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SUMMARY 

This Memorandum presents and discusses some methods for establishing 

heliocentric interplanetary transfer orbits.    The four basic methods and 

their variations can be used to establish orbits having specified transfer 

angles,   transfer times,  hyperbolic excess velocities,   or heliocentric de- 

parture velocities.    Each method consists of a step-by-step computation pro- 

cedure which utilizes the equations of two-body motion and appropriate trigo- 

noiuetric relations to establish the desired transfer orbit. 

Each of the methods for establishing a desired transfer orbit requires 

an iterative process.    Thus,   the methods are best applied by using a large- 

scale digital computer.     In this way numerous orbits can be established and 

the orbit which is optimum for some requirement can be selected.    None of 

the methods permits a direct analytical determination of an optimum orbit. 
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LIGT OF SYMBOLS 

a = semimajor axis 

a , e = semimajor axis and eccentricity of Earth's orbit 
e  e 

a ; e = semimajor axis and eccentricity of the transfer orbit 
s  s 

E = eccentric anomaly 

E , S , P -  nth positions of the Earth, vehicle, and destination 
n'  n' an     ^ ;      ' 

planet 

e = eccentricity 

i = inclination of destination planet orbit plane to the 

ecliptic 

i = inclinations of the transfer orbit to the ecliptic plane 
6 

K = arbitrary constant 

k' M = gravitational parameter 

n = mean angular rate of the vehicle in orbit 
s 

P , P =■ semilatus rectum of destination planet orbit and Earth 

orbit 

r a distance from center of force to body 

r  «• distance from the Sun to the Earth at departure time 

r  = distance from the destination to the Sun at arrival 
pa 

time 

r , r  = perihelion distances of the orbits of the destination 
pp' ep 

planet and Earth 

t n arrival time 
a 

t, o departure time 

t » transfer time 
s 
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V , = heliocentric departure velocity of the vehicle 
sd 

V = hyperbolic excels velocity 
0,1 

v = true anomaly 

v   - v „ = vehicle transfer angle 
s        sd 

v    ,   v   = true anomaly of the vehicle at departure and arrival 

a - angle between the velocity vectors of Earth and the 

vehicle at departure time 

7  , = angle between the heliocentric velocity vector of Earth 

and normal to the Earth-Gun line,  measured in the ecliptic 

plane 

7      = angle between the vehicle's velocity vector and normal 
sn 

to the vehiclc-Oun line,   measured in the transfer-orbit 

plane 

dip = argumsnt of perigee of the destination planet 

T] = mean angular rate 

A   , = heliocentric longitude of the Earth at departure time cd 

A    ;   X      = heliocentric longitude and latitude of the destination pa      pa 

planet at arrival time 

A   , = heliocentric longitude of the vehicle at departure tlnB 
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In the more realistic three-dimensional model the cutoff velocity will in- 

crease rapidly as the transfer angle approaches l80    unless the arrival 

planet approaches the ecliptic plane at the arrival date  (this will be a 

rare event). 





RM-2801 
6 

according to Kepler's equation 

t t    =i 
o      n 

E - E    - e  (sin E -  sin E  ) 
o o (2) 

where E is the eccentric ononEly and n is the mean angular rate in the 

orbit.    The «uantities E and n are obtained from 

.   -1 f vi - e''    sin v 
\       1 + e  cos v (3) 

and 

n    - ^1 i^, 

The transfer time may be coinputGd using Lambert's Theorem.    There are 

four possible elliptical paths,  namely,  direct,   aphelion,  perihelion,   and 

h) indirect. The four equations which are used for computing the transfer 

time are 

t(direct)  - -1 
I   -   'In (sin i! 

I 

sin 'i1)l (5a) 

t(aphelion) SU . I 
n        n 

r) + TI1 -  (sin i] + sin r]^ (5b) 

t(perihelion)  - - r] + r)1 -  (sin r] + sin i^) I (5c) 

t(indirect) =    |T| - T]    -  (sin r\  - sin ^   ) 
n        n (5d) 

where,   in general 

sin n/2 - T; \~  

r,  + r^ - c 1/2 
,     /n   i ri  2 sin ni/2 = -   ~-T- 
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and 

c    = ,     2 r   + r 
1       2 

2^^ cos (v - v ) 
12 o' 

(6) 

For transfer an(^Les less than or equal to 180    either Eq.   (5a)  or (5h) 

applies.    For ancles greater than or equal to loO    Eq.   (5c)  or (5d) applies, 

'Die transfer ancle can be expressed in  terras of the heliocentric lati- 

tude at the arrival date and the difference in the heliocentric loncitudes 

of departure and arrival.    The equation for transfer angle is 

_l 
v - v CO£ cos X cos (A - A   ) 

o (7) 

■where X. and A are the instantaneous heliocentric latitude and lonßitude of 

the vehicle in the heliocentric transfer orbit. 
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IV.     OLTLIIffi OF MgfflODg OF COMPUTATION 

For the planning of manned or unmanned space missions it will probably 

be necessary to establish the transfer orbit subject to certain constraints 

such as transfer time,  departure date,  arrival date,  guidance and control, 

available thrast energy,   etc.    The constraints will depend in part on whether 

the mission is manned or unmanned and on the mission requirement.    For ex- 

ample,   a manned mission may require that the transfer time be limited and 

specified fairly accurately in advance of departure.    Therefore,   it will be 

necessary to establish a transfer orbit which will permit transfer in the 

specified time.    Also,   if the mission requires that the vehicle pass near 

the destination planet it may be desirable to either minimize the distance 

from vehicle to Earth or to minimise the velocity of the vehicle relative 

to the destination planet.    Again,   this can be done if the transfer orbit 

is established subject to the proper constraints. 

The computation procedures are presented in four groups according to 

the various constraints.    Within each group there are variations which are 

indicated by a quantity called the parameter.    The groups are outlined as 

follows: 

A,     Constraint - fixed transfer angle,   (v    - v    ),   where v 
s   sd        sd 

and v are the true anomalies of the vehicle at departure 

and arrival 

1. Parameter - t 
a 

2. Parameter - t. 
d 

3. Parameter - v sd 
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D.    Constraint - fixed transfer tine,  t 

1.    Parameter - t, 
a 

?..    Parameter - t a 

3.    .Parameter - v  . 
sd 

C. Constraint - fixed heliocentric departure velocity,   V 

1.    Parameter - t, 
d 

P.    Parameter - t 
a 

D. Constraint - fixed hyperbolic excess velocity;   V 

1.    Parameter - t, 
d 

P.     Parameter - t 
a 



















1.-2001 

A (A\j 
At  =   —^ , (10) 

a 

and return to step 2. 

If AA < K; the transfer orbit is established. 

In the above procedure, the time of arrival, t , is varied until the 
a 

departure longitudes of the vehicle and the Earth are approximately equal. 

By assuming that A   , = A   , and that r , = r  ,,  the position of the J 0 ed        sd sd        ed7 

vehicle at each departure date,   which is the start of the heliocentric 

transfer orbit,   will be on the Earth's orbit.     Since  (v    - v    ) is constant, s   sd 

a change in the t will change not only the arrival position but also the 

departure position of the vehicle. Since the angular rate of the Earth 

around the Sun differs from that of vehicle departure position, a change 

in t will result in a change in the difference of the longitudes of the 
a 

Earth and vehicle at departure. 

Figure 3 shows how the positions of the Earth and vehicle at departure 

approach coincidence as the number of iterations increases. The angle be- 

tween the radii from the Sun to S and P  is a fixed value, namely (v - n    an '        s 

v ). The letters E, S, and P denote positions of the Earth, vehicle, and 

the destination planet, respectively. 

Initially, the required position of the destination planet at arrival 

is P ,. The vehicle and Earth are found to be at positions S,n and E^ at al dl    dl 

departure. 

The second departure position of the vehicle, S , is computed using 

the second arrival position of the destination planet, P . The corresponding 
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\die re 

AtJ = At /X 
d    s' 

,/a P 

r 
pa 

e la (l + e ) - r , sin v 
s L s     a    sdj     £ 

L 
(1 - e )(r  - r ; 

s  sd   pa 

^ ns - (1 - cos T]) tan ^ 

-  (1 - cos r^J tan — 
Hi 

2 
J 

sd  .  /       v 
+ -— sin (v - v ,) 

2c     v s   sd' 
+   'i +    ^l 
- tan ^ - tan — (11) 

The  multiple signs in the brackets depend on the type of transfer path 

as follows: 

Direct =■ -, + and +, + 

Aphelion = +, + and -, + 

Perihelion = -, - and +,  - 

Indirect - +, - and -; - 

The equation for X is derived in the Appendix, 

The discussion concerning the usefulness of v  as a parameter is 

given in method A. 3. 

The geometry of this method is illustrated by Fig. 5. 

A selection of t gives a position for the Earth at departure E  and 

because t is fixed, t is determined, and consequently the coordinates of 

the planet position, P ^, at the arrival time are known. 

The time required for the vehicle to travel from E  to P  is computed 

using a prescribed v ,.  If the computed t differs from the fixed t , the 
sd s s' 

vehicle will not Intercept the planet at P ,.  Since the t will, in this 

case, vary directly with (v - v ), a change In (v - v ,) will cause a 

change in t . 
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A second value of t,, and consequently t , vd.ll fix the Earth at point 

E  and the planet at P . Since the angular rates of the planets around 

the Gun are different, the angle between the radii to points E  and P 

will not equal the angle between the radii to points E,, and P ,. Conse- 

quently^ the t will bo different. 

13y varying t the correct relative orientation of the departure and 

destination planets can be found which will give the correct t . 

Earths mean 

orbit 

d2 

Fig. 5—Geometry  of method   B.3 
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the equation for X in C.l;   step 7 and therefore is not included in 

the Appendix. 

If Aa   < 0;  proceed to step 8. 

Compute t    for a (min) using Eq.   (5a) or (5c) depending on the size 

of  (v    -  v   ,). 
S 3d 

9. Compute At = t (step 0) - t (step 3). 
s   s s 

If At =0 either Eq. (5a) or {^h),   depending on the type of transfer 

orbit desired, can be used vith a (step h)  to compute t if (v - v ,) 
G ^   3    s   sd 

< 180°. Similarly, if (v - v ) > 180°, either Eq. (5c) or (5d) can 
ü GO. 

be used. 

If At    > 0,   decrease t    (step 8) by using a    (step k) with Eq.   (5a) s s s 

or (5c) dependin/' on the  size of (v    - v  .). 
s        sd 

If At    < 0,   increase t    (step 8) by using a    (step k) with Eq.   (5b) or s s s 

(5d)  depending on the size of (v    - v    ). 

10.    Compute At    = t    (step 9)  - t    (step 3). 
S S G 

If I At I > K, change t, by At and return to step 2. 

At = At /X 
d    s' 

'where 

a P r 
 J—    sin (A  - A ,1 

pa   sd 
2r .c        ^ 

sd 

+    r, +    \' 
-  tan -* - tan —- 

2     2 
+ 1    (15) 

The  signs of the bracketed terms are determined as in 0.1, step 10. 

The  derivation of the equation for X Is similar to that for At in 

C.l, step 10, and therefore is not given. 

If I At I < K, the transfer orbit is established. 





nwHBHHnBBnHH^nm^nHa-wum 

RM-2881 
33 

Op 

Fig, 7 — Geometry of method  C.2 

not coincident the selected t    must be changed;   i.e.;  point S   raust be at 

some other point on the Earth's orbit.    The nev value of t, may be determined 

by iteration or by using the approximate equation for At,,   step 7« 

The t, is varied until the positions of the Earth and vehicle coincide 
d 

at t. 

D.l    FIXED V .   PARAMETER t, u/ d 

1.     Choose t, and obtain A   , and r  ,. 
d ed ed 
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x =.- 
a e 

s 

s    1 - e 
8 

,(l + e  )  - r 
Gd 

sd       pa 
(r      sin v   - r  , sin v ,) 

pa G        sd sd 

r , sin v , sd sd 
+ ^nt    - (l - cos n) tan r\h 2    s s ' 

-  (l - cos r\  ) tan r\ /rc (16) 

The niultiple  signs in the brackets depend on the type of transfer path 

as follows: 

Direct = -,  + Perihelion o -,   - 

Aphelion = +,   + Indirect = +;   ~ 

The equation for X is derived in the Appendix. 

If [At |     < K?   proceed to step 11. 

11.    Compute the Earth's velocity vector at departure from 

V 
ed s    r  ,      a  ' 

ed       e 

where a    is the semima.ior axis of the Earth's orbit. 
e 

12.     Compute the elevation an^le of V      from 

7, - cos 
ed 

-1 
r  ,  (2a    - r J 
ed        e        ed 

■where the plus sign is used if r      > 0. 

13.    Compute the "vehicle's velocity vector at departure from 

sd ''s (F: - ^ sd        s 
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ll+. Compute the elevation angle of V  from 

/' , = cos 
sd 

+  /a
2(l-e2) 

"-> '    (2ä - r ,) 
s   sd "V rsd 

where the plus sign is used if 0 < v  < TT. 
so. 

15. Comprate i ; the inclination angle of the transfer orbit plane, from 

i = tan 
s 

tan A. /sin (A  - A ,) 
pa'     pa   sd 

lb. Compute o:; the angle betveen V  and V ,, from 

a = cos sin 7 , sin 7 , + cos 7 , cos 7 , cos i 
ed    sd      ed    sd    : 

17. Compute V from 

9    9 
Vj + V'r-PV.V, cos a 
sd   ed    sd ed 

10. Compute AV = V (step 1?) - V (fixed). 
co    00 00 

If |AV [  > K,   change t    (step 2) by an amount 

At    = AV /X 
S oor 

where 

dV dV „ dV 
„ M  sd 00 da 

}W~ dt W dt 
sd        s s 

Note:    no attempt Is made here to express X in terms of the orbital 

parameters since the equation is tedious even with several simplifying 

assumptions,    A purely iterative procedure is suggested. 
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If lAV I  < K,  the orbit is established. 
I    CO1 

In order for a transfer orbit to be possible, the specified V must be 

equal to or greater than the miniraum value of V . For transfer to inner 
oo 

or outer planets, a > - (r  + r ) -where the r's are the perihelion ^^   ' s _ 2  pp   ep r 

distances of the orbits of Earth and the destination planet. 

For transfer to outer planets, V must satisfy the equation 

V > /at r /r  (r + T    )    -     A(^ i-) oo "v    pp' ep  pp   ep'  V xr a ' 

For traj^sfer to inner planets 

V   >    /aTr    /r      (r      i- r    )    -    A{^- - —) oo    \/ pa'  ea     ea       pa       -\/     r a ' v v        ea       e 

■vÄiere r     and r     are the aphelion distances of the planet and Earth, pa ea ^ x 

Hiß geometry of the motion for a special transfer is shown in Fig. 8. 

The first ten steps of this method are used to establish an orbit be- 

tween a known departure point and a known arrival point,  which will permit 

the vehicle to Intercept the destination planet.    The remaining steps of 

the methods are used to determine the relative mgnitudes of the computed 

V,  which is based on the established transfer orbit,  and the specified V . 

Die choice of the parameter t, determines the position on the Earth's 

orbit E-,   S .    This point remains fixed while v     and then,   if necessary, 

t    is varied in order to establish a transfer orbit, s 

A selection of t, and t    determines the positions E,,   S,,  and S ,,  which d s r d'    d' al-* 

iß a position on the destination planet's orbit.    Assume that orbit 1 is 

computed usln^ a (rain) and that t    is too large.    In this case the planet 
S B 

may be at P , when the vehicle is at S . Orbit 2 is computed using the 
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—— I     IM 

Eart h's mean 

orbil 

T Ed.Sd    "^EQr h's orbit 

Fig. 8—Geometry of method D.1 
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a    vAiich is based on the coordinates of S, and S .  and the v  ,.    The t s d al sd s 

may be awzh that the planet is at P     yhen the vehicle is at S    .    At this 

point in the  computations the v , is changed and new orbits are computed 

until the orbit n causes P     and S .  to coincide,  i.e.,  the vehicle inter- 
an    al '    ' 

cepts the planet. 

For orbit n, which connects S, and S ,, the required V Is determined ; d     al7 oo 

and compared to the specified V . If the V 's disagree, then the arrival 

point on the destination planet orbit is changed by taking a different 

value of t . As before, orbits are computed until the vehicle intercepts 

the planet at S . The V 'a are again compared, and if they are different 
ad       co 

a new value of t Is determined and the process repeats until an orbit is 

found which will cause the required V to natch the specified V . If no 
00 00 

such orbit can be1 found then the parameter t    must be changed. 

D.2    FIXED V ,   PARAMETER t  «/ a 

1. Choose t    and obtain A    ,   X    ,  and r    . 
a pa' pa'     pa 

2. Choose t . 
s 

3. Compute t, = t - t and obtain A , and r ,. 
das ed ed 

i+-l8«    These steps are the same as in D.I. 

The geometry of motion is different from that of D.l and is shown in 

Fig.  9- 

In this method the time of arrival is selected,   consequently the position 

of the destination planet at the arrival time.    Ulis method is similar to 

D.l in that v     is used as the variable in computing the different orbits 

which connect the fixed arrival point and a particular departure point on 



1*1-2081 
1|.0 

the Earth's orbit:  it differs from D.l in that a change in t    causes the 7 s 

departure point to move along the Earth's orbit while the arrival point 

remains fixed. 

Earth's 

orbit 

ar th s 

ean orbit 

orbit 

d2 

Fig. 9 — Geometry of method D.2 
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VI.     DISCUSSION 

Tlie methods presented and discussed here are only a few of many vhich 

could be employed to establish interplanetary transfer orbits.    These 

methods are not necessarily better than others,  but they represent some of 

the more obvious approaches to the problem and at the  same time involve 

some of the parameters of greatest interest. 

The detailed computation procedure given with each method will be of 

value in preparing a computer program.    The computation procedure plus the 

discussion and figures will give the reader a "feel" for the relative ge- 

ometry of motion and spatial orientation of the vehicle and planets as a 

function of time for each of the various parameters. 

.Several equations are included in the computation procedures,   namely 

Eqs.  (8) -  (l6);  for the purpose of reducing the number of iterations re- 

quired.    These equations are obtained by talcing the derivatives of various 

equations of two-body motion.     Since the evaluation of these equations is 

straightforward,  though perhaps tedious,  their use may in some cases reduce 

the computation time that would be required using a purely iterative pro- 

cedure.    The advantage of using these equations rather than a simple trial- 

and-error approach depends somewhat on the type of computer used. 
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Appendix 

DERIVATION OF EQUATIONS 

DERIVATION OF Eg.   (8) OF METHOD A.l 

Acconiing to Eq.   (5),   t    is a function of n ^  T],   and TJ  .    Thus 
S S J_ 

dt. 

dT 
()t. dn dt dt ^Ti1 3 8 

cla ÖT) 
^1 
da ÖTl. 

'1 
da 

s s s '1 s 
(17) 

wnere 

vs 
372     ~   „3/2 

(18) 

and vfhere 

'1=2 sin 
-1 . /r      + r      + c\1//2 

1 /    sd       pa 
2 '     a. 

'1-,     =    2 sin 
-1 1 /    sd        pa 

.1/2 

c  = 
2 2 

r , + r     - 2r ,r     cos (v   -■ v ,) 
sd        pa sd pa s        sd 

1/2 

(19) 

(20) 

(21) 

For departures from Earth and heliocentric transfer orbits,   r  , = r  , and 
'  sd   ed 

n is the heliocentric Gravitational constant. For convenience the units 
s 

may "be chosen GO that k' ^ 1. 
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The total derivatives are evaluated as follows: 

^S       \a3    /      3^3 

^s "   ^s    ~ '^^ 
3 

(22) 

-, dr , dr     ■, -. 
dl,. = ^I_ __^ + ^L_ _£& + ^ <*£_ + OIL 
da    or T da     or da     oc da oa 

s     sd   s      pa   s         s s 

Since t is the parameter, r  is constant. We assume that r , is a 
a pa sd 

constant. 

Also, because (v - v .,) is fixed, c is constant. Thus 
' 3   sd       ' 

3 S B 

In a similar manner we find that 

d,'l S 1 
da 

s - 5^ - s 
a 

s 
tan q /2 {2k) 

The partial derivatives of t    depend on the type of transfer orbit and 

are obtained using Eq.   (5).    The expressions for the partials are 

(25) 
^t t 

3 s 

s 
n 

s 

for all types of transfer orbits, 

öt 
^—       - (l - cos 11) (26) 
3Ti       n 

3 
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and 

ö(v - V J s   sd 
ÖA 

pa 

cos X,  sin (A  - A ,)  pa     pa   sd 
sin (v - v ,) v a   sd 

(38) 

Substitution of Eqs. (3^), (35), (37), and (38) into Eq. (31), after 

usin;1; small-angle approxiraations, i.e., sin \     = X    ,   cos X      - 1. and H       -^      rr        '    '     pa   pa'     pa   ; 

tan i = i , rives 
P   P 

d(v - v ,) s   sd 
da r  sin (v - v ,) pa     s   sd 

X      i    cos (A  - A ,) 
pa p     pa   sd 

dt 
c 

da" 

Gince X.  and i are small for the planets of interest, their product pa     p ;      JT 

is neglected. In accord with this and the assumptions above 

and we get 

sin (v - v ,) ~ sin (A  - A ,) 
s   sd       pa   sd 

d(v - v J    VM P   dt 
3     Sd      v  S p      3 

da 
£ 
2  da r     s pa 

Substituting for dt /da gives 
8 S 

d(v   - v ,) s        sd 
da 

a P 
s 2 

pa 

+ ^ t n    -  (1 2    B s       v 

X 

cos T]) ton T]/2 - (l -  cos r\   ) tan rj /2 

(39) 
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where  the multiple signs in the brackets depend on the type of transfer 

path as  follows: 

Direct =  -,   < Perihelion --  -,   - 

Aphelion  =  +,   + Indirect =  +;   - 

DERIVATION OF Eq.   (lO)  OF t'ETHOD A. 3 

d(AA)  _ d(Asd Aed) dA  ^      dA  J sd ed 
dt dt dt (1+0) 

Since  (v   - v ,) is fixed and v  , is specified,  v    is determined.    If,  In 

addition,  we assume that r , and r     are constant,  t    will also be constant, 
' sd pa '    s ' 

and from t    = t, + t 
ads 

dt    = dt^ 
a d 

Eq.   (kO) becomes 

dAA 
dt 

dA   ,      dA   . 
 sd ed 
dt      ~ dt. (hi) 

From the geometry we get 

A   , a A      - cos 
sd       pa cos (v   - v ,)/cos X s        sd pa (1+2) 

and 

dA sd 
dt 

cos (v   - v ,) sin \ 
3        ed pa 

X 
^      sin  (A      - A  J  co32\ ^ 

pa        sd ]3a 

(1+3) 

Again using small-angle approximations, as in the derivation of Eq, {9), 
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since t    = t    + t    arid t    is constant, 
ads s 

The partial derivative ov /h\      contains the sin X    ,  and the total r 3      pa pa^ 

deri\rative dA,    /dt    contains tan i  .    Since both X,     and i    are small,  the 
pa'    a p pa p ' 

product of these derivatives is neglected in Eq.   (51) and subsequent steps 

of the derivation.    Thus,   Eq.   (51) becomes 

dv c3v        dA 
 s 3 pa 
dt ^Ä dt 

d pa        a 

and Eq.   (^9) becomes 

rH - Q 
~>   V 

(•fi C)\r 

s ■"   v    s        s        s        s 

dt, ~ 5/2"   'Se"    ov      OÄ" 
2a. ' s        s      "pa 

s 
pa 

According to the assumptions above and Eq,   (19) 

dr] ^t]       s ÖQ    do 
dt, 5a      dt cic    dt d s        a a 

Substitution of Eqs.   (50) and (52)  into Eq.   (54) gives 

üa      de -v.     ^   \    öv 
dr| / dr)       _s      ?    +   ^H    °c   \        s 

(52) 

(53) 

■x        da >      - dv 

oa      dt de    dv      dt u   ; 

dt, l da      de      ^v" ^c    civ~ j   5Ä pa ^^ 
0.        \    3        3       3 sypa 

By using Eq.   (20) in a similar manner 

^1        (\    \   ^s    ,    ^'1    he \   Övs      • fc„ 
dt: * [T^T ^ ZT' 

+ ik" ^r   ■sr~ V ^b> 
d\SGS a/pa^ 



By using Eqs.   (19),   (20),   and (21) TO find that 
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^.-Ltann/2 

^1        l 
■T— = tan ij   /2 ein a '1' 

3c      2a    sin TI 
s ' 

on 1 
dc 2a _  sin T. 1 

(56a) 

öc        1 
= - r  ,r      sin (v    - v  ,) c    sd pa s        sd 

By solving Eq.   (l) for e    and then for a    we get 
s s 

T    A     -    r 

and 

3 r      cos v    - r  .,  cos v  , 
pa s        sd sd 

r  ,  (l + e    cos v  ,) 
sd s sd 

1 - e 

The partial derivatives are 

Da 
8 

8 

a    (1 + e   )  - r   ., s    s sd 

e    (1 - e;) 
s s 

and 

he er      sin v 3 s    pa            3 
ov r  , - r 

s sd        pa 
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Tlie multiple signs in brackets depend, on the transfer orbit as follows: 

Direct = -,   + and +,   + 

Aplielion = +,   + and ■-.   + 

Perihelion E -,  - and +,  - 

Indirect -■ +,  - and -,  - 

DERIVATION OF E4.   (12)  of METHOD C.l 

d(AaJ d (rain)  - a da (rain) 
r, q <l 

dt dt dt (58) 

since for fixed V  , a choice of t, determines r  , and consequently a . 
sd d ed ^        ^     s 

Thus 

da 
c 

dF 

The equation for a (rain) is 

a (min. r (r   , + r      + c) 
h  v  sd       pa (59) 

where r , = r ., We assume that r  is constant. As a result of this 
sd   ed. pa 

da (min) 
s  
dt 

öa (min) 

^ 
de 
dt 

a 
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The derivative dt (step lf)/dt    = 1 since for t.ffixed) a change in the 
s '    a d 

chosen value of t    causes an equal change in t . 

dt            5t to öt ht      dnn _3 _      __S        S  8      d^ ,        3 '1 
dt            dn dt on      dt "5nT    dt 

a              s a             'a 'la 
(63) 

For fixed V , and t,,  a    is determined and 
sd d7     s 

3/2 
dn d(  y^"/3-      ) s s  v   s'   a    ' 
dt dt 

Using Eqs.   (19),   (20),   (2l),   and (60) we get 

dt 
a 

)c    dt 
a 

dc    O[Y 

ö(v    - v  ,) 
s        sd 

\J "ST 
pa 

pa m 

and 

dT]- oil '1 1    dc \ 
N ö(v     -   V   ,) . 
OC  3           Sd7 A                     /^j-x 

dT         ^"    dT    "   ^    S(v   - v J 5X Apa          (65) 

a                       a                         s        sd pa 

% replacing tlie total derivatives and simplifying^  Eq.   (62) becomes 

d(AtB) 

dt 

ä(v   - v J  . 
JC V    3 3d;    ' 

ö(v^ - v ,) 5Ä~ pa 
öc 

s        sd pa 

öt ^i öt 

OTJ dc        or. 

r, A/rF A   ^t 
sd V   sp      .     /. »     v 

sin (A      - A^) 
ch-i,     ^t 8 '1 8 

c r 
pa 

pa "    sd'i ^c    <^TI ^kT   ^ri1 
.-     - 1       (66) 





,      N   da 
dil     cni    s 
dv ,    oa  dv , 

sd     s   sd 

d^    d^     dag 

dv .    (to   dv , 
sd     3    sd 

Substitution into Eq. (68) gives 

dt /    3./1J      üt dt      -x ot        OTI. \   da 
s /     -v   5        s s    OTI s '1 \       s 

dv  , \      5/2      on üri      da ÖTin ,.,    , 
sd \   a ' s 's '1 s /       sd 

/ 

da da de öa 
s  s  s_  3_ 

dv  , de dv  , ov  -, sd s          sd sd 

Since  (v    - v  ,) is constant,   dv    = dv  , and 
3        sd '       s sd 

where 

da ail + e1-) - r  , 
 s s' sd 

^e~    ~ /,        2v 
s e (1 - e  j s s 
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dri      da OT]n       oa    /   dv  , 

(70) 
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öc    e" r  sin v 
s    a pa    s 

^ sd   pa 

öe     e^ r , sin v , 
s     s sd    sd 

dv 
sd 

r ., - r 
sd   pa 

and 

da     er, sin v , 
s     s sd    sd 

sd 1 - e' 

Eq. (70) becomes 

da 

sd  1 - e 

L(1 + e ) - r sd 

'sd   pa 
(r  sin v - r , sin v ,) - r , sin v , v pa    s   sd    sd    sd    sd 

(71) 

The partial derviatives of Eq. (69) are given by Eqs. (23) - (27). 

Using these equations and Eq. (71), Eq. (69) can be written as 

dt    /a   e 
s   / s    s 

sd V  s 1 - e 
s 

(1 + e^) - r 
sd 

r  - r 
sd   pa 

(r  sin v - v , sin v ,) - r , sin v 
pa s   sd    sd sd 

(72) 

+ 2 nsts ' ^ " C0S ^  tan ^Z2 ' (1 " cos ^i) tan \l2 
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The multiple signs in the second brackets depend on the type of transfer 

orbit as follovs: 

Direct = -,  + 

Aphelion ■ +_, + 

ftjrihelion = -, 

Indirect « +.  - 




