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ABSTRACT

7
This paper presents a method for calculating the probability that

a certain minimum number of a set of ICeM's can be destroyed by a given

number of interceptor satellites.
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PROBABILITY CONSIDERATIONS ON DESTROYING ICBM's

WITH INTERCEPTOR SATEULITES

The problem, as defined by Dr. Fritz Hoehndorf, may be formu-

lated as follows:

Let m and n be the numbers of interceptors and ICBM's, respec-

tively. Each of the m interceptors is supposed to attack exactly

one of the n ICBM's. One ICBM may be attacked by one or more in-

terceptors. The probability that one interceptor destroys the

attacked ICBM is p. The probability PiE that the ith interceptor

thattacks the k ICBM shall be independent of i, k.

What is the probability that at least n.- g ICBM's are de-

stroyed or, in other words, at most ,ICBM's escape destruction?

Let us first answer the question: What is the probability of

destroying exactly J ICBK's? Let mi. be the number of interceptors

attacking the first ICBM, let M 2 be the number of interceptors at-

tacking the second ICB, and finally let mn be the number of inter-

ceptors attacking the nth ICBM. It is obvious that the number of

different possibilities of attributing m3, im2 , mn interceptors

to the first, second, .nt h ICm is

ml
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Since nm is the total number of possible distributions of m "ele-

ments" among n "boxes," the distribution in1, m2 ... m has the

probability

1 M!

nn : n l ... m'

The probabilities that the first, second, ... jth IC3's escape

MI m2  rnj
destruction are q , q , ... q , respectively, where q = 1 - p.

The probabilities that the (J+l)st, ... nth ICEN's are destroyed
arei- Mj + I -a

are1, ... 1 - q7, respectively.

Hence the configuration: first j ICH' s not destroyed, remain-

ing n - j ICEK's destroyed, ith ICB( attacked by mi interceptors

(i = i, ... n), has the probability

________ ml q3 l - q1n)

(n)
Since there are ( possibilities of selecting a set of J escapes

out of the n ICU('s we obtain

" q. ... q . .. .

(1)

where Pj is the probability that exactly J ICN's escape destruction



and where the sum has to be extended over all configurations..,

I, i , ... mn so that

M+u+... + +=i

The sum in formula (1) may be written in a more convenient form.

We substitute in equation (1)

+ + * Imj =V

Since each term of the sum in equation (1) for which mj+k = 0

(k I 1) vanishes, we have to consider only those configurations

for which

4+2. + "'" as- (= + "'" ij) -a- van- j

or

vSm-n+j

The set of the v elemnts m, ,... rj can be selected inQv)

ways and there are jV possibilities of attributing v interceptors

to j I13's. The number of possibilities of attributing the re-

maining m - v interceptors to the remaining n -J IC's is

(m - v)

mj+ . %.!

I' _ ____ ___ ____ __ ____ ____ ___ ____ ___



where

in + ... in = m-I'

RJ+. n

Hence it follows

m-n+j

,J, >im M ( )(q)v (-vz

(2)

where the second sum has to be extended over all possible configu-

rations m+i ... mn satisfying the condition

n +
Mj+1 + ... = - V (3)

After determining Pj by means of formula (2) we see that the proba-

bility p of killing at least n - ICR's is

0

In order to estimate the sum

S Z (-V) ( q-+. r...

the following study is useful. In the sum (4) all terms vanish if



an 8n'J+k 0O(k Itl). If we now replace lq C,..(~q~

by its maxima. it under the boundary condition (,) we see that

s • • Z (m - V)!
( + ),. .. '.

where only those configurations have to be considered for which

'J+k

This leads to the following problem: How many possibilities are
there to distribute P "elements" to a "boxes" (P > o) so that each

box contains at least one of the P elements?

In order to answer this question we shall derive a recursion

formula as follows: Let #p(, J) be the number of possible dis-

tributions 'so that the first j boxes contain at least one element.

It is evident that #p(a, J+l) equals *p(a, J) minus that number

of distributions for which the first J boxes contain at least one

element and for which the (J+l ) st box is empty. This number is

#p(cr-l, J). Therefore:

*p(Oa, a+1) -*(.- a) - *(O-l, J)(6I

We now have

*p(U, 0) * (7)

5



From equations (6) and (7) we conclude by induction

a

v.0V=O

or

v.0v=O

where Op(a, a) means the number of possibilities to distribute P

"elements" to a "boxes" so that each box contains at least one ele-

ment. It is desirable to express #p(a, a) in a closed form. For

this purpose we write

S(-JjV )e vxm(e x 1)CF (10)

v-O

Differentiating (10) P times with respect to x we obtain

*p(a, a) - (ex - I)a (11)
dxP

which yields *p(O, a) in the desired closed form.

6



Equation (3i) shows that 4p(o, o) may be written as a contour

Jintegral in the Gaussian plane, extended over any closed contour

encircling the origin once

*P(Ca, O PI (ezv dz (12)

r In various ways we can obtain useful estimates for op(cl, cy), for

instance choosing the unit circle about the origin as contour.

However, we shall not dwell upon this method any longer, because

the fundamental formula (2) can be transformed into an interesting

and much simpler form, handy above all for computations with a

digital computer.

With regard to practical calculations the greatest difficulty

in evaluating formula (2) is caused by the factorial terms and,

above all, by decomposing m into a large number of summands. How

this can be avoided shall now be investigated.

The second sum on the right-hand side of equation (2) has the

structure

where

a, + Soo St a

I
* J



Eliminating the parentheses in (13) we have t ).products of the

kind q q .-q All these y ) products contribute th '

same value

si! 0s0 st!

to the sum in expression (13) if we first keep SIP SW ... sa

fixed. We substitute s i + s2 + ... s5 -a and write (i4) in the

form

s - ((S) G " ( a " (1 5)

81 2! ... Sa! ~ C(+I! 000t

Keeping first sI, S2, "a. s fixed and summing over s oo. st ,

we obtain

B

s n (.)a (.t o,- q, (16)

8



Sunming over s. s , and keeping,  fixed during this sum-

mation, ve obtain

s - (-,)a (t - )8- q ( c (

;-to

or

s- (-1)09 (t - )S*18

Equation (18) now leads to the important result

.~ ~ ~ 1 ... (,. .. !.

t

-z (_,)a,()(t-a P)s
cxaa

Equation (19) finally enables us to give an expression for P3

much more suitable for practical calculations:

m-n+J n-J

P (n) (m)(j) ( n-jG )(n - j - a v (20)

9
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Let us now represent Pj as a contour integral. For this purpose

we apply to the second sum in equation (20) a method analogous 'to

that which led to equation (ii). From the relation

n-j
n- (-l (n-i )(n-c 'p)x me (e- X - (21)

-p

we conclude by differentiating (m - v) times with respect to x, and

subsequently substituting x - 0

n-j

(-,)a( n- - p dmjV je (n-j (1 - ePKxnJ } (22)
a Vx

x-O

or

n-j e(n-J)' - ePZ)nj

(nJ V e fZ) dz (23)

where the contour integral has to be extended over a closed coutour

about the origin in the Gaussian plane of the complex variable z.

10



Substituting equation (23) in equation (20) we obtain after some

elementary operations

/n I m-njq) - e) e (1.ii (n) m' i - (( jz)

' :, J nm  2ig z l

The sum

m-n+j

(jqz)(25)
VMO

can rigorously be replaced by e because powers of Jqz higher than

m-n+J would not yield any residue different from zero in the integral

of equation (24). Hence it follows that Pj can be represented in the

form

e(n-J p)z _ e- j

P ( ). i / dz (26)
\Jnm~i ~

It is appealing to check equation (26) by proving that indeed

n

P i (27)
J-0

17
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Since

n 
n-j

XZ ( j).e-j,. (i..-,.)-.
J-01

we obtain from equation (26)

J= a 21 R (28)

Since

fE22- dz -21s R
Zml a!

equation (27) has been verified.

Fquation (26) can be written in the form

Pj) n ( qz) (ez - (29)

12



It suggests eliminating the parentheses in equation i(26)in orderI to calculate the residues. After some elementary transformations vi

1 obtain:

n - .. ..
nn,

For practical computations it is:always advisable to comprehend: two

succeeding terms in the sum of equation (30):'

=n-n-

n-Jp , +1 n-Jp-p_ 7(- ) f,-_e'°- (31)

This approximation is sufficient for all practical purposes. Finally
equation (30) assumes the form:

0=0

(32)

13



for an odd (n-J). For an even (n-j) the upper limit of the sum equals

(n-,)

2

Professor Harry Carver suggested that we calculate the factorial

moments of our distribution function, remarking that the general ex-

pressions would probably become very simple.

The yth factorial moment L(V) is defined as follows:

( -) ... (-v + .) P (33)
J=O

or using the notation:

JOI, - 1) ... (,j - -+ 1). 1~y

we have:

x(V " .J(V) P; (34)

J-0

In order to calculate these moments we make use of formila (26) which we

shall write in a slightly modified form:

P_ enqz (eP. -1 n-

Pdz (35)

14



From equation (35) we conclude

2irn~ nqz (e n ( ) n) P l J
m: enq ePZ -ln )en,-

= MI..,,1 v pz _ dz
NO (v 21K n? z M+1

i , J=O...

(36)
The sum in the integrand can easily be evaluated as follows: We

substitute,

ePz -1-

Since:

n

we obtain by deriving equation (37) V times with respect to x and

multiplying the result by xV

(V) n)x j  n(V)x i + (38)

J-0

or

n j(V) ( ) p z  n(V) ep z(n -v ) (ep z  i) n  (39)

J=O

15



We now substitute equation (39) in equation (36):

(v) (n vP)z
ng. fe d . z. (40)

21ir nm z

Calculating the residue of the integrand of equation (40) we

finally obtain:

n(I) YR(41),

Our next aim is to give an approximation of our distribution

function good to any desired degree of accuracy, taking advantage

of the simple expressions for the factorial moments.

We are particularly interested in the case where n is very

large i.e., n > 200. In this case it is justified to replace the

suamation sign in equation (34) by an integral sign:

n

I)M f i(v) P(j) dj (42)
J=O

We now perform the similarity transformation:

(X + 

'16



which. transforms the, interval (0, n) into the interval (-1, i.), and

obtain:

+ +x- X~ x . x -X P) dx( V ) n n , . ..

(44)

where P(x) dx is the probability that x lies'-in the interval

(x, x + dx).

Now we take advantage of the simple expressions for the factorial

moments in order to expand P(x) into a series of Legendre polynomials.

For this purpose we eliminate the parentheses in equation (44):

-VI~~~~~ ~LV(). 1 lx)(X 2~(-) (V-1) -.. (x) dx '
(45-)

S 5 (V-1) flx V-2 (x) dx +(-)1

where ai(V-') means the ith elementary symmetric function of the

first v - 1 integers.

17



For practical applications we shall list thefirst four symiltric

functions i 8() 2) , (n), ,n)"

*z(n) n(n +, )

2(n) n(n + 1) (n- 1)(3n + 2)
-- 24

,(n) = (n + 1)2.,(n - 2) (n - 1)
48

s(n), n(n + 1) (n- 1) (n - 2) (n- 3) (15n S +15n 2 
- n in-8)

27 • 32. 5

Equation (45) suggests expanding the expression" (i + x) n into a sum of

Legendre polynomials. As will be shown in the Anpendix, ve find:

ino

where P is the i t h Legendre polynomial normalized so that:

i1

y2dx 1 (148)
-21

18



and

(49)

2 (n )2

(21 + 1).: [(11+1)1 (1+1)1] n(ri-l) - (1+1)1] 1.[+2) (±+a)-(+)i

Let us now expand P(x) into a series of Legendre polynomials:

COP (X) () (50)

0

We now substitute equations (41), (47), and (50) in equation (45):

21 liV'1 01Zn' fS(-) _ liv-2

i=O i=o

(51)

V-2

n 2) liV-2 a,

i=O

Equation (51) enables us to calculate easily the coefficients a i

successively, and is above all suitable for large numbers n and m.

Although equation (51) apparently is complicated, it permits

computation of the coefficients a i without solving a system of linear

equations. The numerical evaluation of equation (51) can be performed

by means of a desk calculator.

19



APPENDIX

In order to prove formula (49), page 19, we start from the dif-

ferential equation for Legendre 's polynomials:

d (j -I) + 1) pi

We now =mltiply equation (1) by (1 + x) n and integrate from

-1 to +1:

+i

--i(i + 1 --+ --d(X2 1)p (I+X)ndx

n f(1X2 +jdX=n1pid x-1 1+x"Pi

1 1

-1 - (

(2)
1 1

= n f (+x)n Pi dx + n2 f (x -) (+ X)n- Pi dx
-i -i

- (n + n2)f (1 + x)n pi dx - I22f ( 1 + X)n-1 Pi dx
-1 -1

From equation (2) we derive the recursion formula:

I in 2n2  Ii- 3

n2 +n- i 2 + i n-)

21



We apply formula (3) successively until we reach Ii which is:

I~l~I

IUi + ( X) P1 dx- (4)
-1 -1

The integral (4) is well known and may be taken from any texctbook*,

and from it we then obtain, after some elementary transformations,

equation (49), pa& 19.

*W. Magnus and F. Oberhettinger, Formeln und Satze fur die speziellen

Funktionen der mathematischon Physik.

22
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