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I.

ABSTRACT

Interpretation of ballistic range experimental results
is outlined for tests conducted with 20mm blunt polyethylene
projectiles. A detalled theoretical treatment of forward-
scattered microwave signals from a dilute plasma column is
given., Estimates of lonized wake diameters ar. made from
schlieren photographs of the flow field and are related to
back-scattered microwave signals. Returns from perfect
scattering rods are compared to returns from an ionized wake
in the overdense case. Decay rate changes are noted on micro-
wave returns from an ionized wake and may indicate the transi-
tion from laminar to turbulent flow. An indication of "roughness"
and separation of scattering centers is shown. General plans

for future tests are given.

INTRODUCTION

Controlled experiments conducted in ballistic ranges greatly aid the
investigations of the phenomena of high velocity flight. Most flight
parameters can be simulated by careful control of scaled models
and test conditions. In addition, many experiments can be conducted
with savings in time and cost. Full utilization of ba’listic ranges
has not been prevalent, primarily due to the difficulty of interpreting

the results of tests.

The phenomena of re-entry of a high velocity body are complex,
and many factors influence the results observed. However, gross effects
due to changing pressure, velocity of the body, body geometry, and
body composition can be readily observed. One of the best techniques

for studying these effects is by use of microwave diagnostics.



II.

General Dynamics has studied re-entry phenomens by means of ballistic
range experiments over the last several ycars. The purpose of this
report is to update the analysis a-d interpretation of the results of
tests made at the NASA Ames Ballistic Range. This analysis is then
applied to the measurements, and results are presented, Recommendations

for further analysis are made from the information known.

THEORETICAL ANALYSIS

Consider an ionized column behind a hypervelocity body illuminated
by a point source of microwave energy and examined at an equally distant
point, coplanar with the source point and the column axis. Polarization
is horizontal. Forward-scattering measurements use the power received
due to superposition of applied and scattered fields. These results
pernmit a computation of the number of electrons in the column per unit
distance along the column's axis. Back-scattering measurements are
instrumented so the applied field is cancelled out. The meagured re-
flection coefficient gives the radial distribution of electrons as
the solution of an integral eqation.

The parameter obtained directly from the forward-scattering measure-
ments is the ratio Pf/Pfo of microwave power received through the
ionized column to that outside the column, Let Xo be the common
distance of phase centers of the two microwave horns from the column's
axis and A be the free-space wavelength of the microwave energy employed.
Appendix A gives the detalled analysis, resulting in the expression

(1)

{e]
"
(9}
~

[}

where

Zx lOLe electrons/cm,

Here q 18 the linear charge density of electrons in the lonized column.
This includes all electrons in the column between two planes normal to
the column's axis and separated by unit distance. The equation for

q i8 in terms of the measured power ratio and the geometry of the



particular system, C and Pf/Pfo can be accurately measured. Figure 1
shows a plot of Equation (1). Notice that the plot does not include the
possibility of a focussing effect, P, > Pp . This has never been
observed in the experiments for the dilute column assumed in the
analysis. The fact that q is bounded, g < C, is probably a reflection
of the dilute column assumption.

Back-scattering measurements use the same Lc™m for transmission and
reception., The parameter measured is the reflection coefficient defined

by Eshleme.nl as

/0 _ " kxo scattered electric field mglitude at antenna
B =

2 applied electric field magnitude at colum's axis

The analysis of Appendix A relates this to the (volume) density, N(}, Z),
of electrons in the column., The relation obtained is
a

P - Af N($, 0) J_(2x%)3 a2 (2)

(o}

Here A = 3.93 x lo-lecm/electron, k =@)/c is the free space wavelength
constant and ?15 the off-axis distance, within the column of radius a,
to a local point where the electron demnsity is N(? , 0). Appendix A
shows this geometry.

Blu-thel2 , using a plane wave source, obtains the same result as
Equation (2), except his A 13{2— times that obtained here for the point
source. Since N(§, O) vanishes for § > s, by definition, he is able
to extend the upper integration limit to infinity. He then applies the
Fourier-Bessel transform to obtain

oo
N($,0) = % floB(k) Jo(eki) kdk. (3)
(o]

The formal solution of Equation (3) requires an experimental knowledge
ot‘fB at all microwave frequencies. The manner in which this integral
may be approximated, using & small number of experimental frequencies
to give corresponding values of /aB’ is discussed in Reference 2.
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As explained in Reference 2, ‘ii¢ electron scattering theory should
be verified by the forward-scaltered results before we attempt to
evaluate N(3, O) by approximati.; Equation (3). This verification
involves getting consistent results from Equation (1) for various
microwave frequencies. This, in turn, demands that we have a clear

understanding of the assumptions used in Appendix A.

The dilute column assumption is introducel as inequality (A-1)
in Appendix A. This assumption is treated in detail 'n Appendix B,
which considers phase as well as attenuation. We find (inequalities
B-12) the plasma fregquency, fp, the microwave frequency, f, and the

ambient pressure, p(mm Hg), must comply with the relations

e \2 2
i P p
( 7 ) L1+ 0'9l(fx10'9) ()

p<2.1 (fx10'9).

Thus, the pressure at which the tests are conducted must be about 10 mm Hg

or less for the results to be applicable to analysis.

The second assumption 18 introduced as inequality (A-2) iu
Appendix A. This states that the dlameter of the column subtends a

negligible angle at either horn for all purposes except phase,

The third assumption, inequality A-3, states that the column diameter
must be very small compared to the geometric mean of the horn-to-column's
axis distance and the free-space half-wavelength. This means the column-
to-horn distance, if initially marginal, must increase in proportion

to the frequency of the microwave used.

The fourth assumption, used in the stationary phase integrations of
Equations A-8 and A-18, is that a horn's principal E-plane power pattern
and the radial distribution of electrons should vary slowly with change
in position along the column axis, compared to phase oscillations

associated with a line from the source to the electron.



III.

Besides the four assumptions detailed above, we shall eventually
be concerned with further assump“ions associated with approximate
solutions of Equation (3) above. Possible approaches are suggested by
Reference 2, It is expected that several approximation techniques may
be checked out as back-scattering data become available at several

microwave frequencies.

EXPERIMENTAL RESULTS

From the theoretical treatment, as detailed in Appendixes A and B,
it seemed appropriate to analyze the forward-scattered returns and get
correlation for a number of shots as the first step, so that confidence

would be felt in the approach as applied to the range geometry.

Figure 2 shows the linear charge density of a large number of tests.
The models were polyethylene cylinders 0.8 in. in diameter by O.4 in. long
with & 0.6 in. radius face. All were fired at a range pressure of 1 mm Hg.
The linear charge density is plotted as a function of the distance
behind the body. The values of linear charge density were obtained from
Equation (1). The decay is a power law of distance behind the body,
being a different power at each velocity.

The magnitude of slopes in Figure 2 fit equally a fourth or fifth
power dependence on model speed. A wider range of model speeds is

required for a reliable empirical fit.

By using the analysis to present the data in the form of Figure 1,
one can possibly obtain some relationship to describe the wake and
phenomena in a simple enough form to be useful; and a macroscopic model
may be evolved. An empirical description of the linear charge density
was derived from the data in Figure 2. By use of such data, one could
possibly predict the charge density within the range of interest.

A series of such tests could be made under various test conditions
to obtain the gross effect of varying parameters. After a series of

such tests, a descriptive model could be determined.

The data plotted in Figure 2 was obtained at only one frequency.
To adequately cover a wide range of electron densities on a given test,

many frequencies would be required. Each frequency would have the
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dilute column model met at some distance behind the body if the

frequency were below the plasma frequency at some point in the wake.

The frequencies would be chosen sc taat the model described in Appendix A
would be applicable for a give'. frequency at all times of the test

and that each frequency range would overlap the next frequency range.

A continuous record of linear charge density could then be obtained.

In addition to the method of analysis give:. in the appendix, other
means are available to obtain information. Compariscr to perfect
scattering rods can .o made if the ionized wake is "overdense" or
completely scattering to a given frequency. Thus, the dilute column
model may be valid at a given frequency, while at the same time the
rod comparison is valid at another frequency.

The measured returns of a series of rods are shown in Figure 3,
The range of values obtained results from the method of inserting the
rods on-axis in the range section. If a comparison is made of these
returns to those obtained from a wake, one may determine if the wake
were overdense., This would require that an estimate of the wake diameter
be made from the knowledge of the flow field behind the body. As the
returns from the ionized wake drop below the return from a rod whose
diameter 1s estimated from the flow fileld, one can conclude that the
egtimate is too great or that the trail has become "underdense". At
this point in the trail we cannot tell then if it is "overdense" or
"underdense”. However, the dilute column model developed in Appendix A
fixes the lower limit of overdense uncertainty. There exists then, an
area bounded by the known underdense and overdense trails, as determined

by perfect-scattering rod measurements.

Back-scattered returns for three shots at 1 mm Hg covering a range
of velocities are shown in Figure 4. The exponential decay 1s easily
seen a8 well ag the decay rate change. Values of rod returns are ind.cated

for a range of rod diameters.

As indicated previously, an analysis such as this must be done with
data from several microwave frequencies and consistency shown between
the frequencies. Consistency would tend to verify the dilute column
model developed 1in Appendix A. The choice of frequencies to employ must,

of course, be determined by the range of test conditlons used on ballistic
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ranges to adequately cover the range of electron densities produced.

The estimate of wake dimmeter maxime as determined by the flow field
can be obtained from schlieren protos. A high-speed continuous schlieren
record is made of all firings. Any irregularities that may occur in the
flow field due to model orientation, model damage, or other individual
shot peculiarity, are easily determined. Records are obtained by schlieren
techniques to pressures as low as 7 mm Hg as regards the viscous wake

and well below . mm Hg for the bow and recompression shocks.

Exponen- ial decay of the reflected microwave return is observed on
many of the !irings, particularly those known to be overdense. Many
decay at & particular exponential rate for an appreciable distance
behind the pody, then abruptly, the decay rate changes, though remaining
exponential for another long distance behind the body. Effects similar
to these are observed by Hidalgo3 from luminosity measurements. Coupled
with drur camera data, Hidalgo has interpreted these decay rate changes
as the point behind the body where transition from laminar to turbulent
wake flow occurs. Such an explanation may be applicable to the radar
returns. For the model body diameter employed at the NASA ballistic range,
the pressure at which laminar-to-turbulent flow occurs is probably in the
range of 5 to 10 mm Hg. At this pressure the turbulent weke is clearly
visible on a schlieren photo and protusions may possibly be noted at
the point where transition occurs. No change in decay rates of the returns
are observed on firings above 10 mm Hg ambient range pressure. More
data on firings at 5 to 10 mm Hg are needed before one can conclude that
transition is observed on radar returns.

Figure 5 shows the results of & test conducted at a pressure of
1 mm Hg and a veloeity of 25,700 ft/sec. The comparison can be made
between the 5-Ges returns and luminosity measurements in the 3300-hOOOX
region. The point behind the body where the decay rate changes abruptly is
about the same point. Correlation of returns strongly suggests that
optical signatures may be related to radar signatures.

Amplitude fluctuations of the forward- and back-scattered microwave
signals are noted on all firings, but the point behind the projectile

where they occur varies, being dependent on pressure and velocity. This

11
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is true of all microwave frequencies used. On tests where luminosity
measurements are obtained and the flow is determined to be laminar well
behind the body, the return is a smooth curve. No fluctuations are noted
then for hundreds of body diameters and then, once they appear, they are of
very low amplitude, This suggests that the recombination rate is greater
than the diffusion rate of the turbulent wake and that the electrons
gscattering from the small viscous core give all of the return. The return
fluctuates since the free electrons causing the scattering are in groups
within individual eddies of the viscous wake.

The effect of pressure and velocity is shown in Figure 6. Comparison
of four 5-Gecs reflected returns can be made, and the difference in
fluctuations between the two tests made at 1.0 mm Hg and the two at 10
mm Hg is easily seen. From luminosity measurements it has been
determined that laminar-to-turbulent transitions occur well behind the
body at 1.0 mm Hg, while at 10 mm Hg the transitlion occurs at the body.

One explanation for the "roughness" of the return at 10 mm Hg is that the
turbulent wake disturbs the ionized wake. The differences in amplitude of
the tests at the same pressure can be attributed to the velocity difference
(1100 ft/sec).

Decay half-lifes have been plottedh and transition possibility noted
as a function of velocity. Radical change-of-decay time is observed at
a particular velocity at a constant pressure of 1 mm Hg.

13



-gTT8I3 3usTnaIng ATTEIITUT Ul Pazliu
8T sgsuyudnoy - suIn}sy PatodTIeM uo aamsgsald puw A3TOOTSA JO LOBIZE o AL
398/13 009°02 £3TO0TaA oas /11 O0:IFAT fAiTo0T

saiaqameTp Lpoq O°IE |V‘ T| sIazaelue:p Apor ~° = ||V_ T

1 ' _ H lm
/ id
,ﬁ. od
2 SUU N P, o . -
<<#<<<< Le s <<<<Lv1 & wm wn O-o.ﬂ
‘ ¥ : ayeM -
1 B S usSTNgANg, —
¥ TTSTITUL
. - N G “Y..‘ .. - .
$ qpzz-
T - .2
saonoweIp Apoq O° it |V— Tl sx=sqaueip £poa 2°62 |.V_ T|l
pas—
od ¥
i  ARAARARAARAASSAASAS xowoxo - X
BH wwm 0° T 1
*£poq putysq T
qrhe- 1ToM UOT3TS “n
- -uBJI3 JUITNAING 1
03 JBUTWS] :
mv %Nﬂn
- T - ke a




IVO

SUMMARY

Theoretical analysis of forward-scattered microwave signals from
an ionized trail has led to an expression for charge (q) per unit length.
The model derived appears to be valid for dilute plasma columns for
many microwave frequencies. Analysis of forward-scattered returns is
not dependent upon radial electron distributions. Estimates of ionized
column diameters can be made from schlieren photographs, and comparison
can be made of perfect scattering rod returne to trail returns in the
overdense region. A reglon of uncertainty exists between the overdense
and dilute columns that can be resolved by using multiple frequenciles.
Radial electron distribution determination may be possible by analysis
of reflected signals at multiple frequencies, Theoretical work is
directed to this solution.

Decay rate changes (. microwave returns are observed on many tests
and are similar to decay rate changes observed on radiation intensity
measurements by Hidalgo. Direct correlation of RF decays to radiation
intensity decays in the 3300-hOOOX band has been made on several firings.
Radar measurements to obtain the laminar-to-turbulent transition point
or the altitude of transition appears quite possible.

Scattering from a turbulent wake has been observed to be quite
different from scattering by a laminar wake. A smoothly varying return
is seen from the laminar wake, while the turbulent wake appears to
"roughen" the radar signal. If the scattering from a turbulent wake
arises from individual eddies, a direct correlation may be possible by
comparing RF returns to schlieren photos of the flow field.

A macroscopic model of an ionized wake may be valuable even though
the interaction of a wake with RF energy is not completely understood.
Features in the radar returns can be compared to the better understood
radiation in the optical region to provide valuable information about
laminar-to-turbulent transition, transition altitude, and scattering
center separations. Insight may be derived from the macroscoplc model
to evolve a better theory for the phenomena associated with hypervelocity
bodies.

15



V.

FUTURE PROGRAM

A series of tests are planned - ¢ substantiate the conclusions presented
in the previous section. The tests will follow the same lines as experi-
ments already conducted but with an emphasis placed on particular areas.
More details of the initial part of the wake are required to narrow down
the transition point of laminar-to turbulent flow. Expanded time
records of the measurements are expeditious to this uwtailed analysis,

All parameters will be recorded on all firings so correlation may be
made between optical and radar signatures. Measurements in the 2- to T-

micron band will be made by a recently installed IR detector.

Investigations will be made between non-ablative metal and ablative
plastic projectiles to determine the effects of model ablation upon the
various signals. An evaluation of range contamination will be made
by analysis of samples of range atmosphere taken just prior to firing.
If evaluation shows contamination evident, methods will be employed to

reduce the contamination, such as condensation by cooling colls.

16
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APPENDIX A
SCATTERING OF MICROWAVE POWER FROM A POINT
SOURCE BY A DILUTE PLASMA COLUMN ELECTRON

SCATTERING THEORY

The analysis presented here is a slight modification of a part of
reference 2. Details are shown to facilitate data interpretation,
A as related to the assumptions
used in the analysis. It is
a o believed that the assumptions

used here are the same as those

employed in reference 2. Results
show the linear charge density and

reflection coefficient are each

decreased by the factor V 2 vhen we

pass from the plane wave illumination

(reference 2) to point source illumi-

-1

B nation (the present case).

A unique feature of the present analysis is the demonstration that the
results are insensitive to a reasonably slow axial dependence of radial

charge distribution.

Assumptions to be Used

The figure above shows the geometry. A and B are phase centers of microwave
horns polarized in the plane ABQ and pointed toward each other along the line
AB. We suppose the horns are identical. Each has a principal E-plane (field)

pattern f ( 2) = f(_z) with f (0) = 1. e radiation field from A or

A-1



B i8 impressed on an electron at P. Radiation from the electron's harmonic
motion is received at B. These fields are to be computed without regard to
attenuation in the plasma. Hence we require that the skin depth, é‘ s of the

plasma be related to its diameter, 2a, by the relation

& >> ea. (a-1)

An order-of-magnitude estimate of the skin depth is obtained by inverting the
attenuation constant for the uniform plasme as given, for example, by equation

(27) of reference 5.

Geometric an~roximations to be emnloyed are similar to those used in calcu-
lating natterns of linear antennas. For amolitude factors, the geometry

becomes coplanar as »oint P 1s revlaced by point Q. The assumption used is

2a < X, (A-2)

A higher order approximation for A, and ./i,.is required for phase applications.
We shall be concerned with the phase angles k( /Z, + A, ) and Zk/i-,, .

The same assumption, inequality (A-2), is applied to the exact relations,

A = (Fain8) + 24 (Kot $c0e )™

and
S = (3,444.,49)\;3"1—(&-340««9)"
to obtain / Emﬂ
- Xo$ (/" a% )+u.}
and

{1 Blaeg L (L 2E). .
PRVITEE DAV IS o (e ieaiy FERY

7
by the binomial expansion. Terms neglected above involve ( ?//L) in which



}’L? 3, The error in the phase angles, K\'/f,fA,) or Zk/ib , introduced

' . L
by dropping tne third term in brackets, does not exceed Zkg//t $ Z-kaa/)(o .
If we assert that this shall be very small compared to /2, our third

assumption becomes

AX,
(2a)" << 5= (a-3)
Assumptions (A-2) and (A-3) now permit us to write:
A, =
A = /i (amplitude applications)
L
A,z A F LA &

A (phase applications)

Forward-Scattered Analysis

On the basis of the remarks above the scalar magnitude of the radiation

field at P, due to the source at A is .
l z.) ‘(k/i, "“(«"t‘)
E,(568)= ’—4-—1(—67

An electron at P, driven by this field, vroduces a scattered field of

scalar magnitude

¥ f(%)l:',,,ea'km

. €
E.n(3,02)= - Lo —cn(zet) —

coupled into the antenna at point B. Let N( § R ¢ ) be the electron density

at P, The scal@r magnitude of the scattered field at B, due to the entire

A-3



column of electrons, is
-/[/ E,F(f,qe)/x/(iz)lz/ﬂfl?

Now let

: gl
Y 7%
5z //ﬂ'mAe

Fsa): Mif (@)

m(zaé)

@(2)z R(A A =2 kA

it a‘qﬂ(l)
6,(0): [ Fls2¢7 4
Equation (A-4) can now be written

b= [ aGodesas

(a-k)

(A-5)

(A-6)

(A-T)

(A-8)

(A-9)

The integration of equation (A-8) is performed by Kelvin's stationary phase

2 .
method, We note that since cos 20‘ = co8 d— s;nzo(-
2
2

/- =z
F($2)- /‘/f”f() .
()
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Also

w(z) =2k (xF+2%)'"
CP’(Z) =2 k Z(xo‘_‘f‘ i'p)- iV
@) =2k X, (X}+ z“)'g/"

The Taylor expansion of @(2) about its stationary point, Z = 0, becomes

p(2) = 2 kx, +o+-'?7é°+m ,

Equation (A-8) becomes

Lex, %  k2i/x,
C(?ﬂ)"/‘/a 0)6 [me’ %Y

0

The change of variable 2 = (1/,(0) / 2)“ gives

kz/XQ ‘I

7 v

[ e ery el 61 o\ 22
Finally we have

CONGE) [N (k)
C,(g)g)z X X 67 ) (A-10)

Substitution of (A-5) and (A-10) in (A-9) gives

2 .
- oe A .2& 7(2’2)‘ g
E’F Rz 2)(c> ™ V2xo é . )
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¢= [ [ Wooides -

is the linear charge density in electrons/meter.

The direct radiation t'rom the source at A is not balanced out in the

plumbing associated witl the receiving horn at B. The scalar magnitude of

this radiation fileld is

A

a’(zkxo-wz‘)
Eor “2x ¢

The sum of the direct and forward scattered fields at B is

E. = E,-t+E,

x
q

e[ 29 ,i
E’F/ 4/ 2xo7re .

The ratio of power received with the wake present to that without the wake is
T
P £
B E,l"
DF

-E 1 ()

Z_ ym Xc - i /12 (fx-l3)
C ~ ¢,e‘)‘/>\ =)§ > x/0 e/ecfron%m‘

Il\ - (;

where

i




If we write

NA—

T@
R
e
e
Rs
RV
!

C

it follows that

. (51
?1 = R (A-14)
N
= L _
ge = C (fi »

Only the first of these two solutions is physically meaningful. Tais is
because ?n. increases as the column dissipates and Pf-’Pfo from below.
whenever Pf<(_PfO/2 the remaining solution,j?; , becomes complex. It follows

that the analysis is limited to charge densities which do not exceed

= /.S/\/XG/A /0 2 electrons/cm.

Back Scattered Analysis

In this case the antenna at B in the figure serves both as radiator and collector.
By analogy with the previous section we have
_ Af(a) ,4(kA-wt)
ErlB §)9)2:> - ) C? J

€ FRIE, kA
“7irm A 4

i

E, (3,62)



and

17‘ oo

Ess ] f ,§ Z)A/("Z)c&/ﬂfff_ (A-15)

B = —/““pb Ae-"wf
L m
Fa(32)= —A-//(—sz;—)--{”(z) (A-16)
}L(Z') = .,2‘?/? zlk(ff"ﬁ-{cwﬁ) (A-17)

w(2)

G <.§ 9)- f (f )63 (A-18)

Equation (A-15) can now be written

£, =B [bfwé;z(s,e)w?lf.

The stationary phase integration of equation (A-18) is similar in method

(A-19)

to the integration of equation (A-8). Corresponding to equation (A-10)

we have

/v(? 0)

.2x, T2k eoat)+ I ]

: é
V/r/ - ;z; 62*1.69

_NGo) [ §/+§m€+m
x. Vax | ax

A-8

G,(5,6)=

(A-20)

} a'[ah(x‘-imé)'*gl
e



wecording to asswrrtion (4-8), bowever,

Q , !
3 Cw"l/(lxd S Tx. S #

It follows that equation (/=20) red.ces Lo

NGo [x 38
G(36) = . \/MC e

When this is substituted in cation (A-1D) we hav

o 1‘/; A J (2 k"x”rfri"“’f)
B ol € -2
Ese ™ " Gom Vax wx ! -

R(X.~$ees6)+T ]

Wi e

caRE coeb

I s ff W™ o

Since, however,

- lcea O

2 = DY (Y T(F)cou (8),

I :DZVJ. N(?)O)J:(nk’§)§j§ (A-22)

Esnleman's "reflection coefficient", defined in the text, can be written

in our present terminology as

f _ Trl?)& \ Ess l ( )
= . . - A-23
PV 2 e _(s80)

Substitutlon f ¢ ations (A-1) and (A-00), and

\E (06,00) =A/x.

nooauaction (A- 3) cives

pe = =(5T) [ NEOTaRDYM




Equations (A-14) and (A-24) are identical to the corresponding results in

reference 2, except that g and/oa ave Leen reduced by the factor \/ 2. This
reduction factor is the one expected to accompany the change from plane wave

to point source illumination.
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APPENDIX P

PROPAGATION WITHIN THE PLASMA

T.e present discussion deals with. e relations whiich must exist among the
plasma paramcters in order that frec-spacc calculations can be used to
describe electric fields which penetrate a plasma column to interact with
individual electrons within the column. Thus, the procedire used in
Appendix A assumes tlat the plasma's propagation constant, ol ‘f'g'/g 5
has attenuation constant with magnitade - O‘<</5< and phase shift constant,

ﬁ —>/5“_ Here /6‘_ = ¢'¢}/¢.The plasma parameters to be limited in

relation to the microwave frequency, aJ/(&ﬂ') , are the plasma frequency,
‘:‘}P/("*”') , and the frequency, ﬂ , with which the average electron

collides with neutral particles.

For simplicity, consider the plasma as a uniform unbounded medium having
relative diclectric constant,

_ 2 ¥ (B-1)
K,+a K‘p - K f

in which Kl’ K., K and CPare real. The propagation constant and relative

dirlectric constant are related by the equation

ol +ﬂ/5 = 3/& VK +a' K. (8-2)

'rom which

A =VK (wgg- KKK,

i

1/;c .L (B'3)
and o ' P
- ;3:‘ = V K A ;f’ = — !



-l

Notice ///50 >0 and a(/ﬁc <o to agree with the ¢ 9
time dependence of fields. Since we must have /545‘ - / and - d/ﬁc << l’

it follows that
, - L
o < /én,(%) << 1. (B-4)

Equations B-T will show K. can be, in general, either positive or negative

1
while K2 must always bLe positive. The left-hand inequality above shows
the (overdense) case, when /<:<f£9 , 18 not permitted in the present

treatment.

It should not be supposed that propagation is impossible in the overdense

case. In fact, when Kl<:o, equations (B-3) yield

G N E (-
- S )+

Thesc are both real., We exclude Kl<:o because thils was implicit in the

treatment selected for Appendix A.

The right hand inequality, in inequalities (B-4), siiows the need for a small
loss tangent. This implies the only expansion for K, useful for our present

problem, is

K =VKwC =Kk, {1+ (8)- a1
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When this is substituted in equations (B-3), the latter reduce to

é %’\/7§’+’/(%>*"'} (-5)

_ % K. I K \*
ﬂ,, = \/KT 2K "Z(;K,)“” }
with K; > 0.

The attenuation and pnas---shift requirements stated in the first paragraph
can now be restated in terms of parameters more directly comparable with the
plasma parameters. We how have

W,-—>/

and (B-6)
2 /(
The plasma parameters are related to the relative dielectric constant by

equation (24) of reference (5).

Thus K ~ ' _ tL’PL
' w'b_'_ 1} L5
nd 5 > (B-7)
: K = Y%
v w wFYY
Now let
———ﬂ—)—— <<
and it + (B-8)
2 |
o R22

It then follows that

\//.(l = /-M__.{-H'

=
and “r# " (8-9)
K z/ 173 v Y79 b
L ZS— P d
- ) ™ ug /.1- * L+ v ‘}
aK Q.0 WP Oy v .



We conclude that inequalities (B-6) are satisfied provided inequalities
(B-&) are, Finally, we can substitute cquations (B-9) in equations (B-5)
and save only the terms which are significani when (B-8) are satisfied. We

have 2/
@&y, /2

o 2T

LR

[

and (B-10)

(2% e . 2/
2 2 - L — <1
ﬂc el o+ 2 =R2%;

Expressions (B-10) establish that inequalities (B-8) are, in fact, the plasma

limitations necessary so that the analysis of Appendix A applies without

modification.

An empirical relation given by reference (5) enables us to go one step

further. If /b is the ambient pressure in mm Hg we have

9 -1
2= 6 x/0 p sec (B-11)

for Lydrogen. Sunpose the collision frequency depends only on the neutral
particle density. Then, at low pressures, this is determined by the perfect
ras law., On this basis equation (B-11) is applied to rarified air.

Incqualities (B-8) can now be written

(£, /)"
/ + .91 (—L

frj0°? (B-12)

<< |

and

p L2 (fr677).

Here 'FP = a-)P/(J-W) and F = (L)/( 27r) are plasma and

nicrowave frejiencies, respectively, and /b is tre ambient pressure in mm Hg.



