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ON THE APPLICABILITY OF BINARY CORRECTING CODES IN

TRANSMISSION CHANNELS OF DISCRETE INFORMATION*

L. M, Fink

Using asymptotic expressions for the equivalent
probability of error, the conditions of "accept-
ability" are derived for a correcting code. These
conditions are satisfied by very few of the codes
described in the literature. In channels with
fading, these conditions may be made less rigid
if the measure and decorrelation of error are taken
in constructing the code.

1. In order to evaluate correcting codes it is convenient to

use the notion of "equivalent probability of error" (1]. Let the

probability of incorrect reception of a symbol in a binary symmetric

channel equal k. Using a correcting code in this channel, it is

possible to send a sequence of n symbols with a probability of correct

decoding Q( n). The quantity of information contained in this sequence

is k binary units, where k < n. The value

R =-- lira "._._m i
n- 0 . n

* Reported in June, 1961, at the All-Union Scientific Session of
the A. S. Popov Scientific and Technical Society of Radio and
Electronics.
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will be, as usual, called the redundance of the code.

This same quantity of information could be sent with the same

reliability without using a correcting code in a binary symmetric

channel if the probability of correct reception of the symbol were

equal to [Q(n)] 1/k. With an increase in n this probability con-

verges on a limit which we shall call the equivalent probability of

correct reception of a symbol. Its complement with respect to unity

Pe = 1 - lim [Q (n)J' = - im [Q (n)n (1-R) (2)
n'--. n ->q0

we shall call the equivalent probability of error.

For group (systematic) codes and also for any correcting codes

in which closed code combinations of a definite length are used, one

may dispense with the limit transformation in expressionshaving

taken as the valu n the number of symbols in the code combination.

In this, if p << 1, the equivalent probability of error for all prac-

tical purposes coincides with the "'specific probability of error,"

introduced by V. I. Siforov [2].

The correcting properties of a code are based on the fact that

at least in some range of values of the inequality holds

Pe < P, ()

wherein the ratio _Pe usually decreases with an increase in
p

However, as has already been repeatedly mentioned, Inequality (3) is

not always sufficient to Justify the use of a correcting code in a

given channel. In most actual channels the magnitude of p is a

function of the duration of a symbol T. Therefore, the magnitude of

R should be made comparable not with the probability of incorrect

reception of a symbol of a correcting code p = p( T), but with that

probability of error p' which would hold if binary symbols were
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transmitted in an actual channel at the same rate at which information

is transmitted using a correcting code.

Obviously,

p, = p vi)PG -) (4i)

Only when the inequality

Pe < P' (5)

is fulfilled, if only for all p' < Po, where Po is a given number,

may one speak about the advantage of using a correcting code. In the

opposite case, it would be safer to send information at the same rate

using a code without redundancy.

Let us consider these codes satisfying Condition (5) at values

of p' less than some Po as applicable for a given code. The problem

of the practical advantage of using a code is a function also of

many other conditions, in particular of the complexity and reliability

of the coding and decoding apparatus, on the value Po, of what degree

Inequality (5) is fulfilled, etc.

2. For Hemming's codes* which correct m errors in a combination

of n symbols, Q(n) is expressed simply:

Q(n) = d p(1 - 1 C. -' r - (6)
i-O t-m+I

If p << 1, in the latter summation only the first term may be

taken into account and the equivalent probability of error may be

expressed asymptotically in the form

* By Hemming's codes are meant systematic codes in which all
errors of multiple m are corrected and errors of a higher multiple
are not corrected.
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e 'n (7)

Analogously, for group codes[3]

Q(n) = a lpt (1 - (6')
I-o

where ai is the quantity of i-th correctable errors. At sufficiently

low values of p,

Pe '  I. a.+1) , 7)

where m is the highest multiple of fully correctable errors (i.e., at

S m, a = Cin).• Apparently, for any correcting code these constants

a and m may be determined so,

p-*O apm+1 (8)

3. Let the channel in question be stationary and only additive

interference in the form of normal white noise act in it. Then, as

is known, using the optimal element coherent reception, one may

ensure the minimal probability of error

p = -L- [I - (h)] (9)

2

where h is a value proportional to the square root of the energy of

the signal element used for transmission of one symbol (the accurate

expression for h is a function of the transmission method and is of

no further interest),

h0 (h) = L2 fexp d- x.
0

Using the asymptotic expression for 0, we obtain the dependence
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lim P1.

A similar dependence may be written for pt, taking Expression

(4) into account. Since the energy of the signal element is propor-

tional to T, then, preserving the symbol h when a correcting code is

used, we find that at an increased T by a factor of R the1-R

corresponding parameter takes the value

h, = h (11)

Hence

lim 
=1.

I h -" -R [ hs
-(ehp R) (12)

On the other hand, from (8) and (10)

lim N.
a e[ (m +1) h((Vri' )m+ Im~ ep 2 (13)

Comparing (12) and (13), we have

lim -- t--lim a exp[( 1 M '_
--p' T-_4. VI-(2)hm IzR " (14)

If 1 > m + 1, the right-hand member of (14) will increase1-R

without limit and, therefore, Condition (5) will not be fulfilled.

If. conversely,1 - R : m + 1, the limit of the right-hand member

will equal zero; therefore, at sufficiently high values of h

Inequality (5) will be fulfilled.

Thus, for a stationary channel with additive interference in the

form of white noise, the conditiun of applicability of a correcting

code is

m (15)
5 R

-5-



For group codes this condition may be written in the form

m --- I(15')

4. It is interesting to note that when incoherent reception is

used in a stationary channel with additive normal noise, the condition

of applicability of a correcting code (15) is almost unchanged.

Let us limit ourselves to the case when an orthogonal system is

used with an active pause [4]. The probability of error in this

equals

-- exp (- !- (16)
2 2

Taking (11) and (8) into account, we find

p __ exp -- 1-
2~L~1 - ) ] = (2p)'- (iT)

Jim Ph__m__ = (18)

and, therefore,

lim - e
h-,,,o P lim -exp --- (19)

p h-+,02m  [1-R2

Hence, it is apparent that condition of applicability of a

correcting code is

R > (20)

or for group codes,

m> -- 1. (20')
k

R
Although the equation m = IR in (15) formally satisfies the

requirement of applicability, in most cases the equation corresponds
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to codes whose use is, in practice, unadvantageous. In these cases

the difference between Pe and p' is usually found to be very insig-

nificant and manifests itself only when the magnitude of p' is so

small that any complication in the apparatus so that Pe < P' does

not give real advantages. Thereofre, for stationary channels with

additive white noise, in coherent as well as incoherent reception,

only those codes for which the inequality m > is fulfilled are

of practical interest.

5. At first glance it can be shown that the simplest way of

fulfilling condition (20) is to choose a code with lowest possible

redundancy which will correct even individual errors (m = 1, R < 0.5).

However, this solution is often found to be unsuccessful. When

redundancy is low, a correcting code does not correct errors if the

initial probability of error is not very low. As an example let us

examine the optimal group codes in the work of D. Slepian [3]. The

data on these is given in Table 1.

The applicable codes are denoted by asterisks. Thus, of the 42

group codes examined, only eight are applicable.

In order to evaluate the effectiveness of an applicable correct-

ing code the boundary probability of error Po and the relationship

between m and R are of essential value. Limiting ourselves to the

case of incoherent reception, from (16), (17), and (19) we can obtain

the asymptotic expression

Pe
ln- ln a + (m-- R - Rm) in(2p' (21)

which is the equation of an asymptotic straight line for the depend-

ence between in -e and In p'. Figure 1 shows this dependence for
pt

four groups calculated by the accurate formulas (2) and (17). In the
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of group codes (5.2), (11.4) etc., the first number represents n and

the second k. Code (5.2) is not applicable, therefore, for it

Pe> pf always. The remaining three codes are applicable, however,

code (7.4) and especially (11.4) are not suitable in practice owing

to the very low value of Po and the small difference between p5 and

p'. As is apparent from Fig. 1, in the range of not very high value$

of p', an asymptotic straight line is a sufficiently good approxi-

mation of this dependence. Therefore, the approximate value of the

boundary probability of error po may be obtained from (21), having

made Pe = P  = Po,

lnt ,RI In 2/n - In 2. (22)In o M-R-RM a

TABLE 1

3 1 1 3 0,67 2 6 .2 1 3 0,67 2
4 2 0 1 05. 1 6 .3 1 5,3 0,5 1
5 2 1 4 06 1 ,5 6 4 0 0.75 0.67 2
5 3. 0 0,67 0,4. 0,67, 6 7 .2 1 1,5 0,71 2,5

7 3 1 2.67 0.57 1,33 10 4 1 1,5 0.6 1.5
7 4 1 5.25 0.43 0,765 10 5 1 4,8 0,5 1
7 5 0 0,8 0.29 0.4 10 6 1 6,67 0,4 0.67'
8 2 2 14,5 0,75. 3 10 7 0 0,43 0.3 0.43
8 3 1 2.67 0.685 1,67 10 8 0 0.87 0.2 0.25
8 4 1 5.25 0.5 1 11 2 3 52 0,82 4.5
8 5 0 0.2 0,375 0.6 11 3 2 13 0,73 2,67
8 6 0 083 0,25 0,33 11 4 2 26 0,64 1,750
9 2 2 10 0.78 3,5 11 6 1 5.83 0.45 0,830
9 3 1 1 0.67 2 11 7 1 7.29 0,36 0.57"
9 4 1 2.75 0.56 1,25 11 8 0 0.5 0.27 0.375
9 5 1 6 0.44 0.8' 11 9 0 0,9 0,18 0,22
9 6 0 0.33 0.33 0,5 12 2 3 35 0,835
9 7 0 0.85 0.22 0,29 12 3 2 6,67 0,75 3

10 2 2 5 0,8 4 12 7 1 6,71 0,42 0,71'
10 3 2 18,7 0,7 2,33 12 8 1 7,87 0,33 0,5'

12 9 0 0,56 0,25 0,33

The second value describes the degree of suitability of a code
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and is the slope of the straight line (21), which may be called the

"effectiveness" of the code

E = m - R - Rm, (23)

or for group codes

E = k (m+ 1) (23')n

For inapplicable codes E 0, which coincides with condition

(20). For applicable codes, the larger E, the more rapidly the gain

from using the code at decreased p' grows. Table 2 shows the calcula-

ted values of E, and also the approximate values of Po, for the

eight applicable group codes.

TABLE 2

Sm PO

7 4 1 5,25 1/7 10 "O

9 5 1 6 1/9 s-4.10-5

10 6 1 6,67 1/5 -1. 1O

11 4 2 26 1/11 1 1.10 -9

11 6 1 5,83 1/11 s 5.10 "-

11 7 1 7,29 3/11 = 6.10 -3

12 .7 1 6,71 1/6 m3.10-4

12 8 1 7,87 1/3' 5.1O - 3

Code (12.8) has the highest effectiveness. Code (11.7) has

almost the same effectiveness and the highest value of Po. Only

these two codes of all those examined can provide any noticeable

advantage in a stationary channel with additive noise at sufficiently

high signal-to-noise ratio, satisfying the condition p' < Po. For

a more substantial increase in noise stability when using a group
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code, it is necessary, apparently to use longer code combinations at

higher values of m

(ar 7Mts
Fig. 1.

6. As is known, due to fading many radio channels are not

stationary. In most cases the relationships between the duration of

a symbol, the length of a code combination and the fading-correlation

time are such that for the reception time of one code combination the

channel may be considered stationary, i.e., the value of p for this

time is almost unchanged. Under these conditions, all these con-

clusions become correct during fading also. It is only necessary to

take into account the slow changes of p, as a result of which some

code combinations are received with a probability of error which is

substantially greater than its mean value. This imposes even more

rigid requirements upon the boundary value Po. If the code is theo-

retically applicable, but the value of Po does not exceed by much

the mean probability of error in an actual channel, then a significant

number of code combinations will be received at p' > Po and the use

of the code will yield no gain, but will decrease noise stability.
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The matter is entirely different when the measures of "error

randomization" are used in constructing the code. This is accomp-

lished by separating in time the transmission of symbols. which are

incorporated in a single combination of the correcting code [1 and

51. When the spacing is sufficient, errors in the reception of

various symbols may be considered independent. As is known [6] in

this the probability of error (in the case of Rayleigh fading) is

p . . (24)h2 + 2

Taking (4) and (8) into account, we have

lira Pe lir a h h- 2m

e= (25)

Thus, at any m 1 and at sufficiently high values of h, con-

dition (5) is fulfilled and the code is applicable for a channel

with fading during error randomization. In particular, any group

code (transformed for error randomization) is applicable if it permits

correction of all individual errors in the code combination;

therefore, any Hemming code is applicable.

In practice, complete error randomization is difficult to

attain. Therefore, it is advantageous to use those codes which are

applicable without randomization. Even if randomization is found to

be incomplete, the use of the correcting code will not lead to porer

recepti on.

The most simple error randomization is attained by using not

the group, but the so-called iterated (7] or recurrent (8] codes.

The question of the applicability of iterated codes, and also codes

with correct error "splashes," will be examined in another article.

Submitted November 4, 1960
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