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COMPUTATION OF THE TMISSIVITY OF .\ CYLIWDRICALLY SYMMITRIC LIGHT

SOURCZ FROM MEASURIMINTS OF TH. rROJICTZD INTILNSITY PROPILE

S.I, Hoerlitz

Institute of lhysics, University of Uppsila

N

A method is described for computing the emissivity &{ai-(wsd)
of a oylindrically symmetric, optically thin 1light source,
when the projected intensity urofile I{x)}=tfffr}dy is
known from experiment. The unknowm function %=} is taken as
a series exnansion in terms of orthogonal polynomials, and it
is shown how the expansion cocfficients can be determined fwex

Ilas): This procedure yields a lecast-squares smoothed approxi-

mation \(‘:\“4;)

Let f(r) be the emission coefficient (emission pear unit area; of
a cylindrically symmetric, optically thin light source of unit radius,
Side-on measurcments of the umission give the projected intensity pro-

file I(x), which is related to f(r) My

V1—x2 1
I(x) -vf — f(r) dy = 2 [ 3X§?a?;$£ (1)

-3 X

The inversion of eq. (1), ziving f£{r) in teras of 7(x), is

1

o) = e f RS S .."'...2\ f.l.ﬁ.x)_.ls_gx_ (2)
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o (x%ew )= NE . (xz'-r?)2

The ;roblen of det:ivini-g fr) whea “(x) iz krown froi cx cinend.
oo ~ + -~ & e » PR 1-3 o Pl ]
113 becn *roited by ceveral suthors, nostly ty scme method of siri
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integration. an -~czurate nunosicyl moethotl hes veon siven by Boekast . m,
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The x-axis is divided in a number of equal int.:»vals, and a third-degrec
polynomial is fitted to the I(x) curve within sach interval. E-. (2)

is obtained that transforms a set of values

ia used, and a matrix Aik i

of I to values of f,

£(ry) =L A, I(x). (3)

.
Bockasten also discusses the influence of random 2cvrors in the valuow
of I(x).

The method described in this not: should be advantageous wienever
the I(x) ocurve has a more or less irregular shape, and a properly smoothed
approximation to f(r) is desired. The ua'nowm function f£{r) is expardod
in a series of orthogonal polynomials. The expansion ccefficients can Lo
determined from I(x), and in tiis way a least=-squares gnocthed a; rod-—
mation to f{r) can be found directly.

A few general corsequences of ecs. (1) and (2) ar: of intcvest.
Obviously I(x) is an even fusiction, and += conzidor the inteival
O%2 &! only. The behavier of t(r) necar r=1 i: very sensitive 1o tle
behavior of T(x) near x -~ 1. If I(x) is proj.rtioril to (1~:-:)b acuy
x=1, thun £(r) will b: proportional to (1~r)b‘} ncnr rol. Feo
instanee, t = 0,49, v = 0,95, and v = 0,51 corresperd o iafirite, riv..
and zero valu.s of f£(1), respectively. Further, it iz soecn fre. oo (2)
that 1 discontinvity :n I7(x) a2t x=0 impiiec an Infir’te value of _(0).
do will assume that ‘le funetions I(x) -xrd f(r) wre finite, ‘o Luus

I7(0) = 0, "nd I{1) = O (with bX3).

S naw choose to fit nowven polynonial f.(z), ot lerrce ., to £

’ - RN ¢
in such 3 war that the error squared, intarrated over the cras=-iseztieca
- ]

rei, .o -rdiz AL thus,
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1
I (£-2)°rar = min., M fixed. (4)
0

The orthogonal polynomials suitable for this purpose are the Logendre
polynomials 4 Pm(t), with t = 2r2- 1. The first few of these are

2

P, =1, P, owor’=~1, P, brt6r41, P3=20r6- jord + 1202 1,

o 1

They satisfy the orthogonality rslation
X 2 2
2(2m+1) f P(2r?- )P (2x°-1) rar = § , (5)
0

s0 that the series expansion of f(r) is

e= 2
f(r) = 3_ a Pm(Zr -1) (6)
M=0
with
1
a, = 2(2m+1) f f(r) Pm(2r2-1) T dr. (1)
0

If the series (6) is terminated at meM, the result is a 2M-dogrec
polynomial fy, which satisfies the condition (4).
We substitute the series (6) in eq. (1), integrate torm by tern,

x)

and obtain
O -1 -1
I(x) = 2(2m+1) ansin[(2m+1)cos x], (8)
M=o

or, putting x = cosé,

k-]
I(cosd) = 2_ 2(2n+1)”'a_sin(2m+1)e. (9)
M:=20

xy'l‘he functions Un(x) z sin(n cos-1x) are related to the Chobysun,
polynomials Tn(x) a cos(n cos-1x). They satisfy the orthogonality r .~
tion UkUn(1-x2)_% dx = C, k{n, and vanish at the jointa x = + 1.

Un(x) is an oven function 4f n is odl.?
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It can be shown from eqs. (1) and (7) that
;VZ
2(2m+1)™ a_w (4/F) | I(coso) sin{am+1l  as, (10}
’ J
0

so that eq. (1) (wlth x = cos@) transforms the Legendre seriar of (i)

into the Fourier series of I{cos®) (odd sine terms only). It may be noted

that the total omission from the light source is

1 1
211'J f(r) v dr = 2 f I(x) ax = 7a. (11)
0 0

It is also seen that, if fﬁ(r) satisfies the conditioen (4), then ihe
corresponding function IM(x) (the sories (8) torminated at mw=}) will
be the "best! approximation for I(x), in the sense thai{ the integral

1 1

[a-p2a-&Fa
0

is ninimized.

5

The standard methods of Fourie:r analysis © can now be used fo.
determinirn; the coefficients e One possible nr-cedure i1s :s fullewc

The geries (9) is terminiteod at some m =N:

N
v— -1 .
IN(cosC) =2 2( 2n+1) a <“n(2a+1)0, (17)
ti- 0 "
and IV is reguired to ccincide with I in theso pointa in ~he intarvat

- / ¥ e i} A ke A .
0<3:#/2 whoere the irst neglestol tuxm (sinfl2+3)9) vanishes. These

points ~re
e wm(2743) 0w

nd the -: ali is
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+
a =2 E_ﬂ_:l Z I(cos 3.4 ) sin L&n_ﬂ_)_lg_[, m=0, 1eo- N, (13)
n N+3 ki AN+3 AN+3

This result can also be obtained by evaluating the integral (10) by the
trapezoidal rule. Eq. (13) is exact if £(r) is an even polynomial of
degree 2(N+1) or less, so that the series (6), (8), and (9) contain no
terms beyond m = N+1,

With the a_  given by eq. (13), the 2M-degree polynomial approxima-
tion for f£(r) becomes

fM(r) - m:i a Pm(2r2—1) - i:::' Ak(r) I(cos E&% ) (14)

where

M
Ak(r) "2'1\1—33 E (2m+1) sin‘(-z-%;—l%m Pm(2r2-1). (MEN) (15)

As an example we consider the function
I = (1-x2)%« sin, (16)
corresponding te

£(r) = (8/3W(1-22)3" | (17)

The coefficients a9 computed from eq. (13), arc listei in Table 1. The

exict a , given by eq. (7) or (10) arec entercd in the last line. Thoy arc

Y R — 7 (18)
m 7 Tom-3Y(2n-1)(2n+3)(2m+5)

showing fairly rapid convergence., The convergence is slowest neir the
roints r=" and re1, vhere l?m| = 1. A seven-point analysis (1i+6) is
aufficient to reduce +he crror in f(r) to about 0.0006 for r=0 and 0,001
for r=1,

Table 2 shows the same for
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I - 1-x2 - ainZO, (19)

corresponding to

t(z) = (2/M) (1-r2), (20)

The exact coefficients & are

% " - TETIE (21)
so that the convergence is faifly slow, Clecarly, the behavior of the
function (20) near r=1 cannot be reprusented accuratcly by a low=degrec
polynomial. However, a seven-point analysis (N=6) sufficos to give an
error less than about 0.002 far r£0.98.

Experimental measurements will commonly yield I(x) curves with
irregular fluctuations, rather than smooth functions of the type (16)
or (19). In such cases it should be an advantage of this method that,
with a suitable choice of N and M, a properly smoothed f£(r) is obtained
directly.

Tke influence of random errors in the values of I(x) can be found
as follows. If the orror (standard doviation) of I at each point is AI,

eq. (13) gives for the error Aam of a_,

2 N+1 . . 2
2 _ g2 2 2 (Fai kg | (700 002
@a,)” = d(5ry) A1) 2:_3 il iy * auvy @1)%
or
4a = .2.”;.'1‘.1._1 AT, (22)
* (Fi+3)%

For the function (19), assuming AI = 0.002 and Il = 6, we see from cq. (22)

and Table 2 that the error in a_ is comparable to a

5 5

source of error is more important than the fairly slow convargenco of the

itself, so that this

Legendro series.

From eq. (14), the error in f,. is given Ly
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T.
N+

2 2 2
8e,)? - ®1)° T (4] (23)
which cannot be oxpressed in a simple form. We oan obtain an oestimate
for &u from the expression
2 X 22
(A1,)° = 5= (s, )" P)7 (24)
m=0
which would be correct if the oa,m waroe uncorrels.'l;ed..Af“1 will be
largest at the points r=0 and r=1, where 'Pm' = 1. We find from

eqs. (22) and (24),

b, - an[{tlBRUR) | v, 1. (25)

For intermediate values of r, the error will be smaller, although no
simple formula can be given. For instance, for r2- 0.5 and ¥ = 6,

eqs. (22) and (24) yield Afy = 5.9 x (z«+3)"§1, while the ond-point
value given by eq. (25) is 21 x (2N+3)-§QI. For M = 10 the factor is

9,0 and 42, respeotively.

Aginowlodmaont
The author is indebted to Dr. K. Bockaston for valuable discussions

and comments.
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Table 1

8.

Expansion cocfficionts a  of the function (8/3M(1 - r2)3/2; approximato

values from eq. (13) with N = 0, 1, 3, 6, and (last line) correct values

from eq. (18)0

N a4 a, 2, a.3 8, a5 ag

0 0.32476

1 0.33931  -0.44089

3 0.33957 -0.43660 0,08062 0.00951

6  0.33953 =0.43657 0.08083 0,01027 0.00306 0.00117  0.000.6
(pa) 0.33953 =0.43654 0.08084 0.01029 0,00305 0,00124  0.00061

Expansion coef

Table 2

ficients a_ of the function (2/®M(1 - rz)%} approximate

values from eq. (13) with ¥ = 0, 1, 3, 6, and (last line) correct values

from eq. (21).

¥ ag a, a, Ay a, Ag ag
0 0.4330

1 0.4253 =0.,2437

3 0.4245 -0,2538 =0,0580 -0,0216

6 0.4244 =0.,2546 =C.0603 =0.0277 -0.,0154 -0.,0089 =~C.0C44
(0@ 0.4244 =0.2546 -.0606 =0,0203  =C.0165  =2,0109  =0,0077
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