The srea covered by D/Q = 8 is t0 be odtained, vhere

s

y!

D 2
(1) ,‘0-5-m0
)

cy = 0,211 meters n/2

(!z = 0.135 meters n/2 . .' | H

= % Ld 0.25

D is in units of gram uocndl/(mtu'}3

A total sree going from x =0 to 250 meters in the x ocoordinate ,
_end from <18 to 418 meters in the y ooardinete is coneidered

Q is in units of grams.

1anoo
0 is in units of neonds/(mu')3

[ 9,000 sq. meters].

Jote: T™he exact A(D) curve for this pattern can be obtained
mathematically and will De used f£or comparison with the
mumrical calculstions to be deseribed.

2l




' éA. m s_and class intervals

5.6

»
almmmdosmcutotfcvinbeund mdmn

,mmum

2.2'1’!:91““ @ ere then tabled imto 100 cless intervsls
giving A(O) at 100 values of 6. The selection of these ehu
intervals is being examined in more detail. Onopmtuﬂntm
lowest interval seems to define a second kind of zero®®,

# Upper and lower dosage cutoffs siist be used. Equation (1) implies
thet dosage is positive for all x end y and can easily give values
greater than the machine can handle. Dosages above a lethal value
can be reduced to the lethal value without eny loss. It is, of
course, also necessary to Sut down the gizs of the dosage field
#0 that it can £it in the computer. This has the effect of
truncating at the low dosage values.

#% The first kind of zero occurs whar. the dosage field is "boxed" In

by a finite "target”. This second kind occurs when values are left
in because of the shape of the contours. See FPigure 1, where we
suppose_that 6. = .005-1s_the minimum aomtour. —The-points-ouiside-

~ the rectangle represent the first kiumd of zero, and x represents
the second kind, which consists of the points between the bounding
rectangle and the minimm oomtour.
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A second point is that logerithmic intervaels in 6 would be préferable.
For example, 100 logarithmic intervals from 5 to 500 would make each
division ebout 1.04T times previous division.  If we meke the ratio

1.05 (that is 5% incremente) then 100 logarithmic intervals gives a
ratio of ebout 132 from the first to the 100th mteml*.

3. Caleulations of A(6) by use of a systematic grid have been per-
formed. It was decided to

3.1 Repeat the systematic cealculations for the single mnition
for the two subareas

a) & =50 , &y =2 and

b) &x 1 ,4&4=.5 o

3.2 Perform Monte Carlo calculations for A(8) for e single
mnition as follows*

3.2.1 Eight digit rendom numbers were to be used making
Ax—=Ay="0500000001 T I - T

3.2.2 6100 dred points were to be computed in the following
menner. 16 runs of 40O points esch were to be made, and
the resulting A(6) tebulated in the 100 class intervals.

for each run. Tae successive Ui runs were to be tabulated,
glving I runs of 1600 points esch. The total, 1 run of
6400 points, is also to be tabulated.

3.2.3 Each of these estimated A(6) (16 from 40O point, % from ‘

o ee o oo - 1600 points; 1 from 6400 points) is to be compared, T T
 presumsbly graphically, with the exact A(@) which is 7 '
knovn in the single munition situation. S,

#-8ince 6 = D/Q, corresponding changes in log 6 are the same as
corresponding changes in log D. However, g chonge in D is Q times
the corresponding change in 6.

«26=
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3.2.4 The curves A(6) + ofA(6)] and A(6) % 20{A(6)] eve
also to be computed and presented for comparison.

3.3 Perform Monte Carlo calculations similar to those made in
Section 3.2 for the two fixed mnitions situation.
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Memo. 526.06 ' M.L.N, , Februery 1962

The Concept of a Random Varisble for Lethality, its Effect on EB(C) ,

and the Inclusion of the Effect of Lethallty on q?(c‘) -

I. Introduction

In Progress Reports 526.1T, 526,18, 526.19 {1] {2] [3], a
mathematical model of the structure of casualty production was given,

the expected number of casuslties E{C) derived, end work toward aca

the vertance of ca;suéﬂ;ti*es degeribed. In this memo we shall describe
further improvements in the mathematical snelysis of the effect of

lethality on E{C) and continmue the work of (3] to include the effect

of lethality on o(,z.

In Equation (25) of Progress Report 526.17, the probit versus log

_Gose lsthality function wes defined as

1nD
SRR WLt
(m'"'l‘)/gL o
= J_-l—_ f eV /2¢y
28 Y ww
vhere
29~




(X
>
no

(2) L(D) = probability thet & men who has ingested a total dose D

will be & casualty.

,and

(3) iy, = logarithm of the 50% lethal dose.
(&) «, = the reciprocal of the slope of the L{D) versus D curve

when plotted on log normal or log probit probsbility paper.

Then, in Equation (3} of Progress Report 526.19, we defined the

*
—random-variable- - . — —

(O if a man, assuming he in Ai’ is not & casualty

(5) ky =¢
(1 if a man, assuming he 1is in A g2 is a casuslty

Then we defined

(6) @, =6(x, ¥,) = Prob (k, =1) = B(k,)

and

(7) P (e) = probability thet the random varieble n is < the
mumber 6,
Fi(e) = dri(e)
ao
¥ The k defined in equation (13) and used on page 1l of Progress Report

526, 17 18 not the same but rather corresponds to the conditioned random
varisble ki(D ) given that the dose ingested in 5, 18 D,. The k, used

on page 12 of 526.1T is the unconditional random variable, as we now
define ki

<30~




6.3

Then on pages 11 and 12 of 526,17, we showed that

®) o = [uory oo = [LD)w (D)
0 0

- [nemiam = [oro) o
0 0

and peges 15 to 24 ere devoted to & discussion of methods of

computing Gi'

II. The Introduction of e Random Verisgble, h,, for Lethality

i

The introduction of & random varieble for the lethslity consider-
ebly simplifies the proof of gsome of the results, snd leads to the next

step after P.R. 526.19, the inclusion of lethality into the calculation

*
of’oczo The idea is8 &8s follows. ILet

(9) h, = e rendom variable called lethality.

That is, h, 1s & rendom verisble with a cumlative probaebility distribuec

tion function L(D) or L(6). That is, were

(10) Prov b, <€) = L(e)

. Aenii a slight notaxiénal inconsistency arises. The symbol h,1 was used in
P.R. 526.17 for the constant a, to be defined in Equation (18) of this report.

“31-
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and the h

L, are stabistically independant of each other and of all the

other random varisbles in the casuslty model,

Then, 1f we define k 4 as

o 1if hi > D:i.

(11) k, =
1 ifh, €D,

the model is just as before. We have just irtroduced s gynbolism for the
lethality random varishble rather than Just its probability distribution

L{e) .

i

The conditional expectation of ki glven Di is

IIL 'Trhe lise of 'fhis New Rahdom Varié't;ie for the' Caiéuia{;idﬁ of 7 G

end the unconditional expectation is

(12) E(kilDi) = Frob (k, = 1|D,) = Prob (ny = DilDi)f-'L(Di)

©

3 e =) =30 - | 10y m)

as given by Equation (8).

However, this formilation also gives us other results. We can write

=32~




(15)  E(inhy) =w

[STY
47

() 6 = E(x,) = Prob (n, 5 D) = ﬂ F, (D) %ﬁ aban

<D

Now the distribution L{5) of h, was assumed to be probit vs. log
dose or what is commonly called, log normal. That is., the distribution

of lnh, will be e normal distribution. In perticulsr, from Equation (1)

L

2, -
of (@nhi) = of

This also implies that h, 1z non negative, that is, 1t lies in the

i

== remge 0 0 ¥ w. D, by 1t8 véry definition, 1s slso never negetive.

Hence we can 8180 write

(1) 7, =D, -

(16) G, = E(k

= Prob [0 < 1nD, - 1nh1] = Prob [0 < z_l]

i

where we hsave defined

Now let




6.6
-{18) - E(lnDi)‘ By
02(1nD1) = af
Then
(19) B(zy) = By - B -

2 2 2
o =Q
(21) i-O'L

IV. The Assumption that the Probability Distribution of Dy is Lognormal

Now if Dj also has a lognormal distribution, then, since the

difference between two normally distributed random varisbles-is-slse—

normally distributed, lnDi - lnh;y is distributed in a normal

distribution. Hence

& result that took quite a bit of mathematical manipulation to obtain in =

¢

-

"
—

20 : = 7 co 2
(20) G, Prob [0 ¢ z]= 1 fa Pl
a, = (b, i)/ E v &

Progress Report 526:17.

This result greatly simplifies the calculation of G1 if D1 is
lognormally distributed. However, Equation (16) also allows us to have

& better understanding of what is happening if Di is not so

-3k

i
[ SV




V. Calculetion of Gi vhen D, is not Log Normal, and the Effect of

6.7

distributed and even to understend when Bquation (20) is & good

approximation.

i

Approximating by e ILog Normal Distribution

If the probability distribution of D, 4s not lognormal, we can

i

obtain the distribution of zi as the distribution of the difference

between lnDi and lnhi

» end then integrate to obtain G, by Equetion (16).
The result can be placed in the form given by Equation (45) of P.R. 526.17[1]',
Another approach is described in Technique 5 on page 23 of P.R. 526.17.

That is to expsnd the distribution of lnDi' in a Gram Cherlier Series.

- 1t 1s-mich-"eloser” to-a -normsl distribution than is the distribution of

_ between two random variables, one of which is normally distributed, the
" dstritution of z, will be mich "closer" to & normel distribution then is
_ the distribution of lnDt. We can see this by looking at the ri¢th cumlants

" of the random varisbles.

we feel that the distribution of 1nD, is "approximstely™ normel. Surely

1

Dio

However, we now see a second point. Since zy is the difference

1

For a normally distributed random varisble, all the cumilants above
the second are sexo., That is

-35~-
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(21) Kk, =un

This defines a normal distribution.

Stendardized (or unitless) cumlants @ ere defined as

K. K

(22) Gr- -;;- = -(i-)?-é—
2

~The closeness of ¢ 0 zero (for r > 3) is-the-appropriate criteria for

closeness to normality.

In this notation we have
(23) X (oh) = pp

K (mn)e-0 1rr23
(&) X (D) =y,
Ka(lnDi) = ai

xr(mi) as given by the distribution

36~




Henece,
K. (1D, )

(25)  a (1)) = > 1#r>2
1

Now, by the additivity of cumulants of the sum (or difference) between

independent random varisbles, we have
(26) Kr(lnzi) = 1(1'_(1.:113i - lnhi) =Kr(1.nDi) +Kr(i'nhi)-

Hence

(27)  K,(lnz,) = TR

K(lnz)aKﬁ(lnD)=3ra(lnD) 1£r >3

And so, 1f r > 3

a(lnn)

(1 + ulz/df)r/a

Clearly _ar(lnzi) 18 less than. ar(mi)'




For example, if o, = o, then v

-

a.(1nD,)
o A
(29) .a3~(lnzi) W

@, {120, )
o (inz,) = —p—=

Ir o, = 261, then

@, (1D, ) 10D, ) i
(30) a,(1nz) = ;‘}Tf:—-:l—; 3 o,(inzy) = ah(lési o

We are tempted to guess that 1f o > 0; and 0, (InD,) s mot too —— —

! large, that Gi is quite satisfactorily spproximsted by Equation (20),

that—1s, by assuming-the z-is-normally-distributed.

Of course, e more deteiled examination of the various approximations

to G, when the distribution of D, is Gemma or C.D., would be desirable.

VI The Inclusion of Lethality in the Celculation of o°(c). el

" The Basic Bquation

In the last progress report, Progress Report 526.19, the variance of
’ casualties, cl‘; vas obtained in terms of the joint distribution of men end

the joint (mg;onu) distribution of casualties at a point (x,y) if a




6.11
man is there. Ess‘éntial],v, only meen end covariance functions of the two

Joint distributions are needed.

If the target is broken into small subaress At;' the joint distribution

of men ves described by the quantities

(31) | E(m,) =% =wn

154
a(mi:mj) = E(mimd) - ﬁiﬁJ
| B (%y,¥y; xJ,yJ) ='P.r°b (m=1; ,'“J"l] = E(m,_md)

and the joint distribution of the k 3 was described by the quantities

J

\ Pk(xi,yig xJ,yJ) = Prob [k’_-l; kJ-].] = E(k:lkj)

A continuous representé.tion was also obtained,and for this the functions

ey, o(ay), Kylxymy5a0,), ete. ntrotuced, viers

O(xy,3;) = 0
Kk(xi,iizxd,vd) = ofk, :k,)

Ry (x0,¥y32457) AIAJ +W(xy,y,3%,,3,) 8,8, = ofmy:m,)

“39-
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For both the discrete end contimuous representations 0'2 weg obtained

in terms of the sbove quantities. A general solution was obtained and &

nunber of special cases given. At various times in the argument, the

derivations in terms of fhe biva.riate probebility functiohs Pm and Pk

seem surer, and these were used to obtain n(cz). From which, of course,

we could obtain o> by the equation

(3)  of =) - [E))
Table 1 lists these results.

TABLE 1

Equation Numbers of Results in Progress Report 526.19

Giving oﬁ or B(C)? in terms of the Probability Distributions of

Men and Conditional Casualties Under Verious Assumptions

og E(C )2

Discre Continuoys Discrete

" Q@enersl 7)(28) w o (e6) 1

(b1)(45) (42) (b5) (1)
(39)

(30)(3%) | (35)6)D || (59) |

Continuous

(60)

(1)
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In this work the random variables ki 4depend on thé lethality, the
breathing rate, the munition contaminant pattern and the munition impact
points, and hence‘ summarize everything but the plecement of men.

The Joint dit;tribution of the ki enters into <€ through the '
mean G, or G(xﬁ) and the covariances °(k1:k3) or Kk(xl,yl;xe,yz) or

equivalent functions. The calculation of G has been described in the
previous progress reports. let us noir oObtain the covariances in terms of

the distribution o;f lethality h, and the dose ingested Di'

1

C3) Klxygsxpyy) = olkgik,) = E(kk,) - 6,0,

= Pk(xi’yi;xaﬂ,j) "G:I.GJ
and we see tm it will be sufficient to obtain
(36 > E(k‘.lka) = mb(ki'l’ka'l)'Pk(xi’yi’xd’y.)) Loy
o from Bation (), wepe
(3m) E(kika) = Prob (ki-l;ka-l) = Prob(D, > hy;D, 2 h J)

By the nonnegativity of the h, and D, , end the definition of ¢

i

il
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Bquation (16), this becomes

(38) E(kika) = Prob [D, - hy > 03 Dy - by > 0]

= Prob [z, > 0; z, > 0]

J

= Prob [=(x,,y,) 2 0; z(xd,yj) >0]

These are the basic equations from which 'E(kik J) is to be obtained.

ViI. E(kik J) If the Bivariate Distributions of Di and de ere
Bivariate Log Normspl.
o - Now 1f the individual probability distributions of the D, are log =~

i

normal, then the individual distributions of the z, are normsl. If we

i

meke the slight additions) assumption that 111D_;L and lnDS ‘have &

bivariate normal distribution, then z, and 2z 3 will also be 80 distributed.

(Remember that the h, were assumed to be statistically independent of

i

7 each other and the other random variables, but the D, were correlated

with each other. Substituting Equation (38) into the standard bivariate

«l}2a
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e : _ 20 o (ot )k )
2(1' ' )”"d'zi 9 %

(39) | f/?e , . t
E(k ) 'x-Oy-O

&

dxdy

x> - -(t 2/0 . tlt2+t2)/2(1-
f f e . g J dt.dt
1%%2
t= “He t2- z
i - ,1
al
!

= [

= Ulew, o, » o, /a ,fzﬂzg

Where M(h,k;r) defined as in [5], 6] end [7] is

(w0) *M_a_,,g;_,

f exp [ (o -2rxy+y )/2(1-r2)]dxdv |
Rk -

and

- (L) u’i = E(z,) = E(i0D, - Inh,) = p, - Hy,

w3




2, 2
(42) oﬁi = dy +of

Now to obtain

g
(43) /0 _ PRy
“423 79 ¢

zy 7y
Note thet

(k) azi’zj = d(lnDi - ]nhi; 1nDJ - ].nhd)

—1If we_define—

~lih-

(45) % a(lnDi,lnDj)
Then
o(lnDi, lnDJ) = if 143
R 517 "’fz'—fij'. = )
: - 2 2
{ o A(.1nD1.,,=, J_nhf),,:, of + ar i 1w
Hence
g
L. it 143
' o+e) (oPtol)
(¥71) /Dzaza ) «/( 14505
1 if 1=




. Bubstituting these in Equation (39) we obtein

M)/ [o? 03 (w-n)/ [ E + o 2 2 2 2
B/ c; + (ny-n)/ o+ 0 ai,J/} (°1+ o) (af 2

if 1 £}

(u8) B(kk,) =

.G1 ) ir1 =
.;f we also define

- (49)  Pi,5 e (1aDs;100p) 20y 4/0, 0,
: ' 1,

. ir 17
ﬂu’i-mfﬁ) (c:z.+ :1% ai oi :
=\ J b J{L+-§9(l+-)

1 1 1=

This result is very useful and convenient because the function M(h;k;r) -
" has been extensively tabled and it 1s bélleved that adequate computer-

;;;;; e e pregtans and

One of the first tables of M(h,k, ) is given by Karl Pearsen on pages

78 - 137 of {4]. The most extensive table is given in [8] where M(h,k,r)

~45-
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is called L(h,k;r). Extensive bibliogrephies are given in [6) and

{8]. A discussion of computing techmiques 18 given in [4][5](61(T]
and [8].

VIII. A Simplification 1f 9u(u,v) , the Expected Density of Munitions,

is Constant.

If n, or n{u,v) 1s constant then the calculation of qg or

E(kik .j) 18 greatly simplified in two weys; in the calculstion of dg

end in the calculatioan of M. We can see this as follows.

The distribution of D, or D(x,y) will now be the seme at every

point on the target. The correlation coefficients /OD »p ©OF the co-
173

——

variances a(l)i 3D J) will now only dependonthedifference betweex;theAt;ro

points (xi,yi), (xj,yJ), thet is on x, - X, and y, - Yy o Hence the

will be functions of the two quantities x

G(kizka)' will have the same property. That is, the functions
Kk(‘i’yi;xj’yd) - c(kizk,j)

',rk(,,‘,g_’hﬁ?z‘j,’%)“ 'E(kik,j) ,

1"3 ’ yi-ya not fhe four -
quantities xi,xJ,yi,yJ. This simplifies the calculation of %2'; or

E(kikd) given in Tsble 1.




In addition, if we sgsume that the distributions of the z; &re roxmsl.,

the M ealeulation thet now enters into the calculstion of each E(kik,‘) le
also simplified. That is, if 'q(u,v) is conétant s we have for hﬂ)j
Hy = p.j =iy for all 1 and j
{51)
=, &= £ h =
ci G 3 6‘1 for ell 1 and J
and similarly for zg
Lin RS S T A for all i
e I - |
ﬁzi = Uz = Op + 7 for all 1

Then, if th2 distribution of gnd 7, are bivariste normal, e have

& 1
{53) E(’kiky = M(b,b,r)
where
‘ ew, -
Gz 2 2
. AR
and
u-,-":l'lri




Of course, 6, , = o(lnD, :1nD,) and . will be functions of the two
1,3 i J i,J

quantities xiwxj and yiwyj y no% the four x:!_,xj,yi,:y"Jr

Now the ealeulation of M{b,b;r) or M(h,hjr) is even simpler than

the caleulation of M(h,h;f) and considersble simplifieation cccurs.

For sxsmple, from Equation S of {5], we obtain

(56) M{h,h,r) = 2M(h,0; =/ {1-r/2)

Fron the Equations on page 7-8 of [6] » we obtain, for h > 0

Y

L=
(57)  #(h.h,r) = 2P(h,) ~ 20(h, g':%;-;i)
. Where
B2 {Lex")
A E o
(58) T(h’a) = '2'% ’ g > - dx
o l“!'x

For negstire h, we use the result

18-
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+h

(59)  W-n,-nr) = Mlnn,r) ¢ 5 [ et /2 4
=h

These are typical of the kinds of simplifications available. However
the M function can be expressed in other ways, end other formlations of

M(h,h,r) mey be preferable for calculations.

Because of this great simplification available, we strongly feel that

cealculations of ci should, at lesst at firat, be based on the sbove

results, agsuming & bivariate lognormal distribution of D:l and D 5

S === "In theé next section we shall give results for general bivariate —

distributions of D, and D,. This can then be used to check the degree of

i J
approximetion to a:‘; obtained by the use of the lognormal assumption. J
X. E(kik ,3) in the General Case, in Terms of the Bivariate Distribution ﬂ
,Of Di and’ Dlo

If the distributions of the D, are not miltivariste Log Normal, then 1
x( ) 1s ‘mich more difficult to obtain. We shall give a general result,

but, of course, will be thinking of numerical calculations based on the
gamma, ¢.d. or similar distributions. Note also that E(kikd) only depends

on the bivariate distribution of D, end D Let us introduce the following

1 3

notation for this bivariate distribution.

=

-h9-

)
e
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(60) T, 3(91”2) = Prob[?, < 6,3 D, S 6,)
B
, ar |
a>r, .(e,;6,) |
. - —hl-—!'—-—a— .
(61) t, .1(91"2) T
(62) “1,3(91’92) = Prob [1)i >6,; 1>J > 92]
- 1-1?1(91) - Fa(ez) + F:l,.j(el;e2)
Then we can obtain E(kik:,) in two vays. The firsf result is
obtained by looking at the conditional expectation of kikj » holding

D, and 1)J fixed. By equation (37) and (10), we obtain

(63)  B(kgk, |p,,D,) = L(D,)5(D,)

Hence the unoonditiomal expectation 18 @ e e

) Bepep -« [ [usguopey (o0 gy

- [ [ute ity 0,,0,)08,00,
9 9, |
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The second result is obtained by first holding b, emd b, fixed. Them

the conditionsl expectation of k.k, 1s, by Bquation (37) ema (62)

the last step by Equation (62).

Then the unconditional expectation is

(66)  mex) e [ [u_mopjamdaeny

b, h,

- f f Uy, 4(61,8,)45(6, )ar(e,)
o, 8,

These two results depend on expressing the bivariate distribution ot

Dy end Dy 1in terms of the functions F, ,(0,,6,), Ty 4(6),6;) or |

K, J'tei,ozi~. Phege must nov be obtained if these results are to be
?

useful.

Sle
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x. A Method for Obtaining Bivariate Distributions of Di—“ D, That

A
Have Given Additive Marginal Distribtutiong.

Now if the distribution of Di is assumed to be gaume, or c.d,, there

is no unique bivariste distribution with a gamme (or c.d.) dfstribution
for the marginal distributions, However, the bivariate gazme and bivariate
¢.d. that bhave been suggested have been produced by the same technique.
This technique also produces the bivariate normel if the marginal are
normal, and will work if the distribution used is additive (e.g., the sum
of the two gmmma (or ¢.d.) random variables is gamma (or ¢.d.)).

The technique is as follows. Let

_ vhere the rendom varisbles x,, X, and x; ere statistically independent

and have the approwiate underlying distribution, i.e. gesma, c.d., normal,
ete. If the distributions of ‘1’ xzaadxam_(o.d.)uthm

' ’al, a2 and O (.1,.2,.3) respectively, then, by the additive properties

«52~
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of the gamma (c.d.) distribution, the distribution of D; will be scaled

. gemma (c.d.) with scale faceor 8y und' perameter Q. + a, (‘:L + .13)."

Similarly, the distributfon of D, will be scaled gmmma (c.d.) with

J

scale factor 8, and perameter G, + 0, (a2 + a3). And, of course, D, and

I):j are correlated because of the common random variable x3 There are

five persmeters involved, 8,,S,,0,,0, and a, (31’82’31’82’3'3) end these

eanbeeotintedfron.ub s Bp s 95 Oy and/OD p + BSuch a procedure is
1 3 1 J 173

described in [9] for the c.d. distribution and is the basis for the
bivariate gemma used in [10].

Nov let 91 be the underlying distribution of xi,thatis let

(68) ®,(t) = Problx, < t)

Vhere ¥ is the cumlstive gamma, or c.d., Or vhatever ve are using, |

~ probability distribution, and let

»)

(69)  4y(e) = -
Yov by Bgmticns (60) end (67)
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(70) T, 5(91'92) = Prob(p, < 63D, < 6,)

--‘Prob[si(ﬁ + 13-) <6; 82,(112 + —x3) < '62]4
Now the condition probability holding x3 fixed is

(T1) Prob (8, (x, + x;) <65 By(x, +x) < 6, lx3]

6,

o
= Prob [xlsgi- - %3 xes'gs - x; Iz,

6, e
=% (g - %) w4 - x))

the last step by Bquation (68) and the independence of x), % end x,.

Hence the unoconditional probability is

. Ry estellar rgmetweobtaln 00

(13) v, 3(61,02) = Prob(D, > 6,3 D 5> 0,)
6, _ 6,
- f[l -Si(q - t)][l -,7%(3; - t)) 993(t)
t

She

‘ 6, e,
) v e [w@ e -ges




" Differentiating '!':l y 8 given by Equetion (T2) we obtain
. )

N o 1 6y vy, %2
(74) Ty, 3(91,9‘2) -,gig f 4,( 5; - t) ¢,( §; - t) 43(@) at
) t .

We can now obtain the fine)l expressions for R(kik J) . Subdstituting

Bquetion (7L) into (@) we obtain

6 ] |
(75)  E(kk,) = g;%:— [ [ [ L(el)l-(oa)dl(gi - t)#e(g:- - )¥,(t)aran, a0,
1 "2 :

Substituting Equation (73) into (66), we obtain

@ sy = [ [ [DowEh - 0wk - 0) @ae,)ae,)

61 921'.

-5- | | ]
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