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Two methods of solution are applied to the problem of the

response of a thick velled cylinder with semhmoeneeus strain-

dependent and thus nso-linear elastic properties: one method is

an application of perturbation theory; the otber, an iterative

numerical scheme using finite differeace appiintioms. The effects

of nonlinearity and the region of validity of the solutions we

diecussed.
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1. Introduction

Recently there has been a great deal of interest in the mechanical

response of elastic bodies whose material properties are not

homogeneous, but strain-dependent. This interest has been an outgrowth

of both the development of new materials and the straining of conventional

ones to higher limits. it is the purpose of this report to investigate

the effects of small non-linearity on the states of shear and strain

in a thick walled cylinder of infinite length (plane strain).

The response of an elastic material may be described by its

shear modulus, G, and its bulk modulus K. For this paper it is assumed

t hat the bulk modulus Is a linear function of the dilatation, Lii ,

A< = KO (I Cc6~

and that the shear modulus is linearly related to the second deviatoric

strain invariant, 112 (3,

G G. (I- c ) (2)

where

i e 1/2 e e o

in which ey is the deviatorie strain tensor,

. ij

The infinitesimal strain tensor may be epressed in terms of

the displacements, Li ,

+ U
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and the summation convention for repeated indicies is employed.

Many derivations of general stress-strain relationships are

available in the literature (2,3]. The discussion here will be limited

to the observation that the relationships selected, Eqs. (1) and (2),

describe a material which is softening under increasing shear strain

(I'2 is always positive and C and 0( are assumed to be positive

constants) but may either soften or harden with regard to volume strain

depending upon the sign of the dilatation 4K . If such a

material is subjected to an uniaxial state of stress ( as in a tension

test) various stress-strain relations may be obtained. Fig. 1 shows

such a group of different stress-strain diagrams computed with the

use of Eqs. (1) and (2).

It should be noted that while it is the purpose of this report

to discuss "small" nonlinearities. which is in fact implied by the

form of Zqs. (1) and (2). it is possible to produce "large" non-

linearities by proper selection of the parameters involved.

The analysis of the response of a nonlinear thick walled cylinder

(plane strain) enclosed in a linear elastic thin case (see Fig. )

subjected to an internal pressure po can be based on the

equilibrium equation expressed in terms of the displacment components.

The relations between the principal non-zero components of stress and

strain are written in the form

011 -(K - C64 (K-J-fG)e

7(K-G) - + )
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The strain displacement relations are

46 Uir rI&

where U denotes the radial displacement component. I'2 and !xw

in terms of the displacement

=6C U.,.1 --

The equilibrium equation

ro,.. + o, - =o (6)

expressed in terms of the diaplacementp U , becomes

for the relevant boundary conditions. Methods of solution of this

equation will now be diaccused.

2. Perturbation !Tsniques

Perturbation techniques () have been shown to be useful in the

solution of nonlinear differential equations and other problems ().

Their application involves expansion of the displacement in term of a

parameter C which governs the amount of nonlinearity.

, u . 'u,(8)

Introducing Rq. (8) into Eq. (7) and equating the coefficients of each

power of C to zero the differential equation for each term U9 is
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determined. For U.o and u, it is found that

+.. -) (9

or
or,

Uo r (10)

and (,,,,., , ,,.. Y,)(K., )+

or

+_C _ r k
'2ri - (12)

(3K. + 4. ) r

where c, c2 ' k, and k2 are constants to be determined from the boundary

conditions.

Equation (8) together with Sqs. (5) provide expansiou for the

stresses in terms of the parameter c,

01)
=0Zcw '  ire

or, more explicitly,

1. o{rO¢-= '#c" , #¢'.. .. = , +f~l '+

C(K< +¢O + ,<,..=,., +#o(-e+zd,,) ..

o +c # )(,<"+,4o....(K. j .(. +.

•# c(K,<-j4)4 < # + .4",'+.G4'')eZ] + '7+.
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Since the boundary conditions are independent of c, the condition that

4 r .

leads to

while the condition that

Ui

leads to

00,

O~.G~ jf~~ij~ at r-

where £ and VD are Young's modulus and Poisson's ratio for the

thin outer case.

A number of mmerical examples were calculated keeping only the

first two terms in each series expansion. Figures 2., , i and 5 shw

the results of one such calculation In which 9 / 09
b

K
OC- and and c vary as indicated. It will

be shown that this example corresponds to rather large nonlinearity end

in this sense is misladings (see section I).

3. Iterative Numerical Solutions

The advantage of the previous method of solution is that it provides

an analytic solutien with relatively little numerical work. One of the
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disadvantages is that when only two terms are retained, the results are

only valid for "smll" nonlinearity.

In this section an iterative proceedure is presented using finite

difference methods. This proceedure is useful as a check on the range

of validity of the previous method and also useful in itself as a

solution. It is briefly outlined below.

1. The solution for the displacement is approximated, using

the solution for the linear elastic thick walled cylinder without an

outer shell.

2. This approximation is used to compute the terms in Bq. (7)

which involve the elastic constants, thus linearizing the equation.

3. Eq. (7) is then solved as a linear., ordinary differential

equation with the aid of finite difference techniques. This solution

is now used in place of step 1, and steps 2 and 3 are subsequently repeated.

4. The proceedure is stopped when the results have converged

sufficiently well.

Appendix I presents a Fortran (61 program for this proceedure which

was used on the IBM 1620 digital computer at the Engineering Computing

Center of Columbia University. First the input data,. 9 1OCC,9 ,

number of divisions used in the finite difference solution (multiples

f 10), and is read and printed; nent the radius
rbQt_"9G.

and the first approximation for the displacement at that

point are printed for a number of points; this is followed by more

radius-displacement pairs from each iteration if sense switch 1 is on

(if sense switch I is off the iterations are not printed) followed by

6



the number of the iteration in any case; finally sense switch 2 on or

off determines whether or not the Iteration is stopped. if the iteration

is stopped, the final values of -C 9 and 0&
bb.

are printed for a number of points.

The result of some numerical computations is shown on Fig. 2-5

together with the results of the perturbation solution. For the

example shown forty divisions were used in the finite difference solution.

he computer running tine for each iteration was about two minutes.

This increased to about three minutes when fity divisions were used.

Convergence of this iterative proceedure is not always insured

(a comon problem in nonlinear behavior) but it was observed in all

cases that by decreasing the nonlinerity, ie. decreasing c,

convergence could be obtained.

. Discussion of Rsults

it should be noted that the examples in Figs. 2-5 are not in the

region of "smell" nonlinearity. For example, the sigllest nonlinearity

shown has an average K of about seventy percentaf Ko . While this amount

of nonlinearity is required to produce signifant changes in the quantities

calculated, it is actually beyond the range of validity of the

perturbation method. This accounts for the lack of agreement between the

& perturbation solution and the iterative solution. On the basis of the

numerical analysis performed it is apparent that smll" nenlineritise,

which casue lese than 10% change in the elastic constants do not

!4
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significantly effect the stress field.

The effect of the nonlinearity is to decrease the tangential stress

at the inside surface, an effect observed in an elastic plastic thick

walled cylinder and also in some nonhomogeneous problems (5). Other

effects include a general softening of the material and a corresponding

redistribution of stress between the thin outer shell and the cylinder.

8
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f DIMENSION R(53)tU(53) D(53) E(53)gF(53)

12 READ AT AKOG A B P6G DIVSHELL

AHOB-11-T)/61 SHL

lim O 15I-1,M

14 R(I)-T+(zB )*(l...T)ID;i
U(i)-POG*.5*( ./R(I)4R(I)/(.33333333+AKOG))/(1./(T*T)1l.)
Y8mZ8-C8*. 1*01V
IF (Y8 l~v6
96 C8-C 1.

PRINT R(I),UMI
15 CONfINUE'

16 K-2

1 U- *(U(K+1)-U K-1) /AHOB
19 AI2-(-DU*DU+DU* K /RlK)-U(K)*U(K)/(R(K)*R(K)))
20 G-1 .+B*A12*.3333333
AK.AKOG*C 1.+A*( DU+U( K)/R( K)))
IF W1 21,215
21 DDU- JU(K+1)44J(K-1)-2.*U(K))/( AHOB*AHOB )
22 C1DU K)/R(K) -2.*DU)
2.3 G2-(DU-U(K)/R(K) )*(DU...2.*U(K)/R(K))/R(K)
24 DG=B*.33333333*(G4.G2)I. 25 DAK-AKOG*A*( (DU-U(K) IR(K) )/R(K ).ODU)
26 IF WL 27 3362
27 0(1- JAK+l 333333333*G)*.5/AHOB
28 F( 1 )AK-. 66666666*G) /R( 2)

N-Mi - -D1
30 DO 37 K-2,N
31 L-0
32 GO TO 1I8
34 F'-AK+1.31333333*G 3 WIG
3 Flm.5*R(KJ *(DA4K+1.33333333rG

35 F K)- F1* ( ()AO .)+F2)/AHOB
36 E KJ iF1*( RK*2 /(AfIOB*AHOB) -1I./R(K) )-..66666*DG+DAK

31DK) tF1*(R K)/AHOB -.5)-F2) /AIIOS

3 14 - K+1.333333313*G *.5/AHOBD9 M AK-.66666*G)/R(N )+SHELL

43 E(J)mE(Ej)!DJM)*F()E(uJ)

45 DO4 -t

K0 -0 /El

IF (SENSE SWITCH 1) .1



48 M2in.1*DIV
Do 49 K-2 N M2

49 PRINT,R(KjoU(K)
51 PRINTI
1-1+1
53 IF (SENSE SWITCH 2)52s16
52 DO 60 K-2,N ,M2

5~ GO TO 18
55 XI-AK+1 .33333333*G
56 X2-AK-. 66666666*G
51 X:(X 1*DU+X2*UiK /R(K)) /POG
5Ym(X2*DU+X1*U KM IRK) /POG

59 Z-X2*( DU+U(K) /R( K)) /POG
60 PRINTtR(K),U(K)qXqYtZ
61 GO TO 12
62 END
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