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PREFACE

This Memorandum is intended to be a fundamental aid in studies of orbit-
al mechanics. The relatively simple, straightforward conmputational procedures
described herein can be used to establish approximate heliocentric transfer
orbits and their elements. On the basis of these approximate orbits, exact
interplanetary orbits can be calculated.

These computational procedures will be of use to persons engaged in
space-surveillance activities and in interplanetary-mission planning.
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SUMMARY

This Memorandum presents and discusses some methods for establishing
heliocentric interplanetary transfer orbits. The four basic methods and
thelr variations can be used to establish crbits having specified transfer
angles, transfer times, hyperbolic excess velocities, or heliocentric de-
parture velocities, Each method consists of a step-by-step computation pro-
cedure which utilizes the equations of two-body motion and appropriate trigo-
nonetric relations to establish the desired transfer orbit.

Each of the methods for establishing a desired transfer orbit requires
an iterative process. Thus, the methods are best applied by using a large-
scale digital computer. In this way numerous orbits can be established and
the orbit which is optimm for some requirement can be selected. None of

the methods permits a direct analyticel determination of an optimum orbit.

|
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LIST OF SYMBOLS

= semimajor axis

= semimajor axis and eccentricity of Earth's orbit

= semima jor axis and eccentriclity of the transfer orbit

= eccentric anomaly

= nth positions of the Earth, vehicle, and destination
planet

= eccentricity

= inclination of destination planet orbit plane to the

ecliptic

.- inclinations of the transfer orbit to the ecliptic plane

= arbitrary constant

. = gravitational parameter

mean angular rate of the vehicle in orbit

[}

= semilatus rectum of destination planet orbit and Earth
orbit

= distance from center of force to hody

» distance from the Sun to the Earth at departure time

= distance from the destination to the Sun at arrival
time

= perlhelion distances of the orbits of the destination

planet and Earth

. = arrival time

= departure time

= fransfer time
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heliocentric departure velocity of the vehicle
hyperbolic excess velocity

true anomaly

vehicle transfer angle

true anomaly of the vehicle at departurc and arrival
angle between the wvelocity vectors of Earth and the
vehicle at departure time

angle between the heliocentric velocity vector of Earth
and normal to the Earth-5un line, measured in the ecliptic
plane

angle between the wvehicle's velocity vector and normal
to the vehicle-Jun line, measured in the transfer-ortit
plane

argument of perigee of the destination planet

mean angular rate

heliocentric longitude of the Earth at departure time
heliocentric longitude and latitude of the destination
planet at arrival time

heliocentric longitude of the vehicle at departure tire
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I. INTRODUCTION :

Interplanetary transfer orbits may be established subject to one or
more of several possible constraints. For example, one may want to find
all orbits which have the same characteristic departure velocity, or a fixed
time of transfer may be the most important consideration. (1,2) There are
several other considerations such as arrival date, true anomaly of the de-
parture point, etc.

This memorandum presents and discusses some computation procedures for
determining the elements of elliptical interplanetary transfer orbits sub-
Ject to some of the above considerations. Specifically, several different
approaches are presented and the computation procedure for each is given.
For all the computation procedures the transfer orbit is ass\md-to extend
between two massless points which coincide with the center of the Earth and
the center of the destination planet.

The three-dimensional transfer orbits obtained using massless departure
and destination planets are more realistic than those obtained using a simpli-
fied two-dimensional model of the solar system. The former are accurate
enough to give a good approximation to the true values of the transfer angle,
transfer tire, required velocities, etc.

Four different computation procedures, with additional variants of each,
to establish the heliocentric transfer orbital elements are presented and
discussed. The four different computation procedures may be employed to
establish transfer orbits having, respectively, fixed transfer angles, fixed
transfer times, fixed characteristic departure velocities, and, finally, fixed

initial heliocentric velocities. In each case only the two-body problem is



RM=-2881

[ =

considered with the Sun as the central body. All of the methods presented
require an ephemeris of planets for the determination of planetary positions.
However, these positions could be computed accurately enough using the mean
orbital elements of the planetary orbits.

The above requirements are only a few of the more common ones that could
be considered when establishing a transfer orbit. None of the suggested
computational procedures permits a direct analytical determination of a
transfer which is optimm for any one of the requirements. They are intended
for use in preparing a program for a large-scale digital computer which would
compute numerous orbits. Then, these orbits could be studied in order to

select the optimm one.
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II. GEOMETRY

Because the planets rotate about the sun in mitually inclined elliptical
orbits and at different angular rates, their relative orientations continu-
ously change. The rate of change of orientation of any two planets depends
on the relative size, shape, and mutual inclination of the orbits. In
general, for direct transfer to an outer planet (larger semimajor axis than
the departure planet) the transfer orbit will start near perihelion for
transfer angles less than 3600. At the time of departure the destination
planet will, in general, lead the departure planet in its motion around the
Sun. For direct transfer to an inner planet the destination planet will lag
and the transfer orbit will begin near aphelion. For a given transfer angle
it turns out that the departure date can vary over a relatively short period
of time without incurring severe penalties. In other words, the amount of
the variation in the departure date depends on the allowable variation in
the magnitude and direction of the velocity vector of the vehicle at both
the departure and arrival dates.

In the simplified problem which treats circular, coplanar orbits, it is
possible to compute heliocentric transfer orbits using the closed analytical
expressions of the two-body problem. For some purposes, the orbits established
in this way are satisfactory since they give a fairly good estimate of the
departure and arrival conditions. However, because the planetary orbits are
eccentric and inclined the orbital data obtained using the simplified model
can differ greatly from that obtained using the more realistic three-dimensional
model of the solar system. For example, in the two-dimensional problem the

required cutoff velocity will decrease as the transfer angle approaches 180°.
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In the more realistic three-dimensional model the cutoff velocity will in-
crease rapidly as the transfer angle approaches 160° unless the arrival
planet approaches the ecliptic plane at the arrival date (this will be a

rare event),
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III. EQUATIONS OF MOTION

A1l of the methods presented and discussed here utilize approximately
the same set of equations which describe simple two-body motion. Only the
sequence of use and emphasis of the various equations vary.

The equations listed below are in a general form. The sequence in
vhich equations should be used and the symbols used are indicated in each
method. Some of the basic equations are given here in order to keep the
equations and comments in the step-by-step computation procedures to a mini-
mmm. Thus, the methods are efsier to understand and easier to compere.
Equations based on two-body motion which may be used to decrease the number
of iterations are also given. In some of the methods, however, the use of
these equations may require more computation time than is saved by reducing
the nmumber of iterations.

The pertinent equations of motion and definition of symbols are as
follows:

The distance from the central body to the vehicle is

@ - )
1+ : cos %v -v,) (1)

where

a = semimajor axis

e = eccentricity
v, = initial true anomaly .-
v = instantaneous true anomaly

The time required to traverse a segment of an elliptical orbit is,
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according to Kepler's equation

2

t -t =
0 n

—

[L -E -e (sin E - sin EO)] (2)

vhere B is the eccentric anomaly and n is the mean angular rate in the

orbit. The quantitics § arnd n arc obtalned (rom

o= sin T “/l - ¢ sin v (3)
v =5 1 +e cos v 7
and
' v
0 = KA ()

The transfer time may be computed wsing Lembert's Theorem. There are

four possible elliptical paths, namely, direct, aphelion, perihelion, and

(2)

indirect. The four equations which are used for corputing the transfer
time are
. . 1 ‘ Y
t(direct) = 5 [q = iy © (sin 1 - sin ql)J (5a)
. er 1 .
I e — \ - ‘2

t(aphelion) - - [q Y (sin y + sin ql)] (5b)
t(perthelion) :% [q tg - (sin 4 + sin ql)J ' (5¢)

7 2 — gn: l q )
t(indirect) = - {1] 0 (sin n - sin nl)J (5d)

vhere, in general

1 r1 + r2+ cl/2
sin 1 /2 o\T e
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and

(5] 8]
= D AL = (
c quf;l r, - 2T, cos (v vo) (6)

For transfer angles less than or equal to 180° either Eq. (5a) or (5b)

applies. TFor angles greater than or cqual to 1800 Eaq. (5¢) or (5d) applies.

The transfer angle can be expressed in terms of the heliocentric lati-
tude ot the arrival date and the difference in the heliocentric longitudes

of departure and arrival. The equation [or transfer angle is
-1
V-V = cos [cos A cos (A - Ao)] (1)

where ) and A are the instantaneous heliocentric latitude and longitude of

the wvehicle in the heliocentric transfer orbit.
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IV. OUTLINE OF MsTHODS QF COMPUTATION

For the planning of manned or ummanned cpace missions it will probably
be necessary to establish the transfer orbit subject to certain constraints
such as transfer time, departure date, arrival date, guldance and control,
available thrust enerpy, etc. The constraints will depend in part on whether
the mission is manned or umnmanned and on the mission requirement. Yor ex-
ample, a manned mission may require that the transfer time be limited and
specified fairly accurately in advance of departure, Therefore, it will be
necessary to establish a transfer orbit which will permit transfer in the
specified time. Also, if the mission requires that the wehicle pass near
the destination planet it may be desirable to either minimi:e the distance
{from vehicle to Earth or to minimize the velocity of the vehicle relative
to the destination planet. Again, this can be done if the transfer orbit
is established subject to the proper constraints.

The computatlion procedures are presented in four groups according to
the various constraints. VWithin each proup there are variations which are
indicated by a quantity called the parameter. The groups are outlined as
follows:

where v

A. Constraint - fixed transfer angle, (v_ - Vsd)’ -

and v, are the true anomalies of the wvehicle at departure
and arrival

1. Parameter - t&

2. Parometer - td

3. Parameter - Ve




B, Constraint - fixed transfer time, t_

[»]

1. Parameter - td

2, Paraeter - ta

3. lFarameter - v_

joN

2
.

Constraint - fixed heliocentric departure veloclty, V(_(1

1. larameter - td

2. Parameter - ta
D, Constraint - fixed hyperbolic excess velocity, Voo

1. Parameter - td

2 Pararmeter - t

[
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V. PRESENTATION AND DISCUSSION OF METHODS

Al FIXED (vs -V PARAMETER t_

sa)?

1. Choose ta and obtain Apa’ )‘pa’ and rpa from an ephemeris or by compu-

tation. Ape. and Xpa are the heliocentric longitude and latitude of

the destination planet and rpa is the distance between the Sun and
destination planet at the arrival time, t’a'

-1
2. Compute A_, = Apa - cos [cos (vs - vsd)/cos xpa]

3. Assume l\e = Asd and compute Ted from

d

r = Pe
+ - A
ed 1 e, cos (Aed 'ep)

where Pe and e, are the semilatus rectum and the eccentricity of the

Earth's orbit. The longitude of Ea.rth'_s perihelion is Aep'

4. Assume that Tea = Teq and compute the minimum value of a_, the

d
semmajor axis of the transfer ellipse, from
+r +¢

as(mn) = iSd__[:La_

where

2 2
c ’\/'sd + Toa " 2r‘drp. cos (va - vsd)

5. Compute t, from Eq. (5a) 1f (v, - v_,) < 180° or from Eq. (5¢) if

o
(vs - v‘d) > 180",

6. Compute ty=t, -t (step 5) and obtain Ao

a and red'
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7. Compute M =A_; = A,y (step 6).
If M\ > 0, decrease t_. Use Eq. (58) or (5¢) and a_ = a_ (min)+ sa
to compute a new value of t_. (Note: For a_ (min), the derivative
da_/at_ = 0. Ala_ =0.1ag (mn) il yield a value for da_/dt_ which
represents approximately the change cf t  with a_. )(l)
If M\ < 0, increase t_. Use Eq. (5b) or (54) and a  =a, (min) + ta
to compute a new ts.

8. Compute t; =t -t (step 7) and obtain Nea and r_,.

9. Compute M = A_, = Ay (step 8).
If |oA|>K (the size of K depends on the accuracy required), change a
(step 7) by an amount Aa_, compute t_, and return to step 8. The ap-

proximate change in a  may be obtained numerically or analytically from
ta_ = AtB/X
wvhere

a
X -v -i [-g tong ¥ (1 - cos n) tan n/2 @- cos nl) tan n1/2] (8)

The multiple signs in the brackets depend on the type of transfer path as

follows:

Direct = -, + Perihelion = -, -

Aphelion = +, + Indirect = +, -

The equation for X is derived in the Appendix.
If |M|s K, the transfer orbit is established.

In A.l the arrival point is determined by ta and the heliocentric longitude
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of the departure point is then determined by using the coordinates of the
destination planet at t  and the transfer angle (vs - v, d).

By assuming that Aed = Asd and computing red’ the departure point, Sd’
of the transfer orbit is fixed when we assume that Tsa = Teq’

The time of transfer, ts, is computed for different values of ag until
the longitude of the Earth at the computed time of departure, Ae & is ap-
proximately equal to Asd'

Figure 1 illustrates the geometry of the motion for a typical case as

the iterations are performed.

Pa
(vg-vgq)
Agq Earth's
mean orbit
\ - Planet's orbit
o
E1 N En )
¥ Es S, E,

Fig. | — Geometry of method A.1
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By starting at the time of arrival, ta.’ and moving backwards in time,
the motion of the vehicle and the Earth is as indicated in Fig. 1. As an
exarple, assume that at t_ the planet is at P, and the Earth is at E.. During
the ts’ which is computed using the initial value of ag, i.e., ay (min), the

Earth moves ﬁmnEa to El and the vehicle moves from Pa to Sd’ By changing

a_ so as to decrease ts the second position of the Earth may be E2 when the

vehicle is at Sd' Additional changes in a will cause the nth position of

0 to coincide with Sd. When this is accomplished the transfer

orbit is established.

the Earth, E

A.2 FIXED (vs - "sd)' PARAMETER t,

1. Choose td and obtain Ae and r the heliocentric longitude and distance

d ed’
of the Earth relative to the Sun at departure.
2. Compute Apa’ the heliocentric longitude of the destination planet at
arrivel, from

-1
A =0 +
- 3 tan (cosiptanu )

vwhere Qp and 1p are, respectively, the heliocentric longitude of the
ascending node between the destination planet's orbit plane and the
ecliptic and the inclination of the destination planet's orbit plane
to the ecliptic.
‘Meangleupa-vp‘+wpisthemghbetwenthemdiustothep1mt
at arrival and the line of nodes, i.e., the argument of latitude, and

it is obtained from

e aatl cos (va - vsd) cos B - cot 1p cos (np - Asd) sin B
-sin Tﬁp - Asd) cos 1p cos B + cot (v8 - vsd) cos Tﬁp - Asd’
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3-

l‘o

5.
6.

7.

where
sin i_ sin (2_ - A_.)
B = sin” siﬁ (v -% ) =
s sd
and
Asd = Aed

The equation for “pa is obtained using standard spherical trigonometric
formulae and therefore is not derived here.

Compute

P
P
x.xat:."l+epcos (%a-wp)

where P D e P and wp are known quantities and are the semilatus rectum,
the eccentricity, and the argument of perihelion of the destination
planet's orbit.
Compute the minimm value of a from
rsd +r +c

o, (mtn) = 24 P8
where r_, = r, and c 1s obtained as in A.l, step L.
Compute ta as in A.l1, step 5.
Compute ta-td*tsandobta.tn/\p‘, )‘pa’ andrpa.
Compute

(vs - vad) = cos™! I:cos lpa cos (Apa - nsd)]

Compute av, = (v, - v_,)(step 7) - (v, - v ,)(fixed).

Ir Ava > 0, decrease ts; ifr Avs < 0, increase ts.
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The new value for ts is computed as in A.l, step T.

9. Compute t =t; + t_ (step 8) and obtain Apa’ A»_,andr .

pa pa

10. Compute (vs - de) as in step 7.

11. Compute Av = (vs - vsd)(step 10) - (vs - vsd)(ﬁxed).
If |Avs|> K, change a_ (step 7), compute t,, and return to step 8.
The amount that a should be changed, A_as, in order to make |Av5|_<_K
can be determined numerically or analytically by solving for ba_ as

follows and returning to step 8.
ba_ = av/X

where

X = d(vs - vsd)/das (9)

The expression for X, which is derived in the Appendix, is as follows:

r2 2 8s

[P
g [31":1 1’(1-cOSfl)t‘"’*l/ef(l'cosql)tmml/ajl
pe

where the multiple signs in the brackets depend on the type of transfer

orbit as follows:

Direct = -, + Perihelion = -, -
Aphelion = +, + Indirect = +, -

In this method the departure point of the vehicle coincides with the
Earth, and thus the position of the vehicle at departure is determined by
c¢hoosing a t a°

The first three steps are used to determine the vehicle arrival point
on the orbit of the destination planet, Sa’ In general, the point will
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represent a past or future position of the destination planet depending on

the time required for the vehicle to traverse the specified transfer angle.
The remaining steps are used to compute different values of (vs - vsd)c’

using values of ta which depend on the transfer orbit, until the computed

(v

8
sition of the destination planet coincides with the position of the wvehicle

- vsd)c matches the fixed (vs - vsd)f -- in other words, until the po-

at arrival time.

Figure 2 shows the geometry of the motion for a typical configuration
of the Earth, vehicle, and destination planet. At the departure date as-
sume that the Earth and vehicle are at position Ed’ Sd and the destination

planet is at Pd‘ A point on the destination planet's orbit, Sa.’ is found

vhich makes the angle between the radius to the point, rp‘, and the radius
to the Earth and vehicle equal to the specified (v. - -d)f' Next, an a_
Po2
SO
pon
fpo
Po2
/
Aeg (vg- Vsd)f | 2/// /
n 7/ \“Earth's
tp
fed mean
e orbit
\ Planet's
b 4 orbit
\\\ Pa
& —Earth's orbit
Earsg~<Z
Cr

Fig.2—Geometry of method A.2
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is chosen, in this case the minimm a_, and the ts is computed for transfer

B,
path 1. During the tB the planet moves from position Pd to position Pal‘
From Fig. 2 it is clear that the (vs - vsd)c between a radius to P, and
S5 does not equal (vs = vsd’f‘
fied a which results in transfer path mumber 2. When the vehicle reaches

Thus, another ts is computed using a modi-

Sa. using this path the planet may be at and the difference between the

Paa
specified and computed (vs ol & d) has decreased. The process continues
until the nth position of the planet, Pan’ and Sa are approximately co-

incident, i.e., when the specified and computed (vs -v, d) are approxi-
mately equal.

A.3 FIXED (\rs - vsd)’ PARAMETER Y4

1. Choose vad'

2. Choose ta and obtain Apa’ kpa’ and rpa.

3. Compute A_, =A_ - cos™t [coa (vs - v'd)/coa xp‘], vhere A_, 1s

pe
the heliocentric longitude of the velocity at departure.

L, Assmthatl\ednl\adandcomrher

eq fTom Eq. (1).

5. Compute a, and ey the eccentricity of the transfer ellipse, using
the equations for E and r_;, 1.e., Eq. (1).

6. Compute t_using Eq. (2).

7. wautd-t‘-t.cndMnA

.dl.ndr‘d.

8. WM.A“-A.‘Q

R|M|>K,chnmt.by.nmmtAt‘M
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and return to step 2.

If sn < K, the transfer orbit is established.

In the above procedure, the time of arrival, ta’ is varied until the
departure longitudes of the vehicle and the Earth are approximately equal.

By assuming that Ae =/ _and that r . =1 the position of the

d sd sd ed’
vehicle at each departure date, which is the start of the heliocentric
transfer orbit, will be on the Barth's orbit. Since (VS = Vsd) is constant,
a change 1n the ta will change not only the arrival position but also the
departure position of the vehicle. O5ince the angular rate of the Farth
around the Sun differs from that of wvehicle departure position, a change
in ta will result in a change in the difference of the longitudes of the
parth and vehicle at departure.

Fipure 3 shows how the positions of the Earth and vehicle at departure
approach coincidence as the number of iterations increases. The angle be-
tween the radii from the Sun to Sn and Pan is a fixed value, namely (VS -

v The letters E, 5, and P denote positions of the Earth, vehicle, and

sa’*
the destination planet, respectively.
Initially, the required position of the destination planet at arrival

is Pal'

departure.

The vehicle and Earth are found to be at positicns Sdl and Edl at

The second departure position of the vehicle, Sde,

the second arrival position of the destination planet, Pa2' The corresponding

le computed using
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position of the Earth at departure is Edz'

The time of arrivael is varied until the difference in the departure
longitudes of the Earth and vehicle is approximately zero. Assume that
this condition is met when the third value of ta is computed. Then, the
vehicle and Earth will be at point Ed3’ Sd3 at departure, the vehicle will
intercept the destination planet at position Pa3’ and the transfer orbit
is established.

The usefulness of Veq 88 @ parameter is not obvious as in the case of
ty or ta; however, it is a useful tool in that a transfer orbit can be
established with a relatively short computation procedure. Also, the ele-
vation angle of the vehicle's velocity vector at deperture, 7 s changes
directly with Vea® In general, as i increases, 7, will increase, and
as a consequence, required hyperbolic excess or cutéff velocity will in-

crease.

pa3
'paz
Pa
AE] 1
Asan
i __—Planets
orbit
~
\ '
Ed! -Earth's
/\
) Sar e Egs mean orbit
? Earths ~ Esz \(‘
92 Sy3

orbit

Fig. 3— Geometry of method A.3
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B.1 FIXED ts’ PARAMETER td.

1.

2.

3.

l‘o

5.

Choose t a and obtain Ae a and re a

and r__.

Compute ta = td + ts and obtain Apa’ )'pa’ ra

Compute (vs - vsd) from

-1 _
(va - vsd) = cos [cos ).pa cos (Ape. < Asd)]
where

Asd i Aed

Computethend.nimvalueofasfm

+r +c

a, (min) = fgd_.E_L_
where r_, = Iy and ¢ 18. obtained from Eq. (6).
Compute t’ as in A.1l, step 5.
Compute At = ¢ (step 5) - t_ (fixed).
Ir Ats # 0, compute a new ts as in A.l, step T.
Compute At = t (step 6) - tg (fixed).
If IAtsl > K, change a_ (step 6) by an amount la, compute t  and At .
Repeat step 7 until the orbit is established, i.e., until IAtB| <K.
The amount of change for a, may be computed as in A.l, step 9.

with ts a given constant, a choice of td determines the required ta'

The heliocentric coordinates of the Earth at t a and those of the destination

planet at t. represent two fixed points separated by a constant (v. - vsd)

wvhich is determined by the coordinates.
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In order for the vehicle to intercept the destination planet at ta,
the actual ts, which depends on the transfer orbit used, must equal the
given ts. This is accomplished by changing a_, which causes a change in
the actual t s

In Fig. 4 the point Ey» Sa represents the position of the Earth and
vehicle at t a° The point Sa represents the position of the destination
planet at the required ta which is fixed by the given ts and chosen td.

Assume that the semimajor axis of transfer orbit number 1 is a(min)
and that the corresponding ts is larger than the given ts. Then, it is
clear that the vehicle will arrive at position S8 too late and the desti-
nation planet will have moved to position P ,. If the correct equation

al
for ts is used with an increased a., the actual ts will decrease and the

o Pat

Pg2

S
°4 Fan

"pa

(vg-vgq) n///
i 1

fed

Earth's
mean orbit

\ -Earth’'s
N\ / orbit
z — Planet's

orbit
~
~
~

E ~
CP sd.Sd

Fig. 4 — Geometry of method B.1
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vehicle may arrive on transfer orbit number 2 either too early or too late.
According to Fig. 4, arrival is too late, i.e., ts is too large, and the

destination planet is at when the vehicle is at Sa. Further changes

P
a2
in a will result ina t u which will permit the vehicle to travel on transfer

orbit number n and intercept the destination planet at Sa'

B.2 FIXED ts, PARAMETER ta

,and r .

1. Choose the ta. and obtain Apa’ A pa

pa
2. Compute td = ta - ts and obtain Aed and red.

3-7. These steps are the same as in B.l.

Since this method differs only slightly from B.l where td was the
parameter, the discussion of the method is similar to that of B.1, and
Fig. 4 serves to illustrate the geometry.

A choice of the ta fixes the rendezvous position of the vehicle and
destination planet at point Sa. Since the ts is fixed, a choice of ta
determines uniquely the reqguired t a° Thus, the required departure position
of the vehicle, which must coincide with the Earth's position at departure,
is determined.

As in B.1, ag is varied until the cooputed ts matches the given ts.
When this occurs, the Earth and vehicle are at the point Ed’ S. at the

d
required departure date and the transfer orbit is established.

B.3 FDED t,, PARAMETER v_,

1l. Choose Vea

2. Choose tdand compute

ta-td*t’



3.

L.

5.

7.

9.
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Obtain Aed’ red,and A_, )‘pa’ rpa for td and ta’ respectively.

pa
Compute v from

-1
vy =V, + cos [cos xpa cos (Apa - Aad)J

where

Asd 5 Aed

Compute e_ and a_ using Eq. (1).

Compute the minirnm value of ag from

as(min) -]1; (rSd + et c)

where r_, = r_; and c is obtained using Eq. (6).

sd
Compute t_ for as(min) using Eq. (5a) or (5c) depending on the size

of (vs - Vsd)'

Compute At = t_ (step 7) - tg (fixed).

If ot # O use either Eq. (5a) or (5b), depending on the type of

transfer orbit desired, with a (step 5) to compute t, Af (vﬂ - "aa)

<180°. Similarly, if (v, - vea) > 180°, use either Eq. (5¢) or (5d).

If At > 0, decrease t (step 7) by using a (step 5) with Eq. (5a)
or (5c) depending on the size of (vs - vsd)'
If at, < 0, increase t_ (step 7) by using a (step 5) with Eq. (5b)

or (5d) depending on the size of (v‘ - v‘d).

Compute At, = t_ (step 8) - tg (fixed).

If|At‘|>K, change t, by an amount At, and return to step 2.

d
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oL
Oty = Ot /X
vhere
a P e |2 (1 + ei) -r d] sin v_ Dk
X = Y ) 2n° I (1~ cosn) tan I
Toa (1 - ee)(r -r_ ) 2 =6 €
3 sd pa -

The multiple sipnis in the brackets depend on the type of transfer path

as follows:
Direct = -, + and +, + Perihelion = -, - and +, -
Aphelion = +, + and -, + Indirect =+, - and -, -

The equation for X is derived in the Appendix.

The discussion concerning the usefulness of v . as a parameter is

sd
given in method A.3.

The geometry of this method is 1llustrated by Fig. 5.

A selection of td glves a position for the Earth at departure Edl and

hecause tS is fixeq, ta is determined, and consequently the coordinates of
the planet position, Pal’ at the arrival time are known.

The time required for the wvehlcle to travel from Edl to Pal 18 computed

using a prescribed v If the conputed tS differs from the fixed ts, the

8d”’

vehicle will not intercept the planet at P Since the t_will, in this

Al

cese, vary directly with (vB - Vsd)’ a change in (vS - v ) will cause a

sd)
change in ts.
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A second value of td’ and consequently ta, will fix the Earth at point

k.. and the planet at Pa2' Since the angular rates of the planets around

d2
the Sun are different, the angle between the radii to points Ed2 and Pae

will not equal the angle between the radil to points Ed.l and Pal' Conse~

quently, the ts will be different.

By varying td the correct relative orientation of the departure and

destination planets can be found which will give the correct t_.

- Plonet's

/-I'_ﬁrlh'a orbit

arbul

““Earth's mean
orbit

Fig. 5— Geometry of method B.3
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C.l FIXED Vs

4 PARAVETER t,

1.

2'

3'

L.

5.

Te

Choose t., and obtain Ae

a a and red.

Compute ag from

r
HsTsd

g - rSsti
where Tea = Tea®

Choose ta and obtain Apa’ xpe.’ and rpa‘
Compute t_ =t - t.

Compute (v, - v_,) from

-1
(vs - vsd) = cos [cos )‘pa cos (Apa - Asd)]
Compute the minimm value ofasfrom

as(min) =1/4 (rsd + Tia +c)

vhere c is obtained from Eq. (6).
Compute Aa_ = as(n:l.n) - a, (step 2).

Ians > 0, change ‘r.aby.mza vhere
at, = oa /X

where

X = sin (A_ - A'd) (12)
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and return to step 3. The equation for X is dervied in the Appendix.
If fa < 0, proceed to step 8.
8. Compute t_ for e.s(min) using Eq. (5a) or (5c) depending on the size
of (vs - vgq)e ,
9. Compute &t = t_ (step 8) - t (step 4).
If At = 0, either Eq. (5a) or (5b), depending on the type of transfer
orbit desired, can be used with a_ (step 2) to compute t_ if (vg = vgq)
<180°, Similarly, if (v, - v ;) 2 180°%, either Eq. (5¢) or (5d) would
be used.
If ot > 0, decrease t (step 8) by using a_ (step 2) with Eq. (5a)
or (5c) depending on the size of (v8 - vsd).
If At < O, increase t_ (step 8) by using a (step 2) with Eq. (5b)
or (5d) depending on the size of (vs - vsd)'
10. Compute At = t_ (step 9) - t_ (step 4).

If |Ats| > K, change ta by Ata and return to step 3.

at, = AtB/X
where
Vaspgrsd + b
X = T sin (Apa - Asd)(' tan /2 - tan q1/2) -1 (13)
pe

The miltiple signs in the parentheses depend on the type of transfer
path as follows:
Direct = +, + Perihelion = +, -
Aphelion = -, + Indirect = -, -

The equation for X is derived in the Appendix.
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If |Ats| < K the transfer orbit is established.

As in A.l, step 9, the equation for X will depend on the size of
(1:'B - vsd) and the type of transfer path.

This computation procedure may be used to obtain transfer orbits for
gliven heliocentric departure velocities for a specified departure date.

By using td as a parameter and assuming that the Earth and vehicle are
coincident at departure, a search for the correct trajectory is made by
varying ta. until the vehicle intercepts the destination planet. For Vs a
and td some arrival times cannot be realized, i.e., the ag which is de-
termined by vsd and td will be less than the required minimum which takes
into account the distance to the destination planet at arrival and the
transfer angle. Thus, a change in ta will be required.

Figure 6 shows the geometry of motion for a typical case which utilizes
this computation procedure.

The departure position of the Earth and vehicle, Ed, Sd’ is determined

by a choice of t The time of arrival is arbitrarily .chosen and the helio-

a°
centric coordinates of the destination planet are obtained. Assume that
the planet is at point Sa at the time of arrival. The coordinates of points
S‘1 and Sa are used to compute the minimm value of a. This permits one

to determine if the given ag is large enough to yield a transfer orbit.

If the given a_ is less than the minimm a, (see step 7) a new value of t,
is determined. Otherwise a ta is computed, using the minimum a, which
corresponds to transfer orbit number one. If the ts is too large the planet
mey be at Pa.l when the vehicle arrives at Sa' The relative position of P“_1
and S, permits one to select the correct equation (see Eq. 5) for t, when

transfer orbit number two is determined using the given a.
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In general the first value of ta will not be correct and several values

of ta will be used before the correct transfer orbit is established.

(vg- Vsd) / /

2 lp
1

Planet's orbit

— Earth's mean

Ed orbit

S
P Earth's orbit .

Fig. 6— Geometry of method C.1
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C.2 FIXED V PARAMETER ty

sd’

1. Choose ta and obtain A__, xpa, and r__.

pa pa

2. Choose t

a and obtain Aed and red'

3. Compute t_ = t, - ty.

4, Compute a  from

where rsd = red.

5. Compute (vs - vad) from

-1
(vs - vsd) = cos [cos )'pa cos (Apa - Asd)]
6. Compute the minimm value of a_  from

as(min) =% (rsd + e + c)

where ¢ is obtained using Eq. (6).
7. Compute da_ = as(min) - as(step 4).

Iréa.s>0, changetdbyanamuntAtda.ndntm'ntostepe.

oty = ta_/X
where
/B P T
X = 8 e -
e, sin (Ap‘ Asd) (1)

The derivation of the equation for X is similar to the derivation of
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the equation for X in C.1, step 7 and therefore is not included in
the Appendix.

If sa_ <0, proceed to step 8.

Compute t_ for as(min) using Eq. (5a) or (5¢) depending on the size

of (v_ - vsd).

Compute At =t (step 8) -~ t_ (step 3).
ik At = 0 either Eq. (%a) or (5b), depending on the type of transfer

orbit desired, can be used vith a (step 4) to compute t, if (vS - vsd)

<180°. imilarly, if (v, - v ,) > 180°, either E.. (S¢) or (5d) can

sd)
be used.

If At > 0, decrease t (step 8) by using a (step 4) with Eq. (5a)

or (5¢) depending on the size of (v_ - Vpd).

If at_ <0, increase t (step 8) by using a_ (step 4) with Eq. (5b) or

(5d) depending on the size of (vs = Vsd)'

Compute Nt =t (step 9) - t (step 3).

If ]A¢S| > K, change t, by At, and return to step 2.

d d
/\td=AtS/A
where
/asP;_r " " ql
o= -—BC P oA oA )T tand D tan =141 (15)
a sd 2 2
2rsdc

The signs of the bracketed terms are determined as in C.1, step 10.
The derivation of the equation for X 1s similar to that for Ama in

C.1l, step 10, and therefore is not given.

If ,Amsl < K, the transfer orbit is esteblished.
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This method of establishing a transfer orbit is similar to C.l. The
major difference is that the time of arrival is fixed and the departure
date is used as a variable., Because td is varied it is necessary to com-
pute a new value of ag for each iteration, while in C.1l a choice of t a
fixed the value of ag for all the computations.

The time of arrival is chosen and we assume that the vehicle is coin-
cident with the destination planets at arrival. Next td is varied until
a transfer orbit is found which will make the departure coordinates of the
Earth and vehicle equal.

Similar to C.l, some departure dates cannot be used for the given Vsd
and selected ta. That is, the required Vm1 or a_ may exceed the given
values. In this event it is necessary to select another departure date so
as to reduce the required a.

Figure 7 shows the geometry and relative positions of the planets and
vehicle using this computation procedure.

The geometry of the motion is easy to understand if we start at ta and
move the planets and vehicle backwards in time. At 1:a the destination
planet and vehicle are at point Su’ Pa on the destination planet's orbit
and the Earth is at point Ea' Assume that transfer orbit 1 corresponds
to the minimm value of a. During the corresponding time tB the vehicle

mvestopointsd\miletheﬂarthwmvetopointn In thal case the

u.
ts is too large and consequently the camputed td is too small (early).

The relative positions of the Earth and vehicle at departure, i.e., Edl

and S,, indicate which part of Eq. (5) lhwldbauudwlththcy.vena.to

d)
eomrteamnlmo@t'. Iforbitacom-pond-tothegimna., then

theEarthwbeatEdzmnthevehicleisatSd. Sincegdamdsdm
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501 Po
—Ned) ) :
{U5 Vsd Earth's
/ mean
21 orbit
—Planet's
"~ orbif
-9
Eg1™> ~—Earth's
/ E-dg Sﬁ-hhh_j"" orbit
d
T Eq
Fig. 7— Geometry of method C.2
not coincident the selected td mist be changed, i.e., point Sd mst be at
some other point on the Ebarth's orbit. The new value of t., may be determined

d
by dteration or by using the approximate equation for Amd, step 7.

The td is varled until the positions of the Earth and vehicle coincide

at td.

D.1 FIXED Vw, PARAMETER td

1. Choose td and cobtain l\ed and red'
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3.

L.

5.

9.

10.

Choose ts.

Compute ta. = td + ts and obtain Apa’ xpa, and rpa'
-1

Compute (vs - vsd) = cos [cos )‘pa cos (Apa - Asd)]

where

Asd = Aed

Choose v,

o and compute v, from

vy = (vs - vsd)(step 5) + Vea

Compute e and a_ using Eq. (1).

Compute the minimum a_ from

as(min) -]1; (rsd *r, +c)

uhere“rsd =r,, and c 1s obtained from Eq. (6).

Compute t_ using as(min) and Eq. (5a) or (5c) depending on the size
of (vs - vsd)'

Compute At_ = t_ (step 8) - t_ (step 2) and compute t_ as in method
C.2, step 9.

Compute At = t_ (step 9) - t_ (step 2).

If ]Atsl > K, change v_, (step S)WAvsduxdretm'ntomp 5.

aveg = ot /X

where
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a e as(l + es) - T
X =y = — (r_ sin v, - T4 sin Vsd)
s 1-e sd pa pa >
-r . sinv x |+3nt I (1 - cos n) tan 7/2
sd sd 2 's's
+ ' 7
- (1 - cos nl) tan nl/2 (16)

The rultiple signs in the brackets depend on the type of transfer path

as follows:
Direct = -, + Perihelion = -, -
Aphelion = +, + Indirect = +, -

The equation for ¥ is derived in the Appendix.

If lémsl < K, proceed to step 11.

11. Compute the Barth's velocity vector at departure from

vhere o, is the semimnjor axis of the Barth's orbit.

12, Compute the elevation angle of VCd from

2 2
|+ % (1 - ee)
y . = cos -
ed r g (2ae red)

where the plus sign is used if ;ed > 0,

13. Compute the vehicle's veloclty vector at departure from
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14, Compute the elevation angle of V_ 1 from

2 2
Yoq = ool f\/ *s Q- es)
sd T4 (2&5 - rsdj
where the plus sign is used if 0 < Vg <.

15. Compute is, the inclination angle of the transfer orbit plane, from

-1
=t 2 - A
i, = tan [txm mp&/sin (Apa fsd)—J

16. Compute =, the angle between Ve q and TJ_S g Trom

-1 ] ‘
Q = Ccos [sin 7ed sin 7sd + cos 7ed cos 75(1 cos is]

17. Corpute Vm from

—

v =./ve+y?

= g " Vedl 2'sd'eq S0 ©
18. Compute &V = V_ (step 17) - v (fixed).

If |AV | > K, change tg (step 2) by an amount

ot = Avm/x

where

avm av_, ov_ -

Lewo ow Y wmoa
sd 8 3
Note: no attempt is made here to express X in terms of the orbital
parameters since the equation is tedious even with several simplifying

assumptions. A purely lterative procedure is suggested.
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If |AVwI < K, the orbit is established.

In order for a transfer orbit to be possible, the specified Voo mst be
equal to or greater than the minimm value of Vw. TFor transfer to inner
or outer planets, ag 2 % (rpp + rep) vhere the r's are the perihelion
distances of the orbits of Barth and the destination planet.

TFor transfer to outer planets, Voo mist satisfy the equation

2 1
>, - 2 L
> /Px rpp/:cep rep) u(r —)

For transfer to inner planets

v >'\//;}1 I‘pa/rea Tea © rpa) . ”(%*— - é_)
vhere rp& and T, are the aphelion distances of the planet and Earth.
The geometry of the motion for a specisl transfer is shown in Fig. 8.
The first ten steps of this method are used to establish an orbit be-
tween a known departure point and a known errival point, which will permit
the vehicle to intercept the destination planet. The remaining steps of

the methods are used to determine the relative magnitudes of the computed

V , which 1s based on the established transfer orbit, and the specified Vm.

o

The choice of the parameter t., determines the position on the Farth's

d

orbit Ed, Sd. This polnt remains fixed while Vaa

ts i8 varied in order to establish a transfer orbit.

and then, 1if necessary,

A selection of td and tB determines the positions Ed’ Sd’ and Sal’

is a position on the destination planet's orbit. Assume that orbit 1 is
camputed using as(min) and that t_ 1s too large. In this case the planet

may be at P . when the vehicle is at S

ol Orbit 2 1s computed using the

al_.

which
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{‘u’g—"u"gd}'x
Vi
P
/1 Planet's

n bt

I / ar
1

B _ — Earth's mean
i f orbit
[
P E415¢ S Earth's orbit

Fig. 8— Geometry of method D.1
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a which is based on the coordinates of 5, and S , and the v_.. The t
5 d al sd ]

may be such that the planet is at Pae when the vehicle is at Sal' At this
point in the computations the Ved is changed and new orbits are computed

until the orbit n causes Pan ond S&l to coincide, i.e., the vehicle inter-

cepts the planet.

For orbit n, which connects Sd and Sal’ the required Voo is determined
and compared to the specified Vm. If the Vw's disagree, then the arrival
point on the destination planet orbit is changed by teking a different
value of ts. As before, orbits are computed until the wehicle intercepts
the planet at SaQ' The Vm’s are again compared, and 1f they are different
a new value of ts is determined and the process repeats until an orbit is
found which will cause the required Vm to match the specified Vw. If no

such orbit can be found then the parameter t. must be changed.

d

D.2 FIXED V , PARAMETER ta

o

1. Choose t and obtainA_, A, and r
a pa’ pa pa
2. Choose ts.

3. Compute t. = ta - tB and obtain Ae and r

d d ed’
4-18. These steps are the same as in D.1.
The geometry of motion is different from that of D.1 and is shown in
Fig. 9.
In this method the time of arrival is selected, consequently the position
of the destination planet at the arrival time. This method is similar to

D.1 in that v, is used as the variable in computing the different orbits

d
which connect the fixed arrival point and a partiecular departure point on
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the Earth's orbit; it differs from D.1 in that a change in ts causes the
departure point to move along the Earth's orbit while the arrival point

remains fixed.

Farth's
mean orbit

Planet's
orbit

Fig.9— Geometry of method D.2
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VI. DISCUSSION

The methods presented and discussed here are only a few cf many vhich
could be employed to establish interplanetary transfer orbits. These
methods are not necessarily better than others, but they represent some of
the more obvious approaches to the problem and at the same time involve
some of the parameters of greatest interest.

The detailed computatlon procedure given with each method will be of
value in preparing e computer program. The computation procedure plus the
discussion and figures will give the reader a "feel" for the relative ge-

cmetry of motion and spatial orientation of the vehicle and planets as a

function of time for each of the various parameters.

Several equations are included in the computation procedures, namely
Egs. (8) - (16), for the purpose of reducing the number of iterations re-
quired. These equations are obtained by taking the derivatives of various
equations of two-body motion. G5ince the eveluation of these equations is
straightforward, though perhaps tedious, their use may in some cases reduce
the computetion time that would be required using a purely iterative pro-
cedure. The advantage of using these equations rather than a simple trial-

and-error approach depends somewhat on the type of computer used.
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Appendix
DERIVATION OF EQUATIONS
DERIVATION OF Ey. (8) OF METHOD A.l
Aceording to Eq. (5), ts is a function of n., and nl. Thus
at, Ot, dn ot a ot diyy
—2 =z — + = + —
& B & B b B (a7)
S S ] S 1 S
where
T
2 o K S (26)
s 3o T 3/
G 38
1] Tea ¥ rpa te 1/2
no= 2sinT |3 = (19)
8
101/ %a” Toa 7 © 2
o= 2sin T2 E, (20)
and where
3t T o 2y ( | (
¢ = |rgq ¥ T ersd‘pa cos (v, - vsdiJ 21)

For departures from Earth and heliocentric transfei orbits, Tsq = Tea and

Mg is the heliocentric gravitational constant. For convenience the units

may be chosen so that k' = 1,
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The total derivatives are evaluated as follows:

d R
32
S

B

da
5 S5

I
[}
1
N K
®
w
B
ol
o~
ny
ro

L
" Sa

FE

o Aroq . 9 drpa L 97
da Bé

- de_
T Odr_. da or da
sd 8 pa ] S

Since ta is the parameter, rpa is constant., Ve assume that T4 is a

constant.

Also, because (vS -V is fixed, ¢ is constant. Thus

sd)

%2_ - %g- = -1 tanqp (23)

a
S 3 B8

In a similar manner we find that

dﬁ aT]
1 1 1 .
g ) aS ) ) as ’ T]l/e <£u)

The partial derivatives of ts depend on the type of transfer orbit and
are obtained using Eq. (5). The expressions for the partials are

ot o
el B (25)

8

w

for all types of transfer orbits.

: %; (1 - cos 1) (26)

ot
s =
o
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where the plus sign is used for direct and perihelion transfer and the
minus sign is used for aphelion and indirect transfer.”

ot
s +1
= == (1-cosn,) (27)
3711 n, 1

vhere the plus sign is used for perihelion and indirect transfer and the
minus sign is used for direct and aphelion transfer.

Substitution of the derivatives into Eq. (17) glves

dt a :
?&2 = /—g[-gtsnst(l-coan)tanq/at(l-cosnl)tannl/E]

(28)

vhere the muiltiple signs in the brackets depend on the type of transfer as

follows:

Direct = -, + Perihelion = =, -

Aphelion = +, + Indirect = +, -

DERVIATION OF EQ. (9) OF METHOD A.2

<'1(Av) - d[(va - vsd) - (vs - vsd) (M)] - d(v. - vad)

s 8 8

(vB - vsd) is related to the coordinates of the departure and destination
planets as follows:

Vg Ve * cos™t [cos xpa cos (Apn - Asd)] (30)
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where Asd = Aed' Thus

d(vs - vsd) N a(Vs - vsd) ‘nm + ESVB N vsd)
das B).Pa das dApa

dA
a;‘;E (31)

Since t. is the parameter in this method, A_, 1t constant and

d sd

Now, the total derivatives of Eq. (31) are

axr at, )Y d(td + ts)
—Eda ,&2 = = &m = (32)
8 a 8 a 8

ar ) dat
e . &E -8
da_ da

Similarly

aA AN dt
d_am = KE e
8 ta d‘a
According to Eq. (5), t 18 a function of n_, 1, and 1y, vhich are
given by Egs. (18) - (20).
A choice of td fixes r 5. We assume that rpa is constant; since

(vs - v'd) is fixed, c is constant and m."/daB is given by Eq. (28),
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which is

s ~ H-B 2 8s

:‘;5- = E[jtn 1'(1-<:oe;11)t-.m-xq/ar(l-cosnl)1'.¢a.n\r11/2] (28)

The signs of the terms are the same as in the derivation of Eq. (8).

Now, from the geometry

xpa = tan~t [tan 1p cos (A'pa - 'Qpl)] ’ (33)
and
o OA >
: - 3%? tan 1p cos )‘pa cos (Apa - ﬂp) (34)

The partial derivative

oA . . u_P
= A_ T v = X322 (35)

. pa pe L2

pa

and Eq. (34) becomes
o\ . A/u P
- s p 2
a—tE A ata.nip cos
Pa

. hw 08 (A g = 2)  (36) .

The partial derivatives of (v3 - v'd) are found using Eq. (30). They are

b(vs - v,d) ) sin xn cos (A&- A-d)
o\ sin (v_ - v
Pa s

- (31
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and

cos &Pa sin (/\Pa S Asd) ()
s

oA sin (vB -V d)

Substitution of Eqs. (34), (35), (37), and (3B) into Eq. (31), after
=1, and

using small-angle approximations, i.e., sin XD& = kp_, cos A
tan 1 =1 ives
p - p ©
alv. - v ) nw P dt
5 sd 5 p 8
R A - )
da 2 . Xpa ip cos Asd) da
s r < sin (v. - v ) s
a g sd
Since kpa and ip are small for the planets of interest, their product

is neglected. In accord with this and the assumptions above

sin (A__ - Asd)

sin (vs - Vsd) it -

and we get
alv. - v ) i ./usPE %
da - 2 da
3 r s
Pa

Substituting for dts/da8 gives

d(vs = Vsd) i asPP L3k
da - 2 2
s T
Pa
(39)

+ +
- {1 - - - -
R (* cos n) tan n/2 (1 cos nl) tan nl/2
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where the multiple signs in the brackets depend on the type cf transfer
path as follows:
Direct = -, + Perihelion = -, -

Aphelion = +, + Indirect = +, -

DERIVATION OF Eq. (10) OF METHOD A.3

a(an)  Wheg = P Ygg Mg (40)
at_ at T dat dt
a a o a

Since (VS -V is fixed and v_. is specified, Vg is determined. If, in

sd) sd

addition, we assume that Tea and rpa are constant, ts will also be constant,

and fromt =1t, + t
a d s

dta = dtd
BEq. (40) becames
M dAsd _ ?Aed (41)
dt T odt dt
a a d
From the geometry we get
Rg = Mg - COB [cos (v - vsd)/cos X:a} (h2)
and
n o cos (vs - vsd) sin xpf .
T = P - : Mo (43)
a sin (A - Asd) cos\

Again using small-angle approximations, as in the derivation of Eq. (9),
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and Egs. (35) and (36), we substitute into Eq. (43) and get

®_ sn TApa =hg) (B4)

Ay -E[ Mogly cO8 (v - Vvgq) cos (Apa - np)]
ra

The second term on the right side of Eq. (44) is small compared to one
except for values of (Apa. - Asd) near 180° , since the product )'paip is
smell for all planets of interest. For (A, - A.) = 180° the inclination
of the transfer orbit plane is approximately 90°. Transfer orbits of this
inclination would require extremely high velocities; therefore this term

is neglected and

aa ~/n_P
_sd V'sp (45)
dt 2
a T
pa

e HoFe 46
a_ 2 (16)
a r
ed

Substitution of Egqs. (45) and (46) into Eq. (41) gives

f_J—

pn l'cnl

(47)

- S |
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DERIVATION OF EQ. (11) OF METHOD B.3
d(AtS) ) d[ts -t (fixed)]- g
aty aty dty
Since t_ = f(ns, n, ql)
&y N g &g + %t an_ % o (48)
daty B?:: at, N aty Bq_l at,
The total derivatives are as follows:
i Y —/-3 e s (49)
dat, 232 2 dt,

If we assume that Tea and rpa are constants and use the fact that va(1 is

fixed, then using Eq. (1)

da da_ de da_ Ode_ dv
ol AR (50)
dtd 5 dtd 5 = dtd
since e_ = f(rsd, et Ve’ v‘). Using Eq. (30)
dv ov dar ov aA
-8 . B8 _p ., 8
dtd SXP dtd &m dtd
(51)
ov. dv. aA
= O's + s
O\ dat oA dt
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sincet =t. +t and t is constant.
a 5 s

d
The partial derivative Bvs/axp& contains the sin Xpa’ and the total
derivative dn_ /dt contains tan 1_. Since both A__ and i_ are small, the
pa’ - a Y pa j%
product of these derivatives is neglected in Eq. (51) and subsequent steps

of the derivation. Thus, Ea. (51) becomes

dvs aV‘3 d/\Pa
L )
dt A dt (52)
d pa
and Eq. (49) becomes
an =2 1 dn Ce EW
5 = % 2 _uf JF (53)
at, 232/2 5_5; ov, ZS/\.pa pa

According to the assumptions above and Eq. (19)

an gn_. &g N gn dc
dat, = oa_ dt c dt
d S a a
- E ;]] daS + Bq aC de ( 51* )
a dat de ov dt
S a s a

Substitution of Egs. (50) and (52) into Eg. (5k) gives

~

O eay ofx de avs .
at., - %2; Je_ v ¥ %% 8?"/ EK;; Ao (55)

< 5

By using Eq. (20) in a similar manner

&y &”l Bas aes aT]l de j avs J .
@ "\ % W "% o) T e (56)
8 5 8 8/ pa
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By using Egs. (19), (20), and (21) we find that
oL g:l I S
%—~-atann/2 ¢ 2a_ sinnq
s 5 5
(56a)
'5'_]_32__}__1‘/ /p arll..______J:___
da_  a, anny /e dc ~ " 2a_sin My
dc 1 r r_ sin(v_ -v_.)
BTv'; ¢ “sd'pa s ad

By solving Eq. (1) for e, and then for a_ we get

r . -r
e = sd pa
s Top GO8 Vg = Tgq COS Vg,
and
r (1 + e cos Vsd)
as = 2
l-e
s
The partial derivatives are
) -
da_ i a (1 + es) rd
B 2
Eé—s e (1L -2%)
and
Bes eg Fon sin v_
v T Tr -
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Using Eq. (30) we get

ov cos A__sin (A__ = A_.)
S = pa pa sd
oA sin (vS -V, d)

By substituting for the partial derivatives of Eqs. (53), (55), and

(56) and then substituting these equations into Eq. (48) and simplifying,

we get
:122 ) es[as 1+ ei) - rad]rpa sin v_\| -3 J;x_s bts
oty (a- ei) (rBd - rpa) 2az/2 &-l;

ot

1 s 1 3 <
-as tan 1/2 Bf]_-a;t&n T\l/2 Wl Apa

2as sin 1 BTT aas sin ql EI

r_.r ot ot
& Sdasin(v-v )[ 1 8 _ 1 s};\
c 8 sd pa

If we eliminate the remaining partial derivatives using Egs. (25), (26), and

(27) and simplafy, we get

.23 nt, I (1 - cosn) tan n/2

2
dt a P e a (L+e°)-r_.sinv
s V. sp (ss 8 sd s[
d

a pa (1 - ees) (2, - rpa)

' r
2@ - tan _sd + +
- (1 = cos nl) nl/e] + 5 sin (va - Vea [- tan n/2 - tan n1/2]

(57)
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The rmultiple signs in brackets depend on the transfer orbit as follows:

Direct = -, + and +, + Perithelion = -, - and +, =~
Aphelion = +, + and -, + Indirect = +, - and -, -

DERIVATION OF Eg. (12) of METHOD C.1

d(AaQ) d[as(min) - as] d as(min)

o

at - at at (58)
a a a

since for fixed VS a choice of td determines r . and consequently a .

d ed
Thus
das
g = ¢
a
The equation for as(min) is
a (min) = L (r ,+r_ +c¢) (59)
S T Vsd pa
where r =71 _, e assume that r is constant. As a result of this
sd ed pa
do. (min) Bas(min) o

dta = de EE;
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Using Eq. (2) for c and Eq. (30) we get

de  _ d¢ alvg - Vea)
at, olv, - Vea L
N d¢ 0(v, = Vo) " _aﬁ'_s - Vea) 2
olv, - v4) Bf\pa pe 5>~pa pa

(60)

Since the coefficient of A__ contains th »__ and A_ contains tan i
ince the icien pa n s the sin pa pa ntains tan P
the second term in the bracket is neglected as in the derivation of Eq. (9).

Equation (58) may now be written as

das(nrln) Bas(min) 3o a(vs - vsd)

» A (61)
dta de 3(vs - v d) al\pa - pa

By using Eqs. (21), (30), and (59), the partial derivatives are evaluated

and then substituted into Eq. (6l). After simplification we have

da_(min) J/n.P
—-%d-t—n- = —iﬁ—clr—ri-d sin (Apa'Asd) (61a)

DERIVATION OF Eq. (13) OF METHOD C.1

The assumptions made in the derivation of Eq. (12) are valid in this

derivation

a(at) d[t,(sup 9) - t (step u)] at_(step 9)

-1 6
at, at, at_ (62)
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o7
The derivative dts(step h)/dt& = 1 since for td(fixed) a change in the
chosen value of ta causes an equal change in ts.
ot
jd_tgz‘a_?_s..(}n_s+ats.d_q..+’sj‘f}_ (63)
at_ on_ dat_ o at_ B_r]z at_
For fixed V , and t,, a 15 determined and
sd d’ s
3/2
an, a( Vg /a, )
= = = 0
dt dt
a
Using Eqs. (19), (20), (21), and (60) we get
v - v )
dy gg de dc a’
= ac A (64)
dt, c dt de B(V8 - Vsd) aApa pa
and
il_n_J; - anl de 87]J. de d(vs B Vsd) . (65)
at_ ¢ dt_ ¢ olv - v ) BApa pa

By replacing the total derivatives and simplifying, Eq. (62) becomes

d(Ats) ] e a(vs - vsd) ; §11 ats . aql ats .,
at_ B(VB = Vsd) BApa pa |Oc o dc Bn—l
X u P N a’t 8\'] a’t
- sd ] _ 8 1l s
= O (Mg = Mog) 57 >t % o) -t (6

pa 1

/
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The partial derivatives of Eq. (66), which are given by Egs. (26), (27),

and (56a), are replaced, and we get

d(Ats) i L ./aspp

dta 2c rpa.

sin (A, = Agy) (2 tan n/2 ¥ tan n,/2) -1 (67)

The signs of the terms in parentheses depend on the type of transfer orbit

as follows:
Direct = +, + Perihelion = +, -
Aphelion = -, + Indirect = -, -

DERIVATION OF Eq. (16) OF METHOD D.1

By choosing ts in addition t- “he parameter t Q? the ta is determined,
and consequently (vB - Wy d) is a constant. Again we assume that rpa is
constant.

st dts( step 9)

=
dv d\rB a

sd

ot dn ot dt_ dn
- 8 s ., 8 dn + 1
B, T, I g tE W

(68)
sd

The total derivatives are written as follows:

dv' a

d V''s
dn, - a33 2 - - 3/kg da,
avea Vea 2a9/2



Substitution into Ej. (68) gives

dt

sd

Since (v
s

i

dy
dv

any

v
sd

Ty

on
o

fe )

da

o

sd

RK~2861
29
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de e i
s _ .8
6;; sd ~ Tpa
2 .
%5 % T " Vg
()VS a I‘S a - I‘pa
and
das - e rsd sin vSd
5;,sd 1 - e2
s
Eq. (70) becomes
2
da e a(l +e°) - r
8 = 5 S sd (r_ sinv_~-r  sinv ) -r . sinv
dv r - Y ; sd sd d d
sd 1 -e_ sd pa
(71)

The partial derviatives of Eq. (69) are given by Egs. (23) - (27).

Using these equations and Eq. (71), Eq. (69) can be written as

dt B, e a (1 + ei) ~ Ty ]
dvs VAT 2 r . ~-r (rpa sin Vs T Vad sin Vsd) "~ Tsq sin Vsa

d ‘s 1 - e sd a

(72)

X 3 i' - S ) t =
tgngt, (1 - cos 1) tan n/2 - (1 - cos nl) tan nl/2
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The multiple signs in the second brackels depend on the type of transfer

orbit as follows:

Direct = -, + Perihelion = -, -

Aphelion = +, + Indirect = +, -
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