UNCLASSIFIED

w0 213757

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

&

UNCLASSIFIED



NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. 8.
Government thereby incurs no responsibility, nor any
obligation whatscever; and the fact that the Govern-
ment may have formulated, furnished, or in any wvay
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wvise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to mamufacture, use or sell any
patented invention that may in any way be related
thereto.



; Z I . N T Sreona
y o : e 2}/.!71500!71962 :

‘: o . o , . / /9,6', 8’7

|
! 1 - !
s . .
-
- ..
. , ) 7/ o P
- a0 R
. . M A Wl ’ K '
- ‘ . '.' i
- 7 P ~ ; K

: . K ) P '

/ i . {]

// ,’

"~ / s ’ i

\ / 4 . i

g . / / ; :

-]‘ ':‘\)‘ ¢ s ; 7’

S / .
N \\ . ( :
I B ‘

i

. ~ T o /)
S :‘ : N h\‘-\li / / / : '
! . .~ i ’
- i“~-~--—,/‘ -'“ \ ‘/\“ ‘\\_ v B ,
N T S
- U
b 2 T T S T S
:r'}. B T - S AT
o, ’ "\.\_:‘ . N .. \\/’
oL \ / ’
) : .
: \ ; A )
: A ——rN
ﬁ ;‘ "—— . ’ . -t
\ N P o .
‘\ | ' K S ///a‘
\ \ 4 } s 124 . ./

A GENERAL PROBE THEORY

FOR MEASUREMENTS
IN A PLASMA

11.140 g
1,148

Jp— % Z / /
o
\\ \\4
\\ v

== *7



DESTRUCTION
This report shall be destroyed when no longer required.



22 January 1962 TR 2H4R

A GENERAL PROBE THEORY FOR MEASUREMENTS
IN A PLASMA
By

Charles M. Cason and T. A. Barr, Jr.

PLASMA PHYSICS BRANCH

Ordnance Management Structure Code No. 5210.11.140

5210.11.148
5210.12.132

Department of Army Project No. 503-03-009

516-01-006
516-04-007

RESEARCH LABORATORY
Research and Development Directorate

U. S. Army Ordnance Missile Command



ii

(U) ABSTRACT

The standard model of floating probesin plasmas is reviewed.
It is shown that & maximum charge density exists for the applica-
tion of this model. An explicit expression of voltage applied to
the probes in terms of circuit current is obtained. When certain
simplifying assumptions are used, this equation is reduced to the
Lsagmuir single probe equation and the Johnson-Malter double
probe equation.

From measurements of probe current versus applied probe volt-
age, clectron temperature at each respective probe can be deter

mined. One example is given w illustrate the calculation.

(This abstract is UNCLASSIFIED)
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INTRODUCTION

The analysis of gas discharge processes embodies a wide variety
of theoretical explanations for a host of experimental measurements.
However, present day knowledge of gas discharge properties depends
primarily upon experimental measurements. Perhaps the most im-
portant variables describing a gas discharge are the electron and ion
densities, and their velocity distribution functions. Meaningful meas-
urements of temperature of plasma constituents require them to be in
thermal equilibrium. When this condition is satisfied, knowledge of
electron and ion properties as determined by probes is required to
calculate important plasma properties such as ambipolar diffusion
coefficients, excitation rates, and ionization rates. There are at
present various methods for analyzing probe data which are valid for
special experimental sets of conditions. Workers in this area of
plasma analysis occasionally invalidate their results by using a theory
in experimental situations where the assumptions are inapplicable. It
is the purpose of this paper to show the connection of these various
probe theories, and to produce a generalized theory. A simple deriv-
ation of probe theory is presented which holds for various probe area
ratios; the probes are not required to be surrounded by identical
plasmas.



THEORY

GENERAL PROBE THEORY

Standard treatment of experimental data taken by probe methods
allows the assumption of flat plate geometry according to a proof by
Druyvesten (ref. 1), who concluded that any convex shape for a probe
should be appropriate. The plasma sheath condition requires, accord-
ing to Langmuir in reference 2, that only a few percent of electrons
falling on the sheath may collide with sheath constituents before being
collected by the probe. Hard sphere collisions of electrons with neutral
particles are assumed to dominate any effect of scattering interactions
between charged particles within the plasma. The limitations on this
latter assumption will be discussed in appendix A. A Maxwell-Boltzmann
distribution of particle speeds is assumed so that the concept of tem-
perature may be used. Probes are considered cold, and consequently
do not emit electrons.

The rate of sampling charged particles by the probes is assumed
to be small compared to the rate of charge generation of the local
plasma, so that the plasma's properties outside the probe sheath will
not be modified. If the plasma is generated from thermal excitation
in a dense gas, the conditions required for this assumption are possible
to obtain. The primary condition required of the plasma, (discussed
in more detail in appendix A), is that the plasma be diluted by neutral
gas atoms in thermal equilibrium. The plasma, consisting only of
positive ions of the gas species and free electrons, constitutes a very
small percentage of the total number of particles present.

The basic equations governing the potentials on each of the two
probes in this model are determined from Kirchhoff's law. As shown
in figure 1, the ion currents to the probes are ij X A where ij is the
random ion current in the plasma around the probe and A is the probe
area. A similar notation for random electron current is used, in which
i, is the random electron current. Conventional current in the external
circuit is denoted by I. Primed notations are used to refer to the part
of the total random currents which are collected by a probe as deter-
mined by the probe's potential, while subscripts refer to probe 1 and 2.
Figure 1 shows from Kirchhoff's law that

iA; = Ayie} +1 =0, (1)

and

\
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(2)

i34z = Agiez ~ 1 =
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where A, and A, are the areas of thevwo probes. Note that only one

o0
primed term per equation is allowed siusse i{ ={ f(vidv and

i'e = {;vf(v)dv and each probe must butat a single potential. The

function f(v) is the distribution functiafl for x component of velocity,
where V =mv¥(}3¢), m and ¢ are theisllectron mass and charge, and
v is the velocity of the electron.

The solutions for this integration, #«nen a Maxwellian distribution
function is assumed are

YA
.. _.m (8 kTe\"
iy = Te(; —m—e) exp(+ ¢V/kTe) (3)
iHA, A
—
A; iilAl
) -
'Y ] A
et o T
-
(+) (-)
- (va) e ‘ﬁ
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circuit ion
current
Controlioed
source | I
potentid

Probe A is assumed to be mor 2 negative than probe 1

Figure 1. - Schematic diagras a of probe circuit.



and

\ /e
i = 4Me(§ %-!) exp (- ¢V/kT;) (4)

where M is the ion mass, T the temperature in degrees Kelvin and
k is the Boltzmann constant. Equation (3) may be substituted into (1)
and (2), where both probes are assumed to be at negative potentials
with respect to the plasma to give the negative potential equations:

Vi = Tey(k/¢) In [(1 + 1/ijAi)iy/ier)], (5)

and

Vz = Tealk/€) 1n [(1 - 1/ija4.)(1i2/1e2)]. (6)

The random electron current terms are a convenient grouping of
constants from the integration. By setting I equal to zero, the floating
potential Vg for any surface is found to be

Ve = Y% Tolk 11“31). 7
f/le(/‘)nMTe (7)

which is in its standard fori'n, assuming thermal equilibrium. This
potential is negative with respect to the plasma potential when |ig| > }ijl
which is true for most cases.

Companion equations to (5) and (6) are developed when the probes
are assumed to be at some positive potential with respect to the floating
plasma potential. Equation (4) is substituted in (1) and (2) to give the
positive potential equations

V, = - Tjik/e) ln [(llel-Alx l—:‘:—:)] R (8)
and
|

Here, the random ion current terms represent a convenient grouping of
constants from the integration. The positive and negative potential
equations may be added to yield complete expressions for probe poten-
tials. Measurements of circuit voltage represented by V3 in figure l,

4



correspond in an experiment to differences of probe potential, as
illustrated in figure 2. Differences between the complete expressions
for probe potentials, taken as indicated in figure 2, will yield the
explicit equation of V, for the current-voltage probe characteristic:

Va = Tilk/e) In [(llen-AIx)fo)] - Tilk/€) ln[ 1 + 1 )]
raor o [(Z2)G2)] e [(:,::) @)

While equation (10) holds for all values of external circuit current up
to its limiting value as determined by the probe area and Kirchhoff's law,

(10)

The floating potential of each probe
is assumed to be unequal,

Figure 2. - Potential diagram for two probes in a plasma.



only two terms appear in the calculation at any one time. When a given
probe is positive, only its contributing term with ion temperature as

a coefficient appears and the other term vanishes. For a negative probe,
its contributing term with the electron temperature as a coefficient
appears and its other term vanishes.

MATHEMATICAL CHARACTERISTICS OF THE PROBE
POTENTIAL EQUATIONS

It is important to recognize the special properties of the negative
potential equations (eqs. 5 and 6). The following definitions will be
used in this section to simplify analysis:

1
oA ()
and
1
Bl = iizAl (12)

Potentials of each probe will be normalized by using the electron
temperature as a unit of voltage:

v
"l-i.? (13)
= 2"Mm (14)

Equations (5) and (6) may be rewritten when T, = T; at each probe
with the above definitions:

-nl 4 :
n; = la |(1 + By)(m/M) (15)
and
1

ne=in [0 - gBymon ] (16)
where g = B;/B,

Figure 3 is a plot of n; and n; for hydrogen where the ion mass
is 1.0 amu. It should be noted that w, is limited to each value of g
determined by the maximum allowed circuit current. For values of g

above about 45, the small probe is allowed to acquire positive potentials.
For g =100, it is seen from the figure that n, is limited to + 0. 87 for

6
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n, approaching -«. The Langmuir theory (discussed later) is valid
for hydrogen only when 7, is nearly equalto - 3.76. Large area
ratios are often required for a probe to develop significant positive
potentials consistent with equation (23) when Te, = Te;.

It is often helpful to visualize the current versus voltage on a
probe for a given species of particle (ion or electron) under ideal con-
ditions. Figure 4 is a plot of the current variation with probe potential.
Due to the large ratio of ion and electron masses, a scaling factor was
introduced to illustrate each current on the same plot.

The point of intersection is the floating potential for the probe in a
hypothetical plasma having i, = 4ij (which of course, is not realistic
for any known ion at the same temperature as the electrons in its

ig
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Figure 4. - Current variation with probe potential
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locality.) Potential zones of attraction of particles show all random
current collected by the probe of unit area. It is assumed that the
sheath dimensions are fixed. Zones of repulsion between the probe
and the charges show the collection current variation according to
equation (3) and (4).

REDUCTION TO LANGMUIR THEORY

Consider, as an example, the behavior of equation (10) when
pProbe 2 acquires a positive potential. The argument of the logarithm
of the first and third term in equation (10) can be shown to be equal to
1 by using Kirchhoff's law, and by ascertaining terms that are fractions
of the random currents. A voltmeter would then measure

Voo - o [ @)]- ma m (D) ()]}, wm

as the external circuit voltage for external circuit current I. It is
apparent that equation (17) has an operating bound. The maximum
value Iax = —ij;A; is substituted in equation {17). The required
condition is that the second term must always be positive if probe 2 is
to be positive, or

0< Tyln [(1 +}§£lz)(}f)] (18)

The argument of the logarithm in equation (18) must therefore be less
than unity. This condition establishes a requirement on both probe
areas and local random ion currents for a probe to acquire a positive
potential, or

ighy S _ ) (19)
ig2d2 i@

If each side of equation (19) is equal, then probe 2 approaches zero
potential when probe 1 approaches -,

An important case arises when

Lafy 55 lep ) (20)
ii24; i

This is the condition for a "floating®™ single probe. Equation (18) is
transformed into



Va % - Y, Tey(k/¢) In (ﬁ: ) Tia(k/¢) In [(L:A: -:-i!})] (21)

for the current-voltage relationship, since 1 is limited by ig;A; which
is much less than ijA,.

A companion to equation (21) is developed, when the "floating® probe
goes negative with respect to its surrounding plasma, by a similar
treatment of equation (10) for - I:

Va® - YTealk/e) In(2 ) - Tealk/e) ln[(liz ~ :‘3;)] (22)

The first term in equations (21) and (22) is recognized to be the floating
probe potential for probe 1. By making use of this fact and substituting
in the Kirchhoff relation for I, equations (21) and (22) may be written
in a different form:

V; = Va + Vg = Tia(k/e) In (i) - Tizlk/e) In (if,)
(23)
Vy = Va + Vi = Tea(k/¢) In (ig2) = Tealk/e) ln (ik,)

Equations (23) were first derived by Langmuir and Mott-Smith (ref. 3)
for "floating" single probes. Thus, under the approximations shown
above, equation (10) may be reduced to the special case of the Langmuir
single probe equation. The potertial of the floating probe with respect
to the surrounding plasma "z ero" potential is plotted as a function of
the natural logarithm of the current falling on the probe. Since the

first term in each of equations (23) is a constant, the straight line

slope of the current-voltage data is both a determination of

the Maxwellian character of the collected charges and their
temperature.

REDUCTION TO JOHNSON AND MALTER THEORY

With equation 10 as the starting point, it is assumed that both
probes have area ratios which fail to satisfy the conditions prescribed
by equations (19)and (20). The measured voltage between the probes
would then depend primarily upon the temperature and random current
of the local electrons surrounding each respective probe, as seen in
equation (24).

V, == Teilk/e) m[ 0 i“)] + Tealk/¢) In [(iiaAz )] (24)

iey

10
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For convenience, the Johnson and Malter model (ref. 3) assumed the
probes were so close together that no significant difference between
local electron temperatures would be permitted. Equation (17) is
written in its simplest form by using these conditions.

V, = Te(k/e) 14%%3—3) (25)

Differentiation of equation (25) results in

e = (Aly) +Agiyy) -

y -
|y Lo ™ W ) TR
: va =0 Va = 0

where R, was defined as the "equivalent resistance" of the plasma.
T he following substitutions are required to place equation (26) in a
familiar form: 21!, = Ayij + Azijz and G = EAli'ez/ t'il:]v, =0

Electron temperature may then be calculated by
T, = 11, 600(G - G)RoL (27)

This result was first derived by Johnson and Malter (ref. 3) as the
"equivalent resistance method®. Use of equation (27) has an important
restriction which is worth noting. The calculated electron temperature
is some sort of effective or average value when the probes are placed
in a plasma of unequal local electron temperatures. For this situation,
Te does not represent the actual value at either probe.

GENERAL DOUBLE PROBE METHOD

The expression for the current-voltage relation of equation (10)
may be also used for the general case in which Te; 3 Te; and
ii;A, ¥ ij3A;. The equation for calculating these temperatures from
current-voltage data is found by expanding equation (24) to reflect the
floating potential of each probe according to equation (7):

V, = Tealk/¢) In (ilu_—A—:) - Tey(k/e) In (il—niAf-) -V +Va (28)

The terms Vg, — Vg, are the differences in floating potentials between
probes 1 and 2, and will be denoted as A V¢ as shown in figure 5.
When the external circuit curreat is zero, the voltage measured is

the difference in floating potentials. In order to calculate T, and
Te; from actual data, a knowledge of ijA for each probe is required.

11



Figure 5. - Typical double probe data characteristic curve.

This quantity, i;A, is the saturated current and should be almost
constant for all values of V,.

The following table is helpful in identifying which saturated cur-
rent refers to which probe, and the appropriate signs of current-

voltage for analysis of data.

An analysis of data with unequal electron temperatures is given
in appendix Bto illustrate the procedure.

12



TABLE I

TABLE OF SATURATED CURRENT IN REFERENCE
TO PROBE FOR DATA ANALYSIS

I=0 V, is positive V, is negative

Va"+°° I—’-iilAl I-'-iilAl

Vg = - I—+ijA, I+ +ipA,

Va =0 1=+ I I]Va=0| I1=- ' I]Va=°|
CONCLUSION

A general probe theory has been derived which may be applied to

data collected from floating probes (see eq. 10) in dilute plasmas.

This theory includes the effects of the probes being placed in plasma

regions of unlike temperature environments.

From an explicit

expression of measured voltage in terms of measured circuit current,
it is shown that with appropriate simplifications the Langmuir "single
probe® equation and the Johnson-Malter equation are obtained.

13



Appendix A
TEMPERATURE LIMITATION OF DOUBLE PROBE THEORY

A theory for determining the temperature of a plasma by electri-
cal probes is described in the main section of this report. It is valid
for electrons and ions which are scattered by neutral atoms only, since
no consideration was made for Coulomb interaction between the
charges. It becomes important to determine the temperature for
which Coulomb forces between charges become significant in modifying
the theory. Consideration of the electrical conductivity as a function
of temperature will illustrate the maximum allowable temperature for
which confidence may be placed in the interpretation of probe
measurements by the above mentioned theory.

Calculation of electrical conductivity in a gas requires knowledge
of the mobility of the charge carriers. The mobilities of charged
particles in a partially ionized gas are influenced both by Coulomb and
collision forces. Electrical conductivity may be easily calculated for
two extreme cases, that of very little ionization and the other of
almost complete ionization. The isobaric conductivities calculated
for both cases, assuming thermal ionization, increase monotonically
with temperature. Experimental results agree very well with the
theory for each case. For the intermediate degree of ionization, there
'is a transition zone in which mobilities are influenced by both types of-
collision forces. The effluent gases from a plasma jet are of the
proper temperature and density ranges to manifest conductivities
characteristic of all three regions: collision, transition, and
Coulomb forces.

An expression for the electrical conductivity of a gas in the low
temperature region (valid to 7,000°K) was given by Lin, (ref. 4) as
follows:

¢ = nee’T/me, (29)

where o is the gas conductivity, T the mean collision time for
electron-atom (or molecule) collisions, and ne, e, and me are the
electron density (no. /cm?®) the electron charge, and the electron mass,
respectively. The following assumptions are implicit in the derivation
of equation 29:

1. In the region considered, the gas density is large enough to
provide sufficiently numerous collisions between charged particles
and neutrals so that statistical equilibrium is attained;

2. No electron attachment or other long-lived interactions occur
between neutral and charged particles;

14
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3. Values of the temperature and electron density are such that
the Debye shielding distance is small in comparison to any critical
physical length such as probe spacing or size;

4. Electrical neutrality exists;
5. No external electric or magnetic fields exists; and
6. Due to high electron mobility relative to the ions, the

electrons are the current carriers.

By appropriate evaluation of T from kinetic theory, equation (29)
may be written for argon:

o =5.4x 107 nel (mho/meter) (30)
ntTe'

where ny is the number density of neutral particles, and T, is the
electron temperature. The atomic radius of argon (given in the
Handbook of Chem. and Phys.) was used in evaluating the
proportionality factor, 5.4 X 107, in equation (30) and n. is
determined by Saha's ionization equation. For the case cited

- l_'8_2_>_<_19_5 electron
T
ne = 4.66 X lO“——b (T)e T (_mT_) (31)
b(T)
where b'(T) and b(T) are the partition functions for singly ionized
and neutral argon, respectively, (ref. 5). By assuming the perfect
gas state, the isobaric conductivity for "dilute" plasma may be
determined as a function of temperature. Figure A-1 shows graph-
ically the results of such a calculation for the 1 cm Hg isobar in an
argon plasma.

For fully ionized or "dense" plasmas in which Coulomb collisions
are expected to predominate, an expression for plasma resistivity
has been developed by Spitzer and Hirm (ref. 6)

_3.8x 10°ZlnA
™2

where Z is the ion charge in multiples of the electron charge and

InA is a function which is tabulated by Spitzer and Hirm (ref. 6).

The values of plasma conductivity calculated from equation (32) are
shown in figure A-1, together with those values calculated from
equation (30). It may be seen from this graph that for an argon plasma
at a pressure of 1 cm Hg, the probe theory may be applied for
temperatures up to the transition zone from "dilute" to dense which

is 6,000°K to 8, 500°K,

R

(ohm-meter) (32)

15
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Appendix B

AN ANALYSIS OF SOME PROBE DATA BY THE GENERAL
DOUBLE PROBE THEORY

Johnson and Malter (ref. 3) have obtained double probe data in
quiescent decaying plasmas. Their data were obtained from plasmas
generated by a pulse discharge. Probe currents versus time were
measured at fixed' values of potential difference between probes. The
data shown in figure A-1 are taken directly from their paper.The points
shown on the curve 1 were taken 400 sec after the plasma generating
discharge had closed. This period was determined by Johnson and
Malter to be sufficient to establish equilibrium. The area of each
probe in their experiments was equal so that the ratio A,/A; which
appears in the simplified probe theory is unity for this discussion.

For A,;/A; less than a critical value which is determined by the
ion mass in the plasma (see equation 20), the general probe theory
gives the applied voltage-current relation by the equation

V, = k/eTelln(l—I/ii,Al)-k/eTezln(l + I/ij2A;) + AVg (33)

where AVy is the difference in plasma-probe potential between the
two probes.

In order to use the data of Johnson and Malter in the above
equation constant values of i;A must be assumed. Observations of
most data reveals the continued increase in I after the supposed
saturation value of I has been reached. This increase in 1 is
due to expansion of the sheath with voltage. The continued increase
in I can be attributed to an effective increase of probe area, which
occurs because of an increase in sheath volume produced by an in-
crease in current to the probe. For a first approximation, this per-
turbation is assumed linear with I. The dashed lines on figure B-1
show how the magnitude of the perturbation has been estimated. The
figure also shows the data of Johnson and Malter as modified by the
perturbation correction. The modified data points were obtained by
reducing the current I by an amount equal to the perturbation. For
example, in figure B-1, the estimated perturbation on 1 at data point
a is d' as shown by the solid bar between the dashed lines. There-
fore, point a is lowered by an amount, d, and placed on the mod-
ified data chart of figure B-2. A similar correction was made for 17
other points.

The modified Johnson and Malter data were analyzed by the least
squares method to fit the equation

17
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yi = a; + an(l - x;/x;) + asln(l + xi/x;) (34)
which is of the same form as equation (32). The constants a;, a,,
and a3 are the unknowns to be determined. The x; and y; are the
given data points. The values of x; and x, are determined graphi-
cally (see fig. B-2).

The equations which explicitly satisfy the least square minimiza-

tion requirement for the problem cited here are:

O= rzn [al + axn(l - xi/x) + azln(l + x;/x;) - yi‘ (35)

0= rzr;1 [al + azln(l - xi/xi) + agln(l + xi/x;) - Yi In(l - xi/xl) (36)

O = £ [a + agdn(l - x;/x) + asln(l + x;/x2) - yi] 11 + xi/x2) (37)

Eighteen points were taken from the modified Johnson and Malter
data. These points were chosen more or less uniformly along the
current-voltage curve. The value of m in equations (35) through (37)
therefore, runs from 1 through 18. It may be noted here that the
preseat analysis does not fully utilize the data available, since there
were 30 available data points. The values of the coefficients obtained
from the simultaneous solution of equations (35) through (37) are:

a, =- 0. 075238 volt, a, = 0.07253 volt, and a, = ~0.10045 volt. The
graphically determined values of x; and x; were used in equations
(35) through (37); these values are: x; = 0.3723 amp and x, = 0.6012
amp. By comparing the coefficients a;, a,, and as with their corre-
sponding terms in equation (32), the electron temperatures at the
probes and the difference in plasma-probe potentials were determined
tobe Te, = 841K, T, = L, 165°K, and AVg =~ 0,.07528 volt. The
curve in }igure B-2 is generated from equation (34) after appropriate
conversion of coefficients a;, az; and aj.

From the Langmuir theory as modified and used by Johnson and
Malter, (ref. 3) the values of 'I‘el and Te are not obtained separately.
However, they obtained an average value of T,, the electron temper-
ature, of T, =1,015K. This value compares favorably with the

arithmetic average of Te, and Te which is 1, 003°K,
2
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