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ABSTRACT

"The response of materials and structures to pressures on the order of one
megabar is considered. The problem is decomposed according to the charac-
teristic response time for various failure modes. The short-time effects
study analyzes propagation of these high-pressure pulses. General equations
are developed for a solid under finite strain, with dissipation mechanism,
heat conduction, and elasticity coefficients open to specification, Integral
equations following motion of non-isentropic waves are obtained for uni-axial
strain, Conditions for instantaneously forming finite discontinuities are de-
lineated. Succeeding states are sought isentropically, resulting in a theo-
retical isentrope. A closed form family of isentropes is obtained for aluminum
using the Hugoniot.

The long-time effects study develops dynamic elastic-plastic deformation
theory of solids utilizing dislocation theory. Continuum equations for the
elastic-plastic displacements and stresses are derived. Propagation of the
plastic wave, apparent tirne-dependent increase in yield conditions, and other
deformational characteristics are discussed. The elastic-plastic deformation
equaticns are solved for three particular cases:

1. Propagation of a stress wave in a one-dimensional rod.

2. Deformation of a semi-infinite half space under a suddenly applied
strip load.

3. Deformation of an infinitely long thin cylindrical shell under a suddenly
applied strip load along a generator.
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PLASTIC DEFORMATION UNDER IMPACT LOADING

SUMMARY

A theoretical approach to the dynamic elastic-plastic deformation of
polycrystalline solids is developed utilizing the theories of dislocations and
irreversible thermodynamics.

In a solid body, stresses which are above the static yield condition may be
developed under time dependent loading. If a state of stress which falls outside
the yield conditions comes into existence, the solid body will react to alleviate
this unstable state by the mechanism of moving dislocations.

Equations for the dynamic elastic-plastic displacements and stresses are
derived on the basis of a model for a continuum density of dislocations. This
model for elastic-plastic deformation is established by considering the dislocations
as being randomly distributed. The physical properties of the dislocations and
their reaction to applied stresses are derived following the basic geometrical
theoriec of Kondo, Kréner, Taylor, and Bilby.

The elastic-plastic deformation equations are solved for three particular
cases of interest. The first is the one-dimensional rod impacted at one end.

The second is the elastic-plastic deformation of a semi-infinite half-space under
a suddenly applied strip load. The dynamic plastic deformation of a cylindrical
shell is the third problem studied. Numerical solutions for the half-space

and the shell problems are given.

Several features of elastic-plastic stress wave propagation and stress
states under time dependent loads are discussed in some detail. Imn particular,

the propagation of the so-called plastic wave, the apparent increase in yield

conditions under time dependent loads, and the course of deformation are discussed.
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I. Introduction

When a material specimen is subjected to external loads, it deforms.
If the loads are sufficiently small the resulting deformation is elastiec,
i.e., the deformation gradients are almost linear functions of the stresses
developed internally. When the loads are higher than a specified level, the
deformation ceases to be perfectly elastic, Normally the deformation increases
more rapidly than the stress. The basic physical feature of the deformation
is that the material slips along certain lines or planes within the body.
This deformation is plastic deformation of the medium.

‘The problem of plastic deformation arises in many areas of engineering
and applied science. Various impact problems, where the peak stresses rise
far above the proportional limit, occur repeatedly; for example, the deforma-
tion of a plate under impact from a bullet. In seismology and the study of
earthquakes, the deformation close to the focus of the earthquake is certainly
in the plastic region.

The classical approach to the static problem(8) l-/is that there exists some
relation among the stresses which cannot be exceeded, At incipient plastic
deformation, the state of stress is at the maximum point or locus of this
relation, called the yield condition. Insertion of this condition into the
equation of equilibrium of an elastic solid yields a solution for the stress
internal to the body.

When the stress field is caused by a load applied as a function of time,
many difficulties ensue. This problem of dynamic elastic-plastic deformation

(1), (10),(11),(21),(22)(23)

has been treated by several authors, . The approach

1/ Superscripts refer to references 1isted in the bibliography.



to the dynamic plastic deformation is to assume a non-linear stress-strain(lo)’
(11), (22) curve and insert this expression into the equations of motion for
an elastic body. Several difficulties arise immediately. First the equations
are non-linear and do not lend themselves to easy solution. Second, as pointed

out by Taylor,(El)

the non-linear stress-strain curve is a function of the rate
of loading.

In either approach to the problem of inelastic deformation, certain in-
adequacies are readily apparent. Particularly when the loads are applied
over a very short time duration or applied very rapidly, the experimental
evidence does not agree closely with the theoretical results. Under rapidly
applied loads, the yield point is raised and the deformation itself becomes
a function of strain rate or loading rate.(S)’ (25)

To overcome these difficulties, the deformation of a solid body under
stresses which are in the region above the elastic stress stability region
is studied by examining the mechanism of deformation.

Above the yield stress, experimental evidence shows that for many metals,
the body has undergone deformation by slipping along certain lines or planes.

This slip mechanism for plastic deformation has been postulated as the
basic physical phenomenon underlying plastic deformation. In a time dependent
slip, it is unlikely that all the atoms along the slip plane move at once.

The energy requirements for this are many times the actual energy involved,
It becomes apparent that the slip occurs a little bit at a time to account
for the energy involved.

In 1934 Taylor,<20) Orowan,(l6) and Polyani(zl) introduced the concept
of plastic deformation by the movement of dislocations and imperfections in

crystals. This basic concept remains as the foundation of plastic deformation.



These papers pointed out that when plastic flow occurs it is very un-
likely that an entire plane of atoms move all at once, but rather the slip
proceeds piecemeal along the slip plane. At the line in the slip plane where
slip has occurred on one side but not in the rest of the slip plane, there is
an imperfection in the crystal lattice.

The mechanism of plastic deformation may be explained simply. In a real
crystal there exists a number of imperfections, either pre-existing or created
during deformation, which interrupt the perfect crystal lattice. An example
of this type of imperfection is where a row or plane of atoms is effectively
missing from the perfect lattice. To take up the space and retain the crystal
structure, the lattice distorts itself to accommodate the imperfection. The
mechanism of plastic deformation may be stated qualitatively then as the forma-
tion of these types of imperfections and/or the subsequent movement or re-
arrangement of the dislocations.

The theory of plastic deformation by dislocations has advanced rapidly.
Many properties of plastic deformation and other phenomena in the solid state
may be described by appeal to dislocations. Among these are d@iffusion and
precipitation in solids and some surface phenomena.

A qualitative description of plastic deformation by the dislocation move-
ment is a necessary preliminary to further understanding and use of dislocations,
Consider the two-dimensional picture of a square crystal lattice, Figure 1.
Figure la represents the original undeformed lattice. Under stress, slip
starts at some point in the lattice and proceeds, one atom slipping at a time,
until an intermediate configuration (Figure 1b) is reached. The deformation

proceeds, then, atom by atom, until the slip is complete (Figure lc).
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Dislocation Mechanism of Plastic Flow
Figure 1



This dislocation is called an edge dislocation. The displacement here
is perpendicular to the line of the dislocation. Other types of dislocations
are possible, the main one being the screw dislocation, in which the displace-
ment in the slip plane is parallel to the edge of the dislocation.

Another class of imperfections which may be conveniently described by
dislocations is the interface between two crystals in a polycrystalline specimen.
If the angle between two different crystals is small, the mismatch at the
boundary is described as a row of edge dislocations. Thus in a polycrystal,

a natural source of dislocations is present.

In the theory of plastic flow developed by Taylor, the flow is due to
movement and formation of dislocations. Treating these phases one at a time,
the movement of dislocations will first be considered.

In order tc move the dislocation a force must be applied to the atom on
the undisturbed side of the dislocation, The atom, or more accurately speaking,
a row of atoms along the dislocation line must be forced over an energy barrier.
For a perfect crystal the stress corresponding to this.is the stress which pro-
duces a shear strain of 1/2. If a perfect crystal with but a single vacancy is
considered, the strained atom must still have a strain of 1/2 to come to the
position of neutral equilibrium between the two possible sites. The stress that
has to be applied to the atom is lower, however, as the vacancy causes a distor-
tion of the lattice.

Similarly, a dislocation alters the strain energy around the dislocation.
The presence of a dislocation in a crystal distorts the lattice surrounding
the dislocation and alters thestrain energy there. A quantitative expression

for the stress -due a dislocation, formulated by Cottrell is(s)



o= :‘2‘% r(e)

where r, g are polar coordinates, b is the displacement due to the dislo- s
cation, and }Lis the elastic shear modulus. f(@) is the angular distribu-
tion and depends on the geometry of the lattice and the type of dislocation
involved.
The explicit form of the stress around the dislocation is an involved
problem and will not be considered here.

The stress required to move the dislocation then is of the form

o= o, - B2 r(e)

where 90 is the stress required to move the dislocation from its original

lattice site to the point of neutral equilibrium.
Thus, an approach to the problem of non-elastic deformation will be ’
developed on the basis that the mechanism of the non-elastic or plastic deforma-
tion is the formation and movement of dislocations.
First, a detailed mathematical description of the geometry of dislocations
will be presented and the relation of dislocations to internal stress and
boundary conditions will be demonstrated. Then, the condition for movement
of the dislocations through the solid will be formulated. A general form
of the equations of motion based on this mechanism will be derived. Repre-
sentative solutions for three important problems will be shown. The first
solution is the one-dimensional rod. The second solution is for a strip
load on an infinite half-space. The physical results are discussed in light !

of the features of the deformation sequence and observable quantities.



The third problem to be solved is the deformation of a thin cylindrical shell.
Approximate equations for the plastic deformation under short duration loads

will be set up and solved,



II. Mathematical Theory of Dislocations
I1.1 Geometrical Description of Dislocation

The deformation of an imperfect crystal or polycrystalline medium has

been recently studied utilizing the geometrical descriptions afforded by

(12), (13)

Riemannian and norn-Riemannian geometry. The work of Kondo

(1k)

in Japan,
Kroner in Germany, and Bilby(e) and co-workers in the United Kingdom have
provided a great insight into the theories and mechanisms of plastic deforma-
tion. The basic mathematic tools that these investigators have utilized is
the infinitesimal parallel displacement transformation which forms the corner
stone of the general theory of relativity as developed by Einstein and
Khufmann(6) and Cartan(3).

In this approach to the studies of a plastically deformed crystal, the
strained crystal, ( its deformation consists of elastic strain plus added dis-
placement due to dislocations) or the unstrained crystal,(vvith a localized
internal strain due to the presence of dislocations) is viewed, with respect
t0 a reference measuring coordinate system, under an infinitesimal parallel
displacement. This transformation may be shown to be a function of the basic
vectors of the reference system times a connection which does not have
tensor properties. If the metric temsor of the erystal, whether under stress
or not, is symmetric (indicating only elastic deformation) this connection
is symmetric and shows no tensor properties whatsoever. However, if the
metric tensor which describes the original configuration before parallel dis-
placement is not symmetric, the connection is not symmetric. Under this
condition the connection may be uniquely decomposed into a symmetric part

which again has the properties of a connection and an antisymmetric part

which is an antisymmetric tensor. This tensor, which is called the torsion



(3)

tensor after Cartan, becomes an important quantity in describing the
nature of plastic deformation.

To describe the deformation of a medium with dislocations, the connec-
tion and torsion temnsor must be evaluated.

Consider a solid body which is defined in a reference Euclidian three-
space. If the body is a perfect crystal, i.e,, no imperfections of any
nature are present, a Cartesian coordinate system may be attached to the
medium. Under external forces, the medium goes over into a strained configura-
tion. Tne Cartesian coordinate system maps into a curvilinear coordinate
system. If the basic vectors of these two coordinate systems are denoted by

x; for the Cartesian system and N for the deformed system, metric tensors

for these coordinates may be formed.

81y = X3+ X; (I1.1.1)

gij = & 'Ej (11.1.2)

If the length of an element of arc in the original and deformed systems

dsg = 6ij axt axd (i1.1.3)

ds? axt axJ (II.1.4)

gij

are compared;

ds® - ds? = (gy ~8,,) axt axd (IL.1.5)

The elastic strain tensor is defined naturally by

1
€438 (gij =84 4)



If, however, the deformation occurs in a real crystal or in a poly-
crystalline aggregate, two sets of basic vectors are available. The first
set in the Cartesian reference frame X, The second set of basic vectors
is given by the basic vectors of the crystal lattice, denoted by‘g)‘. If
there are no imperfections in the crystal or no grain boundaries, these two
sets of basic vectors are identical. However, if the ctrystal is not perfect,
either initially or at some later stage of the deformation process, the
unique one-one correspondence is no longer there and these two sets are
different. It becomes apparent, then, that the description of the deforma-
tion process is different in the two coordinate systems. If the deformation
is described with respect to the Cartesian basic set, the total macroscopic
strain will be shown. If the second set is used, the strain that is shown
would be just the elastic distortion of the crystal.

Comparing these two, the difference in the descriptions should give a
measure of deformation introduced by non-elastic means, i.e., the imperfections.

This difference for the displacements is established by considering an
integral expression around a closed path in the real crystal and the corres-
ponding path in an ideal or perfect crystal.

If dM represents a vector from xi to xi + dxi, then in terms of the
lattice basis

a = "k (I1.1.6)

where

B k i .k L 1
@ = | —f| a7 = Ay dx (IT.1.7)

10



is the Pfaffian. The expression in the brackets may or may not be integrable.

The change in the lattice basis vector is

k
9 &k w A:w‘uI’kMﬁk

ook o1
de, _ & AT 750

7
where the IJ{Xy, is the connection of parallel transformation from_z_ci to Y
k kv
r B =-% & (apgvk + axguv - avgyk )
then

o - M- L U
B

Consider the expression

02M 3
dxtox

If the expression

0*M oM 0%M o
axiaxj Bijaxi - Bxliaxj]

the deformation is compatible, i.e., there are no imperfections in the

crystal.

11



Now

g%f = e Ak1 (I1.1.12)
S;;(.Z%{) = -Z-i"-lg AkJ. + ey ad Aki where bj Aki = ;{;—1- (11.1.13)
= £ —gk— 1\}"j + e BJ. Akj (T7.1.14)
= e [ka,u A“’J. A>‘i + BJ. Ak'i ] (II.1.15)

If the vector dM is integrable around the closed path
i k A
3. Ak _ 5, Ak, + K A _ar or aF, A j=0 (I1.1.18)

If the vector dM is not integrable around the closed path in the

imperfect crystal

°M

kK u A
= r A A
el T = [ [ual 25

k
1+ o1t 1 (II.1.17)

The non-vanishing connection rk[#x] is

k _ i J k
Tl = A u A% 9h e (11.1.13)

12



The component of normal curvature has been expressed in the original Euclidian
coordinates, A similar expression may be derived for the normal curvature of
the nature or lattice basis.

o%e K

—F2r= 4" a0 K 4 P k., 4y P K _
e v Sl MR (BT # Tyt + Ay BTOART ) (IL1.19)

Computing
ngx
bx[beT]

d%e

ax[Jaxf‘]: 3 5 Vik (1I1.1.20)

Thus the antisymmetric part of the connection is not zero. This portion
has tensor properties unlike its symmetric counterpart. Denote the tensor

(the torsion tensor of Cartan), .

k - k
] =5

r
Since the basic mechanism of plastic deformation in the theory of Taylor
involves the effects of a dislocation and/or the formation and transport of
these dislocations through the medium, the question may be asked, what does
this three-index tensor have to do with the deformation? Obviously, the
formation and movement of the dislocation is not included in the formulation.
Thus, this description must describe the dislocation itself.

The topology of the crystal is indicated by the difference in the outward

normal vector of the perfect crystal circuit and the outward normal vector of

13



the corresponding vector in the imperfect crystal. This is the Burger's vector,
which is defined as the difference between the outward normal vector of two
circuits in the material (See Figure 2), the first circuit being a closed path
in the imperfect material and the second the one-one corresponding path in the
ideal crystal.

Consider these two circuits in the reference plane and the mapped plane. (Fig.

The transformation from imperfect to perfect crystals consists of the

translation
AE = 2 skm wa? wy (11.1.21)
plus the rotation
Ae, = Rkv \ & o’ ot (I1.1.22)
il

Then a vector _§_k at x of the original frames goes into Ek after one circuit

in the perfect frame

14 k k A M v k A v s
E - e = R V[J.)\ _é w1 e + 2r [[J,)\.] (V2] [V]-) (II.J.23)

The Burger's vector is

b = Ek - £F (II.2.24)

The quantities rk & ffc 5 identify the torsion tensor and
[ur]

VA

curvature, which define the imperfection.

If these quantities are examined separately the physical interpretation

is obvious. Assuming that the metric is everywhere compatible, i.e., Pﬂ?vp%,==o'



o
Q JWB JWB o 0

-0

&

MU &
I KI 4 b b

Burger's Circuits Around a Dislocation
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k v U

k
b =238 py ©1 @2 (11.1.25)
Only two essentially different components, Sk 5 of the torsion tensor are

pv

noticed if the medium may be regarded as isotropic. (8112; 8212; 8312)

The‘torsion describes the local behavior. On the other hand, assume Rk

(See Fig. 4)

vux%'o

Then four cases arise (see Figure 5).

1., ® R

1217 122
2. R3121; R3122
3 R'1123
k. R3123

From the expression for the Burger's vector the first corresponds to the
slip of an edge dislocation not parallel to the edge, the third corresponds to
slip of an edge dislocation parallel to the edge and the second and fourth
correspond to the slip of a screw dislocation not parallel to the edge of the
screw, respectively.

The curvature term denotes imperfections in the large. (Figure 5).

II,2 The Dislocation Density

From the foregoing discussion, the curvature of the system denotes imper-
fections in the large. The torsion tensor denotes imperfections in the small
and actually refers to the dislocation, which is the basis of the theory of
plasticity. Noting that descriptions of plastic deformation usually do not
involve descriptions in the large and that the material that is being deformed
plastically maintains macroscopic continuity, the effects of a non-zero

curvature will be ignored, Attention will be focused on the torsion tensor.

17
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If the discrete lattice basis of the real crystal is replaced by a con-
tinuous lattice which has the same metric properties as the lattice basis,
certain additional relations may be obtained by considering the differential
relations concerning the Burger's vector.

The Burger's vector is

- 8 oMt (1I.2.1)

The differential expression for the Burger's vector is

k k 4
ey db = ¢ 85, dlo oM (I1.2.2)
Bilby(e) and Krc';'ner(lu) have demonstrated that this tensor may be written

as the curl of second order temsor if the torsion tensor vanishes at infinity.

Introduce the term Lkp defined by

kp _ PHV oK
L™ =€ S v (11,2.2)

where eP#Y is the Eddington number

1 even
eppvz -1 puv = Joad permutation of 1,2,3
0 otherwise
Then
g @ = Lkp_ep de, (11.2.4)

19



The quantity Lkﬁ)is a second order tensor relating the Burger's vector
to the natural basis and is called the dislocation density. An analogous
definition may be made with reference to the Cartesian reference basis. This
quantity coryesponds to the specification of an arbitrary distribution of dis-
locations in the medium.

The simple physical interpretation of the dislocation density is that it
represents the Burger's vector in the k direction from a single dislocation
which lies in the p directionm.

The dislocation density is treated as a continuous function, defined by
the limiting process above, Another interpretation which will have use in
the application may be obtained if the dislocation density tensor is obtained
by forming the torsion tensor around each discrete dislocation and then
forming the dislocation density by the same limit process. This results in
a sequence of non-zero values at isolated points. Then the complete dis-

location density tensor may be formed by taking the average value.

k
e _ b3 L(v) pcos Ky (x-‘L - xi(v))
2 cos ky (x1 - XT(V))

(11.2.5)

where L(V)kf)is the dislocation density associated with a discrete disloca-
tion v, ki is the reciprocal of the distance between dislocetions in the 1

direction, xi is the reference coordinate, and xi(v) is the coordinate of
the dislocation.

Passing to the limit of a continuously dislocated crystal

20



Kk _ ” Lkp(ki) cos (kixi) dk,
Lp=—Lm

i
[ cos (kix ) dk,

- 00
b

(I1.2.6)

The operational significance of a derivative of some quantity containing
the dislocation density in the reference plane now may be interpreted as

division by the average distance between dislocations.

II.3 Stress and Dislocations

The next step in the development of dislocation theory of plastic deforma-
tion is to derive the relation between stress, elastic strain, the dislocations,
and their relationship to boundary tractions.

The basic approach to the stress-dislocation relationship is made through
the following procedure. Consider a perfect crystal with no surface tractions.
There is no stress or strain in the interior of this crystal by definition.

Now insert a dislocation into this crystal, keeping the surface tractions
zero. Now there is a definite non-zero strain in the specimen. An inter-
nal stress which corresponds to the strain is generated. This is the
internal stress due to the dislocation.

To demonstrate this mathematically, the deformation must be viewed
from both the reference or macroscopic coordinate system and from the lattice
-of natural coordinate system. Thus the concept of shape or total deforma-
"tion and lattice defoymation is introduced.

From the definition of strain, the strain may be written in terms of

the connection and the basis vectors of the reference coordinate system

Ty = Pijk EF (1I.3.1)

21



From the above demonstration, the connection consists of a symmetric part
and an antisymmetric part, thus giving rise to pure strain and rotation.
The strain in the lattice coordinate system has a similar development

k v
Ty = r pv £ (11.3.2)

If this lattice strain is written in the reference coordinate system

(L) _ (L)1 [k
Ty =TT g X (1I1.3.3)
where the connection is given by transformation of coordinates.
Since the total deformation consists of the lattice strain and disloca-
tion, the deformation may be written as a sum

TT = T(L) + T(D)

13 1] 13 (I1.3.4%)

Introducing a similar connection for the deformation from the dis-
locations, it is readily seen that the connections are additive. The
symmetric part of the connection gives rise to a strain and the anti-
symmetric part to a rigid rotation. Since the components of this decom-
position are independent of the other component, it is evident that the
total strain is a sum of the lattice strain and the strain is introduced by
the dislocation.

To incorporate a discussion of stress into dislocation theory, it is

reasonable to assume that the stress is a function of the lattice strain

only. kg (L)
O3 = Mi5 " € kg (1I1.3.5)
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where M kt are elastic coefficients,

13

The lattice deformation is given by

i k

Ty = F jk X (1I1.3.6)

For differential increments of deformation

i k
dryy = Iy dx (11.3.7)
If the strains are small, the curvature is given by
i _ i _ i
R yyp = akr' Iy Bzr' 3k (11.3,8)

Associated with any Burger's circuit there is a change in lattice deformation

1 L1 kg
ATy = =3 Rigpy & (1I1.3.9)

where sz is the differential of area.
If the lattice strain may be written as a function of position, the

curvature tensor may be contracted

1

Rij= =% €ap “juv a_praﬁv (11.3.10)

where

A

Tapy = Ean r BV (11,3.11)

and € is the Eddington symbol. Since the lattice strain and rotations are
functions of the connections and since the connection may be written as a

function of a second order tensor

de(L)iJ _ _p(ij)k axk (II.3.12)
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ao (L) Pty ot (II.3.13)

1 (L)
FOyyL-Tyy+ €18 BB e’ /aj (I1.3.1k)

‘ .
The contracted curvature tensor is

L N
Ris = = €30p 15 2 O o ds ~€3ap 3 (64 = Typ)  (11.3.35)

If both the lattice strain and lattice rotations are functions of posi-
tion, the lattice deformation is compatible in the large and the curvature is

zero., If the linear elastic stress-strain law is valid, a compatibility equa-

tion between stress and dislocation density follows

0 0 5o 9 - II.3.16
“lap 376 5,8 57 86 T “Cgu oy Pt T Tap! (12.3:16)

Solutions to this problem for arbitrary surface tractions and boundary

conditions are given by the following procedure. For this it is assumed that

Denoting the right
(5)

hand side by nij’ the solution for the strain is given by

the right hand side is known as a function of position.

L _ 1 f ﬂij(r') -ﬂkk(r')éij av (II.3.17)

€ iJ On v (P - P')

Then the elastic stresses and strains for the perfectly elastic body of the

same shape subject to the same boundary conditions are determined. Denoting
this solution by e'ij’ the full solution is
(L)
= e! +
55 =gy * ey (11.3.18)
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II.4 Stresses and Moving Dislocations

The foregoing discussion lays a detailed foundation for the study of
plastic deformation. "The introduction of the torsion tensor as a measure of
the internal forces generated by a dislocation is a key point. This shows that
the existence of dislocations in otherwise perfect crystals is possible and
indeed quantitatively compatible with any discussion of inelastic deformation.

The foundation has been restricted to static deformation. As mentioned
in the introduction, the basis of Taylor's original theory was that plastic
deformation is basically caused@ by the movement of dislocations through the
medium under stress.

A natural generalization to this development then is to introduce a
quasi-torsion tensor which incorporates both the internal stress around the
dislocation and the movement of the disloeation.

Consider the following three-index quantity,

Kk
S _ 9%

BT axtax” (T1.4,1)

Let us examine the situation if several dislocations pass through a
unit volume, Initially the volume contains one dislocation, Define the

Burger's circuit as before. The tensor Hkul,is Just the torsion temsor

of the previous section.

k k
i uv - S 732 (I1.4.2)

Now allow the dislocation to move through and out of the volume element,
and let another dislocation enter into this volume and assume the same

position (see Figure 6).
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The original Burger's circuit has now become two separate non-closed
paths. The Burger's vector of the dislocation has remained unchanged.
However the displacement of the entire upper half of the volume is one
lattice unit. Denote this displacement by a vector fk.

The tensor Hk}wumay be written then in terms of this vector, which
has unit length per dislocation moved through the volume and the number of

dislocations.

k
Hk _ Sk of

v w * N g (II.4.3)
" X

where q,vis the number of dislocations that have moved in the yth direction.

k
, is the flux of dislocation in the v-th direction

This quantity,-nv
X

times the strain caused by the elementary movement of a dislocation in the
g=th direction.

It is readily seen that, if many dislocations move through the body, the
displacement arising from the flux term will be greater than the local strain
induced by the presence of the dislocation.

Thus an approximation for plastic flow presents itself. The local
strain field due to the presence of the dislocation is ignored and only the
terms arising from the flux of the dislocation are retained.

If the general flux term is treated as a generalized flux in the Onsager
sense, equations may be established for combined elastic-plastic deformation.
The force that corresponds to this dislocation flux is taken by analogy to
diffusion of point vacancies as gradient of the dislocation density.

The crux of the actual dynamic plastic mechanism is that the disloca-

tions move under stress, If the dislocation is viewed end on, the movement
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of the dislocation is analogous to diffusion under stress of a vacancy. It
should then be seen that the movement of a dislocation should be dependent

on the stress, the temperature, and the concentration gradients of disloca-
tion. Somgwhat heuristically, the movement of the dislocation will be treated
similarly as a diffusing vacancy. The dislocation will move if the vibration
of the atom on the edge of the dislocation is large enough in the direction

of the lattice imperfection caused by the dislocation. In addition, all of
the atoms along the dislocation must satisfy this requirement simultaneously.
The probability is affected by the neighboring atoms which must move away
sufficiently to allow passage of the atom. The probability that a dislocation
will move under an applied stress field, then, is a compound probability, com-

posed of the two factors:

1. The probability that one atom on the dislocation will move,
2. The probability that two .adjacent atoms will have the same
probability for a jump at the same time.

The diffusion coefficient of the dislocation may be written(ls)

D =Ta® (IT.4.4)
where” is the probability of a jump, and a is the jump distance

—_— U [y
T=7ve o/kT Tl e i/kT 801 Poi (11.k4.5)
i

wvhere?7 1is a weighted thermal frequency, Uo is the activation energy for the
atom which is going to jump, Ui are the activation energy contributions caused
by the neighboring atoms, 801 is the pair interaction potential, and Poi is
the probability that the i-th atom will be in the same jump configuration.

The barrier Uo is greatly reduced by a shearing stress. The probability of
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the neighboring particle being in jump position increases as the shearing stress
lowers its activation barrier. Assuming that the Ui are not affected by the
shear, an approximate expression for the diffusion coefficient may be written if
tYe barrier energy is a linear function of distance and Poi is expanded in a

Taylor series in the shearing stress. Retaining only the first term for Poi

-U
T
D=D e To (I1.4.6
o T
c
where
-U.
D = a%Ffle 1A{T g (I1.%.7)
o ol
i
T 1is the shear stress, 'To is the shear stress corresponding to a strain which

moves the atom to the top of the barrier.

Since - Uy -;8- T
A r B tT
r = 'U'-”— € goi 7 € O (II.LI-.B)
i . 0
T
-(UO+2U1) + -7-;;'

= V8 T ®

which is the probability, can never be greater than one, the diffusion coefficient

has an upper value D = Do when the shear stress is greater than T o

The effect of hydrostatic stress or pressure on the yield strength of the

material enters this 2xpression by changing the magnitude of the potential

barrier, To a first approximation.
ouU

U, (01 + ozt 03) = T  + < (o1 + 02 + 0s)

° 6(0'1 +0o> + 03)




vhere 03+, 02,03 are the principal stresses and oy +0z +03 1s three times

the hydrostatic pressure.

The exact form of this change may be quite involved and is not considered
here. ‘

A great number of dislocations are contained in a typical element of volume.
The orientation of these dislocations for motion may be considered as randomly
oriented. If this is the case, the macroscopic or effective diffusion coefficient
will be different than the diffusion coefficient for a single dislocation.
Assume an element of volume with applied stresses. Orient this volume so that
the maximum shearing stress is along the X-axis. Denote the orientation of

the dislocation movement line by © measured from the X-axis. (Figure 7)

/Orientation of Disloeation

J1

~

x A » ‘max

Figure 7

Since the shearing stress is zero for O = h5°, there will be a restricted
zone of orientation of dislocations that will move under this stress, say up to
¥,¥ < 0. Then the macroscopic diffusion coefficient is given by averaging the

component of D along the X-axis over all possible orientations. Then

(11.4.9)
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where D is the macroscopic diffusion coefficient, and Do is the single dislocation
diffusion., For ¥ < 45° the value of EE%#L is between 0.9 and 1.0, Thus, for

the purposes of this paper'ﬁ will be taken equal to Do'

The equation of motion for the elastic plastic medium may be written

ov oo
i iJ
P—== -7 II.4,10)
ot ox (

where vy is the particle velocity in the i-th direction.
The equations of motion for an arbitrary body referred to a reference Cartesian

system may be written

i3 dvy

= —_ T )
Ty TP T (FT.4.11}
whereoij are the contravariant components of the stress tensor given in the local

metric; 1j refers to total covariant differentiation, p is the density and %% is

the total or convective time derivative, The total covariant differentiation is

defined as

Sd 13 7, a1 mn

S + I 0 (I1.4,12)

39 7
where the comma denotes partial derivatives andI’imn is the convexion of the
metric space. In the case of dislocations, the metric tensor that describes the
space is given by the lattice unit vectors. In the case where no dislocations
are present, the lattice vectors coincide with the Cartesian reference system
and the connexion is identically zero. If one or more dislocations are present,
the lattice is distorted and the connexion is given by the Euler-Schouten tensor,

i
T n = Simn' If a dislocation has passed through an elementary volume in the

. original crystal lattice, the original coordinates are displaced by an integral
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number of complete lattice units. This displacement is described by
F'oo=N & (11.4.13)

where Nh i# the number of dislocations that have passed through the elementary
x*
volume in the m-th direction and-——ﬁ is the projection of this displacement in

ox

the i-th direction. If no dislocations are present, the lattice metric coincides
with Cartesian reference metric and the comnexion is zero. If a dislocation is
present, the comnexion is given by the Euler-Schouten tensor. If a dislocation has
passed through the region under some force and is no longer present, a residual

three indiced tensor Fimn demonstrates that a slip has occurred. The resulting

connexion is the sum of these two connexions

rt=st +F (II.4.14)

The amount of deformation due to the presence of a dislocation is small com-

pared to the translatory movement caused by the passage of dislocations.

Now examine the contravariant derivative of the stress tensor

i3 _ i3 i _mn
o= 00 g +F mn© (I1.4.15)

If there are no applied surface tractions the stress at any interior point of
the body is due to the elastic strain surrounding the dislocations. If this stress
state is unstable thermodynamically, the dislocations will move. If the surface

tractions are zero

ot 4= 0 (I1.4.16)

and

o, -F M (TI.4.17)
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Thus a stress gradient on the interior of the body exists due to the moving
dislocations. Since Hooke's law for elastic strains has been assumed, addition
of surface tractions to the body adds stresses linearly to those in the body due
to dislocations. Define now a stress tensor

gtn _
which denotes the stress due to the dislocations only, then the equation of
motion may be written

dotd 3™ vt

— - = p — IT.%.18
= ox® ot (1T.4.18)

The other equations necessary to complete the description of the deformation
process are derived from energy and entropy considerations. Physically, it may
be expected that the equation for motion of dislocations through a solid body will
obey a diffusion equation. To investigate the transport properties of the disloc-
ations, we note that the change in energy during this transport is proportional to
the time rate of change of the total strain. Similarly the energy change may be
written as a change in the connexion with position. Equating these two quantities
should lead to the subsidiary equations necessary to complete the description of
the motion.

The energy equation may be derived as follows: We consider the following
differential expansion for the internal energy in terms of the lattice strain of

the dislocated crystal,

dE = Oy GE4 Tds (I1.4.19)

where E is the internal energy per unit mass,O'ij is the stress,"iii:j is the

lattice strain and S is the entropy per unit mass. The strain may be.decomposed
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into parts arising from surface tractions and the dislocations.

The lattice strains due to the movement of dislocation may be written as

deij =F jk ax (11.4.20)

where g§k is the basis vector.
If the strains are small, the strain may be written as

i i k .1 i k 1
de, | _alek -akFij & ax” =R g, dx dx (IT.k.21)

Since the medium under consideration is isotropic, we may contract the

curvature term.

k .k
= R = -
deij i jkk B dx €5 mn €isp O On ®np
<. 3 (& L-L ) (1T1.}4.22)
“Jm¥m *Yin in
where €ijk is the Eddington permutation symbol and Lin is the dislocation density.

If the reversible part of the strain energy is subtracted from the energy equation

TdS; oy = €jmnam (&, L -Ly) (II.4.23)

Since the process is diffusive in nature, we postulate

3251 pp 31 pr
DT —Tx =T ——
Ox - dx ot

where D is the stress dependent diffusion coefficient for dislocation movement.

Inserting this expression for entropy and contracting indices

D

9 = o (6ij L - L) (II.4.24)

82
(6,, L -~ Ly >

x2 = *J
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The dislocation density is proportional to the plastic strain as a first approx-

imation and thus

02 €. .
D =J = S €,
axFoxk ot 1d

Resolving the strain into hydrostatic and deviator components

= +
eij 6ij 2] dij

and adding and subtracting

|
®

82
D k% 11 T — &4
* dxax+T ot 11

Dz ‘“{;iiz dgy = o d 5
Ox - Ox J ot J

The equations of Motion are

Boij . asim _, Bvi
ij me ot
> 9
D1 V° €44 = 30 it
)
Do V2 d,, = — .
2 13 = 37 914
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(I1.4%.27)
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(1I.k4.29)
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III.

Impact Plastic Deformation of a One Dimensional Rod

The first problem to be solved for dynamic plastic deformation is the case

of a one dimensional rod impacted at the end. The rod is considered as a con-

tinuum extending from O to infinity in the x direction. A load is applied at

the end x = O and is given by ¢o (t). . &

The equations for one dimensional dynamic plastic deformation, where the

elastic strain is considered to be linear, are

0%u 9o d2u

——— o — e

ox®  dx P ot?

u _ 3%

3x®  dxdt

where M is an elastic constant

O

is the density

is the displacement

d%u du

sﬂ,-———+ﬁ_

ox? ox

(111.1)

(111.2)

is a diffusion coefficient and
is the plastic driving force or the stress due to the dislocations

defined by expanding this as a Taylor series in the total strain

(111.3)

and o and B are the constants relating the stress and dislocation density.

a,p and D are dependent upon material, temperature and stress configuration.

T
D= Qo?-exp(-

(o]

AH
RT

+ ,—I-—) T c (TII.4)
C
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T
fi
™
&
m

T>T = T =
o ¢ RT (I1I1.5)

where T71is the maximum elastic shear stress. In this problem which is a case
of plane strain, the lateral stresses are prescribed and thus the maximum shear
stress in these expressions may be replaced by an equivalent expression in the

elastic strain.

The first of the equations represents the balance of the forces due to
elastic strain particle acceleration and the dislocations, and the second equation
represents the dissipating of energy by motion of the dislocations through the
cr&stal lattice. The energy that is dissipated shows up as thermal energy in the
crystal. The internal stress or body force due to the bresence of the dislocations
is called the plastic driving force.

The diffusion coefficient may more accurately be called a kinematic viscosity
but this distinetion is semantic.

Thus the first equation may be written

M Fu

2 2
D +2Sh LU o (1I1.6)
W% P x® P32 2
Multiply the second equation by A= ,:—D
3
i Otdxs

and subtract from the first equation.
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Then

c2u _pofu_ 3% _, d%u (T11.8)
oxZ p ox® ot2 oxot
or u _ o2 0%ul , fy 9% B8 duj_ (111.9)
ot® ox? dxdt  pD ox?®

The first term in this equation corresponds to the elastic wave equation.
By itself an undamped linear elastic wave would propagate down the rod.

The second term is the contribution from the dislocation movement.
Rewrite the second term as

o) du , B du
A [, u
ox ( ot  pDA Bx) (111.10)

Since )= E%i the term becomes

A9 [ du, BDdu (ITI.11)
ox | 0t a Ox
Now the differential operator in front of the brackets may be interpreted
as division by the average distance between dislocations.
o A a

>y _a.; - ;1. = poDod (111.12)

A
2| =+ a D= (111.13)
d ot ox
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However Rg may be interpreted as the velocity of a moving dislocation.

.A’ a_u+vau

- I1%.1h
d\ ot ox ( )
The differential equation of motion may be written
2 2 3 >
O%u _ oz Q%) A du, b _ g (II1:15)
ot® ox? d\ ot dx

Consider the problem under the restriction ¢ > v >-c, v > o. This is a

y (24)
problem which has been investigated fully by Whitham, The boundary condition

is given
P=p(t) t=0 x=0
N
-—Q—z u=o t=o x>0
ot

The second boundary condition, which is normally the displacement at in-
finity for the elastic wave propagation in the rod, is modified here. Since
the plastic deformation is caused by freeing of dislocations under stress or
strain, the other boundary condition must be given as a function of the incident
stress wave, This condition will be explicitly evaluated later. It sufficies
here to state that the elastic wave from infinity is identically zero. The
plastic wave is caused physically by the movement of dislocations freed by the

state of elastic stress. This second boundary condition thus is an internal
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boundary condition and is treated as a free boundary on the elastic wave front.
The first boundary condition is expressed as a pressure or stress, This
affects only the elastic strain, not the total strain. The total strain is deter-
mined as the sum of elastic displacement and the flow due to dislocation movement.
If the pressure is held constant the elastic strain is constant. When a dislocation,
however, comes to the surface, an elastic rebound may be expected, and this re-
bound adds an elastic strain in addition to the strain aslready present due to
the pressure. Because of the continuum notation for dislocations this rebound
is very small for each individual dislocation, and is continuously spread out
on the boundary. It is therefore indistinugishable from the already present
elastic strain and can be safely ignored. This problem will crop up agein in
the two dimensional problem. There it will be stated that the stress due to
dislocations 1s zero on the surface.
The displacement at x = O is composed of two parts, the first is the elastic
strain and the other is the displacement caused by the movement of dislocation.

Thus the boundary condition may be written as a displacement

u=nu(t) = (t) + (t) >0 x =0

Yelas uplas

Denote the one sided Laplace transform of the displacement by

@
T (x,8) =s [ e -st u(x,t) at (111.16)
)

and the inverse Laplace transform by

st
1 e A
u (x,t) = e fBr ~— (x,8) ds (111.17)

where Br denotes the Bromwich contour in the complex s-plane, the s in the

denominator is the result of the Heavislde step function in the original two

sided Laplace Integral.
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The differential equation in the transform variable may be written

2
0x? d ox

The general solution of the transformed displacement is

~ -fl(s)x -fg(s)x

u (x,8) = A (s) e + A, (s) e - (111 19)

where fl (s), £, (s) are solutions of the auxiliary equation.

e*(2(s))? +(- 2 e(s) -s(s +3) = 0 (171.20)
For large s
' 8
fl(s) - y

8 (11T1.21)
f2(S) X + E

80 that for large distances from the end of the rod the first term represents
and elastic wave propagating down the rod. The second term represente an in-
coming elastic wave from infinity.
For small s
~ L AV
fl(s) =+ 2=

de

(111.22)
3]
fe(s) = - ';

The first of these corresponds to & boundary layer at x = 0. This boundary
layer expresses the difference in the actual displacement and the elastic
component. This boundary layer term is necessary to fully complete the boundary

conditions stated.

The second term corresponds to a "wave" being propagated backwards with the

velocity of a moving dislocation.
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The boundary conditions in terms of displacements may be further clarified.
The presence of a boundary layer at x = O implies that two boundary conditions
are necessary to specify the solution to the problem. The first of these boundary
conditions is given by the elastic displacement which is a function of the stress
applied at the surface. The difference between the actual displacement and the
elastic displacement is given by the boundary layer.

This added displacement arises from the movement of dislocations under stress
to the endsof the rod:. These dislocations must have a starting point for motion.
This starting point can be none otber than the front of the elastic wave, for
the rod does not know that the dislocations should move until the stress wave
arrives,

Thus the second boundary condition at the surface may be replaced by a
boundary condition along x - ct,

This boundary condition is just the displacement at the point (x,ct). This
means that the state of elastic strain on the interior of the rod determines the
movement of a dislocation at that point,

It is seen ther that the boundary condition that is applied at the surface
is just the elastic displacement. The plastic component of displacement there
is a consequence, rather than a restriction.

The coefficients Al and A2 are evaluated in the following way. Al is

evaluated by considering the boundary condition at x = O

@ -st
Al(s) =s [ e ue(o,t) at (T1r.23)
o
The coefficient A2 must be formulated along the characteristic x - ct
® st . :
Ag(s) =s [ e ue(ct,c) at (III.24)
o
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The displacement then is

u(x,t) = L / ll}e(o,s)eSt-f(s)xds + L f '&e(s,s)eSt-fE(s)xds (TTT,25)
2ri Br 2mi Br s
If this expression is now evaluated for large s

2
fl(s) S RS A ) & (ITF.26)
c 2dc2 a%s

Thus the solution along x + ct is

u(x,t) =u (t- 2—t) exp (- 2% x) [1+0 & (¢t -%)| (3TL27)
€ c i 2dc? a c

Since v is negative with respect to the wave front this solution is the elastic
wave at some distance from the end of the rod. The attenuation factor

AV
2
2dc

k =

gives the amount of damping in the elastic wave.
Inserting representative values of the parameters for stress loads near the

yield 1limit for the metal aluminum

A = & a = lOe/cm
pD?
D= lO3 cm2/sec p =2.7 gm/ch

v =D = II_O5 cm/sec
the average distance between dislocations 4 is taken as 10-6 cm and the sonic
velocity is 5.3 x 10° cm/sec.

Then the attenuation coefficient is

2 5
10~ (10°) = 6.5 x 10-6/cm (111.28)

o (2)(2.7)(10'6)(5.3 x 105)2(10 + 6)
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(5)

which is in reasonable agreement with experimental values of internal friction.

On the other hand, if the expression for u is integratéd for large t away
from the elastic wave front, another wave front and the boundary layer will come
into prominencé. To evaluate the wave, consider the second term in the integral

expression for u.

u(x,t) == [ ue(—f-S) St Tp(8)xy, (III.29)
27i Br v
S

fy(s) =3

¢ (s . fa(s)x
r
X
u=—=" [ u(Ss)e ts - £,(s)f) ds (III.30)
2y By °©°

This integral may be evaluated by the saddle point method for t large. The

saddle point is at 8 where

X
1+f2 (SQ)E—O

The prime denotes differentiation with respect to s. The dominant term in the

expansion is

u (;g - x,t*) exp [t(52 +v% fé(se)]

27r(x-x*) f;(s)

u(x,t) = (III.31)

So
where x¥*, t* are the x, t points on the elastic wave front corresponding to
this wave,

The exponential term is greatest for fixed t if f2(52) = 0. From the

expression for fz(s), this occurs at s, = O
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Thus

1 G - Xh
u(x,T) = lim u

ferb 12,01 2

"

£, (0) =2 {e#v)(e-v)a (III.32)

ﬁgk

u(x,t) \—/&’"(Ve )‘2 f ue(ct,t) at

¢ -v )(x-x*) o

which is the value at the saddle point.

The propagation of stress wavesdown the elastic rod is seen to consist of
a damped elastic wave which propagates at the sonic velocity and a number of
dislocations which move backwards from the elastic wave front, carrying with
them additional deformation. The boundary conditions at the end of the rod
which are initially given as a single stress, decompose into an elastic displace-
ment given by the linear stress-strain law and an added displacement, given
mathematically by the boundary layer, which represents permanent plastic strain.
Nowhere in this solution is there a forward propagating wave that moves at a

velocity lower than the elastic sonic velocity.
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Iv. ©Plastic Deformation of a Semi-Infinite Half Space Under a Suddenly Applied
Load on the Surface

In this section, the solution of the plastic and elastic deformation of an
elastic half space with a continuous distribution of dislocations will be studied.
The problem will be restricted for mathematical convenience to the plane strain
problem. This corresponds to a load whose area of application extends to infinity
in the one direction and is a prescribed function of position in another.

The equations of motion are

Boi. os ov

J yim_ ,_ 1 (Iv.1)
ij bxm 3t1
2 I= e—
D, V 611 = 3t €11 (IV.Q)
Do V2 4, = 2 q, . (1v.3)
1) bt iJ ‘
Assuming Hooke's law for the elastic part
oij = A€ 5ij + 2“613 (Tv.4)
€, . = 1(u. +u, .) (1v.5)
ij 2 1,J Jdsl
dij = €15 = €xk %1 (1v.6)
where A,y are Lame's constants
Since the medium undergoing deformation is isotropic
s, =86, +t (Iv.7)

im im im
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Restricting the equations to the case of plane strain, the equations of

motion then are

oA 1 ot
VPu - (2n-1) — - = ==
ox p Ox
(1v.8)
C1 % 1% 1 %
g O9x ., p Oz c? Jdt2
V2w -~ (2n-1) oA _ 10t
ox u Oz
(1v.9)
_1%x2 1% _ 1%
g Ox L Oz cZ® Jdt®
2
2 o)
Dy V= €, = —a; €44 (Iv.10)
Dz V2 d O g
> 13 S_t; 1j (Iv.11)

Where u, w are the displacements in the x, z directions respectively,

A+ 2u n
u
and A is the dilatation

_|%u ., ow
x Oz

A=

These equations take on a more instructive form through the application of

potential theory.

Introduce the potential functions ¢, ¥, S, T defined by

u=ﬁ_§3’i+za_s-z§'_1'. (Iv.12)
ox Oz ox oz
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w9, %, ,08,,09T (Iv.13)
dz Ox oz ox

Differentiating the first equation with respect to z and the second with
respect to x, it is readily observed that the plastic driving stresses are

harmonic functions

t = oS _ nv? ¢ (Iv.1h)
oz
- or _ 9%
¢ = 9T _ V.15
XX 3z dy? ( )
o 2%
t = 9% Iv.16
Y 3z  x? ( )
2

XY 3y  xdy

Inserting these values into the equations, the equations reduce to the

following

1978 g (1v.18)

02 Btz

1

1 938

il (1v.19)
2

(e2v? - ) vy 4 (Dav2 - ) vy = 0 (1v.20)
2 t2 ot

(c2v2 - &) v2g 4 (0,72 - &) vep = 0 (1v.21)
1 dt? ot



wvhere ¢c2 = A2 c2_- UL
1 P 2 P

From the nature of these equations, four boundary conditions must be pres-
cribed for the free surface.

The first two equations indicate the propagation of two elastic waves. The
second pair of equations are the same form as the one dimensional plastic-elastic
wave studied in a previous section. We recall a theorem derived thereins the
derivative of a term involving the dislocation parameters may be replaced by

division by the average spacing of the dislocations
Dl
D div=y "=V ‘ (Iv.22)

where V is the dislocation velocity. Then the second pair of equations is identical

in form to the one dimensional case

2u2 3%\ o2 { él) 2 =
(cav " 5eF ) V¢ 4 (v2 grad - at) VY = 0 (1v.23)
32 d .2
22 - Z _ ) V39 + (v grad - =) Vo= O .
(01 302 ) (vi & at) (Iv.24)

The nature of these solutions is recapitulated here. One part of the stress
wave propagates at sonic velocity, the wave front being damped by the action of
the dislocations, The dislocations move away from the wave fronmt and further
displacement occurs behind the wave front and at the same time, the stress state
is relieved.

Here the only difference is that the non-elastic behavior occurs in both the
shear and dilatational modes. Since the diffusion coefficient that appears in
these equations is dependent on the maximum shear stress, more plastic deformation

is to be expected in the shear wave.
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A detailed solution is evaluated for a simple dependence of the plastic
driving force. In this simple case, the tensor components are all assumed to
vanish with the exception of the scalar term.

Under this assumption, the equations of motion for elastic and plastic defor-

mation of the half space are

2
_B__A_ - 1’. .ég = l__ _@_E (IV.’QS)

VEu - (2n-1
(2n )bx p ox cz ot2

Viw - ,{27)-1) = . = =2 (Iv.26)

p(t)v2 (a) = 2A8) (1v.27)

oz=1= (x,t) z =0 t>0
O‘:O Z=O tzo

= = >

T «z 0 Z 0 t~>0

These boundary conditions state that a surface traction normal to the
surface, given by PO, is applied to the surface, that the surface is free of shear
tractions, and that the driving force for plastic deformation and dislocation
movement vanishes at the free surface.

These equations are similar to the equations of motion for deformation of a
porous media. The following method of solution of these equations is by potential
functions and the transform calculus. The method of solution follows very closely
that of McNamee and Gibson(ls). Since the thermodynamic treatment of dislocation

movement indicates that the dislocations move at nearly a constant velocity when
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the shear stress is above the static yield stress, and that the velocity does not
depend on the magnitude of the stress above the yield stress, little dependence
on the transient inertial forces is expected. Therefore, the inertial forces are
taken as zero in the following development of the equation.

d%u 3w

ot?  9dt2

=0 (1v.28)

The solution of these equations means that a static elastic stress field is
established instantaneously after the load is applied. Then the plastic defor-
mation ensues.

The equationsof motion reduce +to

V2u - (2n-1) 9 _ 190 o) (1Iv.29)
ox p ox

VW - (2p-1) & _ 130 _ (1v,30)
0z i oz

D(£)v2(a) = 2B (1v.31)
ot

By differentiation of the first two equations,

vZ (o+2umA) = O (Iv.32)

so that, if S is a harmonic function of x and z

o= 2u (_a__s_ -nA) (Iv.33)

oz
Another potential function E may be introduced such that

A = V?E (Iv.34)
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The displacements u and w are related to these potential functions

u= 224z (1Iv.35)
: ox ox
OE 33

W= =~ — 4 2 — 4+ S IV. 6

dz oz (17.36)

Inserting these expressions in the equations of motion, the potential

functions satisfy

D (t) v* E=V? S% (Iv.37)

v2 S =0 (1v.38)

Utilizing the linear elastic stress-strain relations, the components of

stress may be written in terms of the potentials

J9%E 323 , a8

ox
== -z 24+ = Iv.
2u dz2 ax® dz (2v.39)
oz O%E 923 , 98

2u ax? dz2  dz ( )
T 2 2

xz Q°E , 978 (Tv.k1)

24 Ox0z 0x0z

S _ B nV2E (Iv 42)
2u oz

These expressions identically satisfy the equation of motion.
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Since the coefficient D is a function of the maximum shearing stress, it is
more convenient to.solve these equations in a non-dimensional form. The substi-~

tutions are

X = bx'
Zz = bz'
t = t'be/D

where b is a characteristic length dependent on the original load. This length
will be clarified later.

This substitution introduces a non-uniform time scale into the problem, but
will not introduce any serious difficulties. |

The equations for the potentials become

VEl 2 ¥ _g_g: (IV.43)

2

Vst=20 (TV.44)

The superscript primes will be dropped as no confusion will be encountered. The

boundary conditions become

GZ=PO(x’t)

g=20 z =0 t_>_0
T =0

Xz

The formsl solutions of these equations will now be developed by the integral
transform technigae.

Introduce the Fourier-Laplace transform of the potentialcs

E (&2z,p) = ‘j?e'pt dt Tcos (€x) E (x,z,t) dx (1v.45)
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g(ﬁ;z;p) = }" e Pt gt ? cos €x) 8 (x,z,t) dx (1v.46)
o o

The differential relations of this transform are

2’\ A
O°E_ _ g2 % (Iv.48)
O9E - ¢t E (Iv.k9)

where Es is the corresponding Fourier sine transform.

The transform stresses and displacements may be written

28

ox _ _9°E . .28, 985 (1%.50)

2u oz2 oz

6z .24 32§ . 38 .

— =€ E-z ——+— IV.51]

o 322 3z (Iv.51)

”" N\ ”

T OE oS

XZ s

2u oz oz ( )

6\ a’s\ 32 A

L .2 g - E%)'E V.53

2u 0z oz= (£v.53)

2 = £ 'ES -z € 'és (Iv.54)

A dE Bg A

W= =-—"4+2—~-S Iv.5%
oz oz (17.55)
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The differential equation for the transform potentials become

a2 82 PN
( -¢2-p) (—=-¢€3)E=0 (1v,56)
dz? oz2
52 o 2 N
( 57 " ¢ ) 8=0 (1v.57)
subject to the boundary conditions
~
g =0
A
3 z = PO (€:P)~
a z =0 t20
T =0
Xz
W0 as z > o

The :cners). solutions for the transform potentials mey be written

~2(g% + p)l/2

E - Al e 28 4 A‘,2 e (1v,58)

g B, e 2€ (1v.59)

The coefficients may be calculated by considering the values of the stresses

at the boundaries,

A
For SZ=POatz=O
A
Po
Alt’,a - Aaez - B1€ = - (IV.60)
7
For S=0atz=20
Aonp + By = O (IV,61)
A
For sz=0atz=0
Ai€ + Az (E%+D) /2 _ o (Iv.62)
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A
Thus P 2 1/2
Ay= - o2 _€in+_P)__ (1v.63)
? .
_ o &
Az —’ -Qﬁ Q (IV.6h)
7
_ o nEp
By = -z 130 (1v.65)
Q = -£2(6%p) /% + €4 & npe2 (1v.66)
If the change of scale
p = £%s
is made
3 1/2
A, = -0 _(148)77 (Iv.67)
2u  E3G
i
Ap = —2 (1v.68)
2ué=a
.‘;OHS .
Bl = - (IV'®)
2uEG
G = (14m8) - (1 + s):l/2 (Iv.70)

The tilde on the pressure transform indicates that the transform is exposed
as a function of the variables £ and s.

The potential transforms may be written

=~ _ 1/?
T - %o . f148)  ~z§ e =8 (14s) (Iv.71)
2u ¢3¢ ¢3¢
A ’50 s -z
S = --208 ¢ (Iv.72)
2ueG
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The original potentials are given by inverting the transforms

2y ) 1/ - we|
E=t 5P asy ‘o [—(.14"8%/2 28y e2E(148) | og (€x) dg
o]

Umui Br EZE
(1v.73)
st2t ® fl;:) se~Z6
s=-N— | &%67tas ; 0885 7 o5 (ex) at (Tv.74)
Umui Br o G

vhere Br denotes the Bromwich contour in the complex s-plane.
The components of stress and displacement may be formulated by inserting
transform potentials in the expressions for the stresses and displacements, per-

forming the indicated differentiations and inverting. After some manipulation,

these are
_oé[_ = _1-___ f estﬁz ds fn«P:) (1+8)1/2 -T)S(Ze-l) e-zﬁ
2 Ymrui Br ) G
/2

- _(1+Ts)_ e-zf;-(1+s)1/ cos £x dt (IV.75)
g 2 o _, 1/2
z _ 1 ! oSté as [ P o2k (1+8).
2p  Umpi Br o ° G

- Ll"'s)l/e + 18 (26-1) -26( oo (ex) ae (Iv.76)
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1/2
32 _ 1 o867 g % [(1+S)1/2e-zg (148)/
2u 41rpi Br o o

G
(Iv.77)
¥ —(1‘}8)1/2(}4- ‘T]Z&S e-zgjl sin(ﬁx) de
1/2
2 [ — - 1
u=—1 | 5% 45 Po[e 26 (1te) (1v.78)
2rui  Br o EG

= e-Zﬁ] sin (&éx) dé

1/2
o 1/2_-z¢ (1
we L [ eStE% 4o go[ (148)Y/ e;}& (1+s) (19.75)

+ nS(1+Z€%ail+Sll/2 e-zg} cos (€x) d¢

O

= T b e "% as ?o [E o2

Y, (1v.80)
2

l—(l+s)1 -z ‘(l+s)l/2

+ —c ¢ € cos (gx) d¢

For later convenience in discussing the dynamic stress-strain curves, the

formula for the linear strainaw/az is included

2
ow _ 1 [ eSte ds [
dz 2mui Br

[(14-.3)1/2 -nzés) -

L

1/2
- (14s) 728 (1+3) / l cos (£x) d¢ (Iv,81)
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These integrals will be evaluated for a particular load. The load is a
constant pressure on a strip of width 2b in the x direction on the surface t = O.
The load extends to infinity in the y direction. This load is applied suddenly

on the surface at time t = 0. Thus the pressure is represented by the function

g

. Po-l(t) x<b

= >
oz 0 x b

where 1 (t) denotes Heaviside's unit function
0 t<0
1(t) =
1 t>0
If the dimensionless coordinates are introduced with b as the characteristic

length ., the pressure is

SZ (EJO:P) = (1v.82)

I
O -8
o
H
&
—
8
elel
—~
P
M
(=]
-
ct
A
[¢]
[e]
n
—_
z
f<7}
‘a3

1]

Due to the complexity of the ensuing integrals, for arbitrary position, they

will be evaluated here for z = 0, x = 0. By the boundary conditions g, = P0
i

1;2 = 0. By invoking symmetry arguments on the horizontal displacement u, u = O.

The other integrals to be evaluated are

P__ st oo
W - og‘ e ds [ _53_112. de (1v.83)
27°ul Br G o 3
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and

with

sense, the order of integration may be changed.

where

f (1+s)1/2 + (n-1)s-1 st

Br G

i}+s)1/2—§;+sl

Br G

St as fm sinf d¢
0 4

ds f=° ﬁ?‘ d€  (1v.84)
o)

(Iv.85)

Since these integrals are convergent, either absolutely or in the Cesaro

P © .
W = on f S:erlg Il de

* sing [12 + (n-1) 1, - 13} e

The integrals may be written

1

pmr o
Po
2umr o &
P o0 i
sin
ST
_1__ f g__ ds
2nmi Br G
1 (1'}'8)1/2887 ds
21 Br G
ST
1 f e ds
2ni Br 8G

60

(Iv.86)

(1v.87)

(1v.88)

(1v.89)

(1v.90)

(Iv.91)



The evaluation of the inverse Laplacs transforms will be carried out for
the explicit elastic parameter ratio 7) = 1. This correspornds to an elastically
incompressible medium with Poisson's ratio 1= 0.5

The integral for Il’ is

1 & .
T, = f i) ds
17 om Br (14s) - (1+s)1/“
This complex integral has two poles at s = -1 and s = O and a branch point

at s = -1. Rewriting the integral

o]
L [(14s) + (1+s)1/"]eST ds
27l Br s(sel)

Il=

Applying the Laplace shift theorem

I, = ds
1 ol B£ 8 (8-1)
Then
I1 = e-7' e +e —erf Tl/
I =1 +erf A2
Similarly

1 + erf 71/2 + e T

I. =1+ erf 71/2
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The integrals for the vertical displacement and horizontal stress become

P oo :
w= -2 811216 [1 + erf (E,Tl/P)] dg (Iv.98)
um o
P © 2
ox _ o 1 sinf -t€% 4 I
Po m (ﬂT)L/z o ¢* ° (0.99)

il
|

P 0 . o .
M_ 0 L . f e 87t sing g (7 SING [y pe (%)) ae
oz wu  {m) o 2 o €2

(1v.100)

These integrals with respect to £ do not converge absolutely. However, these
integrals converge in the Cesaro sense and represent transform images of functions
which are finite for finite, t, z and x. To demonstrate the convergence in the

Cesaro sense, a term of the form — o sin is subtracted from each integral.

2
o £

These integrals then tend to a finite value. These integrals then exist as Cauchy

principle values and may be evaluated.

1 fw 8ing erf (gtl/e) d¢ = (m—,)l/zerf —15.742- Ei (—..—1.—- ) (Tv.1c1)
w O 2 2t It

[

® sing -£%¢ = 1/ £ 1 t .81 (- o
p (J; 2 e dg (wt) er (W) + 7 (4’0') (Iv.102)
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———— -

where -t

- E1 (-x) =F-§— at

X
si (x) =/ %-tdt
o]

Inserting these expressions into the equations for the displacement and stress

1/2 1/

E w= t f 1 - E1 (- i Iv.103
Po w T er (5?'72) ( Mt) ( )
g 1/2 1/2

X = erf 1 +7r/ t/ si (-1-—) IV.104
B ('2';:7‘2) it (Iv.104)
g oSu _ £ 1 + 81 (- 1_) (Iv.105)
B, er (21:1/2) ( p”

These expressions are plotted in Figure 8. The maximum shearing stress, by

symmetry given as
9% %]

T
max = ———2——9 (1v.106)

is also plotted.
The time scale is the dimensionless time scale. The actual time scale for

aluminum is plotted under the following restrictions, Uz > eoujyield and above
3 2
the yield shear stress D = 10~ cm /sec.

For short times after the impulse little plastic deformation has taken place.
Around 100 u sec the plastic deformation becomes appreciable and the decay of the
shear stress becomes rapid. The horizontal stress rises rapidlybapproaching the
value of the vertical stress. If the shear stress is allowed to decay all the

way to zero, then the horizontal and vertical stresses are equal and a state of
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hydrostatic stress exists.

The stress-strain curve that is observed dquring deformation under rapid
loading is not a unique curve. Its basic composition consists of two mechanisms,
the first elastic and the second dislocation motion. The first mechanism responds
instantaneously to the impulse while the second responds at a given rate charac-
teristic of the medium.

The nature of this stress-strain relationship may be reasonably expected to
vary at different points within the medium, since the original stress distribution
will vary, and thus the average motion of the dislocation will vary. The relax-
ation of stress within the medium is of course dependent on the movement of the
dislocations.

The stress and strain are functions of the dimensionless time variable

Dt

=72
a

tl

To convert from the reduced time to actual time, the dependence of D on the max-

imum shear stress must be known. This was derived in the previous section.

.I.JQ_'_T
I
:D_.-_-_T_ek ° T<To
TO
= >
D= DO T To

where'_ro is the static yield stress, k is Boltzmann's constant and T is the

absolute temperature. A representative diffusion coefficient is shown in Fig. 9.
Using the graphical solutions, the observed stress-strain curves were numer-

ically calculated. These are shown in Figure 10 for various times after impact.
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The stress-strain curve initially is a straight line corresponding to pure
elastic deformation at very early times. At later times the stress-strain curve
has a concave and a convex part. This is explained that below the yield stress,
the original elastic stress strain curve is followed. Above the static yield
stress, the strain component increases, but to a finite limit, while the stress
is meintained. At points away from the boundary, the stress will change as e
function of time in addition to the strain change. It is concluded that the
observed stress-strain curve is very much dependent on the geometry of the system
and where the relationship is measured.

Examine now the point on these stress-strain curves where the first con-
cavity appears., A sharp turn is hard to describe and for this particular set
of curves no actual sharp yield point is indicated. The two per cent offset
curve, as good a definition of the dynamic yleld point as any, is plotted as a

function of time in Figure 11.

68



Nl..

__%4_ 1
0Tt

LI

___d.ﬁﬁ LI i

mnoa

_______
ot

(o98) 2

I

TeTIa%ey UMUTUMTyY
(¥°8330 $2)

PRO JO HOTIBANG SWTL

SNEIdp
86831%g PToTx usxeddy

1T s3I0y

—ﬂﬂd Frrr
¢t

oT

m'

O.A~l

S33I%5 PIATX 2FI8lg
983I0c PTPTA OTWRIAT

1




V. Impact Plastic Deformation - Cylindrical Shell Approximation

The equations of motion tor dynamic plastic deformation are very cumbersome
when applied to a cylindrical shell. The difficulty is caused by the nature of

the transcendental integrands that occur when six boundary conditions must be

satisfied.

To overcome the computational difficulties, a shell approximation is derived
and the solution to the resulting set of equations is obtained. The establishment

of the shell equations is guided by the elementary three dimensional equations pre-

viously derived,

The three dimensional solution indicates that the physical parameters in the
equations of motion are the displacement gradientsk(whiah may be resolved into
elastic strains and permanent displacement gradicnts or plastic strain) tho
stresses associated with the elastic strain. and a stress associated with the

instability of the elastic strain configuration.

We therefore seek a formulation of the problem which will include the effect

of these parameters. To accomplish this, a variational technique is used.

The formulation of a variational principle needs expressions for the kinetic
and potential energy. No rigorous proof shall be given for the existence of such

potentials. Their justification is based on an appeal by analogy to the results

obtaized in the three-dimensional e,

As in the previous solutions, the inertia terms will be omitted. The stress

wave propagation across the thickness of the shell will be assumed to have occurred
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many times and a quasi-steady state situation to be established.

The potential energy of the deformed shell consists of the elastic strain
energy

2= (o]

)=

1j €1 (v.1)

where Uij is the total stress and €ij is the geometric strain plus the potential
energy due to the plastic driving force minus that plastic energy which is
dissipated by the diffusive flow of dislocations. Since the plastic driving force
in the three-dimensional equations is satisfied by a potential function, it is
assumed that the potential energy associated with it may be written analogously

to the elastic strain energy. The gradient of the plastic energy dissipates itself

by the diffusive mechanism. Mathematically this may be formulated

=3 ——— V.2V
V=3+25 oM (pi‘ ) at (v.2)

where M is a stress modulus which is taken as the yield stress in compression and
D is the shear stress dependent diffusion coefficient for movement of the disioc-
ations. A simple behavior of D with the maximum shear stress will be assumed. If

the shear stress is greater than the static yield point

If the shear stress is lower than the static yield point

D=0

Consider an infinite cylindrical shell of thickness h whose middle surface
radius is R (Figure 12). The coordinate system is cylindrical polar. The form~-

ulation of the present equations is restricted to the case where there is no
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Figuri: 12

Geometry of Cylindrical Shell



displacement or variation of stresses in the direction of the generators, i.e.,

9 .
u=0g- =0. (v.3)
Using the classic approach to shell theory, the only strain term that is considered
is the strain along the middle surface in the tangential direction 60. The strain

in the radial direction is assumed to be negligibly small, as is the shear strain.

The linear approximation to the elastic strains and stresses will overestimate
the elastic displacement. This error is not serious in the computation of the
plastic strain as the main influence of the elastic stress state is to drive the
plastic deformation at a given rate. The primary information needed about the
elastic stress is to know when this stress exceeds the static yield condition. The

strain is expanded as a function of the strain of the middle surface plus a linear

term in r (7)

€= € -3 XgT (v.4)
€, =% 5—‘5 - w) (v.5)
= (ae ae (v.6)

where v is the tangential displacement and w is the radial displacement. €
represents the membrane or extensional mode of deformation while-% X oT represents
the strain due to bending.

The elastic stress is given by

= » € (V..'—I)

where E is Young's modulus

and v is Poisson's ratio

73



The total stress is the sum of the elastic stress and the plastic stress.
o = —E—2 €~ P (Vv.8)
1-v
The plastic driving force gradient is assumed constant across the thickness and

the radial gradient them it zero.

([}

p; ;2§ g+ D) 6v.9)

The potential energy may then be written using subscripts to denote

lifferentiation.
r, 27| (vp -w) 2
E 2 2] r
V = +—E(v + w,.) | Rdrd6
2(1-1)?) fl o R 4R & 00
r 21 -p_
[ 2 lR (v w) + 5 p(v6+ VGQ] Rdrdo
r (o]
1
r 27Tr D Tt 2 -!
+ 2 [T == 1" (pg+p) at - & |Rdrad
r, o |2R"Mo J
1 N
m
= - [2 FwRd 6 {v.10)
0

where F is the applied pressure in the inward radial direction.

Carrying the indicated integration with respect to r

. 3
E 2n{ h 2 n 2
V = ————e I — (V - V) + (V + W ] Rde
2(1-%) o iRQ ® 1oRF O 0o

2
o L 2R

- 2
o Dh_ ,t 2 h
+ f—g—-j (p+p9)dt~-2—£—}}2d6
o i2ZRM ©
= - 12" Furae {v.11)
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The differential equations of motion are evaluated by minimizing this integral.
Applying the principles of the calculus of variations this is straight forward and

the resulting equations are

~ 3 b~ ~3 2
ah Dh Dh Dh h .
DR Veo* =3 Vo6~ R Yot 3@ ™o "2RPe=0 V12
12R R _
N 2
ah ‘Dh3 ah h3 h
D=w+——> w D= v, +=—1v + hp - S Pyy + FR =0 (V,13)
R 12R3 (22 212] R o 19R 606 2R “60
h2
‘h(vO"V) 'E (Ve'*‘Vee)
t
Dh - . BPR _ .
with D = —= 5
(1- v?)

Introduce now the dimensionless displacements

' v 3
V' =g (v.15)
W
L4
' TR
and the dimensionless time
Dt
t' = (V.16)
R

The equations may now be written. The third equation is also differentiated

with respect to time

[

D, (v‘ee- w’e ) + D, (v'99+ w'eee) -(D3 + Dl&) p'e 0 (v.17)
Dy (w' - v 6) +D, (v om0 + Vieoo ) + D3 P' - D), plgg + F' =0 (v.18)

-D3 (V’ et - w.t) « Dh_ (V’ et + w'eet) + DS (p'ee+ 2p9 + P) = D6 P't = 0 (V¢19)
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where

E
D, = —
1717

D. =D h2 = Eh2

2 1 yop2  1p(1-A)R°

D, =1
3.
h
D, = 2%
1
D5 =%
1
D¢ = u

The primes will now be dropped as no confusion can arise.

Solution

The solution to these equations will be sought in the transform space.

Denote the ILaPlace transform of the variables.

@(s,0) =1 ety (t,0) at (v.20)
o]

?(s,0) =7 et v (¢,60) at (V.21)

P(s,0) =F &% p (¢, 0) at (V.22)
(o]

Assume that the transform variables are separable and expand them in a

Pourier series.

[ ]

v (s,0) = n=2(:) Qn (s) cos n@ (v.23)
oo

? (s, 0) = n=2‘0 ";n (s) sin n® (v.2h)
oo

P (s, 0) = n% ’i)n (s) cos nf (V.25)
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Utilizing the transform relations for derivatives, the equations in the

transformed variables may be written

1

2 ~ ~ A
-n (Dl + D2) ?n + (nDl + n3D2) wo+n (D3 + h) P =0 (V.26)

13 (v.27)

n

(-uD, - n3D3) "}n + (D, + nl*De) ’v}n + (1)3 + neDh) ’f)n
-ns (D3 + Dh) Gn -5 (1)3 + nzDh) ’ern + (sD6 - (n+ 1)21)5) ’f>n =0 (v.28)
where
[
f‘n (s0) = s ﬁn (s) cos no (v.29)
is the LaPlace Fourier transform of the applied pressure. The three equations

are now reduced to a set of algebraic equations in the transform Fourier coefficients.

Using Cramer's rule

2 2
7_n2 (Dl D + D, DS) s+ n2 (1)3 + Dli)2 + ne Lnl 1)5 + n° (nH) D, Di)l
Fay \

g =-F V.30)
g n( 3p.0,) 3p.p 3 (aB)® D, D
nD D, +n s -~ n +n
¢ =F 16 26 12 2_2 (V.31)
n n A
where
-n2(D +D,) nD + oD, n(D_ + D)
1 2 1 2 5 L
- 3 k )
A= -nDl-nD2D1+nD2 D3+nDl+
2 2
-ns(n3 + Dh) - s(D3 + n Dh) (sD6 -(n+1) DS) (v.32)
[, 2 2 2 2 2
A = L(n +1)D1Dh + (n '1)D1D2D6 + 2D1D3Dl+ - (n"+1) D,D,
2 2,2 42
-2n D2D3Dh] s -(n+1)° (a°-1)° DD,D, (v.33)
For shells
D, >D,
and for most materials
D2>>D3>Du
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Thus the expressions for the displacements may be simplified

R [ -n° (D,Dg)s + nl‘nln5]

n n (n2—l) D1D2D63(s- Vn) (v.3k)
. n(DlD6)s -n DlD5 |
noon (n2-l)DlD2D6 (s-7,) (v.35)
where Y, = ('n'+1)2 (v.36)

These are the general transform solutions for the Fourier coefficients for an

arbitrary applied pressure. A special case will now be examined.

Let us assume that a radial pressure of uniform magnitude is applied over

a region of the cylinder surface and zero is outside that region (Figure 13),

=
L]

F(t) - a = 06sa

=0 elsewhere f(V.3T)

The Fourier cosine expansion of this pressure is

o o0 Bl

F(6,t) =F (t) [£+% = cos n@ 1(4..38)
° mm n=1 J

sin na

The time dependence of the pressure on the surface will be a decaying
exponential

F = Fs e i (V.3

.
0
~—

The LaPlace transform of the series is then given by

F ® |
o 2 sin na i
ﬁ(s, 9) =;-B [?T-’.-;T n§l 5 ©os nGj (% 40.)

The transform:zof the Fourier coefficients then are given by
n3 1l
~ _2F _ .3 . a
D2 §o=4 no (ns - n’) sin n2 (V.4
(s-7,)(s-B)(n"-1)
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D T =- F, (s-n3) sin nQ

2 (s-y ) (s-B)(n"-1) (V.k2)

Inverting these integrals

ct+ioo

v (t)7= 2—1;]1 c{iw % (s) 5% as (V,43)
c+i_°°_A .
vn(t) = E%r—i C{im vn(s) St as (V.uh)

by the values at the residues of the integrals

2 ) - t

P (v,k5)
=< v, ) '
F 7(n"-1) B-v B- v,

2 2. e 2. .
'])_2- v (%) =2 s;n na gp -n h)e E - _Yn ‘n)e' 2 (V. 46)
FO n 'n(n -l) ﬁ ’Yn ﬁ ‘yn

These results will be regrouped to indicate the elastic and plastic
components. To show how this is done, consider the case of the Heaviside unit

pressure pulse i.e.,f =0

i 2 2
. -n"y (n"y-v) _
-Dg v (t) - 2n Zln na n + n n e ‘ynt (VJ&?)
F n m{(n"-1) Yn Yn
or
Dy oyt = 22.%%9.29 [- e Tn® . 2 (1-_e""nf‘)] (v.18)
Fo n (n"-1)

At the instant of applied load no plastic deformation is present. Only
elastic deformation can account for the initial displacement, At later times the
elastic deformation decays and the plastic deformation increases as the dislocat-

ions have a chance to move. In the above expression the first term has its
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maximum value at t = 0, and thereafter decreases while the second term starts
at zero and increases with time, Thus we identify the first term with the
elastic displacement and the second term with the permanent or plastic displace-

ment, (Figure 1k4).

Taking a finite value of B, the same regrouping may be made.

-pt ~Y. t 2 _
D2 W (t) - 2n sin no & —‘yne o - Ynn(e & - fynt) (v.u9)
Fol (1) P P
D (t) 2 sin na pe P —yneynt y.nnz(e-ﬁt- <"n" ( )
v(t) = -= - V.50
fi n ﬂ(ﬂin B-yn B-%

The solution for the zeroth mode requires special handling. This mode
corresponds to a uniform pressurc applied around the circumference. The transform

equations for the radial displacement and the plastic driving stress for this mode

are
D ’Go + Ds’ﬁo = i-‘o (V.51)
-s DSGO+(s Dé-Ds)'i>0=o (V.52)
The solution for 30 is
?’o ) F (sD,-D) v.53)

D (sD -D )+D2
1 6 S 3

Inserting the value for ﬁo

D -D
D ¢ e
aANZ=x s (V.54)
Fo sD D~ 2 (5-p)
6 s Dl
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Figure ika

Pressure Pulse on a
Cylindricel Shell

———

Figure 1h4b

Time Dependence of Pressure

g S
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Inverting and using the fact that D5 = D6
Dw -(1+6)t
—Lg = ('v —k:L_ - - € .
D32
where O = ==
Dle

For the particular example to be evaluated this term is small compared to the

higher modes and will be neglected.

The first mode requires special handling for solution. This mode corresponds
to the translation of the whole shell. No deformation is involved and therefore

this mode is not evaluated.

We will now investigate the qualitative behavior of the deformation modes.
The elastic portion, starts at some initial value and decays to zero in a finite
time. The plastic component starts at zero displacement and increases to a
maximum at the same time the elastic part reaches zero. The solutions beyond
this time are discarded as they imply that the plastic or permanent deformation
does work to increase the elastic deformation. However the plastic part indicates
an amount of energy which is permanently lost to the recoverable portion of the
total energy of deformation. The solutions after this critical time indicate
that this energy is recovered. Since we have made the identification of this
displacement with nonrecoverable deformation, the solution beyond the critical

time is meaningless.

The plastic deformation will increase until the maximum shear stress
decreases to the static yield point. At this time the plastic deformation stops

at that value. This may. be shown by éompufing the actual time scale from the
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h = 2ecm

R = 100 cm

M = 10 Kbars
E = 750 Kbars
D = lO3 cm?/sec

A uniform pressure of 100 Kbars is applied over a 60° arc on the exterior of the

)

shell, (Figure 14a) so that @ = 30°. The time dependence of the load is a decaying

exponential (Pigure 1k4b)
F=F Pt
o

In the actual time scale B is chosen as los/sec. In the reduced time scale

g = 10°

The elastic displacement from the zeroth mode is negligible compared with
the displacements of the second and third modes.

The first mode does not involve any distortion of the shell and is therefore
neglected.

We retain only the first two modes. The two modes n = 2,3 were computed.

The elastic portion of the solution for these two modes was calculated first
(Figure 15 and 16). The maximum shearing stress was calculated at a number of
points to determine the cutoff time, i.e., the time at which the diffusion
coefficient went to zero. The plastic portion of the displacement for these two
modes was calculated (Figure 17 and 18), and evaluated at the cutoff time. Table
I shows the values of the cutoff points, the values of the plastic deformation at

that time, and the computed values of the radial and tangential displacements.
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value of the dimensionlesé time
R2
= ' A
t 3(7_)- t (V,. 56)
When the shear stress is below the static yield value t = o,

To compute the value of the plastic strain, the time dependence of the maximum

shear stress must be known.

Now T= % Icrr— °6| (v.57)
- 50

where v is the shear modulus. In the shell approximation, the radial strain is

assumed zero so that

(v.59)

For very thin shells, the tangential strain is given by the membrane strain for

low modes
€g=Vg " ¥ (v.60)
For each Fourier component
€g 08 ne = (n vn-w) cos n 6 (v.61)
But
n T T (V.62)
Thus
T [e o]
— = ¥ w cos nf (v.63)
2p n=o °

A numerical example for the permanent deformationof a cylindrical shell
under a high, rapidly decaying load is given. For this example, a shell with the

following geometrical and physical properties is chosen
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R =100 cm

h= 2 cm

F_= 100 kbars = E/6
B = los/sec.

Figure 19 shows the shape of the deformed shell.

Since this computation retained only two of the terms of a slowly converging
Fourier series, the results show a great deal of wobble, particularly on the
backside of the plate. Estimating the value of the elastic strain to 30 modes,
the plastic deformation term is hegligible beyond 6 = 45°, Setting all of these
permanent displacements equal to zZero and retaining only the two mode approximation
to the plastic deformation results in a more physically realizaeble picture. This

deformation pattern is shown in Figure 20,
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.l

Pressurna Puw.se

Shell (Finel)

Shell (Initial)

R = 100 cn.

h =2 cm.

| ._._/ |

Figure 19

Permancie Deformation of a Cylindrical
Shell Under a Time Dependent Pressure Pulse ’

(Modes 2 and 3 only)
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Pressure Pulse

__+— Chell (Final)

Skell (Initial;

R = 106G cm.
h =2 ca.
F = E/€

Figure 20
Permanent Deformation of a Cylindrical
Sh=11 Under Time-Dependent Pressure Pulse

Refined Approximation
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VI Summary and Conclusions

The problem of plastic deformation under time dependent loads has been
investigated from the viewpoint that at least two mechanisms work simultaneously .
in this process of deformation. In addition to the usual elastic deformation,
further microscopic deformation by a specific microscopic mechanism has beer

studied. This mechanism is the motion of dislocations under an applied stress.

A set of equations of motion for a deforming body were derived under these
assumptions of this physical model. These equations, when restricted to hydrostatic
variation of the non-equilibrated driving force are identi~al with the equations II
of motion for a compacting porous medium. Formal solution of the equations of )
motion for a propagating stress wave where the material is stressed above the
elastic limit indicates that a damped elastic wave propagates at the usual sonic
velocity while further deformation occurs near the boundary due to diffusive flow

of the dislocations.

A detailed analytical and numerical solution for two problems involving
plastic deformation was carried out. The first problem solved was the deformation
of a semi-infinite half space under a strip load. The displacements, stresses
and total strains were analytically determined in integral form and were evaluated

for a specific point. Several interesting conclusions were demonstrated.

1l. The stress-strain curve that is observed is a function of time duration
of load, level and rate of applied stress and the geometry of the problem.

2. The dynamic yield stress is explained simply as the first noticable
deviation from the pure elastic curve. The dynamic yield stress is a result of

the process, rather than an explicit material property.

9l



The equations of motion were applied to deformation of a cylindrical shell.
A shell approximation including the effects of the dislocation movement were

established and a numerical approximation calculated.
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