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ABSTRACT

The fundamental, concepts of the theory of invariant imbedding

as applied to particle transport processes are reviewed and their

applications to shielding problems are discussed, Two new approxi-

mate methods for predicting the transmission of particles through

sl.abs of material, are derived from the imbedding equations. One-

velocity computations of the angular distributions of particles

reflected and transmitted by slabs of vary-ing thickness and com-

position are presented and analyzed.
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SUMMARY

Invariant imbedding is a new approach to the derivation of

transport equations and results in a formulation quite different

from the usual Boltzmann formulation, It yields equations for

the fluxes transmitted and reflected by a body as a function of

the dimensions of the body. For this reason it is particularly

well suited to shielding studies in. which shield thickness is

considered as a parameter, Th.s report summarizes the develop-

ment of the imbedding theory and discusses shieloding applications

of the theory.

The imbeoding and Boltzmann approaches are compared to

il1ustrate the essential differences in the resulting equations.

It is noted that, in generai, the imbedding method yields

initial-value rather than two-point boundary-value problems as

does the Boltzmann method, The resulting computational advantages

Cf the imbedding formulation are discussed.

The imbedding equations for the transmitted and reflected

energy and angular distributions in a slab geometry are derived.

Extension of the method to other geometries and multilayer con-

figurations is discussed. Methods for applying the imbedding

equations to the prediction of emergent neutron, gamma, neutron-

induced gamma, and photoneutran distributions are presented.

It is shown that the equations for these processes are of the



same form and, further, that they may be solved simultaneously

by the same techniques used in obtaining primary neutron or gamma-

ray solutions. The use of imbedding methods in shield optimization

studies is discussed briefly, Methods for obtaining approximate

solutions to thick-slab penetration problems are presented,

A FORTRAN Procedure, R61, coded for the IBM-7090 to solve the

imbedding equations for a slab, is described. Numerical results

of some R61 calculations of one-velocity, emergent angular distribu-

tions are presented, A simplified model is developed and applied

in the analysis of these data to facilitate qualitative comparisons

of angular distributions as a function of slab thickness, absorp-

tion probability, and angular scattering cross section. As a

result of the numerical studies a method which results in further

simplification of the thick-slab penetration problem is developed

It is concluded that the method of invariant imbedding is

potentially a powerful tool. for theoretical studies of shielding

problems as well as for the generation of parametric data for

shield-design studies.
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I. INTRODUCTION

The development of invariant imbedding began with the work

of the Russian astrophysicist, Ambarzumian, who derived an equa-

tion for the reflection of light from an infinite half space

(Refo 1). The solution was obtained by Chandrasekhar (Ref, 2).

Although this work, was of great theoretical importance because

it constituted a new approach to transport theory, it was largely

ignored by workers in neutron transport theory until a few years

-kg,:, During the past five years Bellman., Kalaba and Wing (Ref,. 3)

have developed a generalization of Ambarzumian's idea which

includes transport equations for finite media.

Invariant imbedding is not a method for obtaining analytic

or r merical, solutions to the Boltzmann equation. It is a new

approach to the derivation of transport equations - quite different

from the usual Boltzmann approach, In, fact,, it is more general,

than particle transport theory itself. Imbedding techniques are

now being applied to problems involving wave processes (Ref. 3),

For our purposes, however, it may be considered as a method for

obtaining new transport equations which may be easier to solve

than the Boltzmann equation,

In the following sections the theory and some possible

applications are presented. First, the imbedding and Boltzmann
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equations are derived for a simple one -dimensional case and the

differences between the two approaches are discussed, Next, the

imbedding approach is applied to a more realistic problem - that

of transport through a slab, Further generalizations are dis-

cussed. The last two sections deal with the application of

invariant imbedding to shielding problems and certain approxima-

tions suggested by the imbeddIng approach.

The discussion of the theory, given in Section II, is based

primarily on notes taken during a course in transport theory

presented by G. M, Wing at the University of California at

Los Angeles, The subject is treated in much more detail in, a

forthcoming book by Dr, Wing,
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II. THEORY

2,1 Comparison With the Boltzmann Theory

To begin the presentation of the theory, both the

Boltzmann and imbedding equations are derived for a simple

tadmittedly unrealistic) problem, The purpose at this point

is simply to illustrate the imbedding approach and point out the

differences between the imbedding and Boltzmann methods.

2oo,1 Boltzmann Method

Consider a one-dimensional rod of length x with one

particle/sec incident from the right at x. No particles enter

from the left. Let. the position coordinate in (O,x) be z

and denote the left- and right-moving fluxes by v(Z) and u(Z):

respectively,, Let the interaction cross section be a, a

constant, and let F and B be the probabilities of forward and

backward scatter, respectively.

v (z)

Su(z)

n+A i the particle/sec

To derive the Boltzmann equations for u and v consider the

fluxes at Z +A.

13



u(z+&) - (1-04) u(S) + aAFu(z)

+ aAB v(z) + O(A), (1)

where the terms on the right side are, to order A, the flux

due to particles which pass from z to z+A having no interaction

in A, the right-moving flux that scatters forward in, A and

the left-moving flux scattered backward in A. The term 0(A)

contains all terms of order A 2 or higher, One might think of

the right side of (1) as a Taylor's series expansion about z

of the terms describing the collision processes in the increment

(Z, Z+ A). Taking the limit as A-bO, we have

u(z+) - u(z)
lim - lim )-ou(aj+oFu(z)+aBv(z) + -

6-*0 o a --* A

du(z)
- . (F-l)u(z)+Ilv(zJ, 2)

dz aF

because

lim -0.

A_0

14



Similarly,

v(z) - (l-cA)v(z+A) + cAFv(z+A)

+ a6Bu(z) + 0(A),

v(z+A) - v(z) O(A)
A- c(F-l)v(z+A)+oBu(z) +

dv(z)
- - = a [(F-l)v(z) + Bu(z)]. (3)

dz

The boundary conditions are

v(x) - 1 (4)

u(o) - 0 (5)

Equations 2 and 3 with the boundary conditions (Eqs. 4 and 5)

constitute the Boltzmann formulation of the problem. Note that

Equations 2 and 3 are linear and that Equations 4 and 5 are condi-

tions at the boundaries of the transport region; thus, the

arbitrary constants involved in the solution of Equations 2 and

3 are determined by the size of the rod. This means that each

different size rod determines a new problem. If one wishes the

reflected and transmitted fluxes u(x) and v(O), new integration

constants must be determined for each rod length before these

quantittescim be computed. Of course, in this simple example

15



the integration constants are easily determined as a function of

x. However, in more complex problems the determination of con-

stants must be done numerically, thus making the determination

of u(x) and v(O) quite complicated. It should be noted that

the determination of the integration constants of a system of N

linear, first-order equations requires the inversion of an

N x N matrix for each boundary-value problem. (Systems of

coupled equations of this type occur in nearly all solutions

of the Boltzmann equation; e.g., Carlson Snp spherical harmonics,

and double Pt;) The economics of matrix inversion on a computer

is such that these equations are usually integrated numerically

by some iterative scheme. This of course, does not avoid the

fact that each new configuration presents a new boundary-value

problem and, thus, a new calculation. It would, therefore, be

highly desirable if the transport problem could be reformulatEd

in terms of the dimensions of the transport medium. The meth.:,.

of invariant imbedding provides such a formulation in many

cases.

2.1.2 Invariant Imbedding Method

Consider once again the rod of transporting material with

one particle/sec incident from the right, The right-moving flux

at x, u(x), is the feflected flux per incident particle/sec which

shall be renamed R(x), The transmitted flux per incident particle,

v(O), shall be called T(x). (It is a function of the length, x,

16



of the rod.) The problem of predicting R(x) and T(x) is now

"imbedded" in the family of problems of predicting R(x) and

T(x) for various rod lengths. This is accomplished by consider-

ing the changes in R(x) and T(x) when the length of the rod is

increased from x to x + A.

x x+A particle/sec

Thus,

R(x+&) - +aB

+ oAF R(x)(l-aA)

+ (l-aA)R(x)aMF

+ (l-aA)R(x)ov6BR(x)(l-aA)+ o(A), (6)

where R(x+A) is the probability of reflection by a rod of length

x+A and R(x) is the probability for length x. The first term

on the right is, to order A, the probability that a particle

will suffer no collisions in going from x+A to x times the

probability of reflection from the "sub-rod" of length x times

the "no collision" probability for (x,,x+ A). The second term

represents the back-scatter probability for the distance from

x+A to x. The third term represents forward scatter in (x, x+ A)

17



followed by reflection from the sub-rod with no subsequent colli-

sions. The fourth term represents the process in which there are

no collisions in (x, x+ A) followed by reflection by the sub-rod

followed by forward scatter in (x, x+A). The fifth term

represents no collision in (x, x+A), reflection by the sub-rod,

scatter back into the sub-rod from (x, x+A), another reflection

by the sub-rod and no subsequent collisions. All other processes

are of order A2 or higher (i.e., they involve more than one colli-

sion in A) and are therefore included in O(A). Rearrangement

gives

R(x+A) - R(x) r
a [B + FR(x) - 2R(x) + FR(x)

o(A)

+ R(x)BR(x) +
A

where 0(A) now contains the A2 and A terms from Equation

Letting r--b0, we have

dx - a IB + 2(F-1)R(x) + R(x)BR(x)], (7)

a first order, nonlinear equation for R(x). The initial condition

is R(O) = 0, which simply says that there are no particles

reflected from a rod of zero length.

18



Similar analysis yields

dT(x)
- oT(x)(F-l + BR(x)),

dx

with TKO) = 1. (8)

At first glance it would seem that the problem has been complicated,

rather than simplified. by the introduction of a nonlinear equation

and it must be admitted, nonlinear initial-value equations are

typical of the imbedding approach. However, one must remember

that virtually all practical problems in transport theory require

the use of high-speed computers and that the numerical integration

of nonlinear equations is no more difficult than the numerical

integration of linear equations.

The additional fact that Equations 7 and 8 represent an

initial-value rather than a two-point boundary-value problem

makes numerical integration easier. Also, because these are

initial-value problems, it is not necessary to carry information

concerning all mesh points in the fast memory of the machine; only

the last computed values are needed to perform the next step in the

integration. This results in a considerable reduction in storage

requirement, which is usually a major problem in transport computa-

tions. In addition to these computational advantages, the imbedding

formulation provides equations with the material dimension as

independent variables. Thus, the solutions to one problem are the

19



transmission and reflection values as a function of the physical

dimensions of the transporting medium.

2.2 The Slab Problem

Consider the problem of energy-angular dependent transmis-

sion and reflection by slabs. To simplify the algebra the

energy-angular dependence shall be :represented by particle

"states" with such states denoted by subscripts. Thus, particles

in State i have energies which lie within, some particular energy

group and are traveling in a particular direction (or within a

group of directions), Particles in the same energy group but

with different directions of motion are considered to be in another

state, say i'. The choice of a particular mode of representation

(such as discrete ang]es, angular groups or Legendre coefficiei.

is not important as long as the angular dependence can be

represented by discrete numbers, i.e., subscripts. Con sc.er

slab of thickness x perturbed by the addition of a layer of thick-

nessA.

icdnt flux

0cos-l~

reflecte.1 flux

0 x x+&

20



Le t

o° =cross section for interaction of State j
particles with the anedium,

probability that an, interaction results in
the transfer of particles from State j to i
through a forward scatter,

Bi the corresponding probabi.ity ,for back-scatter,and

RIj the number of State i particles reflectedthrough a unit area on the surface x due

to one State j particle/sec incident per
unit surface area.

Note that the probability that a State j particle will suffer a

collision in (x,x;A) is ojA/,J, where w is the cosine of the

angle between the State j particle direction and the normal to

the slab. To avoid negative values, incident angles will be

measured from the inward normal, and reflection angles from

the outward normal., Proceeding as before, it is seen that

k kj ljx i'

G+ Nj + ajA

-- Aik

*4& ) Rkj k A

(equation continued).
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4, (, -) R ) W&Bk R (x)
k k k k it

'k

+ O(A)

whe:re the sums on k. and L are over all partic'le states. Rearrang-

ing and taking the limit as before one obtains

dRA j, ~ o

- J Bi - (x)
dx ,Rj

A
F.)R !(x)

w 1J i

+_LJ ; Ri.~ Flk ki

k W

Define the matrices

0 F

where 8 ij is the Kronecker delta,

B ( oj Bi 2

22



and R - (Rij).

Then

dR(x)
= B + FR(x) + R(x)F + R(x) BR(x). (9)dx

A similar development gives

dT(x)
, _= T(x) (F + BR(x)), (10)
dx

The initial, conditions are

R(O) = 0 (null matrix) (11)

T(O) = I (identity matrix) (12)

which state that for a slab of zero thickness the reflected flux

is zero and the transmitted flux is the same as the incident

flux; i.e., Tij(O) = 0 for i :j, and Ti i = 1. Equations 9 and

10 are a system of first-order, nonlinear equations with initial

values given by Equations 11 and 12. Numerical solutions may be

obtained by any of the well-known schemes for integrating such

systems (Ref. 4). A FORTRAN procedure, R61, has been programmed

to solve Equations 9 and 10 by the Runge-Kutta method (see

Section IV). Once the Matrices R and T have been determined,
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tx'ansinitrted and reflected distributions may, be obtained as a fuoacr-

tion of slab thickness -for any incident distrilbutions, 'The Pro.-

cedure is quite simple. Represent 'the incident e'r-~~a

distribution by intensities in discrete states, S, Arrange

-these numbers In a column matrix

S1.

SS

* S2

( N)

_L SN

Similarly, the matrix product R(x)S gives the reflected distribu-

tion, Procedure R61 computes the T an~d R matrices and writes these

on tape for any number, up to 200, of designated thicknesses. I t

24



is, therefore, possible to write a simple matrix multiplication

procedure which would read T and R data from the R61 tape, read

incident distribution data from cards or tape, and compute trans-

mitted and reflected energy-angular distributions as a function

of slab thicknesso

Because of the simplicity of the slab problem it was the

:first to be chosen for numerical investigation. Bellman,

Kalaba and Prestrud (Ref, 5) have performed reflection calcula-

tions for a oneovelocity, isotrop:ic-scatter model for slab

thicknesses up to 20 Tran free paths. Their computer program is

similar to R61, Bellma ,Kalaba and Prestrud have also obtained

time.dependent results -for a model. with no energy or angular

dependerice, (Ref, 6). During checkout of R61, the author ob-

tained transmission and reflection data which are presented in

Sec tiorn V,

2,3 Other Geometries

Imbedding equations for cylinder and sphere problems have

been de:rived by Bellman, Kalaba and Wing (Ref. 3). Numerical

ivestigations have not yet been attempted Bellman and Kalaba

are planning to run. some sphere problems in the near future,

Wing has developed a generalized approach to the derivation of

equations for other geometries (Ref, 7) and has investigated

methods for transforming from the Boltzmann formulation to the

imbedding equations,
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Multilayered configurations offer no special, difficultieso

Position-dependent cross sections may be incorpo~rated in the

derivation without changing the usual, procedure, The slab equa-

tions with variable cross section are the same as Equations

and 10 except that the F and B matrices are functions of x.

A simpler procedure for handling multIlayer slabs involves

changing the initial conditions, Coasider. a rod of two materials,

Let the region from 0 to y be of one mate.rial and the region

from y to the right be another material. It may be shown that

i -4
y x+y

the reflection solution for the composite rod, x - y, may be

obtained by solving for the reflection from the homogeneous rod

(0, y) and then proceeding with the solution for the second

homogeneous rod (y, x-i-y) subject to the new aitial corndti,.n

R(x=O) = R(y), A similar modification of the initial condition

may be used in solving for transmission functions,

This procedure may be adapted to any multilayer configura-

tion.

26



III, SHIELDING APPLICATIONS

3.1 The Combined Neutron and Gamma-Ray Problem

The application of imbedding techniques to neutron and gamma-

ray penetration and reflection problems follows directly from the

development outlined in 'the preceding sections. Application to

neutron-induced gamma calculations is, perhaps, not so obvious in

view of the :fact that the imbedding method does not provide pre-

dictions of fluxes inside the material, it shall be shown in this

sectioni how the method can be used not only to produce secondary-

gamma predictions without explicit knowledge of the internal neu-

tron flux, but also to calculate transmission and reflection of

neutrons, secondary gammas and primary gammas simultaneously.

In Section 2.2 energy-angular distributions were represented

by dividing the energy-angular intervals into discrete regions

or "states." Cross sections and transfer probabilities were

defined for each state. As far as the mathematical development

which followed is concerned, there is no reason to assume that

particles in different states are even the same kind of particles.

The equations are still valid if the particles in the first few

states are neutrons and those in the remaining states are gamma

rays. To illustrate, consider a simple two-state problem in

which particles in State 1 are neutrons and those in State 2 are

gamma rays. Then o and 02 are, respectively, neutron and

27



gamma-ray collision cross sections. Fll, Bill F2 2 and B2 2 are

neutron and gamma-ray for-ward-and back-scatter probabilities,

F21 is the probability that a neutron collision results in a

gamma-ray traveling in the precollision neutron direction, B2 1

has a similar definition, but implies a reversal of direction,

F12 and B1 2 imply gamna-to-neutron conversion and will. therefore

be zero unless photoneutron reactions are considered, The exten-

sion to more than two states (to allow energy-angle considerations

to be incorporated) is straightforward and results in partitioning

of the F, B, R and T matrices as illustrated below,

(n -n)

(n -=') ( 2

The sub-matrix (n -bn) contains the probabilities of

transfer from one neutron. state to another (n----- ) contains

neutron-to-gamma probabilities, etc, Thus, the transmission matrix

Tn T

Tm

ITu T

28



contains the transmission matrices for neutrons, primary gamma

rays, secondary gamma rays and photoneutrons. The source dis-

tribution, to which the transmission operator is applied is

where Sr, is the col.u- matrix representing the incident neutrons

and S, represents incident gamma rays. The result of the opera-

tion * = TS is a column matrix containing the transmitted neutrons

and gamma rays, including secondary gamma rays and photoneutrons.

It should be noted that the equations for the combined neutron.

gammaray problem are of the same form as those for single-

particle transport. Thus, the existing code, R61, can be

applied to the combined problem.

3.2 Shield Optimization

The imbedding method may also be helpful in shield optimiza-

tion studies. The gradient-nonlinear programming method (Ref. 8)

now used to arrive at an optimum shield configuration requires a

knowledge of the derivative of the dose rate (ideally the total,

neutron plus gamma, dose rate) with respect to shield weight or

thickness. This is presently accomplished by solving shield

transmission problems for several shield thicknesses (neutron,

29



gamma and secondary-gamma predictions require separate treatment),

and then curve-fitting and differentiating the results. An

imbedding formulation of the same problem would yield a differ-

ential equation for the transmission function for each segment

of the shield. These segments might be considered sections of a

sphere, in which case the imbedding equations already exist if one

is willing to consider each segment independent of all others. (This

assumption is made in current shield-penetration procedures.) The

imbedding equations give the flux, or dose-rate, derivatives with

respect to thickness explicitly in terms of the transmission. and

reflection functions. Thus, the entire optimization procedure,

with the exception of the air-transfer operation, may be reformulated

in terms of transmission and reflection matrices. As noted in the

preceding section, these matrices may include all processes,

including secondary-gamma production, and may be obtained for a

range of shield thicknesses in a single problem. Also, note

that multilayer configurations are easily handled as long as thick-

ness variations are performed with the outer layer only.

3.3 Approximations for a Slab

Note that as the thickness of a slab increases the reflec-

tion matrix approaches a constant matrix, namely, the reflection

matrix for an infinite half space, RA. Thus, for x large enough,

the transmission matrix satisfies

30



dT(x)dx - T(x)(F + BR A).

dxA

The solution is

x) =e(F+BRA)x

where the well-known matrix exponential is defined by

(A)x x2  3

e I + Ax + A 2 - + A 3 - +
2! 3!

The constant matrix RA is the solution to Ambarzumian's problem

and may be obtained by Chandrasek.har's method or by numerically

integrating the imbedding equaticn until sufficiently small

changes in R(x) are noted at neighboring points. The matrix

exponential may be computed either from the definition, from

Sylvester's theorem, or by d:iagonalization of the matrix (F + BRA)-

The temptation to approximate T(x) by a matrix exponential

leads to another approximation. Note that the term BR(x) represents

a double reflection because B is the back-scatter matrix and R is

the reflection matrix. If scattering is predominantly forward,

one may wish to ignore multiple reflections of the type illustrated
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helow and

represented by the term BR, It is not necessary to

assume that either B or R is negligible, onLy inat the product BR

is negligible compared to the forward-scatter matrix F. Then the

transmission is approximated by

Fx
T(x) = e

and the reflection by the solution of

dR(x)
- B +- FR + RF.

dx

In the reflection equation the term RBR has been neglected.
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YV. NUMERICAL STUDIES

A series of one-velocity slab penetration and reflection com-

putations were performed that will illustrate the application of

the Jimbedding method. to shielding studies. A brief discussion

of the FORTRAN Procedure R61 -is given below, f"ollowed by a detailed

discussion of the comnputations. Some of the computed data are

presenated. a.i,.o.g withi an analyslis based upon a simplified model for

describing angular distributions.

4.1 FORTRAN Prrocedure R61.

A FORTRAN Procedute, R61, was coded for the IBM-704 to investi-

gate the trasision and :ref1..ztio matrix equations. The code

is based on the Runge-=Kutta method (Ref. 4) and includes a check

of the resu'lts after earh ste~p An the integration. A description

of some of the featuresa of the piredure follows.

In~ general., the! Tnwmexcal integration. of an initial-value

problem begins with a knowledge of the initial value of the

dependent v~xiable, f~)" and its derivatives, and proceeds, through

a series of firiite steps in the independent variable, to predict

the value of the dependent variable at the end point of each step.

The Runge-Katta, method provides a formula for performing this

stepping operation in terms of the function and its first deriva-

tive at the last mesh point considered. That is, the procedure
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for computing the number f(x+A) in terms of f(x) and

is given by the Runge-Kutta formula.

The accuracy of the computation depends, of course, on the

size of the step A and the behavior of the function f(x) in the

interval (x,x+A). An estimate of the error involved in the

computation may be obtained by first computing f(x+) using

the full step A, then recomputing f(x A) by taking two succes-

sive steps of width /i2o The error in the second (more accurate)

estimate of f(x+ A) is approximately one-fifteenth 'the difference

between the first and second computations of f(x A) (Ref. 4).

This procedure is used in R61 to estimate the error. If the

error in the prediction. of f(x+.) is larger than, some pre-

assigned fraction of f(x+ A) the ent:ire procees i repeated with

AL replaced by A/2. This iterative process is repeated until.

either the error is small enough or un:til, a preassigned maxil un

number of iterations have been attempted, in, the latter case,

the problem is terminated. The computer time required for this

checking procedure is significant and hence undesirable in a

production code. It was incorporated in R61 to provide a means

of studying the effect of step size. Some of the results of

these studies are given in the next section.
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Because the Runge-Kutta method requires the function and its

derivative at the last mesh point only, it was possible to save

space in the fast memory of the machine by printing, writing on

tape, or erasing data not pertaining to the last mesh point. This

reduced storage requirement allows consideration of more energy

or angular groups than would ordinarily be possible.

The forward-and back-scatter matrices, [Fij1 and [Bi.i

(Sec, 2.2), are computed in the program from the formulas

-Fjj L 21+ 1 Al I (wi
wii u, 8iJ g W e o 2 gg

B L 2L.' i1 j

i = MW (g-1) -- i ',.

j = MW (g '-l) + j',

where

a 9 is the total cross section for energy group g,

Wv is the cosine of the angle,

-6ij is the Kronecker delta,

qi? is the weight factor associated with angle i'
arising from the representation of an integral
over angle by a finite sum,
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Agg is the Ith Legendre ooefficient of the angulargroup transfer cross section for scattering from
energy group g' to g (Re:f. 9),

Pi w) is the .th Legendre polynomial., and

MW is the number of discrete ordinates considered in
the angle quadrature.

The weights, Qi, occur when the imbedding equations are derIved

with continuous angle dependence and then reduced to the discrete

form indicated in, Section 2°2 by a suitable, quadrature formula.

In this case, the first term on the right side of Equation 9

(Sec. 2,2) is not the B matrix defined above , but another matrix,

B*, defined by

2BgA -I p j

The derivation of these relations from the defin-ition

21 1

4'r gg I

is straightforward, Here aggt(wi) is the cross section for scat-

tering from group g' to g via the scattering angle cos-lw.

The coefficients, A1 g,, which are input for R61, are computed in

another program, C54 (Ref. 9).
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The program output consists of the transmission and reflec-

tion matrices, printed and written on tape, at preselected slab

thicknesses. The prinfted outpu~t is a square array of numbers,

each column (j) of which represent14s a particular initial state

and each row (i) of which correspon'ds to a particular final state.

Thus, the numnber Nip locatei in the array according to conven-

tional matTJix notation, is the probability of reflection or

tranerission. for initial State j and final State i. The States

i and j are related to the initial and final energies and angles

by the relatlons given earlier,

4.2 Angular Distribution Comptations

The calca.lations preserited in Section 4.3 are based. on a

five-point Legendre-Gauss approximation to the angle integration,

Thus' the Qare the Legende-Gauss weights and the .iare

the correspor~ding arguments for the interval (0.', 1). Because

the problems involve no energy degradation, the coefficients

Ai'vreduce to -the Legendre coefficients in the expansion of the

angular cross section. For sinLA. ty the total cross section

was set equal to unity whic',h, in effect, is the same as measuring

all distances iny mean free paths. The spatial mesh points were

so chcser. that the interval widths become larger as the slab

thickness5 lncrtases. This was intended to ta-'e advantage of

the fact that the moost rapid changes in both the transmission and

reflection functions occ~ur for small thicknesses. As mentioned
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earlier (Sec. 4.1), R61 will reduce the width of an interval

if the error involved in that step is larger 'than some pre-

assigned fraction of the function, For, the problems presented

here a maximum error of 1% per step was allowed. In one of

the problems the intervals were chosen as large as one mean,

free path near the end of the integration to allow the program

to determine, within a factor of 2, the optimum interval for

that thickness (near 10 mean. free paths), Three interval

divisions occurred which left the interval width at 1/8 mean

free path, Because the reflection furictlon was changin, g very

little at that thickness, the interval reqLirement is believed

to have been determined by the transmission function only, This

indicates that if reflection data are all that are desired,

the omission of the transmission calculation could reduce the

machine time by more than a factor of 2 through the use of

larger mesh-point intervals for large thicknesses,

To begin. the integration, step widths of about 0,010 mean

free path were necessary for thicknesses up to about 0.1 mean

free path, Beyond that point it was possible to increase the

intervals gradually up to about 0,10 mean free path, Apparently,

when both transmission and reflection calculations are to be

performed, it would be more economical. to use a constant interval

width after the first few steps and thus avoid the checking
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procedure after each step. The proper constant interval could be

determined by using the interval division process out to some

polnt, say i mean free path, and holding th6 interval constant

from that point on. Elimination of the check after each step

should cut computing time requirements to 2/3 that of R61.

The choice of the Runge-Kutta method for the integration

was rather arbitrary. It may be possible to reduce the computer

time by using other standard techniques or by developing special

quadrature formulas, rhe asy"ptotic behavior of the reflection

and transmission matrices might be used as a guide in developing

such procedures.

Computer times for the three R61 problems presented in the

next section averaged 10 minutes each. The number of mesh

points required per problem varied from about 200 to 250.

4.3 Analysis of Data

The numerical results presented in this section were ob-

tained during checkout of R61. The problems were chosen to

provide data for an analysis of the angular distribution of

particles reflected and transmitted by slabs. The analysis

was restricted to one-velocity problems and simple angle-

dependent cross sections. While the generation of data for

practical problems is possible with R61, it is expected that a

full-scale attack at this time would yield only a multitude

of numbers, overwhelmingly complicated by energy-angle
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relationships, uncertainties in slowing-down approximations, and

the usual numerical difficulties encountered in manipulating

large systems of equations. It was expected that the study of

simple problems would lead to a better understanding of the

computational and physical processes involved and, thus, to more

efficient methods for realistic problems.

The analysis which follows will therefore be restricted to

qualitative discussions of the effects of angular cross section,

absorption, and slab thickness on emergent angular distributions.

These discussions will be based on certain considerations

of the collision density within the slab.

4.3.1 Method of Analysis

The integral form of the one-velocity Boltzmann transport

equation for a slab is

ax fx
f(z,W) -f eaT zlw oj--r L

where f(z,w) is the angular flux at z in the direction.7and S

is the slant distance illustrated on the following page,
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S

oo

Z-Z,
The substitution S -gives

z Z

f(z,W) - eT ztwo(!t.)Adz

0 A.

for w>0. The equaati;on. fcr the~ number of particles/sec passing

througb a, unit ~raparallel to ttie slab faces is obtained by

multiplying by u~:

z V

0 PL
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The'mean value theorem gives

z

-

-f(PJ e-0Tw f f f W',wl)a(t9-Wf)IA' dz1

0 A

where 9(O:9:z) is some average attenuation distance determined

by the collision density, (z , a(..-. d.Y , on the

conical surface defined by w (see sketch).

cos - I W

0 Vi z

If the flux within the slab has a large maximum near z' = 0,

the average attenuation length will be close to z. On the other

hand, if the flux is rather flat as a function of z' the average

length will be less than z. In the first case, the transmitted

angular distribution at z will tend to be more strongly peaked
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toward the slab normal than in the second case. This can be seen

by examining the factor e-CT - as a function of w for - 0

and '> 0. Of course, the angular dependence of the collision

density also affects the resulting distribution, but in a more

complicated manner. This effect will be considered briefly in

the numerical study to be presented later.

Reflected angular distributions may be studied by consider-

ing the equation for u < 0 (see sketch):

x

g-z

IIf(z, , e-0 T IWI f(z',w')O(AJ-' d..)d .' dz'

where

z _9 x.

cos - I ;Y/

0 Z ZX
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In this case a rapidly decaying spatial distribution implies

9 -- z which, in turn, implies that the attenuation term is of

little significance except for small w. It would then be

expected that the angular collision density would be the dominant

factor in determining the shape of the reflected distribution. If,

however, the flux distribution did not depend so strongly on z',

the increased importance of the attenuation term would be expected

to cause some peaking of the reflected distribution toward the

slab normal.

Although the preceding arguments were applied to internal

angular fluxes, they are also applicable to surface distributions

and may, therefore, be used to analyze reflected and transmitted

distributions as a function of slab thickness, if the internal

flux distribution is strongly peaked at one surface of the slab,

an increase in slab thicknesses should have little effect on the

shape of either the reflected or transmitted angular distributiou

except, perhaps, for some increased peaking in the transmitted

distribution. Of course, a large variation in the internal flux

from one surface to the other implies a rather thick slab to

begin with. If there is little variation in the flux throughout

the slab, as would be the case in a thin slab, an increase in

thickness would be expected to produce more peaking in both the

reflected and transmitted distributions.
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To determine the significance of -the various effects just

described, it was necessary to perform calculations of reflected

and transmitted fluxes as a function of slab thickness, absorp-

tion and angular scattering cross section. Another parameter of

some interest is the incident-particle direction as it influences

the internal flux distribution within the first few mean free

paths from the entrance boundary. Information concerning the

effects of slab thickness and incident direction is obtained

from a single problem when the imbedding method is used because

they are the independent variables in the imbedding formulation.

To study the effects of absorption and angular cross section it

was necessary to run additional problems. Three cases were con-

sidered: 1) isotropic scatter with the absorption cross section

e,4ual to 1% of the total cross section; 2) isotropic scatter

wLth the absorption cross section equal to one-half the total

cross section;and 3) anisotropic scatter with no absorption.

The anisotropic cross section used was that for hydrogen:

a( :=/ f or w >0, a(j) 0 for w<O, where w is the

angle of scatter. The data presented in this section are in terms

of particles/sec passing through a unit area on the slab surface

due to one particle/sec entering a unit area on the surface.

All distances are measured in mean free paths. Note that the

source strength is given in terms of particles passing through a

unit area on the surface; the data should therefore be multiplied
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t

by the cosine of the incident angle to convert to a source of one

particle/sec per unit area normal to the particle direction.

4.3.2 Reflection Calculations

Figures 1, 2A, and 2B show the reflected angular flux for,

isotropic scattering with the absorption cross section equal to

one-half the total cross section, The first figure shows that

for slab thicknesses greater than about 3 mean free paths the

reflection is essentially constant. For other incident angles

(not shown) the behavior is similar. Figures 2A and 2B show

that the reflected angular distributions for ll- and 1lOlmean-

free-path slabs are about the same, These distributions are

rather flat, especially as the angle of incidence approaches 900.

Also, close comparison of Figures 2A and 2B shows a slight

flattening of the distributions as the slab size Ls decreased,

all of which points to the fact that a relatively high density

of collision points near the entrance surface results in a flatt.,

reflected angular distribution than a more uniform distribution

of collision points. One would therefore expect that a decrease

in absorption cross section, which results in less attenuation

and thus a more uniform collision density, would result in more

peaked reflected distributions. This effect is illustrated

in Figures 3 and 4A, B, and C where the absorption is 1/100 of

the total cross section. In this case the reflected distributions

have not reached equilibrium even at 10 mean free paths (Fig. 3),
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which indicates a much more uniform collision density in the slab

than was the case with a higher absorption probability. As ex-

pected, Figures 4A and 4B show the reflected angular distributions

to be more peaked toward the slab normal for the weak absorber

than for the strong absorber (Figs. 2A and 2B). Figure 4C

shows the effect of slab size on the reflected distribution

for a 17.60 incident angle. This effect is more pronounced for

the weak absorber than for the strong absorber (not shown). As

the slab size is increased the reflected distribution increases

over the entire range of angles but more rapidly at small angles.

The result is that the angular distribution becomes more peaked

as the slab size increases.

The effect of anisotropic scatter is illustrated in Figure 5.

Because the scattering cross section used was peaked in the forward

direction, it was expected that the collision density within the

slab was extremely flat for near-normal incidence, thus giving

the peaked reflected distributions. For grazing incidence, how-

ever, the forward-peaked cross section tends to concentrate the

collision density near the entrance surface, thus giving extremely

fiat reflected distributions. In fact, in the extreme case of

87.30 incidence, the reflected distribution resembles the angular

cross section because much of the reflection is due to singly

scattered particles.
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4.3.3 Transmission Calculations

For the transmission calculations shown in Figures 6 and 7

it was assumed that scattering was isotropic and that the absorp-

tion cross section was one-half the total cross section. As the

slab thickness increases, the transmitted distribution for thick

slabs decays with an almost constant relaxation length - as

illustrated in Figure 6. For other incident angles (not shown),

the asymptotic relaxation length is the same. However, cross

plots of the angular flux, such as Figure 7, show that there is

still some tendency for the angular distribution to peak in the

initial direction even at 5.1 mean free paths. This is probably

because the high absorption cross section prevents numerous

scattering collisions which would tend to flatten this peakingo

That is, the particles which are transmitted have suffered very

few, if any, collisions.

The transmitted angular distributions for other incident

angles are similar to those shown in Figure 7. They are gen-

erally quite peaked toward the slab normal. This is explained

by the fact that the collision density, for a strong absorber, is

much greater near the entrance surface and thus, as mentioned

earlier, the transmitted distribution is determined largely by

the attenuation suffered along the slant paths from the high-

collision-density region td the exit point. When the absorption

cross section is decreased the collision density inside the slab
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is flattened, resulting in a longer asymptotic relaxation length

(Fig. 8) and flatter angular distributions (Fig. 9). The absorp-

tion cross section used in the calculations shown in Figures .8

and 9 was 1% of the total cross section. The introduction of a

forward-peaked scattering cross section lengthens the relaxation

length still more (Fig. 10) and causes a very slight flattening

of the transmitted angular flux (Fig. 11).

The most significant result, as far as shielding applications

are concerned, is the asymptotic behavior of the transmission

function. In all cases considered here, the shape of the trans-

mitted angular distributions approached equilibrium and the

magnitude of these distributions began to decay exponentially

with a relaxation length characteristic of the material. These

results and their obvious applications to shielding problems

prompted further study of the thick-slab approximations discussed

in Section 3.3. In these approximations the transmission function

is the matrix exponential

Cx
T(x) - e

where C is a constant matrix. According to Sylvester's Theorem,

N XrxT(x) - E e zr

r-l r
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where the Xr are the N eigenvalues of the N x N matrix C and the

zr are the matrices

ir ()LsU-C)
S

Zr- r # s,

where U is the identity matrix. From physical considerations,

it is seen that the eigenvalues, Xr, are negative (T(x)--.0 as

x--oo). Also, there is at least one )m such that !I)I51 rI
for all r #m. Thus, for x large enough, the mth term dominates

and
m x

T(x) ^ e Zm

which is of the form indicated by the numerical results of this

section. That is, for x large enough, T(x) decays with the

relaxation length 1/ I)Lm I and the shape of the angular distribu-

tion is given by zm. Thus, from a knowledge of the eigenvaluec

of C, one can determine the asymptotic transmitted angular flux.

The accuracy of such an approximation depends, of course, on the

accuracy of the thick-slab approximation and the equilibrium

assumption and is, therefore, dependent on the shield material

and slab thickness.

The fact that the numerical results were in accord with the

trends predicted from collision-density considerations indicates

that this approach may be useful in further studies of angular
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distributions. For convenience, the conclusions based on such

considerations and verified by the numerical results are listed

below.

Effect on Transmitted Effect on Reflected
Perturbation Angular Distribution Angular Distribution

Increase absorption More peaked Flatter
probabilities

Increase slab thick- More peaked More peaked
ness

Increase incident Little change Flattet
angle for thick slab

Increase forward- Little change More peaked for
scatter probability for thick slab - small incident

weak absorber angle; flatter
for grazing
incidence
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V. CONCLUSIONS

Although these initial studies indicate that definite

advantages may be gained from the use bf71imbeddig. techniques in

shielding problems, it should be noted that regardless of the

method used the adequate description of energy and angular dis-

tributions requires the handling of large amounts of data and

involves a considerable number of computations. Those familiar

with the limitations of present computers have probably wondered

how enough information may be carried in the machine to solve

even the slab problem for combined neutron-gamma transmission.

This may not be possible at present. Certainly the combination

of neutron, gamma, and neutron-induced gamma penetration calcula-

tions with the optimization procedure into one program is not

feasible. However, the author believes that the theoretical

formuiation of a unified approach to the shielding problem is

needed - regardless of its immediate practical significance.

Numerical experiments with simplified models, such as the one

described in Section IV, may uncover new problems or shed some

light on old ones - they may even result in the discovery of

new shielding principles which are obscured by our present

piece-meal view of the problem and our attempts to be realistic.

Of more immediate importance, perhaps, is the possibility that

the imbedding formulation of the shielding problem will suggest

new approximations, such as those presented in Section III.
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Thus, the imbedding method offers not only another nathematical

approach to conventional shielding problems but also the possibility

of the development of new physical approximations and, ultimately,

the theoretical formulation of the shielding problem as a whole.

68



REFERENCES*

1. Ambarzumian, V. A,, "Diffuse Reflection of Light by a Foggy
Medium," Comptes Rendus (Dokladyj de l'Academie des
Sciences de 1'URSS 38 (1943), 229-232.

2. Chandrasekhar, S., Radiative Transfer. Oxford: Clarendon
Press (1950).

3. Bellman, R., Kalaba, Re,, and Wing, 0, M., "Invariant Imbedding
and Mathematical Physics I, Particle Processes," Journal of
Mathematical Physics 1 (1960), 280-308.

4. Collatz, L., The Numerical Treatment of Differential Equa-
tions, Berlin: Springer Verlag (1960).

5. Bellman, R., Kalaba, R., and Prestrud, I4., Invariant ImbeddinaL
a.nd Radiative Transfer-I: Computational Results for Plane
Parallel Slabs of Finite Thickness. The Rand Corporation
(report to be published).

6. Bellman, R., Kalaba, R., and Prestrud, M., On a New Computa-
tional Solution of Time Dependent Transport Processes-I:.
One-Dimensional Case, The Rand Corporation Report P--2268
(30 March 1961).

7. Wing, G, M., "Invariant-Imbedding and Transport Theory - A
Unified Approach," (to appear in the Journal of Mathematical
Analysis and Applications).

8. Sheffield, R. D., Shield System Optimization - Gradient
Non-Linear Programming, Convair-Fort Worth Report MR-N-186
(NARF-57-62T, December 1957).

9. Edmonson, N., Henrick, J. J., and Moss, T. A., Application
of the Carlson S -method to Calculation of Neutron Aniular
and Total Flux D tributions in a Sphericallz S tric
Shield. Convair-Fort Worth Report MR-N-253 (NARY-00-11T,
May 1960).

*,All GD/FW reports published prior to July 1961were referenced as
Convair-Fort Worth Reports.

69



INITIAL DISTRIBUTION

MR-N-287
9 March 1962

Recipient; Copies

ASRCNL 2
ASRCPR -2 2
ASRMCE-1 2
ASRMPE -2 2
ASBUPT 2
ASTE 2
ASAPR 3
ASNPRI 2
GD/Convair 1
Convair-ASTRO, 1
TIS 20
Lockheed-Ga, 1
Boeing AFPR 1
Douglas, Dept A26 1,
North American 1
Pratt and Whitney 1
ORNL 1
NDA 1
Naval Ord Lab 1.
Battelle-REIC 1
Air Univ Lib :1
RadioplaneI
Republic Avia 1,
Vought-Aero 1,
AFSWC (Tech mIn) I
NASA-MSFC 1
NASA-Wash. 1.

AFSC-NPPO 1
AFRDC-AE 1
ASRSMX -2 1
ASRKMA 2
ASTIA 10
TRO 1

Sandia 1
Bureau of Ships 1
DOFL (Chief-230) 1
GD/Astro, Att, D. G. Abshier 1
Aerojet-General Nucleonics, Attn. Friedman 1

70



0 2 0

I vZ 0 ca o Id n
cd h0l'00-4 S,> E- 8 -ICC c 0m E 0

00 C02H c:0~ IC4'O004

'AC r I o v) W 2E02-.4 mI&u!f: Q '0 1I1F mI- i r 1v
-4 wo Mv 02- . m C U)Q 0 02 r. MC- 0 2Honvn

-4 ed -4 wr& 0(04. o r .~ - 0mH~,).2 EliU m- 0HUH- 0o))0

I 4 0 a)" 0 2 J 0 02 (1)C0 U C)

('S 0U ~ 2c4 20: : v l0-(.H CC

c 0Ct rj .d/U z o' cod I U ''0 '134

t'..~( 1 5~ C) EHH

vs ~ 0 *0 0 V l 0 Q) 0 1: L

u)* (D cL 94 Q C

94 S4O -i ('0 (1C W)2'~0

t.)*~t.~
0 

EE 2 '4 L'f Z x;(U lc;W v

o 2u0!." c v 4'% 4 0 t vH 020

a)4C(4. d'C 102 0 20 onzx1D0 0H00

- a-0

4E El '.j C:1.4 C
0 0 00 -' 02

0 -H (2 j1 '
u00m>s0 v~

1~~r e' M'.* 0..*~' *H *.*.s

-I- L32))20 )20 o, cIc

a. 1-'S' 00 X IN C)HI- :4 1

.0 wL 0l' n.: Co 13 "2 44Q'0I

v i. u . 1- 0 : 0rL1

j . 1; vH v. to ,4 4

M 0 c I I
0 0. QUI cC~ a. v) 0'C

I~~~~a. 0."t'-a oao h-0O0
.0.) >-20C Q4j v5 V'4 ) . 4j

- - -. 4J - - - -- - --- - -- - 20 ---- - -- -- - -

*.-4 002 02 0.-Id '(20-4JJ..- -40 w 0 C ( U-.-
I 4~,22. d .)' Cf~0 ' H02 2. (U .~ C.~%'

v0zC' ~ ' ) cd c'0(0 :3 0 >0 2 J u) 'oCCII
.0t- l Z 0 C 44'' 0 1 10 '.C c 0V'.C0

.4) .. 4 CU( 2.0 *.a0 '.) 0.-. 00 0 02 0 v)

C0 0 o a' 0 4-2"-4 0C

C .0 fv 'I Z t 10 c
(UU.4 2>( W0... rdGJ )0

94 4-2(0(4 tlE MO~ O9l'I
4.'U4) 2 0C0n 0C :4'S. 4 (C)( 00M

I &~(0~ ~~-002H I 0 C3H.00 (U0-002UoO
I ~~~~~ ~ ~ ~ i aUU4'( Iu 0~~2~0 .(C.0-C0'4

z71 j


