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ABSTRACT

Details are given of further results which have been obtained
for the Log=-variance test applied to the Analysis of Variance
of Variances; an alternative method, the Log-range test, is
proposed, Transformations in the Analysis of Variance are
discussed, and a test is proposed for deciding whether or not

Finally, investigation into the problems
The

to transform the data,

when the sample variaf.es are not independent is mentionea.
topics included in this discussion are (i) transformation of

the variates, and (ii) effect upon the distribution of sample

range,
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INTRODUCTION

This report is concerned with work on a project having the
general title "Research on Transfomations in the Analysis of Variance",
The project was initiated with the purpose of investigating the following
topics:

1, The theory of various transformations in the Analysis of
Variance, including: square-root, logarithmic and reciprocal, This
investigation shall include a study of objective tests which the experi-
menter might eamploy as criteria for determining the type of transformation
to use, and of the possibility of devising better tests., Consideration
shall be given to the effects on the final interpretation of the data of
(a) applying an unnecessary transformation and (b) failure to aprly a
necess:zry transformation,

2. The relative importance of homogeneity of variance and of
additivity of effects in the Analysis of Variance. This investigation
shall be directed toward answering the questions as to whether, prior
to performing an Analysis of Variance, one should transform the data so
as to (i) equalize the variances, (ii) minimize the ratio of the mean
square for Tukey's one degree of freedom for non-additivity to the
residual mean square, or (iii) endeavor to mazke non-significant the
departures from both homogeneity and additivity,

3. The procedure for the Analysis of Variance applied to
variances with particular attention given to the transformation re-
quired, to the optimum division of the observations into subgroups, and
to the power of the resulting tests, In particular, a Monte Carlo study

shall be made of the Analysis of Variance of log s® for samples of a



particular size, subdivided in various ways.

L4 The best procedure for the Analysis of Variance of attributes
data (binomially distributed). Consideration shall be given to the rela-
tive merits of logit, probit, and anglit transfomutions., A comparison
of factorial chi-square tests and conventional F-tests shall be made. The
effects of the transformation on the data source will be emphasized in this
investipation, rather than the effects on the dala themselves,

S Procedures designed to produce nomality. In perticular,
consideration shall be given to (i) the transformation to standard nor-
mal scores and (ii) procedures which assume that y = (x + c)p is normally
distributed and estimate c and p by (a) the method of moments and by
(b) the method of maximum likelihood.

Several Technical Reports and Notes have been issued previously.,
The first report [29] considered general problems of transformations in
the Analysis of Variance, whereas [30] and [34] concentrated mainly upon
the logarithmic and square-root transformations (Topic 1). The Analysis
of Variance of Attributes Data (Topic 4) was discussed in [28], and one
note [26] has so far been issued on the Analysis of Variance of Variances
(Topic 3).

The present report describes research that has been carried out on
this project since the above mentioned Technical Reports and Notes were issued,
The work discusseu here consists mainly of further research into the problem of
Analysis of Variance of Variances, together with a section given to the prob=-

len of deciding whether or not to transform the data before carrying out an



Analysis of Variance, It is hoped that separate, und more detailed,
Technical Nocumentary leports based on these investigations will be

issued shortly.
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1. THE ANALYSIS OF VARIANCE OF VARIANCLS,

The Problem of Heterogeneity of Variance., The standard one-way

Analysis of Variance model for means, with equal sample sizes, has

the form

YkJ -ﬂk + ckJ (3 =1,2,...,J)
(k =1,2,...,K) eeo(lel)

where y, 3 is the j-th observation from the k=-th population,
}l'k is the true mean of the k=th population, and
€ j is a random variable with mean zero and variance ¢; .
J is the number of observations taken from each of K populations,
The decision to accept or reject the null hypothesis, H, :ﬂk -}l
(}‘ unspecified) for all k, at a significance level a, is made by com-

paring the magnitude of the F-ratio (that is, the ratio of the Between
Croups Mean Square to the }/ithin Groups Mean Square) with a pre-
assigned significance point Fa‘ Now the calculation of the distribution
of the Feratio, and hence of the significance points Fc’ depends upon
the assumption that €2 in the above model, are normal independent
deviates with zero mean and common variance =< .

It is therefore necessary to be able to test this assumption

before placing reliance upon results that may be obtained from the

Analysis of Variance,
A previous report entitled "Notes on the Analysis of Variance

of Logarithms of Variances" [26] described a procedure for testing

whether the variances of € 3 are equal for all of the K

I



1.2,

populations. A summary of this report is included below in order

that the more recent work described may be readily followed.

The Analysis of Variance of Logarithms of Variancese It has been
suggested (Box: Biometrika, 40, 1953, pp. 318-335 [ 5]) that the
Bartlett test for the eguality of variances is very sensitive to
departure from nomality as well as to the heterogeneity of
variance, On the other hand, the F-test obtained in the Analysis
of Variance for means is relatively "robust" with respect to de-
partures from normality per se, at least for the case with equal
sample sizes, whilst it is affected seriously by variance
heterogeneity. Thus it was desired to obtain a test that would

be far less dependent upon the nomal ity assumption than is the

Bartlett test,

The procedure proposed is to divide the observations within
each group into subgroups, apply a logarithmic transformuztion to
the subgroup variances, and then to perform an Analysis of Variance
on the logaritims. An example of the method is worked, and a
Justification of the procedure is detailed.

The method is as follows:

1) Divide the observations Yxj within each of the K groups into
M subgroups of size A (MA =J, M> 1, A > 1), the division
being carried out by a randomizing procedure,

2) Denote by X ma the a~th observation in the m-th subgroup of the
k-th group, Then calculate the sum of the squares of deviations

from the mean for each subgroup, i.e., calculate



3)

h)

A
Z (kaa = ;km.)z

as=]

A
where ;km. - z kaa/A is

a=1

the mean of the data in the m=th subgroup of the k=th group.
Calculate the logarithm of the above sum of squares, call

this variate g,. Thus

A
zh - 108 10 [ ;(xha - i‘ﬂﬂ.)ZJ . ...(1.2)
ass

Carry out the standard Analysis of Variance technique on the
%, Then if we dencte the between Groups Sum of Squares by ss,
and the Vithin Groups Sum of Squares by Sf,, the F-ratio, F|,

is obtained, where

sp/(k-1)

PL - m) 000(103)

Clearly, since the gz, are not distributed normally, the dis-

tribution of Fp will not be exactly that of a "normal theory" F,

However, several approximations were considered, and approximate

percentage points obtained,

Since the technical note [26], susmarized above, was issued

further study has been given to the problem., This will now be

described below,



1.3.

Power of the Analysis of Variance of Logarithms of Variances Test.

The power of a statistical test is defined as the probability of
rejecting the null hypothesis when it is falsej that is, the
probability of reaching a correct decision when the null hypothesis
is not true, Thus if we denote the null hypothesis by H,, and any
given alternative by H', then the power v;it.h respect to H' is
given by
Power = P{rejecting H (H! is true} .
It was not possible to obtain the exact distribution of F‘L
either under the null hypothesis or under any alternative., Thus,
in order to investigate the power of the test, it was necessary to
approximate the distribution. Now the quantity P{FL >F, .-l,}
represents the probability of Type I error, when this probability
is nominally @, Clearly the probability will not in general be
exactly a, since FL is not distributed exactly as F. Similarly,
p{rL > rulu'}win give an approximation to the power of the
test,
The investigation of the power of the test was confined to
consideration of the two following forms of alternative:
a) The variance of one of the K populations is equal to
ﬂ" 2, The variance of cach of the remaining K-l
populations is equal to @32,

by) For K even, the variance of K/2 of the populations
is equal to §@2, The variance of each of the re-
maining K/2 populations is equal to @2/g!

bz) For K odd, the variance of each of (K-1)/2 of the



populations is ﬂ’d’z. The variance of each of (K~1)/2
populations is equal to @=2/¢¢ The variance of the re-
maining population is @2,

Approximations to the power curves have been calculated for
K=2,5, 10, and 15 with sample sizes of 12 and 24, The samples
have been divided into subgroups of all possible equal sizes
in order to ascertain which form of subdivision results in the
greatest power being obtained. (See Tables 1 = 12) The method of
approximation used was that suggested by David and Johnson, [11]
and [10]). The frequency curves used for this approximation were:

K=2, K=5: Pearson Type IV curve (except for the

underlined values which were calculated
from a Pearson Type VI curve)

K = 10, K = 15 : Edgeworth series (using the first four terms),
For K = 2, K = 5 some values are omitted from the Tables, the reason
being that for these cases computing time would have been too great,
The values obtained were usually accurate to two decimal places at
least, and, since this degree of accuracy is sufficient for making
the necessary power comparisons in this investigation, all the

values have been listed to two decimal places,



e i N Rt = e Rl

TABLES 1 = 12"

Power (approximate) of the inalysis of Variance of Logarithms of
Variances Test when the nominal significance level is 5 per cent
and when there are K groups each containing M subgroups of size

¢
A, for various values of @,

# The notation used to head the Tables will be:

P{&>F&Afgmm}
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TABLE 1

[}
p{F, > F.osh ;K=2, VA= 12}
Alternatives of Type (a)

(M,4) (6,2) (4,3) (3,4) (2,6)
100 005 .g .%
1.5 .08 09 09
2,0 1l ol 12
2.5 o1k 19 20 o1
3.0 17 o2y 25 «20
3¢5 o20 28 29 .
4.0 23 32 33 .
Le5 25 36 «37 29
5.0 o28 39 40 032
505 «30 oli2 olily .%
6.0 032 ol oUb . 35
7.0 36 «50 52 .
8.0 39 .55 .56 52
900 o[b2 059 .60 oﬁ
10.0 o5 62 <63 .
12,0 «50 67 «69 N3
1‘000 051‘» 072 073 L3
16,0 57 75 «76 .
18.0 «60 .78 79 .
20,0 63 .80 .81 82



1.0
1.5
2,0
245
3.0
3¢5
4.0
Le5
560
55
6.0
7.0
8.0
9.0
10.0
12,0
14,.0
16.0
18.0
20.0

]
P{FL>F.05|¢ JK=2, M -24}
Alternatives of Type (a)

06
09
5 VA
20
e26
32
37
o4l
obb

L9
53
59
63
67
71
76
.80
.83
«86
87

TALLE 2

<06
.11
2l
31
il
50
57
63
68
72
o75
:11
85
.88
«%0
*93
«95
o7
o
.9

<06
012
o2
36
U8
57
65
71
75
79
«82
87
<91
93
o9
U
-9
.98
M
99

06
.13
25
.38
50
59
67
73
.78
«82
«85
-89
92
I
+96
U
<98
99
99
9

25
35
ohb
55
62
«69
oTh
78
«81
86
«90
092
"
«9%
U
.98
99
99

NE

85
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TARLY 3

fxes ez
P{FL > F.05‘¢ ; Kw5 ,MA =12
Alternatives of Type (a)

\"({.A) (6,2) (4,3) (3,4)
1.0 05

1.5 «06 07
2,0 07 «10 Al
2,5 «09 13 15
3.0 1l 17 «19
3¢5 3! «21 o2l
L.’O . 25 29
NS «30 33
5.0 Om 03‘0 037
545 37 "
6.0 o k5
7.0 o7 52
8.0 53 58
9.0 .58 .63
10.0 39 62 67
12.0 .68 73
14.0 73 .78
16.0 oT7 «82
18.0 «80 «85
20.0 «60 «83 «87

12
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\"{.A) (12,2) (8,3) (6,4) (4,6) (3,8) (2,12)

1.0
1e5
2,0
265
3.0
345
40
bes
5.0
5¢5
6.0
7.0
8,0
9.0
10.0
12,0
14,0
16.0
13,0
20,0

rfn> roglts 5, - 0

«05
06
«10
o1k
«20
25
30

L0

63

TABLE 4

Alternatives of Type (a)

+05
08
15
25
36
o45
o5l
61
67
72
76
.83

13

«05
<09
19
31
bk
o35
6l
71
77

+9%6

05

05
«10
«20
33
b
57
67
oTh
.80
84
87
<92
«95
«96
.98
«99
99
1,00
1.00
1.C0

05
«10
I
o35
43
51
o58
6l
69
73
<80
85
«89
o9
o9
«96
«98
98
99



TABLE 5

]
p{FL > r-'.05|¢ 5 K=10 , MA = 12}
Alternatives of Type (a)

NM,A) (6,2) (4,3) (3,4)
1.0 «05 Ol Ol
1.5 05 <05 .05
2.0 .% 007 008
2. 5 007 010 gll
3.0 09 .13 15
365 «10 «16 .18
4.0 12 .19 022
Le5 13 «23 27
5.0 15 2% 31
5 05 017 L] 29 031&
600 018 033 038
7 .0 .22 039 OI&S
8.0 25 olks 51
9.0 .28 0“9 .56

10.0 31 oSk <61
12,0 «36 61 «69
14.0 bl 67 75
16.0 oli5 o72 79
18.0 49 .76 .82
20.0 052 079 .85



TABL: 6

]
P{FL>F‘OSP;K-10 ,m-lz}

Alternatives of Type (b)

}(\n,m (6,2) (4,3) (3,4) (2,6)

1.0 «05 Ol 04 05
1.5 11 «18 21 A
2,0 «30 53 61 57
245 52 o8l 87 «83
3.0 71 «93 «96 9L
3e5 82 .98 «99 .98
L'O «90 99 1.00 99
. Le5 94 1.00 1.00 1.00
5.0 96 1.00 1,00 1,00

15



TABLY 7

]
piF > F.osl” 5 K=10 , MA = 21.3

Alternatives of Type (a)

M) (12,2)  (8,3)  (6,4)  (4,6)  (3,8)  (2,12)

1.0 +05 «05 05 05 «05 «05
1.5 +06 07 .08 .08 «08 <08
2,0 .08 12 15 16 016 VA
2.5 o1l .19 25 27 27 3
3.0 «15 «28 .36 ol 40 32
3.5 019 037 .[‘6 .52 051 0152
460 23 o5 56 .62 61 51
Le5 ¥4 53 IR «70 <70 58
5.0 o31 59 o71 77 76 .65
505 035 065 076 082 081 071
6.0 39 70 .81 «86 «85 76
7.0 obb .78 .87 91 91 +83
8.0 52 83 «91 95 9L .88
9.0 57 87 o9 97 «9% W91
10.0 062 «90 096 98 .98 o9
12.0 070 og‘t .98 099 099 .%
14.0 o75 -% 99 99 <9 «98
16.0 .80 4 <99 1.00 1.00 99
18,0 83 98 1.00 1,00 1.00 «99
20.0 «86 99 1.00 1.00 1.00 1.00

16
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TAELE 8

P{FL > F-05|¢" K=10, MA = 21.}
Alternatives of Type (b)

N\) 12,2)  (8,3)  (6h)  (68) (3,8  (2,12)

1.00 «05 «05 «05 «05 05 05
1.05 05 <05 06 +05 «05 «06
1.10 o% 006 007 007 007 007
1.20 07 10 12 13 13 12
1.30 «10 17 022 25 25 o2
1.‘00 015 .28 036 olol ol&l o3‘+
1.50 A | oli2 53 59 «58 oi8
1,60 28 56 .68 oTh 73 62
1.70 37 «68 .80 «85 .85 75
1.80 oh5 .78 .88 92 .92 8L
1.90 o5h «86 W «96 <96 «9%0
2,00 62 ) U .98 .98 o9
2,20 075 ow 099 1,00 1.00 .”
2,50 99 1.00 1.00 1,00 1,00
3.00 1.00 1,00 1.00 1,00 1,00

17



TAHE 9

B> ot 25

Alternatives of Type (a)

NA) (6,2) (4,3) (3,4) (2,6)

1.0 05 «05 05 «05
1.5 05 06 <06 05
2.0 06 07 07 07
25 07 «09 +10 «10
3.0 .08 o1l 13 12
345 09 1l .16 15
4.0 «10 17 19 18
he5 1l 19 23 o2
5.0 012 022 b o2l
55 o4 25 30 <8
6.0 015 . 28 033 031
7.0 17 33 «39 36
8.0 020 <39 oh5 oli2
9.0 022 oh3 51 o7
10.0 25 L8 55 51
12,0 029 55 «63 59
140 o33 61 «70 66
16,0 37 67 75 «71
18,0 ob0 71 79 75
20,0 ohls oTh «82 .78

18
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M,A)
A

1.00
l.25
1,50
1,75
2,00
2425
2,50
2,75
3.00
325
3450

TABLE 10

S -
P{PL > F.05l¢ 3 K=15 , MA 12}

Alternatives of Type (b)

(6,2)

<05
0?7

19

(4,3)

« 05
09
21
ol
62
79
«89
95
N
&
99

(3,4)

«05
.09
25
A8
e
«86
o
N U
9
1,00
1.00



TARLE 11

P{FL > F.os".’ K =15 , MA = 2:.}

Alternatives of Type (a) ‘

N) 12, (53) (68 (8 (3,8 (2,12)
1.0 006 «05 «05 «05 +05 «05
1.5 <06 07 07 .08 .08 07
2,0 .08 «10 12 o1 14 12
245 11 .16 «20 o2l o2y 19
3.0 o1l «23 «29 o35 o35 .28
3.5 #17 «30 39 olib 46 37
40 .21 .38 A8 56 56 o5
Le5 o2l oh5 56 «65 <64 53
5,0 28 51 6l 72 72 «60
5e5 .31 57 .70 .78 77 «66
6.0 35 63 75 82 82 72
7.0 AL .71 .83 -89 «89 80
8.0 o7 .78 .88 93 <93 .86
9.0 052 .83 o9 95 «95 «90
10.0 57 «87 o 97 97 93
12.0 65 092 /4 99 <99 «9%
l‘boo .71 .95 .98 .99 .” .%
16.0 «76 96 99 1.00 1.00 «99
18,0 «80 N 99 1.00 1,00 99
20.0 «83 «98 1,00 1.00 1.00 1.00
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1.00
1.25
1.50
1.75
2,00
2025
2,50

TAILE 12

PLr, > Fos|#'s K =15, = 24.}

Alternatives of Type (b)

(12,2)  (8,3)

06 «05
S YA
48
«82
«%
99
95 1.00

21

(6,4)

«05

(4,6)

«05
«21
69
95
1,00
1.00
1.00

(3,8)

«05
Yk
«69
95
1,00
1,00
1.00

(2,12)

«05
17
57
«89
.98
1.00
1,00



lobe

The Choice of Subgroup Size. One of the purposes of this investi-
gation was to determine the optimum choice of subgroup size, It is
desirable to make the choice in such a way thaut the resulting test
is "best" in the following sense:

Let Tc(Mc »A c) dencte the test procedure generated by
choosing Hc subgroups of size Ac’

where McAc =J
Cc = 1,2,000,C

and where C 1s the total number of possible subdivisions. Denote
by a, the probability of Type I error for the test procedure T ¢’
when the nominal probability of such error is a,
Let Pc(¢') denote the power of Tc against a particular alternative
determined by ¢!,

Then we shall say that Tc,(Mc, ,Ac,) is best if
ot S %
and P_,(#*) >P (')

for ..11 c = 1,2,00.,0' - 1’ C' + l,...,C, and for all ¢'.

Since the results given in 1.3 are numerical in nature,
and only two different alternmatives have been considered, it will

not be possible to say that one particular mode of subdivision

'is the best in the above sense, Ve can, however, make some general

remarks concerning these results,

It is interesting to note that corresponding to an in-
crease in subgroup size, or to an increase in the number of sub-
groups, there is an increase in power. The former effect is due

to the fact that the variance of the variate g decreases as the
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subgroup size increases, The latter effect is due to the fact that
the number of degrees of freedom in the denominator of the F=ratio
increases as the number of subgroups is increased, These effects
may be seen to hold true for the cases considered numerically in
1.3, and will be shown to be true asymptotically in section 1.7
below, However, in the problem under consideration, the total
sample size is constant, thus an increase in subgroup size must

be accompanied by a decrease in the number of subgroups, and

vice versa, It is therefore necessary to balance these two effects
in the most advantageous manner,

On the basis of the numerical results, it would appear
that for the cases considered in Tables 1 = 12 we should make the
following subdivisions:

(1) For samples of size 12: 3 subgroups of size 4,

(1i) Por samples of size 24: L subgroups of size 6,

or 3 subgroups of size 8,
However it might be dangerous to formulate a general rule from
the few particular cases considered here,
Comparison of Fower with Standard F-test, It has been suggested
(see Scheffé [36], p. 86) that the power of the Analysis of
Veriance of Logarithms of Variunces test, which we shall hereafter
refer to as the L, V, test, can be computed by noting that FL has
approximately a non-central F~distribution. Therefore, it is of
interest to compiare the power of the Lo V. test computed in 1.3
with the power computed by assuming Lhat Tom is exactly normally
distributed and using Tang's Tables [38] or, equivalently, the

23



Pearson and Hartley charts [31] for the power of the F-test,

It is convenient to rewrite (1.2) (the logarithms to the

base 1o may be replaced by natural logarithms, since this merely

alters the value of 2, . by a constant multiplier ) as

2
ns
Yo = 11 o7 + Ine,

A
where 82 -%; 5 (th - ;‘m.)z

and wheren= A =1,

Then

= E{1n 2 ] +1lngf + (1n 22 - E(In ne?
i;! cr P

k
-F'tpk'fe"“

vhere

and ¢} = [ln - E(ln & ? .

It follows that

E( ‘l'cn) =0

and that
24

eee(lely)

...(1.5)

vee(1.6)
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K

E, B, = 0. ees(1.7)

The hypothesis H, of variance homogeneity and the alternative

Hi may now be written, in terms of the above notation, as

K

H. : Z (pk)z - o 000(108)
k=1
K

Hy ¢ Z (3k)2 * 0. 000(109)
k=l

It is easily shown that the expectations of the mean

squares which occur in the Fj -ratio, (1.3), are

K
. M
B(s3/(k-1)] = O} + = %:i (8,)? eee(1.10)
E(s3/k(M-1)] = @} eee(1.11)

where !rf = Var (1n s?] for subgroups of size A,

It is well known that when eim has a normal distribution,

the ratio of mean-squares is distributed, under the alternative

hypothesis, as a non-central F,

Fia1, x(u-1)(®)

where the square of the non-centrality parameter b is given by

25



a .M < 2
8 == XL () ese(1012)
1
Tagbles of P{F,' 9, > Fa} are given by Tang [38) and
charts are given by Pearson and Hartley [31], as mentioned above.

In Tang's notation, we introduce a quantity @, as a measure of

non=-centrality, where

b 5
¢ m a7z eee(1:13)

For alternatives of "single slippape" [Type (a)] it is easily

shawvn that
ZKZ (8,)° = -g-“‘l 1n? gt eee(lels)
=1 K

from which it is seen that

1 M(K=1
e -STl 1n @' eee(1.15)
whence d= M:;l in ¢t eee(1.16)

Por alternatives of "equal multiple slippage" (Type (b)] it can
similarly be shown that

(1) For K even, b= figc 1n gt
oL
§ 1
and g=- eee(1.17)



(i11) For K odd,

and ¢ = o 1n ¢' 000(1018)

Table 13 compares the power of the L.V, test computed by
the method of Duvid and Johnson with the power computed from Tang!s
tables. For K = 2, the power is given for 3 subgroups of size i,

For K = 5, the comparison is given for 4 subgroups of size 6,
: TABLE 13
Comparison of two methods of computing the power of the L.V. test

Power when the nominal signifigcance level is ,05.
K=2 K=5
] David/Johnson Tang David/Johnson Tang
1.0 o2l 20 31 «30
1.5 oli2 37 63 o62
2.0 060 057 088 .88
205 075 .75 .% 098

It should be noted that the results obtained from Tang's tables were found
under Lhe assumption that the cl'an are nomally distributed, Thus

the differences observed between the two methods of computation

in Table 13 illustrate the effect of the cltm being, in fact, not

normally distributed. It will be noticed that the effect of

non-normality is greater for K = 2 than it is for K = 5, In fact,

it will be seen in Section 1.7 that as either the number of sub-

groups, or the subgroup size, is increased the distribution of the

test statistic F; becomes nearer to that which would be obtained

27



under normal theory,

1,6, Comparison of the Power of the L.V, Test with that of Other Tests

of Homogeneity. One of the standard tests for equality of

variances is Bartlett's test, Box [5 ] has shown that this test

is very sensitive to the assumption that the sampled population

is normal. Indeed it has been suggested that the method serves equal-

ly well as a test for normal ity as for testing equality of variances,
Box and Andersen [6 ] hzve suggested a modified form of

Bartlett's statistic which appears to make the test more robust,

Their test statistic is of the fom

M= M 000(1119)

where M is Bartlett!s statistic, and k, , kb are Fisherts k-statistics,
They also performed a sampling experiment in order to com-

pare the power of the test using M with that using M', Samples of

size 20 were taken from each of 10 normal populations. The following

alternative hypothesis was ccnsidered:
2 2 2 2
¢l-€l-0l-€2-1
2 2 2
¢5 -c6-67 -1.7

c‘g - c; -c-lg = 2,6 0-0(1020)
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An alternative procedure has been suggested by Levene [23].

Hies method is to apply one of the following transfomm:tions:

T ""'kJ - %\ .‘
T2 = (T,)2 }

TB = log 10 T'

T“ -m 000(1021)

(The above transformations are in the notation of our discussion,
Levene used a notation: Ti = 345 T, = 843 T3 - LiJ 3 TL = tiJ')
Then, using Ty (1 =1,2,3, or 4), carry out a one-way Analysis of |
Variance,

Levene did an extensive sampling experiment to estimate the
power of the tests using the above transformations. In sampling
experiments with K = 2, and samples of size 20, T3 had extremely
poor power and, therefore, was not included in any further experi-
ments, For K = 10, he obtained one thousand values of F under the
null hypothesis and under the hypothesis given by (1.20) above,

In the present investigation, the power has been considered
both for the L,V. test and the L.R. test* under the same alternative.
In ghis particular case the samples of size 20 were each divided into
I, subgroups of size 5, since this subdivision appeared to give a

better power than any other,

* L.,R. test is an abbreviation for Log-range test. This test is
suggested as an alternative to the L,V. test, and is discussed

in section 1.8.
29



0lds and Kennard [27) have studied the control chart for
ranges an a test for homogeneity., They conducted a reliatively small
sampling experiment (25 control charts) for the hypothesis given
by (1.70) with the purpose of comparing their results with those
of Box and Andersen,

Table 1/, gives a comparison of the power of these various

tests under the hypothesis given by (1.20),

TABLE 14

Power comparisons of some tests for homogeneity
vhen the nminal significance level is .05

Power
Bartlett 815
Modified Bartlett .810
T1 «680
T2 «656
Th ST
LQV. 0108
C.C. for Range olly

As seen from the table the modified Bartlett test does
have very good power compared to that of the Bartlett test. There
is a considerable loss in power for the L.V. test and the control
chart for ranges., It is thought that the L.,R. test has less power
than the L.V, test, but this matter seems to require further investi-
gation. For the L.V, test the loss of power may be compensated by
the fact that the test would be expected to be "robust",

The tests based on 'l‘i have good power and have the
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advantage that they are easier to apvly than the Bartlett or
modified Bartlett test, From a theoretical point of view they
are difficult to investigate, since they have the property that,
under any given alternative hypothesis, the transformed variate
will have not only different means, but also different variances,
for each population, Also, the transformed variates will no longer
be independent,

It is seen that against the alternative considered, the
L.V, test and the L.R. test have considerably less power than

either of the Bartlett tests, or any of the T, tests (J = 1, 2, 4).

J
However, there is some evidence to suggest that all of these last
mentioned tests are less robust than the L.V. test with respect
to departures from underlying normality. It is clear that there
is a need for further investigation on this subject,.

Some Asymptotic Results for the L.V, Teste The asymptotic dis=

tribution of the test statistic FL is now considered as K, M, or A
tends to infinity., It is assumed that the density function

of the Zem satisfies certain regularity conditions and has at
least the first four moments finite, The following definitions

are needed here (See Scheff§ [36],p. 412)3

Definition 1, If Xj,sss, 3y are normal independent variables

with 3, having mean £, and unit variance, then the random variable

2 »
Ko = Z 2§

i=1

is called a non-central chi-square variable with » degrees of
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freedom. The quantity & is known as the non-centrality parameter,

where
53 = i 2 ]
=1 51

It should be noted that when & is gero the distribution reduces to
that of a central chi~square, x:.

Definition 2. If r’: (5) and X:z are independent random variables
with distributions as defined in Definition 1, then the distribution
of the ratio of these quantities divided by their degrees of
freedom,

2
Ao (8)/ v
L Y

is called a non-central P-distribution with ¥; and 3, degrees of
freedom, and non=centrality parameter &,

We shall now quote some lemmas which will be useful in
our discussion of the limiting distributions of the test statistic,
PLo "Distribution function" is used here in the cumulative sense,
Lemma 1: (Cramfr (8], sec. 20.6) Let uj, uz,s.. be a sequence
of random variables, with distribution functions F;, Fz2,..s Suppose
that Pn(&) tends to a distribution function F(3%) as n = ,

Let vi, v2,... be another sejuence of random variables,
and suppose that v, converges in probability to a constant c,

Let w, = wv. Then the distribution function of w

tends to F(%¢/c),
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Leoma 2: (Cremfr (8], sec. 27.3.) Let 3&,,%R;,..., X, bea
sequence of independent observations from a population with dis-
tribution function F(3k).

Let a(g) -% £ &: dencte the W«th sample mament, and
i=]

let ay = E[a(.“.) Je Let g be any rational function, or power of a
rational function.

If @100, are finite and g(ca,...,ak) is defined,
then

g[a(g),...,a(:)] — g(c;,...,ak) in probability,

as N >,
Leoga 3: (Due to Mamn and Wald, (24]), Theorem 5. The following
statement of the theorem is given by Rao [3A4), Leama 3)

Suppose F"(\n ’""“k) is the distribution function of
(x(’{),..., "'01:)) and that Fy —> P, as N —> », at all continuity
points of Po If g(%4,ec0 ,sk) is a Borel measurable function such
that the set D(g), of discontinuity points of g0% '""“k)’ satis-

fies P{D(g)} = 0, under F, then the distribution function F, of

N N)
3(8(1),..., ‘(k )

converges as N ~» o, to that of PB where F g is the distribution

function of
8(",000,‘k) ®
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Lemma L: (A proof is given by Rao, M. M. [34), p. 8.) Let a bea

sequence of real numbers such that lim & = a, a finite. Let Fn(y)
npo

be a sequence of distribution functions such that F, =3 F. Then if

a 1s a continuity point of F, lim F (a ) = F(a).
NPco

Lemma 5: (Cram‘r (8], sec. 28.3) Let XigeeesXy be a sequence of
independent observations from a population with distribution
function F(x).

N
Let s? -% 5 (xi w X)2, where n = N=1. ThenJT (s° = @Z)

is asymptotically normal [0,0“(2 + Vz)] as N —>» o, where Xz is given
by the following function of the moments of distribution of X3

82'32*3-7‘2%'3.

Proof: Cramgr proves this lemma for the variate

N
(s1)? -?’-J ,‘121 (xi - x)2, It follows from Lemma 1 that the variate

2 = F?:T (8')? has the same limiting distribution, since 'ﬂ% con-
verges to one as N—> o .

Lemma 6: (Rao, C. R. [33], p. 208.) Let Ty be a sequence of real~
valued statistics with the property that ﬁ['rN « 0] is asymptotic-
ally nomally distributed [C , Y’(B)]. Then if f is any function
of Ty, it follows that { N[£(T,) = £(6)] is asymptotically normal
(o, (% 2 (r(e)] , provided that %% is continuous in the neighborhood
of 6,

34
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Lemma 7: The limiting distribution of §n(ln s? - 1n @2) is the

normal distribution with mean zero and variance 2 + V 2e
Proof: In Lemma 6, let Ty = 8®, N=n, 6 = @2, "P(G) - U'l‘(Z + Yg),
and f(TN) =1ln T,. It follows from Lemma 5 that TN satisfies the
hypothesis of Lenmma 6 and the result follows,

The proof of the theorem below follows from results used
by Andrews [2] in the proof of his Theorem 5.2,

Theorem 1: Let Hy, Ha,... denote a sequence of alternative hypotheses,
2

(s
where HM denct es the hypothesis given by -—+ and

K
121 (8,)? is a constant. If the distribution function of s, say

F(z), satisfies the following conditions:

1) F possesses a continuous derivative F! except at most

on a set S where ns‘dl'(l)"oo

2) There exists a function g which bounds the difference

quotient ' [F(z +6) - F(z)]/els g(z) for which Sg(s)dl’(z) <o,
3) The variance of g is finite,

then
1 2
FL > 57 X Key(6), in distribution, as N~> o,
(8, )?
where 5% = r— al and G'Lz is the variance of 1n s? ,
L

In particular, under the hypothesis of variance hamogeneity,

2
F, —>BML 4n atstribution .
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Corollary: Dencte by Fyy 1,3%2,a the upper 100 a percentage point
of the F distribution with 3 and 3, degrees of freedam. Then

l]ii-:oo P{FL > r”hvzﬂ} e

Proof: By definition we have

V1,¥3,a 1
drv"va @ 00.(1.22)
=0
By the preceding theorem we have

— 2
FL FK.]. s @ - XK.I/K-I) 4 (X 0(1023)
It can also be shown that

1lim eee(1s24)

Y2 Pdo Pv"vaiu - P*omaﬂ °

Since any subsequence of a convergent sequence also con-

verges we have

nlqi:» Fga1,k(¥=1),e = FK-1,0,a . ees(1.25)
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We have shown that {Pal is a sequence of numbers and
that the distribution functions of 'FL form a sequence of distribu=
tion functions which together satisfy the hypotheses of Lemma 4,
and the result followse
Theorem 2, If F(z) satisfies the conditions 1 = 3 of Theorem 1, then
the distribution function of FL converges to that of the non-central
F=distribution as subgroup size tends to infinitys. i.e.

Fi, = Ff) x(ue1)(8) in cistribution as A —> o,

X
N (8, )*

where 62 - —}."_er_ | 000(1026)

In particular, under the hypothesis of variance homogeneity,
P, —> FK-l,K(H-l) in distribution.
Proofs Consider the variate

lﬁ. - ﬂ:i [3'- - E(ﬁh)] ] 0-0(1027)

We note that the distribution of FL is invariant under this trans-
formation. By Lemma 5, r.‘lm converges in distribution to that of a
normal variate with mean zero and vcriance (2 + ' 2)e Since the
B 2T€ independently distrituted it follows that their joint dis-
tribution function converges to the joint distribution function of
independent normal variates, The theorem then follows from an

application of Lemma 3,
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orollary: P{FL>F.}-§¢asA—->oo.

Proof: The corollzry follows immediately from the definition of

convergence in distribution since Fl(ﬂl,l((u-l) e is fixed.

Corollary:t When the sampled population is non-normal, the asymptotic
power of the L.V, test, as A = o, is s that which would be obtained
under normal sampling, according as to whether Vz 2 0.

Proof: It is eabily shown that for any population ¥: > =2, For

a normmal population 8; = 0, It can be shown that, for K and M

fixed,

]
P {Pl(-l, K(m-1)(8) > FK-l,K(M-l),a}
is a monotone increasing function of §,

K
M2 (8)°
where 2 = —(-g—-%—-'z-)— .

K
If we also consider 2. (pk)z fixed, then 82 is a monotone decreasing
k=1

function in xz and the result follows,

Theorem 3. Under the null hypothesis of variance homogeneity FL
converges to one in probability as K tends to infinity,

Proof: This theorem follows immediately from Lemma 2. It is
well known that under the null hypothesis the numerator and the
denominator of the variance ratio are unbiased estimates of the

variance of the sampled variate, Since F’L is the ratio of two
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quadratic foms it satisfies the hypotheses of Lemma 2 and the re-

sult follows,

(41)

(i11)

Thus the asymptotic results which we have demonstrated

2
Under H': Fj —> Eé-i- Xl!_l(b) in distribution as ¥ —> »

2
where 52 -E;E:-
L

Under Het F, — iy X2, in distribution as ¥ —> o

L P{r,>7 3=a

Under H': F, —> F} )(8) in distribution as A —>

.l,K(M-l
Under H,: FL o Pl(-l,l((M-l) in distribution as A —d

PSFL>F¢}->¢ as A —>» o

Under H,: FL — 1 in probability as K —» » .

The Analysis of Variance of Logarithms of Ranges, A procedure is

now proposed that may be used as an alternative to the L.V. test

for testing the hypothesis of variance homogeneity. The method

will be known as the log~range test, or L.R. test, In the follow-

ing subsections the procedure will be described and justified, its

use

will be compared with that of the L.V. test, and some pro-

perties of the test will be discussed when the sampled distribution

is rectangular as well as when it is nomal,

1,8,1. The Log-range Test. The procedure for applying the L.R. test is

directly analogous to that for the L.V. test (See section 1.1.):

(1) Divide the J observations y, j within each of the K

groups into ) subgroups of size Ae (MA = J, M>1, A >1)
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(i1) cCalculate the range of the observations in each sub-

growp, i.e., calculate

xh(‘) - xh(l)’ 000(1028)

where ’kn( A) and xhn(l) are respectively the largest and the
smallest observation in the m-=th subgroup of the k~th group,.
(11i) Calculate the logarithm of the above range. Call

this variate z;-. Thus

ﬂ:n = log 10 [xh(A) - x.Q(l)] 000(1029)
(iv) Using 1;; as a variate, carry out the usual one-way

Analysis of variance., Denote the test statistic by F* .

(v) 1t r: > F_ reject the null hypothesis given by

2 2 2
H,:Wl-fz-...-ﬂ'x.

In a previous technical note [26], section 2, the use of
the logarithmic transformation applied to variances was Justified,
The same argument will be repeated here with regard to justifica-
tion of the logarithmic transfomation applied to range,

Ve have

l;. = log 10 Rk. eee(1:30)

10
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where R'Im - [ka(A) - xm(l)] . 000(1031)

Now it is mathematically convenient to consider the variate 2 z;,
and moreover also to consider the logarithmic transformation in
terms of natural logarithms rather than those to the base 10,
Clearly the theory of the test will be unaffected by such changes,

and we may write

* Ren
Zp = 1n ?,.‘7 +Ing2, eee(1.32)
It follows that
2
B(Z,) = E(In %‘?) +In of ees(1.33)
=¢c+ 1n sz 9 .oo(lo’h)
2
where ¢ = E(1n ﬁﬂ_;!, .
O

Equations (1.32) and (1.34) show that testing the hypothesis of
equality of means of the variate Z:m » or l:., is equivalent to
testing the hypothesis of variance homogeneity. It would be de=-
sirable for the transformed variable to have approximately a

normal distribution. In section 1,7 it was demonstrat ed that this
is true for the lqgarithm of variance transformation when A, the
subgroup size, is large. However, it will be shown in 1.8.3 below,
in particular, that when the sampled population is rectangular, the
asymptotic distribution, as the sample size is increased without
limit, of log-range is not normal.

N
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The L, R, Test for a Normal Population. Some properties of the L.R,
test when the sampled population is normal will now be discussed,

It is well known that, except for samples of size 2, the distribue
tion of range is expressible only in integral form. The limiting
distribution of range is not known and it appears that the problem
of finding the limiting distribution of the logarithm of the range
is intractable, It is possible, however, to find the cumulants of
the logarithm of the range by numerical methods.

The cumulative distribution of range has been computed and

tabled by Harter and Clemm [17]. The density function of range

'was obtained by numerical differentiation of the cumulative distribu=-

tion function. Finally, the first seven cumulants of log-range were
obtained by numerical integration. The method was checked by com-
puting the first four cumulants of range and comparing these with
the tabled results of Harter and Clemm,

The first seven standardized cumulants for the distribu-
tion of 1n R? are given in Table 15, For comparison the correspond-
ing cumilants of ln s? are also given. The latter were computed
from the tables of Davis [12]. For samples of size 2, R® = 2s? and
in this case E(1n R?) = 1n 2 + E[1n &%),

For N = 2 the cumulants of order two or larger are the same
for the two variables, For N larger than 2 the standardized cumulants
of 1In R? of order higher than two are closer to the normal theory value of
gero than are the corresponding cumulants of 1n s, and the variance

of 1n R?® is larger than the variance of 1n 82,
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1.8.3. The L.R. Test when the Sampled Distribution is Rectanguler. In

section 1.7, it was shown that as the subgroup size increases the
distribution of the test statistic FL converges to that of the
normal theory F or F!', according to whethgr the null or an
alte.mative hypothesis is true. It will be demonstrated below,
however, that, in general, this result is not true of the
statistic l'; obtained in the L.R. test. In particular, it will
be shown that when the sampled population has a rectangular dis-

tribution, the distribution of the standardiged variable

*-E‘*
o7

converges to that of a linear function of a chi-square variable
with four degrees of freedom, ‘

For this case it will also be shown that var [z*] is of
order 1/N2, where N is the sample, or subgroup, size. In
section 1.7 it was seen that var [z] is of order l/N. Also, it
should be noted that whereas for the L.V, test P{ P, > Pa}_’ a
as subgroup size increases, in view of the convergence
noted above, this does not hold true in general for the L.R.
test,

The distribution of the logarithm of the range of a
sample of size N drawn at random from a rectangular distribution

will now be considered.
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Let x be a random variable with probability density

function l

f(x) =], 0<x < 1
=0 » elsevhere 000(1035)

and let R denote the range of a sample of size N, (N > 1), drawn
randomly and independently from this population. Then the demsity
function of R is given by

g(R) = N(N-1)R" 2(1<R) , 0<R <1
- o H elscwhere 000(1036)
* *

* 2 g *
If we let 2 = 1ln Rj then R= e¢” , and dR = ¢ ds , thus

#* *
g(s*) = NN-1)e N VE (14%) |, cwc <O
L e} » elsewhere oon(1037)

The characteristic function of s‘t is then given by

#* o , * »
Bgt) = B(eH*5) = N(Ne) [ A I PR
- u(u-1)ua exp [=(it+N=1)s"Jds" - I ® up[-(im).*]d;*]
0 0

=1+ 3pa«FEor? vee(138)

b5



and so the cumulant generating function of z‘ is given by
P,u(t) = 1n gglt) = <In(1 + 3D) - n(@ + ) ..e(139)

*
whence we find that the j-th cumulant of £ is given by

Ky = (=1) (3-1)1 N + v-1)7d) eee(Le40)
In particular
Ki = E(2") = - 32%
and K2 = var (l*) - %! +(N—_%y2 eco(lold)
Ye note also, from (1.38) that
lim f(t) =1 . eee(1oli2)
Ndw

Therefore, it follows fram the continuity theorem that s* converges
in probability to zero (Cramér (8 ], sec, 10.4).
Consider now the standardized variable

* ¥*
z* - ———-‘-—J‘ = E(s ° 000(10‘&3)

Tgn

Then fyy(t) = &xp (-1t E(2")/ @) Fult/ 0], and from (Lo42) 4t

is seen that

B(s") gy = (281 (2-200r1) /2

[N




1.9.

and therefore

@u(t) = exp [it(2N-1)(2N* ~ 2N+1)"1/2J .

[1+46(N=1) (202 = 2¢1) /21711 & 1eN(2N? = 2me1) Y2971,

ooo(lohh)

It follows that

it.-2
Bra(t) L Poult) = e [J2 18] [ 2+ 5517 . eoe(1.45)

#* #
where 2, is the limiting value of Z , as N ~> ® ,

But the characteristic function of u = (a )(: +Db) is

itb V/2

g (t) = e "(1-2 ita)”
3# 1 2

whence it is seen that Z_ is distributed as [- ETI!'){A +J2] .
Also it follows from the continuity theorem that Z* converges in
distritution to Z: .

Thus it is seen that rather than tending to normality, std.
log-range tends to a linear function of a chi-square variable
with four degrees of freedom, when the sampled distribution is
rectangular { 0, 1] .

However it is felt that further investigation of the
properties of this test would be justified since its application
is simpler than that of the L.V, test,

An Alternative Approach to the Analysis of Variance of Variances.

In the analysis of variance of logarithms of variances the obser-

vations are grouped and transformed as described in 1,2, The model

thus becomes

L7
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ns l,ooo," ooo(lohb)

where, under the assumption that the original €\m 8TC nomal, the

i

may then be written as

are log x:"l variables, The hypothesis of variance homogeneity

H, :,lk -}5' » k= 1,0c0,Ke (JL" unspecified)

This hypothesis can be split into a number of sub-hypotheses which
together imply it. First a somewhat weaker hypothesis will be
discussed. Then using this, the above more general hypothesis may
be tested,

Let ¢ be any given real numbers such that ZK: c - o,

k=1
and define the contrast O, as

K
& ap

Then we wish to test the null hypothesig H,: © = O, against the
alternative, Hy1 © ¥ 0 ,

Note that if @7 = @7, for all k, k' so that Jf'= ’1‘:" ,
then H, is true for all C but the converse is not necersarily true
for a given set of ck' s. To test the above null hypothesis the
following procedure may be applied. Transform (1l.46), by averaging
on m, into
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]
CEY PR eeo(1.47)

Clearly the Ek. » K = 1,404,K, are independent identically distribu-

ted random varistles, Let the estimated contrast be

A -
0= . eoelle
k% S . (1.48)

- "
Since E(cl'(.) does not depend on Iu'k’ it follows that E(s) = O, where

© = 0 if H, is true, and © ¥ O otherwise, Consider
8-0- Z o
-l w e! . ..-(lolﬁ)
pacy ck ke
Now the test consists of rejecting H, : © = 0 if
A
|8 -o| , or rather |9‘

is large, and accepting otherwise, Thus the problem is solved

if the distribution of the random variable in (1.49) is obtained.

This can easily be done; the technical details will not be

included here since the problem seems capable of further extension,
This concludes our discussion on the Analysis of Variance

of variances, It is clear that certain definite progress has been

made towards solving the problem, but that there is still a need

for further investigation into various aspects of the methods

proposed,

L9
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2,1,

A TRANSFORMATION PROCEDUPK IN TH: AFALYSIS OF VARI&NCE

Transformations in the analysis of Variance. The assumptions under=

lying the clasaical Analysis of Variance theory are that the cell
populations bhe distributed normally, and that the variances within
each group be equal. It has been suggested by several writers that
the validity of the F-test may not be seriously affected by lack of
normality per se, at least when the sample sizes are equal, bhut that
the test is sensitive to variance heterogeneity. It is for this
reason that the methods discussed in Part I of this report have been
presented., However, in Part I it was assumed that the data could be
described by one particular mathematical model. The assumptions
made were that the variables within each subgroup were normally dis-
tributed, but that the within group variance was not necessarily the
same for all the subgroups. Clearly in a general investigation of
the problem of variance heterogeneity in the Analysis of Variance, it
is necessary to study other models also.

A different hypothesis will now be considered, namely that
the variables are no longer normally distributed, but that a trans-
formation may be found that will transform their distribution to
normality. It will be further assumed that variance heterogeneity
is caused by there being a relationship bhetween the mean and
standard deviation within each group., Suitable transformations
for stabilizing the variance, although not necessarily normalizing
the variable, have been proposed for some particular cases by
Curtiss, [9]), and others more recently. However, it appears that

no method of testing whether such a situation really exists has

50
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been put forward. It is proposed in this section to suggest a pro-
cedure for testing whether to transform, and to discuss the possibility
of deciding between different transformutions,.
The idea hus been put forward that the transformation to

be used might be one of a family of transformstions, such as

y = (xtc)P, where y is distributed normally (Tukey [39]).
This transformation may by definition be made to include the
logarithmic transformation for the case p = O, The problem, then,
becomes one of estimiting the parameters p and ¢ from the data,
carrying out the transformation, and analyzing the transformed
data, However, the writers feel that since the sample sizes will
generally be small, and hence the power to discriminate between
different distributions low, it would be more advantageous to re-
strict the choice of transformation to between a few readily
applied transformations = square root and logarithmic, for example.
Vith samples of the sizes generally found in the Analysis of Variance,
it is unlikely that much would be gained from considering many
alternative transformations. In fact, a possible procedure would
be to choose a transformation before testing whether or not to
transform, and then having made the test, if it is decided to
transform, the chosen transformation would be applied whatever
the distribution of the data mipht be,

When there is a relationship between the mean and the

variance of the within group distributions in the Analysis of
Variance, it may be the result of the distributions being log-normal

or Pearson Type 111, (For a discussion of these frequency distributions

51



the reader is referred to (1] and [13].) In this case the samples
tend to have many observations below the sumple mean, and relutively
close to it, while they often have fewer readings above the mezn,
many of them being a greater distance from it, This suggests that
a suitable transformation should have the effect of condensing the
upper tail of the distribution. Thus a suitable transformation
might be the logarithmic transformation or the sruaree-root trans-
formation. It was decided that throughout this preliminary investi~-
gation the loparithmic transformation should be used. Then if the
true distribution is log-normal and the parameters have heen estimited
from the data, it would be hoped that the transformed distribution
would be approximately normal. Moreover, it may be seen from
Table 15, pare 43, of this report (or more fully in Table 1, page 130,
of [3]) and that 8’, and yg for the distribution of log x :
are nearer to zcro than the corresponding values for the distribution
of x:. (Note: y; - a)z = 0 for a normal distribution,) Thus
it seems that if the data is in fact distributed as a chi-square
distribution, rather than as a log-nomal distribution, the log-
arithmic transformation will still tend to normalize the data,
Thus it is proposed that the following procedure be

adopted:

1. Test to determine whether a transformation should be made,

2, a) If it is decided not to transform, analyze the original

data,
b) If it is decided to transform, carry out the logarithmic

transformation, and then analyze the transformed data.
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The analysis having been campleted on the transformed

data, it will be necessary toc interpret the conclusions

in terms of the original data,
The possibility of obtaining a test based on the likelihood
ratio criterion was investigated, but it was decided that the result=-

ing procedure would be too cumbersome for most practical purposes,

Instead, a simpler procedure for testing was sought, even if its

s R

power of detecting departure from the Analysis of Variance assumptions
might be somewhat less than that of a test based on the likelihood

it T T S

ratio.

2,2 To test the null hypothesis that the data be normally distributed.

" As has been stated in 2,1, the validity of the assumption of homo=

st e e w

geneity of variance in the Analysis of Variance is frequently
questioned because there appears to be a relationship between the
mean and the variance of the population distribution. It is seen
that this may result in act@lly testing for lack of normality
within the samples, rather than for heterogeneity of variance
between the samples,

Consider now the following three distributions of the random

variable x, each of which has mean s , and variance 0;2 .

) Normal  pylx) - If}cf o {' : (%xs) 2}

en<x< +oo 000(201)

The moments and cumulant-ratios of this distribution are:
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}q(x) - g

M(x) = o f
My(x) =0
}“h(") -3 03

3,1(") =0

Yz(x) =0
11) Loge=normal
py(x) = ‘,13;. 2 w{%(u;:;c_l_z)}
mc<x<+m 000(202)
where '7- ng{ e }
* e
62
and o’z - 108% +'r!:—°)'=}

For this distribution it may be shown that:
1 1
M =8 ~ep(P+3 0,7~

M0 = @2 = wp [29+G,2) (e [0 - 1)

Hyx) = op 37 +xa*] (ap [ ;%] - 1)? (xp [ G521 + 2)

5h
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) = o [ 4P+ 26 N e [077) -1)? (op (40.°) + 2 &p [3637)

+ 3 exp [20;'] - 3)

¥ (0 = (e (0y°] - DY (exp [63°1+2)
¥,(x) = op [46;7) + 2 axp [3 0,°) + 3 o [207°) - 6

[It should be noted that if O, = M(S +c), where A is

constant for all f » O then ‘-y is constant,]

_ 111) Root-normal. (The relationship between this distribution and

a chi-square with one degree of freedom is readily seen.)

e Xi)

we< x<+ow 000(203)

where ’72 - [(s "‘C)z __2]; o-lel/z
G - (§vc) - [(Bee) = 21

and for this distribution it is seen that:
M) =8 =g+ Bz o

ﬂz(x) _d;z - 20-’10 + 4 a.yz .72

Py =000 v 2 gty

- 8 bm2 b 2ap2)2
M0 =18 97 +192 6,772 + 320, + b 2y

¥ 10 = 0 2w 2+ 40 2
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It is seen from the above results that the values of ’ 1 and
‘ a for the log-normal distribution are functions solely of Q'ya,
vwhereas for the root-normal distribution they are functions de-
pending only upon ?3/ d.,’z. Thus it would appear that in order
to test for normality of a given distribution with either of the
above distributions as alternatives we may investigate either

Y; or xa of the population. Geary and Pearson [15] faind that,

except for very large samples, d 2 was difficult to investigate;
thus we shall now propose a method for testing whether 8 1 =0,
Now if a distribution has x; = 0 then it is symmetrical about its
mean, and therefore a criterion that tests for symmetry will at the
same time test whether 81 = 0, Moreover it would seem justifiable
to use a test for symmetry, since it is likely that the F-test in the
Analysis of Variance would be more affected by skewness of the
sampled distribution than by possible departure from normal kurtosis,

Let us assume then that observations have been drawn randomly
and independently and are classified into &k groups, there being n,
observations in the t-th group. It should be ncted that the k groups
may be arranged as a one-way classification or according to a more
complicated model, Let the i-th observation in the t-th group be
denoted by Xeqo

In addition let us denote the mean and variance of the distribu-
tion from which the t-th grovp was drawn by gt and O'tz reapectively,
and further let us assume that all the distributions are continuous,
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have equal limits (which may be infinite) and have a third moment about
their mean equel to the common value ﬂ3'

Then the null hypothesis that we really wish to test is that the
X,y are normally distributed, but it is decided that a weaker hypothesis
will be tested, namely:

He ¢ A’ =0 ooo(zoh)
against the altermative:

H! 8}13 >0, 000(205)

2.3, Test procedure, It is necessary in order to carry out the following

procedure for there to be at least three replications in at least
several of the groups, as will be seen below, The procedure is:

i) Calculate ;t' » the mean of the t-th group for t = 1,..s,ke

ii) Consider first those groups for which n, is odd; to each
group assign a characteristic random variable It’ such that

Y, = 1 4f the mmber of (x,, - X,,) > 0 1s greater than 3 n,

It = O otherwise, \

1ii) 1In each of the groups for which n, is even, choose at

randam one observation (for example this may be done by using a
table of random numbers), then assign Y, to each of theee groups
such that,

Y, = 1 if the mmber of remuining (x,, = X,,) > O is greater

than 3 (n, = 1)
) (i O otherwise,
57



(Note: ;t- may still be the mean of all n, observations.)

k
Ya EI‘

v) Rule: Reject H, if Y < ck,a

iv) Calculate

Since the Y, are independent, and P{Y, = 1 |u,}-% , the
values of °k,¢ may be obtained from tables of the Binomial
Probability distribution such as (35] or [37]. Suggested
critical values are listed in Table 16, with the corresponding values
of a, the probability of a Type I error,

It should be noted that since the Xeq all have continuous
distributions, P{xti = ;{t.}- O, However owing to rounding off in
practical examples it sometimes occurs that an individual observa-
tion is equal to its group mean, it is suggested thut any such observa-
tion be disregarded when assigning the !to

TARLE 16
CRITICAL VALUZS FOR Y

=
-]
-

0625
«0313
«0156
«0625
00352
+0195
#0547
<0327
»0193

REBom~ows w
DOV OOO

Example, As an example consider the data reproduced in Table 17,
from Table 5 of [29]. This data represents a cross-classification
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model with three rows and four columns, The distribution of the popula-
tion is known, and is in fact that of (2.2), the log-normal, with

c'y =1, c=0, and with the quantity 7 for any given cell made
up of the sum of a row effect, a column effect, and an interaction,

In order to carry out the Y-test we notice that no obser-
vation is equal to its cell mean, and that there are ten obé,ewationo
in each cell. Thus it is necessary to ignore one observation from
each cell when assigning the value of Y, to the cell, (The choice
was made at random,) The value of Y, and the ignored observation for

each cell are listed in Table 18 belowe

TABLE 18
Y=test on data of Table 17

Cell Yt Ignared observation
(1,1) 0 5
(1,2) 0 5
(1,3) 0 7
(1,4) 0 3
2,1) 0 10
(2,2) 0 5
(2,3) o 5
(2,4) 0 9
(3,1) 0 1
(3,2) 0 1
3.3; o 3
3,4 1 9

12
Thus we obtain Y = J_ Y, = 1, which from Tatle 16 is
t=l

seen to be significanty with a = .02 approximately.
The null hypothesis of symmetry is therefore rejected, and

it is decided to apply the logaritimic transformation to the data



before carrying out the Analysis of Variance,

2.4 Further work. Having decided to apply to the data a transformation
of the form

y = log (x + c) eoe(246)

B g WL AN TN

we must either know ¢ a priori, or must estimate it from the data.
(=c is the lower limit of the distributions.)

Work being carried out at present includes investigation
of methods of estimating c.

It is proposed to investigate the power of the Y=test

against particular forms of alternative distribution, for various

AT o AN e A B e 0 b amerit £ B

sample sizes, by a Monte Carlo procedure. It is hoped also to

{ . investigate the possibility of being able io make a test on the

data which would show whether the logarithmic or the square=root

¢ transformation is the more appropriate for the particular data under
consideration. However, a preliminary study has suggested that
residual variation may frequently obscure which form of transformation
should be the more appropriate,

Finally, it should be noted that the Y-test procedure
requires there to be a reasonable number of cells having at least
three observations in them. %hen these conditions are not satisfied
some alternative procedure is required; one possibility that should
be investigeted is that of always transforming to standard normal
scores when the observations are such that no test of normality may

be made,
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3.

3.1.

MISCELLANEQUS TOPICS

The topics of the following sections have been investigated,
and although it vias felt that each one justified inclusion in this

report, it was decided that none warranted an individual main section.

*
Correlated variables and transformations. In applying transforma-

tions, it has almost always been assumed that the observations, in
the sample under consideration, are independently distributed but that
their common distribution is not normal. Consequently, a transforma=-
tion which makes them "nearly nommal" is applied before the Analysis
of Variance of the data is performed. It is not uncommon, however,
that the observations are correlated in some manner, and if se the
transformat.ions for this type of variable lead to decidedly more
difficult problems, In these circumstances, it may be of interest

to transform the data so as to obtain "nearly normal" correlated

data and carry on the analysis, The distribution problems for

the correlated normal variables are not as completely solved as in
the independent case, (Cf. for example, [7], [16] and [19].) The
solutions to these problems are needed, however, as complementary to,
and before application of, the transformations. Some of these
questions have been considered recently, in a different manner, by

Mizel and Rao [25], where the solution to the problem on correlated

»*
The sathors are grateful to V. J. Mizel and M. M. Rao, Carmegie

Institute of Technology, Pittsburgh, Pa., who provided this
section. Their conclusions were included in a joint paper [25],
read by M. M. Rao before the annual meeting of the American
Mathematical Society, January 1961, in Washington, D. C.
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normal variables is deduced from a somewhat more general result. That
solution in the present context will be briefly described.

Let x = (x;,...,xn) be a correlated sample from a normal
distribution whose mean vector is }1 and covariance matrix is z_

(both of n~th order). Suppose the breakdown of the sum of squares

is done analogous to the one in the case of independence. Fommally,

this means that a quadratic form Q = xAx' is broken up into several

e
Ao e

other forms, for instance, Qi and Qz. Let Q, = xAix', so that, since

e

Q=Q + Q 000(301)

we have A = A7 + A2, If Q is known to be distributed as a chi-square
(central or not makes no difference in what follows), with, say, n,

degrees of freedom, then the problem is this: for what types of A,

J A s

and Az are Qi and Qq independently distributed as chi-square
] variahles,
It may be seen that this problem is related to the results

about and extending Cochran's theorem. For a detailed discussion
and some extensions of the classical problem reference masy be made
to [7] and [16]. In a recent note [19], it was shown that if A, is

| a non-negative matrix, in (3.1) above, and if Q and Qy are distributed
in chi-square form, then Qz is also a chi~square variable. At this
point, it is natural to inquire how far this condition may be relaxed,
or alternate (and possibly weaker) conditions may be obtained, (It
is known that a quadratic form in normal variables, such as Q, is

distributed as a (non-central) chi-square variable if and only if
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3.2

(A)2 = A%, i,e. AR is idempotent.) In [4], this problem is
characterized as follows. If, in (3.1), Q and Q; are each distributed
as chi-square variables with n, and ny (< n,) degrees of freedom, then
in order that Qz be distributed as a chi-square variable with nz(= n,+n;)
degrees of freedom independently of Qi, it is necessary and sufficient
that Az and Z be cammutative and that A3¥. be positive semi-
definite (i.e. A2Z = LAz > 0). This implies that, when the covari-
ance matrix is given (it should be known in all the problems of this
type or the experimenter should have some idea about it), the break-
down such as (3.1) has to be done in a somewhat more cavreful manner
than in the independence case, The significance of this is then that
the transformation problem for the correlated observations is more
difficult, in general, and consequently more care should be given in
its treatment when the transformation of data is contemplated at all,
Tests on the mean of & non-normsl variable.' Suppose that it is de-
sired to test the hypothesis H, }Lx -.}gx against the alternmative
hypothesis Hy @ }‘x = '}Lx’ where x is a continmuous random variable
with mean }Lx and variance U’x’. whose distribution function is not
normal.

Suppose also that there exists a transformation y = (x + c)p
which nomalizes x for some constants ¢ and p, (y is distributed
normally with mean }l’ and variance C"z)o

The objects of this investigation are (i) to determine
whether x has an asymptotically normal distribution (as the co-

efficient of variation approaches gero), so that the usual normal

This investigation is being conducted by Miss C. D. Trammell.
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theary tests may be applied when the mean JA 15 large relative to
the standard devistion @, and (14) to find a method for estimating
"best" (in some sense of the word) values of ¢ and p for a given
set of data,

For p =2k + 1 , k being a positive integer, the trans-

formation y = (x ¢ c)p is continuous and monotone, since

a(xe (x+e)® >0,x>= ese(342)

Thus a theorem of Olds and Severo [30], p. 36, is applicable to
this case, This theorem gives the most powerful critical region

of size a for testing the hypothesis H, t ’x - }x against the

alternative Hy @ }‘x - ')‘x > '}x .
The case for p = 5 vas considered by K. M. Reo, [34],

L
!
§
,ﬁ,
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i
!
{
!
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with c"‘ fixed,
It is hoped that results will be obtained for the case where

R

p =2, n being a positive integer.

3.3 Some remlts on the moments of sample ranges In Part I of this
report two test procedures were proposed, namely, the log-variance
test and the log-range test, In developing the theory for these

f tests it was assumed that within each group the observations were
distributed nomally and independently, Each group was subdivided
and, according to which test was being used, the logarithm was cal-
cuht;d either of the variance or of the range of each subgroup.

An Analysis of Variance was then performed on these quantities. An
investigation was initiated to consider the effect upon theee tests
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if the observations within each subgroup, whilst being normally dis-
tributed, were not independent. Thus it was assumed that the joint
distribution of the variables within a subgroup was multivariate
normal, with not all the correlations equal to zero, No useful
progress has been made on this topic as such} however, some

general results have been obtained for the mean and variance of
sample range., It was decided to include these results in this
report since they are of interest in their own right,

The results show that if range is used to estimats the
population standard deviation, assuming the variables to be inde-
pendent when they are in fact correlated, then the estimate will
be seriously biased even if the correlation between the sample
variables is small. The bias is increased if the result is used to
estimate the standard deviation of the distribution of smple means,
still assuming independence,

It is clear that these results might be used to modify
the standard Statistical Quality Control techniques when it cannot
be asmmed that the observations within samples are independent.

The method used for investigation of the distribution of
sample range when the variables are independent (see [17, Vol. 1,

p. vi) or [32, p. 43]) cannot be extended to the situation where

the variables are correlated, This is clear since, given the value
of one variate, the values of all the others are no longer independent
of it. Thus a different technique must be used. The following dis-
cussion will be confined to obtaining the moments of sammples range in

the case where the variates may be correlated,
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3.3.1.

A general expression for the moments of sample range. A sample of

size n is drawn from a continuous distribution such that the joint
density function of the sample variates xi seeesX s where for instance

the subscripts denote the order of drawing, is
P(X',.o.,xn) .
There are then n{ possible ways in which the subscripts 1,...,n

may occur when the sample is ordered with respect to the magnitude

of the variates. One such ordering may be written

xi>xJ> YY) >xp>xq>xt ° 000(303)
Then if we denote the sample range by R, the s~th moment of R about

zero will be given by the sum of nl integrals (one for each possible
ordering) of the form:

+ o xi X x .
S- S- S P q (xi - xt) p(xl.coo.xn)dxtuqooodxddxi
eee(3els)

which may be written as

s
E[(xi-xt) |x1>xd>...>xp>xq>xt] P{x1>x3>...>xp>xq>x'}.

For example, let us denote the variates of a sample of sise
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three by x, y, 8, whose joint density function is
p(x,y,2)

and let us further denote the sample range by R(x,y,z); then
E{[R(x,y,s)]’} = E[(x = y)® [x>2>y] P{x >z> y}

+ El(x =~ z)"x>y>z] P{x>y> z}

+ El(y - z)'ly>x> z) Piy>x> z}

+ E[(y-x)°|y> z > x} P{y> z>x}

+ E[(z =x)®lz>y>x] P{z>y>x}

+E(z -3 ls>x>y) Pfe>x>y}.  .eu(3.5)
From this expression the moments of runge may be calculated if the
necessary integrals may be evaluated exactly, or else approximations
to the moments may be obtained by evaluating the integrals by
numerical methods.

An interesting result is obtained for the mean range in a

sample of size three by putting s = 1 in (3.5). If we then write

E(x-y) = 3{E(x=y) + E(x~z¢z~y)] = LE(x-y) + E(x=3) + E(s-3)] ,
2
eee(346)

it may readily be shown that
E[R(x:’pﬂ)] = %{E[R(XQY)] + E[R(’,S)] + E[R(S,X)]} eeel(3.7)

where R(x,y) denotes the range in a sample of size two, whose variates

x,y have a joint density function

4+
p(x,7) -j p(x,7,8) ds n(3.8)
-®



Thus if the mean value of range in a sample of size two is
obtainable then it is always possible to deduce the mean range for
a sample of size three, To obtain the former is frequently a trivial

matter, Note: This result does not depend upon the form of p(x;,...,xn).

3.3.2. Momentsa of sample ringe when the distributdon is multivariate normal,
In the following it will be assumed that the sample variates x, seeeX,

have jointly a multivariate normal distribution with

E(x))=0
var (x,) = €%

E(xixd) - rirjpjj for 4 { J . 000(309)

i S 2 il g S iy WA ke

(1) Sample size : n = 2, It may easily be shown that

var (R) - (1 - é) ['i - 29120-1’2 + ‘g] 000(3011)

and if Oy = O; =0 these reduce to
B(r) = 2opdRia P02 e 5 e 20 - D1 - 01200 aea(312)

Now if R is used to ostimate U, assuming pi12 = O, we use (see
(32, p. 46])

Q
i
=

000(3013)



Thus if there is in fact correlation

E(s') -C’Jl - plz eoe(3e14)

Moreover, if, as in Quality Control techniques, sample range
is used to estimate the standard deviation of the sample mean, assum-

ing independence, the following would be obtained:

E(a-’) - d; ‘1‘;213' . 000(3015)
J 1+ 2

Also if the variance of the range is estimated on the assumption of

independence, the following relationship holds:
var (R[p) = (1 =p) (var [R'p =0]) . eees(3.16)

(44) Sample size: n= 3
It is immediately obtained from (3.7) and (3.10) that

5 = {02« 212 Wi 02 + 512 4 (02 - 20,00, ¢ @32

+ [C’g bt 20310-30'1 + 0’%]1/2 } 000(3.17)

It is possible to obtain expressions in closed form for
(a) var (Rfn = 3)
and (b) E (Rjn = 4)
however, very heavy algebra is involved,
If it is assumed that 0'1 -0, = 6'3 =@, and (3.17) is
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used to estimate o;-c, it is seen that

000(3018)
ix J3 3+ 201y *+ yy + 2;)3111;2

Some values of this ratio are given in Table 19.

(iii) The case for reneral velues of n, when all the correlations

* are equal, has been considered by Hartley, [18]., In addition the
% probability intcgral for max x; has been tabulated by Kud®, (221,
F for the case when the correlations are all equal,
Hartley demonstrated that if the means,}l , and variances, @2,
i of all variates are equal, and if
pyg=p> Ll , 145,
¥

P

then the sample range is exactly distributed as the range in a sample
of n independent normal variates with variance o‘z(l-p), and further,
is distributed independently of mean X .

Thus it is seen that
E(Rla) - J1 E(Rlp =0)
and

var (P.lp) = ()=p) var (Rlp =0) . eee(3.19)

Thus it may be shown that
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E( 3‘;)

{1

-—— = TyEe , for p > =1/n=1
x
The effect of this for n = § is noted as follows:
p = .05 A= .89
p = «20 A - 067
p = o375 x- o5
TABLE 19
VALUES OF A
o ne2 nej
P12"P29"P )™ P12™P23"f
-1.0 [ -} 10633
.y ) 1.732 © 2,041
0 1.000 1,000 1,000
+42 +816 o756 +811
obs 0655 577 o642
05 0577 .5m 0561
. «500 oli26 o486
o8 «333 277 315
9 229 +189 215
+1.0 2] 0 0

¢¢d3420)

3913-92

Clearly there is a wide field here both for further

investigation and for the application of these results,

Until

methods of using these results are proposed, the results should

act as a warning to those who use the sample range to estimate

population parameters without considering whether »r not the

sample variates are independent,
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