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I. asultyProdaction

a) Th. E3wected Nubor of Casualties ic)

In Appendix A ve outline the mathematical and omputing steps

Involved in the calculation of O(xpy) without derivation or motivation.

This is sort of a mathematical flow chart for the calculation. The

various inputs and approximations needed awe also described. Prom G,

we obtain I(C) by the Eqqation

(R) ) f o(x)y)G(xpy)dxdy
x,yA

If the expected d n!ity of munitions ) s constnt ,-,_then

G(x,y) is a constant G and we have

,(2) -- E (C~)-'G fe (xy) dxdy
x,y A

In Appendix B, Notes on the Calculation ofG.I, we give a series of

-notes on the details- involved in reducing the indicated functions, inte-

grations end other operations to numerical quantities. E.g., the functional

inputs needed, MgEfts~a possible assumptions-, alternative COVtina

techniques, rec011idations, etc.. -It Is Oocnce"ved that Appendix A gives

the basic mathematlo structure of the calculation, while Appendix B gives

decisions aind details that have to be made in realizing this structure.

Appendix A should not reqire much change, Appendix B will require expansion



a more details we'added.

3k Appendix D ve describe a method ftr Ivrovin or sialIfing the

mtheaticul man.yls of the effect of lethality on N(C). tis also

leads to mob better undm'stmi&1n of Vhat oours mIhemieal bw

the distrIbutis of

(3) DI _- D(,,y 1 ) -Ttal Dwe I ,W , b a m I Ai L It he is ther.

is not 10ooriml, and hnoe of whe the a~ton of logmiOIUS1ty leds

to a god o of G.

b) I'e VaLae of Casualties, O

In Appendix Dv the effect of lethality is now Included In the

mathematical expr'essio o 2.T rvous vok o V as obtained In

tam of the joint distribution of =up and the joint conditional distribu-

ticn of casualties at a point if a ma is there. Only man and coveriance

runctions we needed. Te inclusion of the effect of lethality Is obtained

-by, -empresing. the-necessery man. and covarlazice fuctions Of c40d40ioalW_-

casualties at tropaints In term of the lethality fnctions or dIstribution

and the Joint distribution of theD 1

If the biwaste distribution of D, and D3 is bivariate l.opacmal,

Ume the necessary OmlaulAt~ons beom greatly sloplifed. Rsults are

vem Obr both Uhis awmUo.a ad the 6wma ca. In the gmmrl isp

b)3



a method Is given for obteaning a bivariate distribution of D and D j

vith given marginal additive distributions, particularw, the gmzw or

e.d. The results require the calculation, for each I end 3 of the five

Pram* a" , ,AD PD(D fD , D •

Of course, these five parameters describing the joint distribution

of D, and Di , involve the rest of the problem, i.e., the joint

distributions of breathing rate, the mnition contaminant pattern, and

the munition Impct points.

The slipllficatim that occurs if T (u,v) , the expected density

of mumitions, is constant is also given in Appendix D.

nI. Mote Carlo Simulation of A(D) Curves

Wnte Ctarlo sinilp-tioz or ealcuationof the dfstrbuton of casu1le4...

or the distribution of the A(D) curve is being considered. In such a

simxlation, a field trial is simulated on a compter by selecting observed

valuesby the use of random numbefrom the appropriate probability

distributions. For each such field trial , the problem arines of computIn6

the obtained A(D) . This can be done by systematic mathematical procedures,

but -Wwe tried to date reqire mach eltn. !g alternative posablib£

of usIng a second Monte Carlo procedure to coMute each field trial A(D)

cow. *s under osidwrtion and the vork is described in Appendix C.

A.4



3.1

APPENDIX A

Memo 526.03 M. L. Norden December, 1961

An Outlije of the Calculation of G

I Introduction

In the Fourth and Fifth Quarterly Progress Report (Progress

Reports 526.17 and 526.18) the expected number of casualties, E(C),

was mathematically derived in terms of various known functions and

parameters. The motivations and derivations are given in these

progress reports. We now wish to work toward the numerical calcu-

lation of E(C) . In this memo we shall outline the mathematical

and computing steps involved, (without derivation or motivation) and

describe the various inputs and approximations involved.

In-generalve-wish-to-compute

(1) E(C) = J J'U(x..y)dxdy
x,yE A

where w (x,y), the expected density of men, is given and G(x,y),

the probability that a man at (x,y) would become a casualty, depends

in a complex way on the remainder of the problem.

In this memorandum, we shall assume that the munition density

11 (u,v) is constant. This is, we shall assume

(2.) -1 (uv)

. ... .. .. ... . .. . . .... . . .. . . . 2 ).. .. . ..( , , .- . .. . . .. .. .. .. . . .. . . .. .. . . .. .. . . ...
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This assumption makes G(x,y) = G = a constant. Hence

(3) E(C) - G f f o(xy)dxdyx,y A

and we now wish to describe the calculation of G . At a latter

time it will be desirable to not assume (2). Then G(x,y) will

have to be separately calculated at the different points (x,y),

but the steps will be intrinsically the same as those given in

this memorandum.

In this memorandum, we shall outline the mathematical and

computing steps and details involved in the calculation of G, so

Vt- he choices involved in programming the numerical calculation

of G can be examined, and the necessary flexibility of possible

Inputs to the calculation determined.

In Memo 526.0* we shall give Notes, which will contain more

details, e.g. the functional inputs indicated, approximations,

assumptions-, alternative computing- techniques-, etce-

II The Calculation of 0

a is defined as

(4) 0- f L(D)f(D)dD = f [l-F(D)] dD
0 o

Appended a Appendix B

-6-



3.3

where.

(5) L(D) = f ( e-ym/2 dy = Log Dosage vs Probit
-cm lethality

F(D) = Probability that the dosage at a point (x,y) is

(6)<D

f(D) = Probability density =
dD

The probability distribution F(D) will be mathematically

specified in terms of its mean LD and variance D (NotesA,

B,C,D,E).

We now assume the special breathing rate function model of

the progress reports.

The quantities 1 D and U2 are then given byLD D

(-7-)--- D-=-i -- ±l--H(-t)--w(-t)dt- -_____________

t=o

00 t
(8) + -2 2(a2 + 42) f f (l-H(t)] [r2(t)n(s)+UR(ts).dsdt

t=O s=0

where 4LI CV r' or , and u are known constants and

(9) if the munitions are placed at random.

0 if the munitions are at fixed points.

(10) H(t) = Prob [T < t]

H(t) will be a known probability distribution,. possibly a

three parameter log normal. (Notes F,O,H)



314

R(t) and R(tvs) can be de~fined by the following Sequence of

equations

+0 4-
(11) nT)- (us,t)dvdu

Urn-" y-*--

(12) R(t~s) I f (u~v,t) Y(uov,sB)dvdu
urn-f yin-s

t t
(13) !(u,v,t) -f x(uov,'r)dQ(t-T) f Ix(upv,t-T)dQ(T)

(14&) Q(t) ___________

[vote that Q(0) -1]

t +'
-(1-a)t + ~yt~abb Ix(uv~r)e drT

m~l&)X(UV~)4&o't 846
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and rinm.Ui

-C + +

(16) x(last) -

'/iV,,yI~~+ G )(tp + C9)(tP + 3 )

where )IDQODUii~DG.%py~iGzD1kIY~kz are given consltants.

Ahthisvworkwee~~.~yi rargesymbolic all to

*or * .it my be necessary to truncate. Numerically noticablo

--- __-effeots-on- -e shoulid-p ys-ially-not-sise-fro-la-rge -values--of

these, variable-s.

The stops do not have to performed In this order. An alternative

sequence Is the following.

O00WRI -WW ues- w btain for (t4

4-a -of t
(1) (t) f f f X(ujv*,r)4Q(t--r)dvdu

Up- Van. wMO



3.5

ZntersharSlft th9 order of lnlt@Slatilfl we obtain

t 40 4-0
(1) 0~) 1 f X(uovD-)dvdu 4(tm't)

i-C un-ft va-a

t t
I ()4(-~ - f K(t-v)4Q('r)

kbatitut ing Equat ba (4i). w obtain

t
(19 R~) -(i-) (t) + &be V0 l(T)ObT d,

(20 (1-t) 4 (t) 44 11b%~Kr~

() 1()* I I X(uovst)d~dV - M
use-* v-. - tfg

W10-
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(21) Rtt -b.[..L +a ?

(21 + ab dnt ___

4. 4+ Ab I S

z x

(2)1 f

1 mus-lXUV'2)Qsg

vino Teo



3(t) ab * rb

... ~g. [.m~L+ It 4+b'TJ

Silawaly for' R(tas)

(22) R~~)*I I I IX(U*vl')X(Usvsr 2 aQ-sr2 )

* d(t-'r1) dvdu

t

Te TOO (r.' 2 d~-u 2 4~- 1



3.8

(23): ]COtJs) - I I X(u~vt).X(u~.S) dvdU
unme Va."e

1.8 g W',iCt 49 44a)(tp4. 9l#+2s 7)(tp+ G,)(sp+ )

Again, because of the J1M In Q(t) at taO, we biave frem

tiAtlon (22) and (4)

(241) R(tm8) -(1-a)ft(t.5) + (1-a) ab e-bt t £(r b* 1 'r

br-O

+ ~ ~ ts (1ta Lb .(- T2) K0~i 2  *b.C 2-2 dr2

+ (a) f T f (jf)' *-~4s 3.b(0 + 2

1a'o T2E1
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wit a umtw remea W AWpftz As O .

Note A s The Various Functional For'm for' P(D)

Re: Eqations (4i) and (6) of ApmmtlizA

P(D), fitted to IDand vD ili be.

(A-i) The Lognormal. (usual two parameter)

(A-!2) The Scaled Gama

(A-3) The Scaled C.D

(A4) Etc.

These various alternatives shall be available from the
final program.

Note B: The Mathematical Relationship between (I~l,al) and (t&I c7D)

Re: Equationh (4) and (6) and NoteCA-)

If -F (D)--s-o&g -norml-,-th%-atW-Is7f~

(B-l) F(D) M- 1 eY M /dy

then we have

- A 5~' /2£ll+~
(3-2)

a! - a(nD)m Sn(l +v8)

where



4 .2

(3-3) 0 a~ ALD

Not* C: The Simplification if F(D) is Lognormal

Re: Ecuations (4) and (6) and Notes A and B.

If P(D) is log normal, then Equation (4) becomes

0 -x2/2dx

where

L +1

ane-we-have-e-iminated-one-troublesome-integrat-ion.

Note Da The Relationship between (PLOL) and More Usual Probit

Lethality Notation
RS:Esruation ({5).

In the usual Probit terminology

.ft It. n-a- k S 5J + 0  )0

In this notation

0- pL Jn(D05

A-1&
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L baLl/

Nole 3: Integrating Bauation (4)

Various suggestions for integrating Equation (4) when F(D)

is not log normal are given in the Fourth Qarterly Progress rlport (I]

pages 19 to 23. In particular Technique 2 seem appealing.

Note P: EoErHTs of H(T)

Re: Equations (7), %8) and (10)

Present data indicates that H(T) can be described as follow

(7-1) T -TA+Ts

That is, the random variable T is the sum of TA the

alarm time and T the time to stop Intakm of the contaminant. Then

if we let

(r-2) Tr - reaction tine- time to the stopping of+ breathing

it ms found that, partliularly at high work rates, al~k2t omi eouw

before breathing stops. Sme

-3. -



(~) To min [T;T3

It was also round that the probability distribution of Tr

can be approximated by a three parameter log normal distribution,

the three parameters being a, V2 an a2 That is, the random

variablea Tr + a, Is distributed in a log normal -distribution with

parameterS.

($w2 =) iin( M(Tr + a)]

as Mas (An(Tr + a)j

Yes-, -this allows- the -random -variable Tr -to -take- -on -negativ-

values. This is meant to correspond to the alarm being sounded while

exhaling.

The probability distribution of Tr is also approximated

by a log normal distribution. Here the choices seem to be

(a) A two parameter log normal distribution

.(b)- A three parameter log normal distribution

(e)- A three parameter log normal distribution with- the
pta$,"a having the emve-ue mez fr., the

distribution of-T

Abte-A a The Calculation or H(T)

Bst sations (7). (8) and (10) and Note F

-26-



In Note P we defined

The probability of T.can be computed in two ways. The

first or -exact solution is as follow. Let H(t), H1.(t) -and- ,t

be the probability distributions of To, Tr and T3 respectively.. 2hen

(0-2) 1 - ;s(t) - (1- iH,(t)] (1 - Mo

and so the correct answer can be obtained. Note that if Jfr(t) and

________________ L_ t) are o1 -normalte )i excylonza. -

However, we do feel that masking rarely occurs before breathing

stops (the exact probabilities can be obtained from the data), and

hence should have on a slight effect on % (t). So perhaps some

aprximation can be given which is easier to compute. Hence the

-second solution would be to approximate the probability distribution

of Ta presumbly by a two or three Par'amter log, normial distribution.

That is we would try to approximate

or

(@4) (A[n (Is+ a)J m$ [aan (T,+a)J

from No soNte"s Of Tjand T.



4.6

We could then use these values to approximate a log nowual

distribution. Such a technique has beow derived.

Dst,.z'ination of, Whether the approximation or the exact

solution are preferable for calculation needs to be made.

Note H! & He ; ftuations (7)1, (8), (9) -and Notes F and 4

A decision or what to do about the probability distribution

or alarm time TA still needs to be made. If it is assumed to be

a constant, this value needs to be entered as a parameter.

Note I :Input Controls

We wish to be able to request these alternatives or switches

__ ____ fro the program. (Position I is standard, i.e.,_our vreent b tge)

(a) The Distribution-of F(D)

1. Log Normal

2. Scaled Gamma

3'. Scaled C'.D.

4. Etc.

1l. As Given"

2. or - 0 (constant breathing rate r)

3.a o 0 (constant stopping time T.)



4, or 0,O 0 (constant breathing function )

5. Hm 0 (-Neglect msecing time.)

(a) Drop of Munitions

1. 0 r T Random Drop

2. v =0 Fixed, kniown impact points

W'9-



. . . 5.1

um 526.05 LL.N./L.. January 1962

ItptO~ g:l ~~t1no the AMD curve.

.is meo is a preliminary report on some of the thinking of N'U and CBDL

personnel on the problem of determining the distribution of the A(D)

curve by Monte Carlo teehnibies, where A(D) is the area covered by a

gven doze or dosage.

Conceptually ve have a field trial vhere munitions impact, the contafinant

spreads from the nunitions, it Is ingested (say by breathing) and a dose

ingested occurs at each point of the target. Hence, A(D) , the area -

covered by-a -dove- -D, -can- be-obtalned-1-fr the--tria-l. Zfanother- -a-i -

run under "identical conditions" the munitions may mpact at different

points, etc., and another A(D) curve will be obtained. If very many

trials are run, at least conceptually, we will obtain many trial A(D)

curves, adthie can be dscribed by a probability distribution of

A(D)

For given mathemtical probability distributions or exact descriptions of

mition Impas, contaminant dissemination patterns, breathing rates

(ad positions of amn and lethalt fjunctions if we0 vent csuales )-,. we

can proceed In two ways.

lS~ta it~atoaldesezription -of the probability d~sta'ibutics of A(D)
can be obtained, wadl vok is proceeding along these l1nes

I f 4wms a Is neglected we bave dosae, If the distribution of -
an a lethblity 1e add as InpAs, we vIil hew



The second met1od is to model the trials, using Monte Carlo procedures,
onacnues hence obtaining the equivalent of a number of tri&l. and
hene of a number of trial values of A(D) # vhich can then be used
to estimate the probability distribution of A(D) . This is -done bV
selecting random numbers from the Wpriate probability distribution,
Por ezple, if sevn unitions are dropped on one aiming point with
a knwn probability distribution~ of impent, then ve can seleet sevn
random Impc points from this distrubution and use these seven points
In a oo~uter trial. Similarly all other values flor the trial are
selected randoly, and we obtain a mathematicall.y defined and compatable

A(D curve for the tral.* This process Is repeated until a
sufficient -nmbe of tria A(D) curves are obtained. Let us cal
this the first (or basic) Monte Carlo procedure.

At this point, the question arises of bow to coMpite the A(D) curve
-for--7gi-ven-trial-,-and-ths-i-s-the-topio-Of-the rmne-of-this-

mradubm.

This calculation has been tried by a systematic procedure. The
pobfillity of using another'Monte Carlo procedure to obtain the A(D)
for a given trial, Is nw being ezinined, a sort of second Monte Carlo
procedure within a first 11onte Carlo procedure.

The systemiatic procedure used breaks the target rectangle up Into
smll areas of se, AO and computes A(D) by counting the umber of
such areas with a central done > D . Here the error In a
%athimtiaa error" ad depends on Ax and by . By "error" we Man
the divence. between. the Correct A(D) curve and the A(V) MUnW
calculated. ftI' given u'eoical. values of D, Ax, 4V and the starting'
points of the Interval, the error is a corresponding number, sW e(D)
We cell this not 9, e(D) the %wntmtmicel. error". Nowevex, for this
poediwep the unber of calculations also depends inversely on Am

an 4 o ve find that if Am ad Ar e larse, the mmber of

-21-



5. 3

calculations needed can be smalI., but the "mathatical errors" will be

large. siilary, if Az and A are made small, the mathemtical

* ewor am be madeaw I..lI but at the e3Wense or a large nmber of

machine calculations.

One alternative is to try to develop :othedr va. of.,systematic numerical

calculation of A(D) . Here we can either,. (a) try to Improve the

accurc or the above procedure or, (b) attempt to develop essmitiaflW
different systmetic procedure. As an emL1le of Ca) , the above

procedure c.outes D(z, yj) at a set or points zi - St, yj .

If we look at the suberes of vb ch those a e the centers, It is
Clow that some around Dx [hch occurs at' (0.0)] .Sgt

be obtained by using the Points xi mult yAX -v + . In

particular ths values u - AX/ -/ " ru-v'y/2 '

SIndicated. As an empie-(b-)p-vigh t-nsidrtry-ugtoom1te -
or approximte the oontour in the (x,y) plane oorresondting to a

given D, and then nioial integrate to obtain the area vithin it.

This has been tried using simple interpolation to obtain the contour,

-- - - --m gave-a-lger-errr-. -~Fabosb.y-te--use-or-blgha-orde--int-

Volation, or the fitting of as opriate curves to the contours (sa

bivarite PO2.ynoicals) will give better results.

A sond alternative Is to use a second Mnte Carlo procedure to

...mpte- A(D). . ser-the nmber -of cal-cultions -n --d the--slwmof-

Am and 4 are umelated. n Is usually called the ssWils size,

Mid f -M At mnd V we an select W sulele9 s n we wish.

Usuever, we- nw hbow a mabutlal gayer dqumlng- on ft -d- AF

mid staisti aim wvrdejng on r $- ft Is, -the. sem=A IAt

Geloyroeae results ta n A(D) curneampted fm thenuvalss
of D oftaned. Nmme , mlik. the Wqst e pesiwe, It the

am mte Carlo posm or elculme Is repeaWd an a oomate,

a dlfftmat sot of rdmm imbmer will be seetsd, booi a dffavat



aet of 32 values of DO and ham"e a different A(D) curv will be
obtained. That iso the A(D) obtained is no a randm varnble. For

aW D, A(D) , *fle having n averagp or eiaeted value I [ A(D) J
--'ad a roibability distribution about 3[ A(D) ] whioh am be described

I ter of o2 [ A(D) .,thestanarddeiati of A(D) . St A(D) ]

is, for u aboice of At and A p the alY e that mul be esalclated

by the above systemtic prooedre based on the m A and .

Nwce the difference beteen I[ A(D) I and the comec "ue of A(D)
is the inthemtical error described above (called the "bias" in

statistical, tulnoloW). Note that it does not depend on n. Ma

"statistical" error of the A(D) calculated is described in terse of

oP[ A(D) I and depends on n, not on Ax and tr

In fact, since the random numbers used to select the points (zy) we

eight digit dee-1zl, it turns out that it may be nost convenient to use

a &x and 47 of 0.00000001 , vhich is very m@l and results in what

errow of the second Monte Carlo procedure Is Just the statistical am.

It should be pointed out that even for the sam Iact points , eto.,

-te second b-nte-Carlo -prce -(-s=Lng -ofabse-vation-polnts)irifl7

introduce variability in the A(D) curve. awrer, for =W st of

chosen Ws this can be reduced by sampling mo e points. 9The mai

problem is to determine just bow any points to select.

It Is daed preferable to c1onctrate on the second part of the problm

(estim~ng the A(D) curve for &ys drop data) before iplng to the

first part (estImatng warage A(D) curve and Its variability ftw a
gir... tistisal, sitaft). ]h the, lVpe f o*oWftse jmefmm •

Ote second problm involves treating a single realustio, of the

doses field, rate tba the ensmble of fielids. te veriabilty

obtained In this phase will hane to be added to the voiabilisy due

Io e~gif gmt points eftc. (first phas of the problem).



To emplore the possibilitles of using much a second type of Nbute
Carlo pa'oedurp the ftllaving machine omlelaftous vwe agreed

1. So asol umuiiie 211tern

fts ares oover. by D/Q - 0 is to be obtimnd, vwee

W ) eD 2 y

And

C7 - 0.211 untr n/2

Cz = 0.135 ints n/2

nl 0.25

____ ____D Is lIn units of grea secomds, (iter) 3

IZ Is In units of grms.

* In In units of gecona/s(wtwr) 3

A totalmsal gMfrm x-. to :250imte In. the. x coorduikae.
-ed fraa -28 to +18. mtam- In the y coordinat Is amlded
C9#000 at. usters].

jre t wmt A(D) inn've for this ]ptteiu am be obtained
thurnta and~ vjUil be used ft aqWImm with the

umtal aloullons to be baeribed.
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2. OmW and cleU itervals,

2.1. Ujper and lover dosae cutoffs Vill be used. he detens

wo being ebmded.

2.2 The 7mbi0 of 9 wre then tabled Into 100 alm inteirvals
giving A(O) at 100 values of 9.- The selection of these class
intervals Is being exonned In mre detail. *One point is that the
lowest Interval soa to define a second kind of saro~w.

tWpe and lowver domage cutoffs mutbe used. Iquaion (1) Iplies
that dosage Is positive flor all x and y and can easily give values
#rester than the mhie can handle. Dosages above a lethal value
can be reduced to the lethal value vItbout mW 3oss * It to, of
course, also necessary to Wit down the aiii at the dosaige field
so that it can fit In the cs~u~ar. This bas, the effect of
truncating at the lov dosage values.

SThet first kind of zeooccurs Vbsi the dosage field is 'tbozed" In
by a finite "target*. This seem kind occurs vhen values are left
In because of the shape of the contours * See Figure 1, where ve
sup~ose-tbat-9-- .005-is--the-720AIMIU-atu---h-pit-uij
the -rectagl re4rsW n the first kId of' sero, and z represents
the second kind, which consists of the points bebre the bounding
rectangle uid the minium ontour.

71"e -. 0 sow eftimor. "W ni W I 0w
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A second point Is that logarithmic intervals in e would be preferable.

For example, 100 logarithmic intervals from 5 to 500 would make each

division about 1.047 times previous division, If we make the ratio

1.05 (that is 5% increments) then 100 logarithmic intervals gives a

ratio of about 132 from the first to the 100th interval *

3. Calculations of A(G) by use of a systematic grid have been per-

formed. It was decided to

3.1 Repeat the systematic calculations for the single munition

for the two subareas

a)Ax =50 ,y =2 and

b) Ax= 1 4 .5 o

3.2 Perform Monte Carlo calculations for A(e) for a single

munition as follows-

3.2.1 Eight digit random numbers were to be used making

x-=-4y--O00001 -

3.2.2 6100 hunared points were to be computed in the following

manner. 16 runs of 400 points each were to be made, and

the resulting A(e) tabUladt in the 10D0_class intervals

for each run. The successive 4 runs were to be tabulated,

giving 4 runs of 1600 points each. The total, 1 run of

64-00 points, is also to be tabulated.

3.2.3 Each of these estimated A(e) '16 from 400 point, 4 from

1600 points, 1 from 6400 points) is to be a d, .

presumably graphically, with the exact A(e) which is

known in the single mantion situation.

* Since 0- D/Q, corresponding changes in log 9 are the same as
oe IIg changes in log D. However, a ehoMg in ) is Q times

the corresponding change in 9.

-26-



3.2-4 The curves A(#)±QAGadA) art M!A) ee
also to be coapted and 1pesented for comparison,,

303 Perform Nbnte Carlo calculations suidlar to those made In

Section 3.2 finr the two fied wnitions situation*

-2T-
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Mew. 526.o6 M.LoN° February 1962

The Concept of a Random Variable for Lethality, its Effect on E(C)

and the Inclusi1on of the Effect of Lethaxlity on Ul(C)

I. Introduction

In Pro-ess Reports 526ol7, 526o18, 526.19 [1] 22 [3]p a

mathematical -model of the structure of casualty production was given,

the expected number of casualties E(C) derived, and work toward C

the variance of casualties described. In this memo we shall des-cribe

further improvements in the mathematical analysis of the effect of

lethality on E(C) and continue the work of (3] to include the effect

of lethality on a .

In Equation (25) of Progress Report 526.17, the probit versus log

dose lethality function was defined as

lnD

(1) L(D) --- f ep (xL) 2/(2q 7) d

f 0-Y /2 d

Vbwm

.2.
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(2) L(D) = probability that a man who has ingested a total dose D

will be a casualty.

and

(3) iL = logarithm of the 50% lethal dose.

(4) cL = the reciprocal of the slope of the L(D) versus D curve

when plotted on log normal or log probit probability paper.

Then, in Equation (3) of Progress Report 526.19, we defined the

-random-veziab-le

O if a man, assuming he in A, is not a casualty

iQ. if a man, assuming he is in , is a casualty

Then we defined

G G(x 1 ,yr) =Prob (k l) E(k)

and

. .(Fi(e) - probability that the random variable Di Is < the

( i(e) - ir(e)

*The kdefined in equation (13) and used on page 11 of Progress Report

526.17 is not the ume but rather corresponds to the conditioned random
variable k,(D1 ) given that the dose Ingested in Aj is Di . The ki used

on pap 12 of 526.17 Is the unconditional random variable, as we now
defne k1 .

-30-
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Then on pages 11 and 12 of 526°.7, we showed that

8) Gi - L(D)f I(D)D f fL(D)di (D)
0 .0

o o 0

0 0

and pages 15 to 24 are devoted to a discussion of methods of

computing Gi s

II. The Introduction of a Random Variable, hi, for Lethality

The introduction of a random variable for the lethality consider- ...

ably simplifies the proof of some of the results, and leads to the next

step after P.R. 526.19, the inclusion of lethality into the calculation

of 172-o The idea is as follows. Let

(9) hi = a random variable called lethality.

That is, hi is a random variable with a cumulative probability distribu-

tion function L(D) or L(e). That Is, were

(10) Prob (hi <6] - L(O)

* Again a slight notational Inconsistency arises. The symbol h. was used in

P.R. 526.17 for the constant a, to be defined in Eqwation (18) of this report.

-31-



and the hi are statistically independant of each other and of all the

other random variables in the casualty model.

Then, if we define k as

0O if hi > Di

1 if hi< Di

the model is just as before. We have just introduced a symbolism for the

lethality random variable rather than just its probability distribution

L(e)

I1. The Use of This New Random Variable for the Calculation of Gi

The conditional expectation of kI given Di is

(12) E(kiiD,) = Prob (ki = liDi) Prob (hi DiDi )L(Di)

.and the unconditional expectation is

CO

(13) i = E(ki) = Et(D-)] L(D)dFI(D)
!0

as given by Equation (8).

However, this foroulation also gives us other results. We can write

-32-



E(ki) Prob (hi<D = F(D) dDdh

h<D

Now the distribution L(e;! of h- was assumed to be probit vs. log

dose or wiat is commonly called, log normal, That is, the distribution

of nh i will be a normal distribution, In paricular, from Equation (1)

(15) E( Inh i) P L

This also Jiplies that h is non negative, that is, it lies in the

-- -- -ran g e 0 to + D , b y f t b e y d f n i t o , is a o nr-n g t v~

enece we can also write

(16) Gi :E(ki) =Prob (h. Di) = Rob (I "nD, )

Prob (0 < IrD l±" lnh i Prob (0 < z )

where we have defined

Now let

-33-
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a2 ln)or2

Then,

2 2 2
SL

IV. The Assumption that the Probability Distribution of Di is Lognormal

Now if Dj also has a lognormal distribution, then, since the

___diffrenzce be-tween two. normally-distributed -random- -var-iables-s-a,-

normally distributed, inD i - nhj is distributed in a normal

distribution. Hence

(20) G Pro [01]0 2 /

ai (JL IA (7C2 ~2
L a

a result that took quite a bit Of mathematical manipulation to obtain in

Ppegress Report 526.17.

This result greatly simplifies the calculation of G if D is

*lognorlly distributed. Howver, Equation (16) also allows us to have

a better understanding of what is happening if D is not so
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distributed and even to understand when Equation (20) is a good

aPiWximat ion.

V. Calculation of Gi when Di is not Log Normal, and the Effect of

A roximating by a Log Normal Distribution

If the probability distribution of Di is not lognormal, vre can

obtain the distribution of zi as the distribution of the difference

between Ind i and Inhi, and then integrate to obtain Gi by Equation (16).

The result can be placed in the form given by Equation (45) of P.R. 526.17[1.

Another appIoach is described in Technique 5 on page 23 of P.R. 526.17.

That is to expand the distribution of InDi- in a Gram Charlier Series.

Here there are two points. The first, as pointed out in 526-17, is that

we feel that the distribution of InDi is "approximately" normal. Sure3y

it 1s-eh--mch-1eeern. to-a-mormal - distribution- than- is- -the distribution of

Di.

However, we now see a second point. Since zi is the difference

between to -random variables, one of which is normally distributed, the

distribution of zI will be such "closer" to a normal distribution than is

the distribution of OD1 . We can see ths by looking at the rith cumalants

of the radom variables.

For a normally distributed random variable, all the cuntlants above

the se we nso. That is

-35-
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(21) K=i

K2  2

K = 0 if r> 3r

This defines a normnal distribution.

Standardized (or unitless) cizulants a are defined asr

(22 a Kr Kr
r , r /(22aP (K 2 r1

Te- closeness- _61 ar to zero- -(for -r- >- 31 -i-s -the-appropriate--criteria- -for-

closeness to normality.

In this notation we have

(23) Ki(lnhi) PL

K (lnh1) 0 If r >3

(21i) K21(3zD 1) - p

X 2 (InD1 )

Kr(lmD 1) as given by the diutz'lbutlon

-36-
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Hence,

(25) (lnD) 1[r(1Z2DI) if r >2

Wow, by the additivity of cumulants of the sum (or difference) betiieen

independent random variables, we have

(26) Kr (lnzi) -K (InD, - lnh:,) =K(InDi) + K(lhi)

Hence

(27) K1 (lnz ) Pi -

K2 (lnzi) ~2 ~c 2

iI L

And so, if r > 3

(28)- a (lnz) ErJ~z a, ]r/

0 (lnDj)

Clearly Czr(lnzi) is less than cr(lmDi).

-37-
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For exae le, * L a, then

(29) -
3{l,, 1 ) -2(, .8C1 'l Y 2 -r2 . 2.82 ,

a4(lz,) a4 4

If *L 2cri, then

=(lnDt %L i
_3ln. "3(i 1) a(lrD.)

(30) a(z) (nz)
5 JT 112125

We are tempted to guess that If d > cl ed c3(1nD1 ) is not too -

large, that Gi is quite satisfactorily approximated by Equation (20),

th- _by-asumng-the-z---e-norua--ly-distr-i-bted-,o_--,

Of course, a =re detailed examination of the various approximations

to Gi when the distribution of D. is down or C.D., would be desirable.

MI The -Inclusion of Lethality -in -the -Calculation of c 2 (_C).

The Basc Equation

In the last Xoreas repwt, Posreas Report 526.19, the variance of

-4atie., - w obtained in termi of the Joint distribution of m and

the joint (oomdtional) distribution of casualties at a point (x,y) if a

-38-



man Is there. Esdentia11y, only mean and covariance functions of the two

joint distributions are needed.

If the target Is broken into small subareas t41i; the -joint distribution

of men was described by the quantities

(31) Vrmj) S wj =

a(mj:mj E(mimj)-

Pm(xi,yi; xj~yj) =Prob [mi=1; mj=l] -E(m, mj)

and the joint distribution of the kwas described by the quantities

(32) E(k I ii Gi

a(k1  k)- E(k k)- GiGj

Pk(xi,yi; xjpyj) =Prob [k1-l; k -1] EP(kik)

A continuous representation was also obtainedand fr this the functions

td(xV), G(xly), Ik(x1Dy1;z2Dy 2 ), etc. Introducec where

(33) C(Z 1,y1) W,

G(x~xy1) -Gi

Kk(xii.yi;xjyj) - (ki:kj)

Rl(x 11y1i;xz3 y3) +AA *W(zjYjLsz 3 ,vy) A1A3 -(:j

-39.-
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For both the discrete and continuous representations a2 was obtained

in terms of the above quantities. A general solution was obtained and a

number of special cases given. At various times in the argument, the

derivations in term of the bivariate probability functions P and P
P k

seem surer, and these were used to obtain B(C2). From which, of course,

ve could obtain dc by the equation

(34) - 2) _ [E(c)] 2

C

Table 1 lists these results.

TAE 1

E uation Numbers of Results in Progress Re212 526.19

cGiving 2 or 3(0)2 in terms of the Probability Distributions of

2 IC(C)2CC

___________nt__ Discrete C.ntinuous

General -(17)(18) '(69) (2)(53)

1i(men) are

In .dent (30)(34) (35)(36)(3') (59) (6o)

n plmoa v1t
no error(41)(45) (42)(45) (47) (47)

()and ar
statistically

_____________________________(39)_
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In this work the random variables k depend on the lethality, the

breathing rate, the munition contaminant pattern and the munition iqact

points, and hence summarize everything but the placement of men.

The joint distribution of the ki enters into 4 through the

mean G. or G(x.) and the covariances a(ki:kj) or Kk(xl,yl;x2 ,y 2 ) or

equivalent functions. The calculation of G has been described in the

previous progress reports. Let us now obtain the covariances in terms of

the distribution of lethality hi  and the dose ingested Di.

NoW

(35) Kk(xiyL;xXYj) = a(k:k = E(kikj) - GiGj

=Pk(xlyi ;:x $y)-O j

and we see that it will be sufficient to obtain

- - ( 3 )- --E( k ik 3 ) r -P zo b --( k7 1 n- ri~ k ~) ; - P k (X , ,Y ;x J,y J ) .. . .. . . . . . . .. . . .,' -

laW, from Equation (n e: have -

(37) I(klkj) -k Pob (ki 1;kj-l) - P'ob(Di > hl;Dj > hj)

By the nomegativity of the hi and Di , and the definition of i
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Equation (16), this becomes

(38) E(kik j) P=rob [Di - hi > 0; - hj> o]

Prob [zi > 0; zj> 0

= Prob [z(xiyi) > 0; Z(xj~yj) >O]

These are the basic equations from which E(kLkj) is to be obtained.

VII. E(kikj) If the Bivariate Distributions of Di and D are

Bivariate Log Normal.

Now if the individual probability distributions-of the Di are log

normal, then the individual distributions of the zi are normal. If we'

make-the-slight-dditional- assumption-that inD- and -nD- have-a-

bivarlate normal distribution, then z and z will also be so distributed.

(Remember that the hi were assumed to be statistically independent of

. - - - each other and the other random variables, but the Di were correlated

with each other. Substituting Equation (38) Into the standard blvariate

.ndift. jgbabIUV diam~ty fut no, ie O'bta

-42-
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E/'ksjkz) -irn y-

i +
oz

2it 2
z1 I z ZjAd dtJ

t1 pz t 0-

- i OZ

-M(-V /a zj,-JA 
__/r _

Vha'c M(h,k;r) defined as in r5], [63 and [T is

(40) e.Lz - 1z 1  -]iD 1 x1h1  U

.13



(4) 02 ~2 a 2
(42) Zjt i CL

Now to obtain

(43~) /'~ 9Z O a

(4) izv'j cran i n n m

(45) cyaje(lnifl nhi 1D -1n)

Then

c,(lnD,, 1nD) a if i

2-h 2

Hence

iji if ij'

(47) L

1 if 1-



Substituting these in Equation (39) we obtain

2-,2 2 22 2 2
(148) E(k k) I JM1 //'jL L'L) ci i / o ) o

if i j

if j

If we also define

(49) Pi,j (lnDj;lnDj) =,ai.or

Then

2 22 if i j
_ ( c :L aY (J,

(5)1 j,

This result is very useful and convenient because the function M(h,k;r')

has been extensively tabled and it is believed that adequate computer-

,*@ MW4 aiiU.d=Umu We OtLUO for Its o~ualm

One of the first tables of K(h,k, ) is given by Karl pearsen on pages

78 -137 of [Ii). The most extensive table is given in [8] where M(h,k,r)
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is called L(h,k;r). Extensive bibliographies are given in [6] and

(8]. A discussion of eai~ating teabmiues Is given In (4][51163171

and [8].

V I. A Simplification if D(u,v) , the Exected Density of Mmitions,

is Constant.

If or ij(ujv) is constant then the calculation of C or

E(k j j) is greaty simplified in two ways; in the calculation of CO

and in the calculation of M. We can see this as follows.

The distribution of Di or D(xy) will now be the same at every

point on the target. The correlation coefficients fDID or the co-

variances a(Di;Dj) will now only depend on the difference between the two

points (xi,Yi), (xjyj), that is on x- xj and Y.-Y yj Hence the

G(k :kj) will have the same property. That is, the functions

Kk(zipYi;xJpYJ) " v(ki:kj)

Pk(lYijP) J- kik.

vill be functlons of the two quantities xt-x y,-Y not the four

n jSY:L. 11 This sllIfies the calclation of 2 or

quantities XC

R(kikj') given In Lale1



:n addition, if we assume -that the distribut-Ions, Of the z axro'M

the M calculation that now enters into the calculat~ion of each B(:.. k) :t

also simplified. That, is, if iq(u,v) is constant, we have for biD

41 4 j= A Ifor all i. ndj

j . i for all. i. and .j

and similarly forz

r4 Z z I -
for all. i

2 F2 for all i

.Thien, if tha distribution of z and z w'ae bivaiate normtal, wehave

(53) E(k k)= M(b,b.,r)

where

z 2 2
OL I'l

and



z +I+ 1

Of course, ai,J u(lnDil nD) and ijj will be functions of the *

quantities xi-Xj Send yiYj , not the four x ixjYj Yj

Now the calculation of M(b,b;r) or M(h,h;r) is even simpler t'sn

the calculation of M(h,h;f) and considerable simplification occurs,

For example, from Equation 5 of r51, e obtain

(56) (h,h,r) - 2M(h,O; -,, '2)

Prom the quations on page, 78 of [6], we obtain, for h > 0

(5T) X(h.h.r) = 2(h.2,) 2-T(h. 1

'Where
. ,.h2 (.h+2 )

(58) T (h )dX
0 IX

For negeabie h, we use the result
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(59) IN(-h,-h,r) u ~h,h,r) + 1 f e t2/2 dt
-h

These are typical of the kinds of simplifications available. However

the M function can be expressed in other ways, and other formulations of

X(h,hr) my be preferable for calculations.

Because of this great simplification available, we strongly feel that

2calculations of c abould, at least at first, be based on the above

result* assuming a bivariate lognorml distribution of D and Dj .

distributions of D and D o This can then be used to check the degree of

approimation to d2 obtained by the use of the lognormal assumption.

IX. E(kk) in the General Case, in Terms of the Divariate Distribution

of DI and'D

If the distributions of the Di are not multivariate Log Norml, then

Z(kLkj): Ist 0h -re difficult -to obtafn. We -shall give a general rwsult,-

but, of course, will be thinking of numerical calculations based on the

pm, c.d. or similar distributions. Note also that H(kik only depends

on the biveriate distribution of D. and D Let us introduce the following

notation for this bivariate distribution.
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(60) 14 j(Ol;e2) Pr"br'i 01 D j 2

(61) tie.'01@2 d11 1 1 2 )

(62) u1 (91 .02) - Prob ( D > 0 1 D~ > ae2]

- l-pi(ei) - FJ6)+ ij862

S~Then ve can obtain I (k~k.) In two vws * The first result is

obtained by looking at the conditional expectation of k~kj, holding

DLand D fixed. Byr equiation (3T) and (10), we obtain

(63) E(k1i;k i ID±L,D) j L(D,)L(D )

Romce the iud tiouaal. expectation is-

(61') ~Z(kv - f i. 1 D, 1 3 D 1k.m
-DiD3

-( f fe )L( 2)f1 3 (1 ,e 2)d 1 d'92
012

________
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!bes eamd result Is obtatked by ffrnt bold~nS h, and h flzm. ibam

the andtionsia eeal of ikk is, by tation (OT) and (6e)

(65) 11(kik3j 1h 3) -U 13 1,h)-L'4ijh)E(hh)

the last stop by Uzuatloc (6e).

Then the umaomdItIonal ezpeotatoui Is

h1 h i

f ftl,(& OL,)dL(e 1 )dL(OL,)

These tweo results depend on expressing the bivariate distr'ibution of

Dand D,-In term of the -functions no (1,0 )D f1 3 (9 1 ,9 2 )or

Ti, J.(O ad. thee. must no be obtained if'these results are to be

I-
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X. A Othod ftr MainIng Bvariate Distributions of D1 and D st

S i Additive Marginal Diibut i.

Nov if the distribution of D. is assumed to be gin, or c.d., there

Is no ufique bivariste distribution with a go (or c.d.) distribution

for the mrginal distributions. Nowever, the blvariate g and bivaw ate

.d. that have been suggsed have been poduced by the am teabmije.

This teohaque also produces the bivariate normal if the mnrglnal are

norma, and will work if the distribution used Is additive (e.g., the am

of the two Sa (or od.) random variables Is ga (or *.d.))'.

fte technique is a follows. Lot

DI -1x + 3

1) 82(z2 + 3)

where the random variables 111p x2 and 1X3 are Statistically- independenft

and have the approprate underlylng distribution, i.e. gin, c.d., norml,

oft. If the distriti=sof a nd 13 e (o.A. ): with -pewiters. . , X2. x3 m+(er.e

alsD 02 uad a3 (a 1 ,'s2 0a 3 ) respatIvelyp them, by the additive pgW Ie



or the gem (e.d.) distribution,. the distribution of D' will be scale

g a(a A.) with scale factor S81 and permwter al + -C3 (a, a 3).

S1ailar.y, the distribution of D will be scaled ga~ (c. 1.) with

scale factor 82and peaunter a 2 + C c 3 (a2 +a 3) And,, of course, Di and

D jare correlated because of the onrandom variable X3. The"e are

f~vo parmters Involved.. 8 l 1 S2,01,C12 and aX3 (S 1, 8 2va1,a2,a 3 ) and these

can be estimted from. Pg~, PD OD, i~ I nd/ODD * Such a procedure I

described In 1 9] for the c .d.* distribution and is the basisa for the

bivarlate gais used In jb.I

NOW let sibe the underl~ying distribution of zX, that Is let

(68) 11i(t) Prxob~z :5tj

where TIis the oumlative gma, or c .d.,. or whatever we are using,

probability distribution, and let

(60) 01(t).

Nov ly Dgmpats (6D) and. (6T)

-53-
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(70) m0,I((a1#2  PrOb(D1 5 91;Dj 5 a2 )

P- ob(B1(x- x -3) 9<1; 2(2 + 3) 5 21.

Now the cosdition pmobability holdin X3 fixed is

(71) P.ob [sz(x1 + 1 ;) < s2( z2 + Z3) _< 02113]

-ProbC Tli z3. z2 < -12 z3

1 2

the last step by Nquation (68) and the Independence of z1 -' Z29 and

Hence the unconditional probabltr Is

(72) 7,i ('o I (u . =) (s_ 13) ((03)

Z3

. . ui lm wearsumt ve obtain

(73) U,, (e.,%2) - 'ob(D > 01; D > 02)

- 2 f[i- .( -t)][-%(-t)] (t)
f2V2
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Differentiating 7 as given by Eua~ation (T2) we obtain

(TO~. :i,j(01,02 - .~-f 1 j-) 2 j -t). 0(t:)dt

We can now obtain the final expressions for l(k~k3  Substituting

Equation (74) into (E')we obtain

(TO) R(k k) - f f fL(1 )L(e2O 1~ - t)dtde de2
12 8 2e41t t)02(Z& - t)03 1(

22

Substituting Equation (?3) Into (66), we obtain

(T6) E9(k k) f f fl i(i- t)'2 t)J] d3(dL(O )dL(e2)

ei 62 t12
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