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S MARY

A method is developed to find the stresses and strains In an incmpres-

sible visco-elastic hollow cylinder with annihilating inner radius contained

by an elastic case and subject to internal pressure under the assumption of

a state of plane strain.

Stresses and strains are computed for a material with deviatoric stress-

strain relations characteristic of a standard solid. The umerical compute-

tion is carried out with the aid of an I.B.M. digital coputer 1620 and is

intended to illustrate the effects of the thickness of the cylinder, of the

rate of increase of the internal pressure and of the strength of the rein-

forcement provided by the elastic shell.
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1. Introduction

The problem of evaluation of stresses and strains in a solid propellant

with a burning inner surface under internal pressure has not yet been solved

in a general way because of the evident difficulty of the treatment of the

boundary condition at the moving inner surface.

It is the purpose of the pre;.nt investigation to find a solution of

this problem by evaluating stresses and strains in an elastically case-bonded

linear visco-elastic hollow cylinder with annihilating inner surface subject

to internal pressure.

For simplicity, incompressibility of the material end a state of plain

strain are assumed; hence

g. • /. 0* * e j 0

where t ' J Ear and e0 are respoctively the radial and t ngential cqmeuts

of strain and deviatoric strain, and u is the radial displacement.

Eq. (1) is satisfied by u . k(t)/r wbere k(t) Is a function of time t

only. Hence,

r" " )/r' r, k( V r (2)

When a j and eij respectively denote the cowponents of deviatoric stress

and strain, the stress-strain relations for incampressble linear visco-elas-

tic saterials are of the well-kn form

P~s4)m Q(e)



where P and CL are linear differential operators with respect to tim t or,

in term of Laplace transforms with initially zero cndiLtion,

where p denotes the transform parmeter.

The equation of equilibrium

+ -0 or + s  - s g

when P operates on both sides with assumed Interchangeability between dif-

ferentiation. with respect to tine t and radius r becms

after the stress-strain relation Eq. (3) has been introdeced.

Substituting Eq. (2) Into the bove equation gives

from which V(q.) is obtained by InLegration with respect to r:

F~.,)u.2 .Ci +* CCI)(O

where C(t) is a function of t only.

The equilibrium of the elastic shell requires the relation

between the shall stress o. ad the radial stres of the cylinder orr]r

at the interface betmen the cylinder and the shell, while %i In turn

2



related to the strain of the cylinder SO]r=b at this interface by the role-

tion

since gG]r=b is identical to the shell strain c ; h is the thickness of the

shell, b the outer radius of the hollow cylinder and E€ and PP are Youn$'s

modulus and Poisson ratio of the shell respectively.

Therefore the first boundary condition at r n b has the form

F-44 - I(6)

or

where the second of Eqs. (2) has been introduced for , and

C(t) is obtained from Eqs. (5) and (6'):

Q I *( - IF VI Caf4

Hence

However, as pointed out by R. H. Lee, R. m. Rak and W. B. Hoodvard [1),

it is noC possible to operate with IP on the second boundary condition at



the inner surface

-FMzoJA\= r* (9)

and substitute it into Eq. (.5) as in the first boundary condition, since

Eq. (5) is essentially a relation between stress and strain associated with

a fixed material particle, while at each Instant * I tin Sq. (9) rOpro-

sent& the radial stress of a different material particle; a(t) is a aMo-

tonically increasing function of tims representing the inner radius of the

hollow cylinder until

a(.) 6 (10)

is reached when the annihilation is copleted at t - to.

2. General Emresions for Stresses and Strains

The difficulty Is removed however if the stress-strain relation to ex-

pressed in the form

instead of Sq. (3), where of is a liner operator in derivatives and Intqrals

with respect to tim only, or in term of its Laplace trmferm uder sero

Initial conditions:

The substitution of Sq. (2) into Sq. (11) gives

o, r



The radial stress a is then obtained from Eq. (4):

= k (+)t

where D(t) is a function of t only.

Use of the first boundary condition Eq. (6) determines D(t):

Hence

a. S iv(12)

The unknown function k(t) is now obtained from the integro-diffexratial

equation

which is the result of the application of the second boundary condition

Eq. (9) to Sq. (12).

R. H. Lee, R. M. Radik and v. B. Woodward [1] solved a special case of

the problem in which the mechanical modal of the material was assumed to be

a Kelvin body. This Iplies a stress-strain relation of the foam Sq. (11)

with

&u2C4+2y*

or of the form of Sq. (11') with

Of(p)a IL .2 7p+
G denotes the shear modulus and I, the coefficient of viscosity In shear as

shown in Fig. 1.

In mwe generality linear visco-elastic material can be represented (21



by n Kaxwell elements coupled in parallel with discrete relaxation times

Ti = Pi/Gi (Fig. 2) and normalized discrete relaxation spectrum Fi(r±) . Gi( .i)/G

(Fig. 3) or by the limit of the same model when n approache infinity with

continuous relaxation time - and normalized continuous relaxation spectrum

f(ir) - g(,r)/G where the unrelaxed, shear modulus G fGi or G - (rdr

It can then be shown 13] that the stress deviation is related to the strain

deviation in the form

or In the form of Eq. (11') with

The relaxation-rate-function 0(t) . df(t)/dt (this notation for the time

derivative is used henceforth) in Eq. (1) is the time derivative of the re-

laxation-function P(t) which is defined so as to produce the stress response

to the unit step strain input eij(t) - e° a €ont. in the fora sij(t) - 2oe 0*(t).

(t) can also be obtained from a knowledge of the relaxation spectrum:

-M

for the discrete relaxation spectrum and

for the continuous relaxation spectrum. Nq. (12) can now be written In the

form

V',.* -- 04 k.- (12')
r0



The determining equation Eq. (13) for k(t) then become

Q~v 0

which can be reduced to the form of Volterra's integral equation:

I - V t
C* (17)

where p - E/ -

The solution k(t) of Eq. (17) furnishes the strains with the aid of

Eq. (2). The radial stress ar is obtained from Eq. (12'), which Involves

the integration of k(t). However, the identity from Sq. (13')

i~dk) .. t~ ~T~O] fji%+) (3.8)

can be used to avoid the evaluation of this Integral writing the radial stress

or in the form

I I

The tangential stress ag is obtained frm the equation of equilibrium

Sq. M:

7
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when t approaches to, the right hand side of Eq. (18) should be interpreted

as the limit:

C+'.) 24[d:kLt)+f*ft (+c.-G)U(a)) al- Lm
0 t -W t /. t t

since lim a(t) = b from Eq. (10) and lio b = mtp~t) from Eq. (1').

t.-t 0  t--t b2  - 0..o~)fomZ-(3)

Hence, as t approaches to, the stresses are given by

a,. (22)

Via --v qL4-) - pC*.') (23)

since lim r b.t-O-to

3. Stresses and Strains for 1edLum with Standard Solid Stress-Strain Rela-

tion

When the strees-strain relation in shear is represented by a standard

solid (Fig. 4), the relaxation time ii is considered infinite while 12 = 2/-2"

The relaxation-rate-function O(t) is obtained from Eq. (l)

II
where at= F1 = G l/(GI + G2)

The substitution of Eq. (15') into E1q. (17) prodces

8



vhere h(t) . k(t)*t/ 2.

Both sides of Eq. (17') are now divided by the coefficient of the into-

gral on the left hand side and differentiated once vith respect to timn so

as to produce the differential equation

f(01 Fsi (25)

and

t ir,.

Vith an integrating factor eV - f~1% . (21i) can be Integrated:

and therefore

It is assumed that the mihilat g rate of the lamer surface ie governed

by the relation

9



with

I. _ (29)

where a is the initial inner radius (at t . 0) and po b/ao. a(t) is

plotted against t/t° in Fig. 5 with 'po (= 1.5, 2.0 and 3) as parameter.

t d-r
With the form of a(t) given in Eq. (28), the integral f can be

evaluated so that

where

If the internal preeure p(t) i assumed to be of the form

r .(I -P " 0 (3o)

Eq. (27) becoas

-- .(A -- - (SE"

which can be transf md by introducing the noa-dimowional quantitie

0 a-Po/(2G), c' 2 '21o and . tol 2 into

ee! 4)? I I AtJlb @I(- • + "( 4

with

v -at),.

10



where _ _*

The intgral f(t) can be umerically evaluated. The strains are

(3,)

where I - r/ao while the stresses

WU -* U1ox

'+lO -V.

I. (3) has bee otalned comsdering that by IHolpital's rule

Ii. Numrical NMI*

The previously defined nnm ie m qunttties wi~ih cheraoteri

the problen are revivind:

po b/% represents the arligial gtokmae e d the qludw.

01



t 0 T 2shovs how much time is required for the total annihilation

in terms of the relaxation tine of the mterial.

T Tis a measure of the build-up of internal pressure compared

to the relaxation tine of the material.

-t 0 T0therefore indicates how rapidly the internal pressure is

built up to the maxim in comparison with the total annihi-

lation time to

O.m G 1/(G 1 + G2 ) is related to the stress relaxation of the standard

solid material in such a way that the permanent stress after

completion of the stress relaxation under constant straina

0

a P p0 /2 relates the agnitude of the maximuma internal pressure to the

unrelaxed shear modulus of the material.

=9 -75 20c 0 h indicates the strength of the reinforcement due
~25 2 1 -Vc b

to the elastic shell where Gcand Pcare the shear modulus

and Poiso ratio of the elastic shell respectively.

The ass ient of nuserical values for these quantities is listed In

Table 1 producing six different cases for which the numerical computations

have been carried out using a 1620 1.1 .K. digital comuter.

Cases I-Ill are for comarison of the effect of the original thickness

of the cylinder. The comparison of Camse I, IV and V shown the effect of

either the rate of the application of the internal pressure when to0 is id-

tical in these three cases (since then 10in sq. (30) is equal to to /10,

t /5 and t respectively) or the tine to of total annihilation of the cylin-
0 00

der wehen i. g is identical (since then to -LOTO, 5io and To respectively).

12



Finally Cues I and VI illustrate the reinforcing action of the elastic shell.

In the latter the elastic shell is so strom that it gives rise to negative

tangential stresses in the cylinder. Figs. 6(a), (b) and (c) respectively

show the effect of the original thickness of the cylinder, the rate of the

load application and of the rigidity of the elastic shall on the radial stress

a while Fits. 7 and 8 show these affects on the tangential stress and strain

respectively. Fig. 9 show the shell stresses a /po with h/b m 100 for the

six cases as functions of tim tIt0 . Finally the space distributions of the

radial stress for these six cases are also plotted at various time t/t 0 in

Fig. 10, while in Figs. 11 and 12 the space distributions of the tangential

stress and strain are shon. In Figs. 10-12, vertical straight lines corre-

spend to the positions of the imer surface at the specified tim.

TABLE 1

Designation

I 1.5 10 .5 4g .,

II 2 10 .5. ]..0

I1 3 10 .a W .l

V 1.5 5 .5 for all

V 1.5 1 . cases
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