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AT HIGH MACH NUMBERS

By lawrence W. Brown

SUMMARY

Linearized equations of motion were used to determine the lateral
stability characteristics of a high-speed airplane with aerodynamic
controls at a Mach number of 6 and an altitude of 125,000 feet. The
period and damping of the oscillatory mode, the damping of the aperiodic
modes, and the ratio of the roll angle to the sideslip angle were ana-
lyzed to determine the effects of the cross-control derivatives.

Results show that an increase in the roll-damper gein causes a
relatively large increase in the damping with a moderate increase in the
frequency of the Dutch roll mode as a result of the cross-control effec-
tiveness. This could cause critical ratios of the roll angle to the
sideslip angle if a negative effective dihedral exists. In addition,
when damper gains are relatively large, the cross-control derivatives
could overcome divergence that results from a negative effective dihedral
and a small directional derivative.

INTRODUCTION

The results of some recent investigations of the lateral stability
of high-speed, high-altitude airplanes show the necessity of auxiliary
dampers to make them acceptable for flight.

When dampers are added to improve the lateral stability of high-
speed alrplanes, the cross-control effectiveness may have a destabilizing
effect on the aircraft. Such occurrences have been noted in the Dutch
roll mode when roll dampers are added and in the spiral mode when yaw
dampers are added. References 1l and 2 present results which show these
conditions.



An investigation was conducted to determine the effects of the cross-
control derivatives on the lateral stability of high-speed airplanes for
different roll-damper gains and combinations of the directional-stability
parameter and the effective-dihedral parameter. The results are presented
herein as plots of the lateral characteristics against the cross-control
effectiveness, with satisfactory and unsatisfactory boundaries indicated.

SYMBOLS
b span, ft
01/2 cycles to damp to half-amplitude
Cy rolling-moment coefficient, Rolliggbmoment
Yawing moment
Cn yawing-moment coefficient, 450
Cy side-force coefficient, §i§5.§2£33
q
g acceleration due to gravity, 32.2 ft/sec2
h altitude, ft
Iy moment of inertia about the X principal body axis, slug—ft2
Iy moment of inertia about the Z principal body axis, slug-ft2
kg roll-demper gain, O%a/@ (variable)
ko yaw-damper gain, &,./¥ (constant)
M Mach number
m mass, slugs
p,r angular velocity of airplane about the X and 2Z body axes

q dynemic pressure %pve, 1b/sq ft
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S wing area, sq ft

t time, sec
tl /2 time to damp to half-amplitude, sec
to time to double amplitude, sec
v velocity, ft/sec
a angle of attack
B angle of sideslip
L] da
B sideslip angular velocity, Ty
Bq alleron deflection
&y rudder deflection
air density, slugs/cu ft
1) angle of roll
¢ rolling velocity, g%
. d2¢
¢ rolling acceleration, -—=
at2
v angle of yaw
dy
¥ yawing velocity, —
dat
.. a2y
v yawing acceleration, —
at2

ey, =

8" 3
¢y = X1
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Subscripts:
dyn dynamic
eff effective

Unless otherwise noted, all angles are measured in radiens and all
angular velocities are in radians per second.

RESULTS AND DISCUSSION

A typical high-speed research alrplane with aerodynamic controls
was used to investigate the effects of the cross-control derivatives on
the lateral stability. The flight condition was a trimmed straight and
level flight at a Mach number of 6 and an altitude of 125,000 feet. At
this speed and altitude the trim angle of attack was 20°. The airplane
was represented by linearized equations of lateral motion referred to
the principal body axes. The following equations were used to calculate
the lateral stability characteristics:

¢ i k1Crg? Ty “C1p,¥ - T C1gf = O (1)
qSb © .. gSb . qsb ~
ap-Cgrirp-Boeyp-
FP VB CyP =0 (3)

The airplane was assumed to have negligible natural damping. The
auxiliary dempers which account for all damping were represented by
introducing effective damping derlvatives which are defined by the fol-
lowing equations:

2v
Cy = = k,C (&)
( p)eff b 1 15&
) 2V
C = === kn(C
( Ir)eff b 2 7'51' (5)



2v

C =&SL k 6

(np)eff b F1lngg 6)
'l

(Cnr) gp = 5 E2Cng, (1)

Calculations were made to determine the period and damping of the
Dutch roll mode, the damping of the roll and spiral modes, and the ratio
of roll angle ¢ to sideslip angle PB. These lateral stability char-
acteristics were determined for a range of cross-control derivatives
Cnaa and Czar with the combinations of“cna, CIB, and roll-damper

gain k; presented in table I. A yaw-damper gain k, which provided
good Dutch roll characteristics for Cn&a = 016r = 0 was selected; this

value of yaw-damper gain (ko = 0.366) was maintained throughout the inves-

tigation. The airplane characteristics and flight conditions are pre-
sented in table II.

In order to define the characteristics of a satisfactory airplane,
references 3 and 4 were used to set up the criteria for the Dutch roll
oscillation and the ratio @/B. It was determined that the Dutch roll
characteristics would be satisfactory for l/Cl/2 20.7 and @/B <k,
tolerable for 0.7 >1/C)/, > 0.25, and unsatisfactory for 1/C/, < 0.25.

The demping-in-roll and spiral modes were arblitrarily selected as being
satisfactory for l/tl/2 21 and 1/ty < 0.1, respectively. These

criteria were used to establish stability boundaries (for example, see
fig. 1), with the region between the Dutch roll curve for l/Cl/2 = 0.7
and the damping-in-roll curve for l/tl/2 = 1 representing a domain of
satisfactory lateral stability. To show spiral divergence, the curve
1/tp = 0 is included.

Effects of Varying the Roll-Damper Gain kj

Figure 1(a) shows the satisfactory range of the lateral stability
characteristics for a roll-damper gain of kj = 0.05; this range is

limited mainly by Czsr/cn5r with little restriction from Cnba/blaa'
For a value of Cnba/blaa = 0.8, the Dutch roll oscillation is satis-

< so0.
factory for czﬁr/cnﬁr < 0.1, tolerable for 0.1 < Clsr/cnar < 0.25, and
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unsatisfactory for Czbr/cnar > 0.25. The damping in roll is satisfactory

( 2
for Cyg [Cng. 2 0-02 and unsatisfactory for Cls:-/cnar < 0.02. The
spiral mode becomes divergent for C-LSr/CnSr S -0.084 and reaches an
unsatisfactory condition for Clar/cnar < -0.36.

Increasing the roll-demper gain to kj = 0.2 (fig. 1(b)) increases
the satisfactory range of Cl&r/CnSr in both a positive and a negative

direction. With an increase in the damping of the roll mode, the damping
of the Dutch roll and spiral modes also increases as a result of the
cross-control effectiveness. As C“Sa/clsa increases, the range of

Cl&r/cnbr decreases for satisfactory damping of the Dutch roll mode.

To show the effects of C-,_ar/cn5 on the lateral motion, and the
r

change with an increase in the roll-damper gain, four sample points were
selected as shown in figures 1(a) and 1(b), and time histories were made
of the sideslip and yawing velocity responses. (see figs. 2 and 3.)
Figure 1(a) shows that a value of Czar/Cnsr = 0.3 with a roll-
damper gain kl of 0.05 is in an unsatisfactory range for Dutch roll
stability. The responses for this ratio (figs. 2(a) to 2(d)), show very
little damping in the oscillation of the sideslip and yawing velocity.

When the rudder control derivative C16 increases so that
r

Czﬁr/cnar = 0.06 (fig. 1(a)), the damping of the Dutch roll mode increases

and a satisfactory condition for lateral stability exists. The responses
(figs. 2(a) to 2(d)) show a satisfactorily damped oscillation for side-
slip and yawing velocity.

A further increase in the rudder control derivative CISr’ 80 that
Czar/cnar = -0.4 (fig. 1(a)), results in an unsatisfactory condition in
the roll and spiral modes. The responses (figs. 2(a) to 2(d)) become
divergent for sideslip and yawing velocity.

With an increase in the roll-damper gain to kj = 0.2, a ratio of
Clar/CHSr = 0.6 (fig. 1(b)) is a questionable value for satisfactory
Duteh roll stability. The responses (figs. 3(a) to 3(d)) show a demped

oscillation for the sideslip and yawing velocity but the damping is not
great enough to be considered satisfactory.



For a ratio of Czar/Cn5r = 0.3 an increase in the roll-damper

gain to kj; = 0.2 results in satisfactory lateral stability (fig. 1(b)).
The responses (figs. 3(a) to 3(d)) are satisfactorily damped oscillations

in sideslip and yawing velocity.
A ratio of Cqp /cn&r = -0.4 (fig. 1(v)) is also a satisfactory

value for lateral stability when the roll-damper gain is increased. The
responses (figs. 3(a) to 3(d)) are well-damped oscillations reaching a
steady-state value in 4 seconds.

Effects of CZB

Figure 4(a) shows that a negative effective dihedral causes very
little change in the CzBr/Cnﬁr range for Dutch roll stability when

k; = 0.05. The comparatively large value of Cp, reduces the adverse
effects of CzB > 0, as can be seen from equation (A1) in the appendix.
Equation (Al) is taken from the expression for the undamped natural
frequency of the Dutch roll mode.

A negative effective dihedral reduces the ClSr/CHSr range for

Dutch roll stability when the roll-damper gain k; 1is 0.2 (fig. u4(b)).

The comparatively large increase in damping with only a moderate increase
in the frequency of the Dutch roll mode causes critical @/p ratios,
as mentioned in the appendix; this limits the clsr/cnbr range for

satisfactory lateral stability.

Effects of CnB

Decreasing the directional derivative with a positive effective
dihedral (fig. 5(a)) increases the Czsr/Cnar range for Dutch roll

stability when kj = 0.05. The decrease in CnB results in more effec-
tive damping of the Dutch roll mode and an increase in the range of
satisfactory lateral stability.

A decreased directional derivative with a roll-damper gain kj

of 0.2 and a positive effective dihedral (fig. 5(b)) produces a large
increase in the Cl&r/CnSr range for the Dutch roll stability. The

satisfactory range of the lateral stability increases accordingly. As

NO O
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cn5a/czaa increases, the product CnS&Czar becomes positive, causing

a decrease in the damping and a small increase in the frequency oi" the
Dutch roll mode. (See appendix.) The result is a decrease in the
Cigy[Cns, Tenge for lateral stability.

For a decreased directional derivative with a negative effective
dihedral (see fig. 6(a)), the Czar/cn5r range collapses for lateral

stability. The dynamic directional derivative (CnB)d becomes nega-
yn
tive and causes divergence in the Dutch roll mode. (See appendix.) The
effective damping derivatives do not overcome the negative (Cnﬁ)d
yn

because of the small roll-damper gain. The stability boundaries of the
Dutch roll and damping-in-roll modes become almost coincident. The
reduced frequency causes large values of (/B for positive values of

Cigy/Cngy-

For a decreased directional derivative and a negative effective
dihedrsl, increasing the roll-damper gain to k, = 0.2 overcomes the

negative (fig. 6(b)). For positive values of Cnba/claa a

(Cng )
B dyn
small lateral range of Czsr/Cnsr exists for satisfactory stability

because of a negative Cnaacla , as shown in the appendix.
r

As C“Ba/czaa decreases, the product Cnbaczbr becomes positive

and the primary factors of the Dutch roll spring constant become nega-
tive, causing divergence. The increase in the damping and frequency of
the Dutch roll mode with the increase in the roll-damper gain reduces
the value of Clsr/CHSr for critical values of @/B.

The foregoing analysis considers automatic damping to provide satis-
factory levels of Dutch'roll damping. For configurations with low Dutch
roll damping, consideration should be given to certain roll-control prob-
lems experienced by the pilot (refs. 5 and 6) which impose restrictions
on the configuration through the parameter Cnﬁacla/CISaan'

CONCLUDING REMARKS

The lateral stability characteristics of a high-speed airplane
flying at a Mach number of 6, an altitude of 125,000 feet, and a trim
angle of attack of 20° were determined as a function of roll- and yaw-
demper gains and control-surface effectiveness. The period and damping
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of the oscillatory mode, the damping of the aperiodic modes, and the
ratio of roll angle to sideslip angle were analyzed to determine the
effects of the cross-control derivatives on the lateral stability.

Results show that an increase in the roll-damper gain causes a
relatively large increase in the damping with a moderate increase in the
frequency of the Dutch roll mode as a result of the cross-control effec-
tiveness. This could cause critical ratios of roll angle to sideslip
angle if a negative effective dihedral exists. In addition, when damper
gains are relatively large the cross-control derivatives could overcome
divergence that results from a negative effective dihedral and a small
directional derivative. These results indicate that each high-speed
airplane configuration should be investigated to avoid divergence and
adverse effects of dampers.

langley Research Center,
National Aeronautics and Space Administration,
Lengley Air Force Base, Va., January 5, 1962.
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APPENDIX

THE EFFECTS OF CzB AND THE CROSS-CONTROL DERIVATIVES

ON THE DUTICH ROLL MODE

As indicated in reference 2, the effective dihedral and large
inertia ratios can have predominant effects on the Dutch roll mode. The
contribution of a negative effective dihedral can be best seen in the
primary factors of the undamped natural frequency of the Dutch roll mode.
Negative values of the parameter

Iz

(C“B)dyn = Cng - 3, %1p

(A1)

may lead to divergence.

A negative effective dihedral will decrease the frequency of the
Dutch roll oscillation and may overcome directional stability if CnB

is comparatively small. A sufficiently large CnB will decrease the
effects of Czﬁ > 0.

The effects of the cross-control derivative on the Dutch roll mode
can be a contributing factor, depending on the effective dihedral and
damper gains, as can be seen by including the rotary derivatives of the
Dutch roll spring constant with (CnB) :

‘ dyn

Sb

I

Z =2
c -—C!C - C'CO‘COCO A2
g Ix B Ix(“¢1w 3 “v) (42)

When the effective damping derivatives defined by equations (&)
to (7) are introduced, equation (A2) becomes

I qSb
-2 - = - A
Cng I, aCyg » k1k3(°n5a°15r C1, 05 r) (A3)

The preceding expression can be seen as a part of the coefficient
of the square term in the quartic equation obtained from equations (1),
(2), and (3). As the expression (A3) becomes zero, the Dutch roll
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oscillatory mode becomes neutrally stable. A negative value of the cross-
control derivative CnBaclar would increase the damping and decrease

the frequency of the Dutch roll mode, and a positive value would decrease
the damping and increase the frequency. A negative product of the cross-
control derivatives could overcome divergence that results from a nega-
tive effective dihedral and a small CnB'

An increase in the roll-damper gain k; causes a large increase

in the damping with only a moderate increase in the frequency of the
Dutch roll mode. An increase in the roll-damper gain will help overcome
divergence provided the cross-control derivatives have the correct sign.
A large increase in the damping without sufficient increase in the fre-
quency may lead to critical ratios of roll angle to sideslip angle.

ONO O
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STABILITY DERIVATIVES AND DAMPER-GAIN COMBINATIONS

TABLE I

Cng Cig ky ko
0.31 -0.027 0.05 0. 366
.31 -.027 .2 . 366
.31 .027 .05 . 366
.31 . 027 .2 . 366
1 -.027 .05 . 366
1 -.027 .2 . 366
1 . 027 .05 . 366
5 .027 .2 . 366

ONO O



NO O

TABLE II

AIRPLANE CHARACTERISTICS AND FLIGHT

M, SIUES &+ + « « & o « s o s o o o o o o o
Ix slug-ft2 e e e e e e e e e e e e e e e

Iz, slug-ft2 e s e e e e e e e e e e e e e e e

b, ft . L] L] . L] . . . . . . L] L] . . - . . L) L]
< J T [ 4
h, ft . L] . . L] L] . . . L] . L] . L] L] . . L] - L]

V, ££/8€C & v v v v e e e e e e e e e e e e e e

o TR LY £-To "2

s, ft/sec2 ® s & & & 8 s e * e o s o o o e s s o
(1, deg ¢ & s & s+ e e & s+ e * & » e o & s o s o
Cz 6&’ mr I'adi&n ¢ & o 2 s o e = & s & s s o s @

c“&r’ perradlan . . . . . 0 0 0 e 0 e e e e e
CYB’ perradlan . . . . . . 0 v e e e e e e
CnB’ per radian . . . . . 4 e 0 4 e e e e e e
CzB, per radian . . . . . . 0 00 0 e 0 e e e

15

CONDITIONS

e e e 390.4
e e e e 5,021

e v e oo . 67,199
e e e e e 22.3%6
e e e e e 200
e e 0. o« . 125,000
e e e e 6,000
e e e e e s 200

o e e e e e 32.2

. o o ¢ . . o . 20

¢« e e e v e« =0.075
« + v+ s .. =0.108

& & & & s e -l

.. 0.31, 0.1
. . . 0.027, -0.027
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Spiral mode i
A 1/t, = 0.1 [
O01/t§=0
Sample cases L
Copg @ Ciy, [Cogy = 0-3
Ciga B C1p,[Cng, = 0-06 4
@ Cgr [Ong,. = -O-4 gt
-4 S+
: D
-.8
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Cigy/Cngy

(a) Roll-demper gain of k; = 0.05.

Figure 1l.- Effect of cross-control derivatives on the lateral character-
istics of a high-speed airplane with positive effective dihedral and
automatic dampers. ko = 0.366; M = 6; h = 125,000 feet; CzB = -0.027;

CnB = 0, )l.
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(b) Roll-demper gain of kj = 0.2.

Figure

1.- Concluded.
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Clar/Coy,

(a) Roll-demper gain of ki = 0.05.

Figure 4.- Effect of cross-control derivatives on the lateral character-
istics of a high-speed airplane with negative effectlve dihedral and
automatic dampers. ko = 0.366; M = 6; h = 125,000 feet; CzB = 0.027;

CnB = 0.31.
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(b) Roll-demper gain of kj = 0.2.

Figure L.- Concluded.
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(a) Roll-damper gain of k; = 0.05.

Figure 5.- Effect of cross-control derivatives on the lateral character-
istics of a high-speed airplane with a decreased directional deriva-
tive and automatic dempers. k, = 0.366; M = 6; h = 125,000 feet;

CIB = -00027; CnB = 0.1. ’
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NASA-Langley, 1962 L~1806
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