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ABSTRACT

The paper develops equations for nearwearth and satellite flights.
The use of experimental parameters is avoided as much as possible,
Differential equations that defy analytical solution are made a
quasi=linear type so numerical integration can be performed with close
error bounds. The equations consider both thrust and ballistic phases
and enable separate numerical analysis of such effects as oblateness,
air drag, earth rotation. All analytical data were assumed to be
determinable from doppler radar and/or Transit equipment and the
algorithms achieve a reasonable compromise between accuracy and

speed.
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ON THE DYNAMICS OF NEAR=EARTH FLIGHT

by Bernard G, Grunebaum, Ph.D.
Chief of Technical Staff
Land=Air, Inc.

The object of this paper is to develop equations for the nearwearth
flight of missiles and satellites, which permit to obtain accurate numer-
ical results, Any differential equation that defied analytic solution
had to be of the quasi=linear first order type so the numerical integration
could be performed with close error bounds. The use of experimental para=
meters was avoided as much as possible since, at the present state of the
art, the measurement of such parameters is rather inaccurate in most cases
and frequently the error which such parameters pretend to correct is
strongly suspected to be smaller than the error derived from the measure
ments, Both free flight and flight under thrust had to be considered and
the equations were required to be such as to enable us to analyze numer-
ically and separately the effects of different physical causes, such as
earth oblateness, air drag, and effect of earth rotation on the latter,

All analytical data were assumed to be determinable from Doppler Radar
and/or Transit equipment and the algorithms had to be such as to achieve
a reasonable compromise between accuracy and speed.

These objectives have been met, at least from an analytical stand-
point, The papar is nevertheless incomplete, since numerical results still
have not been obtained. The conclusion of this report list certain items
of programing necessary to complete the study. The work has begun, and
when numerical results have been obtained, a concluding report will be
made.

The writer wishes to acknowledge valuable help received from Mr, M, R,
Claasen in verifying some of the algebraic developments and from Mr, R,
Bergman in the form of suggestions regarding apsidal advance.
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Basic Principles of Mechanics

For reasons of clearness, we shall recall some of the basic equations of

classical dynamics, The following definitions will be used:

X,y,2 = orthogonal, right handed, geocentric coordinate system, x,y is assumed
to be the equatorial plane and z the polar axis pointing North, The
system is assumed inertial, i.,e. the earth rotates around the z axis

in the x,y direction,

r = vector, defining a point P,

p = projection of r on x,y plane.

9 = angle p, r, positive in the p, z direction.

0 = angle x, p, positive in the x,y direction.

NBT = orthogonal, right handed, unit vector system; N is the unit vector of
r, T is perpendicular to r in the r, z plane in the direction of in-
creasing 9, B is perpendicular to NT in the direction of increasing 6.
The plane BT is called the local horizontal by definition,

v = velocity vector of P,

a = projection of v on local horizontal

a = angle between v and local horizontal plane; positive if Vv is on the
same side as N. -

B = angle between a and B measured in the B,T direction; i.e, if TgT =T,

then B = %.

Primes indicate differentiation with respect to time. We have the

following basic relations:

(1) v cos acos p=r0' cos®

v cos a sin B = ro’
(2) a =vcosa

N’ =0'T + cos 9 A'B
(3) T/ = «p'N - sin ¢ 3'B
B'3 'sin®T-68"cosoN

Land=Air, Inc. 3



(L) v3=r'% +¢29"2 +r20"% cos? .

Furthermore, a can be easily verified

(5) v/ =r'N+rp’T+r0  cos o B

and
(6) T==(r*wrp® =r0’® cos? )N + (2r'p” + ro~+ r0"? sin ¢ cos 9)T
+(2r’06° cos ¢ + rB“cos ¢ - 2r8 9’ sin 9)B
Proofs for the preceding expressions are elementary and will be omitted,
hoi rdi nd Vari S

Studying the movement of a point in a field of forces usually yields
non=linear differential equations which, except in simple and rather un=
realistic cases, defy analytical integration. Moreover, they are usually
not of the quasi=linear first order type, and their numerical integration
can be lengthy and/or of unknown accuracy. It is well known that this is
generally the case when the variables and coordinates of the previous
paragraph are used to study the movement of a missile or a satellite,
Therefore, our first problem is to choose a set of variables and a system
of coordinates that will yield suitable quasi=linear differential equations
with all admissible complexities of the field of forces. Such a choice is
not necessarily unique or may not be possible at all, The system which we
shall recommend has merely been found to be suitable,

The new system of coordinates will be NAR, an orthogonal and right
handed set of unit vectors, N is as previously defined, A and R belong
to the local horizontal plane. A is the unit vector of a so that B is
the angle between B and A, Since the system is right handed, B is also
the angle between T and R, Thus

(7) 7
8

A sinB *Rcos B
A cos p=Rsinp

4 Land=Air, Inc,



The recommended system of variables is

v sin a, defined as the vertical component of velocity;

v -

v

v, = v cos a, defined as the horizontal component of velocity;
B

r

9

and, as may be easily verified, in this system the vector acceleration () becomes

2 2
v, V Vv,
v h

(8) r’ = (Vé - Fh IN + (vé + 2 A + (vhB’ + Fb cos B tan 9)R,

r

Notice that if the sum of all forces F (Per unit mass) acting on the point
is decomposed into its components FN’ FA and FR,and if these components can be
expressed as functions of the cited variables only,and not of their derivatives,
as it turns out to be the case in our problem, then we have a first order quasi-

linear system as desired, namely

2
v
; - h
“wTF +FN
v,V
f = _ _hv
Yy = - + l-'A
v F
(9) B! = - h cos B tan o + R
‘ r i
r’ =v
v
v
o' = — sin P

Although () represents a system, generally integrable in closed form, its
integra! cannot describe completely the movement of a point in terms of position
and velocity, because we have only 5 dependent variables. Thus, one additional

dependent variable must be introduced, for example § in the form

v
(10) al = Fb cos B

Land=Air, Inc. 5



G \rical Relati

Besides the variables involved in (9) and (10), we are usually inter=
ested in several other parameters and their rate of variation, We shall
now define those parameters and establish expressions that permit calcula=
ting them,

Let us denote by Q the plane determined by the vectors T and v, We
may call Q the instantaneous plane of movement and it should not be con=
fused with the osculating plane to the trajectory. Q contains the vector
A and thus, Q is also the plane NA, We know from classical mechanics
that, in @ central inverse square force field (Keplerian field) Q is an
invariant and later, we shall verify this fact analytically, We are inter=
ested in the angles determining the position of Q since their variation may
be considered a measure of the departure from Keplerian movement.

Let i, j, k be the unit vectors in the x, y, z directions respectively
and let rn be the angle between Q and the x, y plane, positive if Ipl < '72!'
Then

cos 1=K «R
But
R=Tcos p=-Bsing
Hence
cos = KeTcosp=K:e*Bsinp
Now
KeT=cos ¢ and K« B=0
Hence
(11) cos n = cos ¢ cos B.

6 Land=Air, Inc,



Let q be the unit vector in the direction of the intersection between Q

and the xy plane, such that

x
P

= _ X
9 sSin

|

-

It follows that
(12) q sin n = i(sin © sin ¢ cos B + cos B sin B)

+ j(=cos 8 sin ¢ cos B + sin 6 sin B).

Let p be the angle between i and q, positive in the xy direction. Then

cos p =i » q and thus

1 . . .
snn (sin 6 sin @ cos B + cos 8 sin B).

cos B
Similarly, sin p = j + q and thus
sin p = e (- cos 8 sin @ cos P + sin 8 sin B).

sin 1

Multiplying these expressions respectively by cos 8 and sin 8 and adding,

we obtain

sin 1 cos p cos 8 + sin N sin 4 sin 8 = sin B
.0
(13) sin B = sin n cos(p - 9),
Eliminating p between (11) and (13), we obtain

(14) tan 9 = = tan N sin(p - 9).

Land=Air, Inc,



The minus sign in (14) follows from the condition that at B = 0, we must

have p =0 = % and o = 1,

Other angles of intaerast ara:

Y, the angle between v and B. Given by
(15) cos ¥ = cos a cos P

¥, the angle between q and r. Given by
(16) cos ¥ = cos o cos(p = 0)

positive in the direction of incrsasing .

Precession and Nutation

The rate of variation of p is uniformly defined as precession through
the literature. Authors nevertheless differ in their definition of nutation, but
we shall denote by this name the variation of n. In effect and as will be shown,
the quantities pu’ and ' are not independent,

Differentiating (13) and substituting o' with (1), we obtain

’ y \7

P sin h
= - — an A
B sin B cos o r t ® cos

Differentiating (13) and substituting 0’ with (1), we obtain

I = o1 COs N cos(p =-6)  , sin Msin(p - 0)
P " cos P a cos P +
sin M sin(p = 8)

cos @

v

h

+-';—-
Substracting these expressions and noting that

sin n sin{p = 0)
cos @

- tan @ cos § =

by virtue of (11) and (14), we obtain

8 Land=Air, Inc,



' sin ; cos N cos(p - 9) ' sin_g,sin(g -0) _
" (snn cos o cos ) +u cos =0

Using the identities already established, this expression simplifies to
(17) n’ ten(p - 0) + p’/ sin ncosn=0

Expression (17) can also be obtained by differentiating (14). An alternate
form of (17) is

+ cos ¥ sin?

! -
(18) K sin 9

with cos ' given by (16).
The vector acceleration, as given by (8), can now be expressed as a
function of the precession and/or nutation instead of B’. As may be easily

verified, the corresponding expressions are

- ) V‘: 1] Vth
r’ = (vv - ;-)N + (vh +—)A +
v
h
[
" Sos ¥ R
(19) + either
2
v, :“::_cpl‘ R

Using expressions (11) and (13), a corresponding quasi-linesr system

could be written,

Keplerian Movement
This is the simplest situation that can be assumed and it has been studiad

to exhaustion in the literature., Nevertheless, it is the only case where a simple

analytical solution is possible and therefore, it serves at least the purpose
of providing us with a check case, i.e, a case where the closeness of the

error bounds of our numerical integration procedure can be verified numerically.
Therefore, we shall study the Keplerian case with this particular object in

mind,

Land=Air, Inc. 9



With reference to (9), we have in this case

where M is the mass of the earth and G is the universal

,1
"
'
|5

constant of gravitation,

Besides FA = FR = 0,

The system (9) becomes therefore

v
h
ol

v -
v
V' = - vvvh
h r
v
(20) B/ = = Fh cos B tan ¢

r'=v

v

v
9 = ;b sin

where MG = 3.982 x 1029 dyne cm‘/gr. Integration of (20) yields directly

.1
(1) Vi = ot

and

lz:- 1 —zg
r EIF’ + - + Cg

where c; and cg sre arbitrary constants. The latter expression can be written
in the form

(22) V'=;¥3—+°a
Integration of (20) slso yields

cos 9 cos B = E% = cos 1

10 Land=Air, Inc,



where cg is another arbitrary constant, thus showing that the angle n is constant,
This same result can also be obtained from (19). |In effect, since FR =0,

we have n’ = p’ = 0 showing that not only n but also p is constant, i.e. the

Q plane is invariant. Since quite obviously, Vi = $'r, we have by virtue of (21)

(23) V= 3%;1

where, by virtue of (11), (13) and (16), ¥ can be obtained from

sin ¥ = S
(24) )

cos ¥V = T%%_%
Let r' = dr P = ! 9" This transforms (22) into
e aw E‘i-r'la';-

(25)  @p)* = r*(eaedr? + 23 Wor - 1)

and the general integral of (25) is

(26) rET e cos?w + cq)

where c4 is another integration constant. (26) is the equation of a conic
and for |e] <1, it is the equation of an ellipse of eccentricity e, The

values of the parameters e and p are given by

(27)  e= V/d + by

and
(28) = —pme = a(1 = e2)
cfWs
wnere
a = semi-ma jor axis of ellipse = = g% .

Land=Air, Inc, 1"



It follows that cg must be negative for trajectories designed to remain
in the gravitational field of the earth, In equation (26), the semi-ma jor
axis will be characterized by ¥ = - cq4.

In order to obtain a relationship with time, we integrate (22) directly,

obtaining i
. 1 1 MG , car + MG
(29) + t = E—Ucarz + 2mr - + args|n _8__.._.]4. cb
2 c! —
V= ca oe)? + 28 {

where cg is a constant,

We now have all formulae necessary to verify the numerical integration of
(20). Given the initial values of Vyr Vi B, r, ® and t, the constants of
integration can be obtained as .ollows: c; is obtained from (21); cg from (22);
cg 8nd thus also n from the formula following (22), The initial value of ¥
can be calculated from (24), and cq4 from (26). Once cy and cg are known, cg
can be obtained from (29) and the conventions that must be observed for this
determination may be as follows: the positive sign is taken for t and, assuming
that the initial dsta corresponds to a8 situation prior to impact (missile case),
the initial argsin is chosen between - ; and 0. In effect, cgr + MG is always
negative during normal missile flight, This can be seen by noting that, at the

apogee

r'2=z0=- E%F' + Egg + cg
following

ro=-M VG !

8 cg cg cgC
so that

r,cs + MG = cg Em-’)‘+e-l—c-{ <0

snd furthermore, rcg + MG is zero at r = 8, a point usually below the surface
of the esrth, At impact, argsin will be chosen between - n and - %’

12 Land=Air, Inc,



Regarding the determination of ¥ from (26), notice that prior to apogee,
b < = cq and af'ter apogee, ¥ > = c4.
Several formulae should be recalled for the Keplerian cese. Given the values

of r and v at any point, the semi-ma jor axis a can be obtained from

(30) a = ;—z

If in addition, the angle a is known at that point, the eccentricity e can
be obtained from

o o e (i ) gt

Let the index i refer to initial conditions and f to final conditions.
Then, the angle Ab = b, - . covered during flight, can be obtained from

sin A% = v . 2%:1[%-1;;(:—"--1)]+
a‘( 'i"ﬁi) ) WY
SRy o )

If the apogee occurs at % = b,s then ¥ = ¥, can be obtained from

1f, _ it
cos(by = ;) = :( - 'm—)

sin(b, - ¥.) = v‘.f‘ /"‘ ?‘;5)

Let a.n be that value of a. which maximizes A for 8 given value of vy end

(32)

(33)

known values of r. end ro. This would correspond to the minimum energy tra jectory.
a., cen be obtained from

ZV? \
3rr -r. = w r.r r.ve
(34) sin? @ = -nrmj:i[ ':f T if_ (1 - _w‘ ')ﬁ]

Land<Air, Inc, 13



I r =rp (implying b - ¥ = %AW), (34) reduces to

r.v?
1 - 11
sin aim‘——F-iv?-
S
(35)
2 - 1 - 9
cos” @ im rv: r.
P i
L
Let e = e if a. =a, ., Then, equation (31) can be transformed into
2 2rirf
(36) ®n = azri + rrﬁ -1
r.v?

Dxfine y = -ﬁal. Then, (35) becomes

2 _1-

sinf o, ==
(37)

cos? a, = =
im~ 2=y

and (31) can be transformed into
(38) e? =1 = y(1 = y) cos? o,

so that (36) becomes

(39) ei=1-y
rrv?
Define z = W Then, expression (32) can be transformed into



(40) sin A}y = éz [y sin a; cos a; (1 =z cos? af)

* z sin ap cos ap (1 = y cos? u})]
r
where 7 = 2 = ?; (2 = y), and
i

r.,
2 =¥—l 2
cos® ap = ¢ e cos® a;
In particular, if r. = r., then a., = a, and (40) becomes
i f i f
(41) sin A} = §7 y sin a; cos a; (1 =y cos? ai)

and, if in (41) we set a, T a;., we obtain

(42) sin oy = Splot—

We consider formula (42) quite interesting for estimating the capa=
bilities of a given missile, since it gives the maximum geodetic coverage

on a spherical globe, Notice the following table of values

4 o
0 0
e I
1+4°2 2
1 ™

It should be remembered that these formulae refer to an inertial
system, i.e, do not take into consideration the rotation of the earth,
This means that the true geodetic coverage will be larger than A} if the
movement of the missile has a positive West component and smaller than
Ay if there is a positive East component, Thus, in case of war, it is
advantagous to have our enemy on the West side. The correction due to
the earth's rotation, is not difficult to calculate, For Keplerian
movement as well as for any other case, we determine impact latitude and
longitude, as well as flight time t in the inertial system and correct
longitude only by adding wt, where wy is the rotation of the earth, posi=
tive wastward and negative eastward.

Land=Air, Inc,



Similar considerations apply to the determination of the vector ;i.
As measured by an observer rotating with the earth, a component wR pointed
eastward must be added, which changes the value and the direction of Vie
A further refinement which must not be omitted, is that the local plumb
line is not usually perpendicular to the local horizontal, as defined in
this naner,

This concludes our discussion and recommended formulae for the
Keplerian case, Although far from complete, this paragraph remains
within its objective of providing a checking case and approximate initial
estimates,

Ibe Gaperal Equetion of Movement
We designate by this name a particular form of equation (9) or their

equivalents in terms of precession and/or nutation for some suitable
expression of the force F, To this effect, we decompose F as follows:

-
n

the force due to the potential of the earth, i.e. gravity;

F = atmospheric drag. This force may be computed either considering or
neglecting the effect of earth rotation, the decision depending on
some numerical analysis which is pending. By effect of earth rota-
tion, we mean that effect on air drag only, i.e., the latitude correc=
tion indicated in the previous paragraph is not being referred to and
is always assumed to be necessary after the integration of the equa-
tions has been completed;

thrust;

extraneous forces such as the potential of bodies other than the
earth, light pressure, etc. In the case of near-earth missiles, this
force is considered negligible and will therefore not be analyzed in
this paper. |t should be noted that these forces are definitely not
negligible in the case of orbiting satellites.,

Regarding Fa’ there are three cases to be considered, namely:
l. The earth is assumed spherical and the mass distribution is symmet-
rical with respect to its center 0, In this case, F' is colinear with Nj

16 Land=Air, Inc.
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Il. The earth is 8 body of revolution masswise around 2, which is more re=
strictive than the ssme assumption regerding shape only, and thus may
be assumed to be an obiate spheriod. In this case, F; has components in
the N and T directions only;

I11. The earth is not a body of revolution, at least masswise., In this case
Fy has components in the N, T and B directions, in probable order of de-

creasing magnitude,

Case | is actually a particular case of || and, if no other effects are being
considered, corresponds to Keplerian movement, Therefore, it is not considered
sufficiently important to be studied separately. Although the refinement which
case ||| represents over case || cannot, a priori, be rejected as negligible,
this case has not been well studied as to date. Blitzer has recently published
a series of formulae for the earth potential assuming axial assymmetry but as
to dste, their experimental verification is not complete. Thus, we shall
confine our study to cese |I.

For the potential of the earth, we take

U=-%G-[1+é§(%-sin' q>)+§-é‘(5 sind ¢ - 3 sin ¢)

(43) sl 3 1 1
—-—— - 1 z - am N 2
+ Ft(;ﬁ + 5 sin? @ = 7 sin 2%)]
where
Ag = a2 x 1.620% x 109
As = 83 x (2.20 + .08) x 10 ¢
Ay = 88 x 2.1 x 10 &
8, = equatorial radius of the earth =~ 6380 km and MG has been given

following formula (20).

Formula (43) represents the first four terms of the familiar expansion
of the earth potential in spherical harmonics. This expsnsion, although con-
vergent, does not converge to the true value hecsuse of consideratiors previously
indicated under case |||, Four terms is the meximum which may be taken under
any circumstance and it is questionable whether the third and fourth terms sre
reasonsble at all,

Land=Air, Inc, 17



The sign of U has been taken such that
(44) Fy == grad U
so that, in the NBT system, the components of Fy will be
- gg, - % g%, 0, in that order.

Thus in the NAR system, the components of F, will be

A sin B A cos B AU
“ B "F'E 3o -?"E o)

in that order, Hence, in equation (7), we have

F"N - "E‘;
(6s5) JFyy=-2nb Ry

Notice that if only Fy is being considered, then by virtue of (19) the
precession p can be obtained from

/1 _cos B sin o A
(46) ko= Vir sintn Bo

and, if we consider only the first two terms of (43), then

g% = MG é! sin 2¢

so that

- sin?
(47) B! = MGAg 3:-_':6 s n':\n’ 1



We shall study Fg taking into consideration the rotation of the earth as
explained at the beginning of this paragraph. The formula, generally
accepted in the literature and in the Transit project, is

(48)  Fa=zCy A, o(h)v,7,

where CD is a dimensionless coefficient;
As = Vehicle's cross section in the direction ;a;

o(h) = air density as a function of altitude h;
v, = velocity of the air, at and with respect to P, assuming that
the atmosphere rotates rigidly with the earth,

By virtue of the previous definition, the vector ;a will be given by

(49) ;a =wr cos ¢ * B - v

where w is the angular velocity of rotation of the earth, i.,e., assuming one

revolution in approximately 24 hours, we have
w x ,0041666667 degrees/sec.
Now, since
v= v, N + v}, cos BB+ i sin 8 T

we have

<}

=-v, N+ (wr cos ¢ - Vj, cos B) B - h sin BT
(50)

=V, N + (wr cos ® cos B - vh) A-uw cos ° R
and

v; = v: + (v, = wr cos @ cos B)* + (wr cos 9)?

Lend-Air, Inc, 19



Using (48) snd (50), we obtsin
=30y by < 4y,
(1) 4 Fay =5 Cp A, oh) v, (ur cos @ cos B - v,)
Fag = - 5 Cp Ay 9(h) v, = cos @

If we went to neglect the effect of earth rotation, we set V4 = v ond
w=0,

Notice that if Fy and Fg are being considered, formula (46) for the pre-
cession is not longer valid. Instead, we must use

(52) p'-ﬁ%(ﬁ}ﬂ%-%ans o(h) vaurcosqa)

in first spproximetion, As mey be considered & constant., Otherwise, it
can be expressed ss & function of the angle between v and ;a and in this form,
will not upset the quasi-linearity of the equations. o(h) must be known
empirically, preferable in snalytical form,
Regerding the thrust Fg, it will be considered as follows;
The thrust Fgq will be sssumed constant and the mess m of the vehicle
will be sssumed to very linesrly according to
t -t
m=m - (mo-mi)I‘_-g:
where "= initisl mess of vehicle, at time t = t°;
m, = mess of vehicle at burnout, t = t,.
Hence

(53) m=ga, - agt

where 8, and ag are two positive constants given by

20 L.Mir. Inc.



3y =
t1 - tO
(54)
mo -m
°2 = T,

Using the same technique, additional forces can easily be introduced, For
reasons of briefness, we do not carry our analysis beyond this point, Combining
(9), (45), (51) and (55), we obtain rather general equations of movement, namely

h_ a1 F
' = h _ & _ :
VW r "% "-3Cp A, o(h) vavv+ﬁa sin a
YWh _ si L1 F
v =--r—--—$-E5+§CD A o) v, (ur cos 9cos B =v )+ Bcosa

\/

(56) s‘z-r-’-'- cos P tan ¢ - %;E g% - % CD As o(h) Vg Wr cos @

! =
r- = VV
v
9o = r—h sin B
Vv h
where sin a = ==, cos a == and m is given by (53) and (54). Since F‘R = 0,
expression (52) of the precession continues to be valid. Since in general, the
sngle O must be known, (10) must be integrated together with (56). In the case
of a satellite, the nodsl regression can be found very accurately by integrating
(52) over s period of revolution,

Land-Air, Inc, 21



bodal lescassian

We designate by Nodgg the intersection between the orbit of a satel-
lite and the equatorial plane. In each revolution of the satellite, the
nodes move on the equatorial plane in a direction contrary to the pro jec=
tion of the satellitds movement on the equatorial plane, by an amount Ap
called nodal regression,

In order to obtain Ay under consideration of the earth's oblateness,
air drag and effect of earth rotation on the latter, expression (52) must ’
be integrated numerically over a period of revolution., If air drag and
associated effects may be considered negligible, a second approximation
of Ay can be obtained from the numerical integration of (46). A third
approximation can be obtained by numerical integration of (47) and we
must remember that as we increase the degree of approximation, we are in
this case, decreasing accuracy. A fourth approximation is obtainable
analytically by assuming the hypothesis conducive to (47) and in addition,
assuming that during a particular revolution, the departure from Keplerian
movement is negligible, This calculation was performed for the first
time by Leon Blitzer and published in the Journal of Applied Physics, Vol.
28, No. 11, Nov., 1957, Blitzer's results have been widely used, in many
cases with apparent indiscrimination as to expectable accuracy.

In order to emphasize this point, we present our own proof of Blitzer's
formula, From (47) and (24), we obtain

b= MG A, S5 sin? |
4
Vi T
and since vy = W' r
. _ sin® §
po= M6 A2 COS 1) e
vore

Let To be the time between consecutive nodal passages. As t varies
from 0 to To’ V¥ varies between 0 and approximetely 2m, actually to a
somewhat smaller value. Hence
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T T
o o
in2
Ap,z] p’ dt = 2MG Aq cos nf S \bdt
) ’ ) s
21

sin?®
= 2MG Ag cos fljo W"I_F*-d‘b

where cos 0 is held constant by virtue of the assumption that we have Keplerian
movement,
In order to eliminate }’, we use expression (23), obtaining

T .
(57)  op = 2MG Ag C} cos'f 3‘-’%—*@
[}

¢y can be caluclated by considering the situstion at spogee. Here r = a(1 + o)
and v, = v, where e is the eccentricity of the particular orbit and vy the
velocity at apogee. (Do not confuse with velocity relative to ain. Hence,
since ¥/ = ;b , we have

1

v_29a -6
-]

C1=
v, is obtained from (30) by setting r = a(1 + e). We obtain

S fE
va - (]

so that

(58) ci = m;—_-?y

Furthermore, by virtue of (26) and (28)

s(1 - e2)

rET=. cos(V + cg)

Substituting this expres ion and (58) in (57), we obtasin
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2n
Ap:%‘h%s—egvj; sin® ¥ [1 = e cos (b +cq)] dy

n
Noi‘z sin? § cos (Y + cq) db = O for all constant cq (another approximation)and

2%
f sin® ¢ dy = 7,
°

Hence

(59  on = S Te0e

(59) is Blitzers formuls,
One of the objects of this paper is to calculate the departure of (59)
from the numerical integrals of (52), (46) and (47).

Advance of the Line of Apsides

The line of apsides is defined as the radius vector corresponding to apogee,
Let wal and ¢ag be the values of ¢8, the value of { corresponding to apogee -
in two consecutive orbital revolutions of a satellite and in that order,

The advance of the line of apsides is defined as

(60) &Y, = ¥,5 = ¥,
and this movement is called retrograde if AR is negative,

Again, we list approximations in order of decreasing accuracy. A first
approximation of Ab  can be obtained from the numerical integration of (56).
Let s and ﬁa be the values of ¢ and p at r = maximum, Then by virtue of (11),

S = cos cos
co qa ¢8 B8

so that ¢a can be calculated from

' sin @, tan B,
sin ‘ba = ST and/or cos ‘«ba = Ton
-] 3
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by virtue of (24), A similar value of Y, is obtained at the next meximum of r
and substitution in (60) yields A\ba.

A second approximation can be obtained by neglecting in (56), all forces
not due to the potential of the earth, A third and important approximation
corresponds to the previous case where we consider for the earth's potential,
only the first two terms of its expsnsion in spherical harmonics as given by
(43)e The system (56) becomes, in this cese

=i - s (5= eime o))

-masinzwsinﬂ

v ‘
-Fbcosﬁtanv-mv—:ﬁsin2¢cosﬂ

(61) B!

r' =y
v

v
o/ =r—h-sin8

By using the angles ¥ and n instead of ¢ and B, the system (61) can be
replaced by the equivalent system

v2
v, ='r—h -%[1 + HA % - sin?® ¥ sin? 'I)]

V.V
v';=-—:—b-m-:{sin'qsin2‘b

(62) N = - MG sin 29 sin 29

Details of the transformation are rather obvious and are being omitted for
ressons of brisfness. For the calculation of the line of apsides, the system

Land=Air, Inc, 25



(62) should be preferred over (61), since its numerical integration is
somewhat faster and thus, saves machine time,

A fourth approximation can be obtained from the analytical inte=
gration of (62), a process to which we shall refer again with somewhat more
detail, in a later paragraph of this paper. |t yields a widely known
formula namely

A .

(63) oW, = ::’ (1: — (2 - & sin® p)
generally also attributed to Blitzer and published in the same reference
of the previous paragraph., The approximations introduced by (63) and not
involved in (62) are of two kinds: first a and e are respectively the
semi-ma jor axis and eccentricity at the first apogee where the inclination
of the Q plane is n and must be calculated using the assumption that the
movement is Keplerian at that time; second, Awa as given by (63) repre-
sents some average value of the advance of the line of spside, obtained
by neglecting the terms which indicate its dependence on W.‘. This point
will be clarified later,

In general, the same comments apply to formula (63) and (59). Never=-
theless, (63) illustrates a fact which can be easily evidenced by physical
reasoning, namely that the line of apsides advances if the orbit is
sufficiently close io the equator, has retrograde movement if the orbit is
sufficiently near polar and is stationery at some intermediate value of n.
This value, according to (63), is approximetely 63.5° and is not in good
agreement with experimental observation,

Ine Analutical Intagral of o Soscial Nen-Kealerian C

The case that we are referring to, corresponds to the systems (61) or
(62) of the previous paragraph. The results are only partial, that is,
these systems were not completely integrated and only the values of certain
orbital parameters were obtained., Originality for these calculations is
usually sttributed to L. E. Cunningham, although to the best of the writers
knowledge, the derivations have not been published yet as this is being
written, The results, in somewhat different form, can be found in the
book by T, E. Sterne, An Introduction to Celestial Mechanics, pp. 122=124.
For reasons of briefness, we must omit the derivations,
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It is being assumed that the trajectory can be decomposed into infin=
itesimal segments, each one representing a piece of a Keplerian orbit, This
assumption, obviously does not represent an approximation, but it requires
that we sharpen the definitions of our parameters; namely, let a, e, n and
Wa, represent respectively the semiwma jor axis, eccentricity, inclination
of Q plane and apogee angle for some particular position along the tra=
Jectory., In addition, Ka’ Ke’ K, K, K, Km is a set of constants, de=-
pending on the orbital parameters at that particular point, The deter-
mination of these constants will be clarified later, The following formulae
will represent a, e, 1, L, Wa and the mean anomaly m as a function of V.

The mean anomaly is given by m = nt where t is time since apogee passage
and n is the angular frequency given by n = as,

a(y) = K, +m-:mer)1- {0(1 +£:) (1 -% sin® n) cos (V¥ -¥,,)
+% e(1 +7°;) sin® n cos (¥ +q,a‘) +1&2 sin® 7 cos()ya’ - V)
(64) +§:(1 - % sin® n) cos 2(y ""a,) "'% (1 +%°z)sinz n cos 2

+ 8
12

+%.3 sin® n cos 2(2} - ‘l’a,) "‘132 sin® n cos(5) = }l{.‘)}

(1 -% sin® 1) cos 3(¥ -\yai) +2’e (1 "'2:) sin® n cos( -W.')

o(y) =K + A (1+£) (1 =% sin? n) cos (y =V, )
s ) Ll ! ol

"'%(1 "'-P-c’) sin® n cos(y +\ya'5 +¥Z sin® 7 coa’.(}lra1 - V)
(65) +§(1 -% sin? ) cos 2(¥ -\yh) +§ e sin® n cos 2

*%:—,(1 - % sin? g)cos 3(Y - \kh) +-1]3(7 +'}.‘103) sin? n cos(3 -W.')

+%¢ sin? ncos 2(2) = \lrh) *{% sin® n cos(5y = 3&.‘)}
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in2
(66) n(d) = Ky + La—}ﬁ%ﬁl [e cos(¥ + b 1) + cos 2V + % cos (3V - \bal)]

©7) B =K, - E‘,‘-hff—se-;lﬁ [2(4 = ¥,1) + 2 sin(¥ = ¥ ;) = e sin(b + ¥ _,)

- sin 2y - % sin(3% - 1!:81)]

bo(b) = K¢+m$a;—m-z- {(4 -5 sin? q) (b - Y1) +%[(2 - 3 sin? n)

+ e? (% - 1—7 sin? 1) + %z_ sin® f cos Z'bal] sin(¥ = ¥ 4)

-%[e2 + %(1 - % e?) sin? n] sin(d + bg) 4 (1 - % sin® n) sin 2(%-4y)

(68)
- (1 - £ sin? n) sin 26 + 3(1 - % sin® 1) sin 3(b - b_,)
- ;—e[ez - %(7 + l—q e?) sin? n] sin (3% - ‘bal)
+ % sin® n sin 2(2Y - ‘bal) + % sin? 1 sin(5% = 3¢81)}
mb) TK +nt+ m Lo - -Zi)u - 3 sint n)
+ %: sin? n cos 2‘581] sin(b - ‘bai) + %(1 + g e?)sin? 4 sin(¥ - 'b.;)
(69) - 5(1 "% sin? f‘) sin 2(* - ‘581) - % (1 - g sin? ") 5"‘3(* - ‘bal)

- -‘1'-5('7 - %:) sin? 1 sin(3% - ¢31) - % e sin® n sin 2(2% - ‘b%)

- ;% sin? f sin(5% - 3"”1)}
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where, in (69), t is the time since apogee passage at m = m(}) and n, is the
mean anomslistic motion, namely

(70) n, = n(1 + -Afsg (1 -3 sin? o))

n being the angular frequency at the reference point, namely\/g, ®and r
corresponding also to the reference point.

The constants K must be determined so that, when { takes the value corre=
sponding to the reference point, a(y) = a, e(d) = e, etc.

We are particularly interested in the variation of the psrameters p and tba
and, from (67) and (68), it appears that this variation is not periodic. In
order to facilitate calculations, we set the reference at the first apogee.
Then, if ¢ - *a‘ is approximately equal to 2x, we will be at the second apogees.

Hence

A2 cos

(71) p.(‘l!.)-K m[w-(1+4e) snnzy J
(72) ¥, =K 5;171—_—.1-7 {am4 - 5 sin? p)
- {g:[u' - (2 +glo‘) sin* n] +1 < %(13 +§) sin? n} sin ayh}

Neglecting the periodic terms, in order to obtain an average, we have

approximately

B(h,e) = K, - ety

and

%8 = Ky + Srpranyr (4 - 5 sin® 1)

Now, if we neglect the periodic terms in (67) and (68), use as reference
point the first apogee and set $ = *al’ we see readily that K = l‘(ﬁ,x)
and Ky = ¥41+ Hence
Land-Air, Inc. 29
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(13)  ou = - 3pfacos

and

() &9, = srpeyyy (4= 5 sin® 0)

(74) is identical to (63); the negative sign in (73) indicates that the nodal
precession is retrograde, so that (73) is equivalent to (59) which was derived
by a direct procedure, The formulee (71) and (72) should be considered
superior to (59) and (63) respectively, if the departures from the averages

are desired,

On the Integration of ggpsi-linear Systems
Consider a vector variable

;("13 Xgy Xg» ...Xn)
and its derivative

ot [ 1 ! 1

x'(x3, Xgs XgseeeX)
where primes indicate differentiation with respect to an independent veriable t.
We are concerned with presenting, without proof for reasons of briefness, a

numerical integration algorithm involving error bounds, for a class of equations
reducible to the form

(75) x' = f(x, t)

where f is a vector function.
it follows from (75) that

dx = f(x, t) dt



an expression which, for the discrete case, will be given the following alternate
interpretations:

ax s f(x, t) At
and
Ax » f(x + Ax, t + At) At
and the function f will be required to satisfy the quite general condition
(76) ax=[a f(x, t) + (1 = a) F(x + ax, t + at)] at

where 0 < a < 1 for all points x of the integration domsin. Then, the integration
can take the form

(1) Mi=glf(R, t) + (X + A%, t+at)] at
and the corresponding error At will satisfy
(78)  ac < 3l[F (R, t) = F(R + 8%, t + at))lat

Since the expressions (77) and (78) do not represent an explicit algorithm,
@ second order error, assumed negligible, will be introducted by using, in the
right member of (77), the value ax = f(x, t) At. Ae is obviously a vector in-
crement and expression (78) should be intepreted in the sense that the components
of At sre half of the absolute values of the differences betwean the components
of the two functions involved.

An integration routine, for arbitrary f, should have the following structure.
Given

;i(xii' "‘lit-u"ni)) tio at

snd the functions
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ﬁ; = fm(X1, XQ,...Xn, t)’ m = 1!(1)’ n

calculate

;r(X1f, X2fs oee xnr), tf’ E(El, €9,y ...en)

sub ject to either

Xpp = K
or

te =K

where r and K are known, All data and results should be printed out and suitable
entries should be provided for the functions fm.

Procedure,

1. Set xy, x3, «eux, t. |f this step is executed for the first time, the
values ;i and ti should be used; at every further execution, use the results
from the previous calculation,

2, Calculate

(axy), = fi(x, t) at

(axa), = fa (X, t) at

(ax.)

Wo = rn(;, t) at

using the values from step 1. for x and t
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3. Calculate
ey = 3{fy (R, £) + Fo[X + (%), t + at]} at

txg = g{fa®, ) + FalX + (50, t + at]} ot

ax, = 5 (%, t) + FIK+ (8%), t+at]} at
L. Obtain the components of Ae as follows
a6y = Py (R, 1) = Fy (X + 8%, t + at)| at

acg = 3|fa(X, 1) = Fa(% + &%, t + at)| at

1 - - -
ae =§|fn(x, t) = f (x+ax, t+ at)| at

5. Calculate the cumulative error €(e,, e,,.,.cn) by adding the results of
step 4. into the corresponding locations.
6., Calculste new values of the varisbles, in the form

X1+AX1

xg + Axg

xn+Axn

t +at

and return to 1. until X ¢ OF o takes the specified value. |f this occurs,
print out results,
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Coacdicaia ] ; ¥

A1l our formulae refer to a geocentric inertial system as described
in the first paragraph, The six scalars necessary to describe position
and velocity of a point, have been substituted in most cases by the set of
variables

(79) -, Yv? Vi 0. 9, B
and if other variables are being used, the necessary transformations are
indicated. Nevertheless, data given and requested by military organiza=
tions are usually referred to a different coordinate system. The latter
will be described in this paragraph and in addition, we shall indicate the
formulae to transform from this military system to our inertial system and
vice=versa,

The military system is right handed, orthogonal, ususlly denoted by XYZ,
with the origin fixed at some point on the surface of the earth and rotating
rigidly with it, Let Py (R) be this origin, where R is the corresponding radius
vector from the origin of our geocentric system. Then Z is pointing in the R
direction, i.e, is the local vertical by definition and XY define the local
horizontal plane, perpendicular to R. Y points south, i.e. belongs to the
Zz plane and X points west,

Let Ro be the projection of R on the xy plane, ¢ the angle ROR in that
direction and 6_ the value of 8 corresponding to p = Ro, As before let t
denote time and assume that st t = 0, Ro coincides with the positive direction
of the x axis. Thus

(80) eo =wt (v= 0041666667 deg/sec)

)
We may sssume in addition that at time t = ;2, the x axis has longitude zero.
Then 9° is its longitude east of Py, i.e, = 90 is its longitude west,

Let Xy, V,, Z; denote the unit vectors corresponding to XYZ snd as before,
denote by i, j, K the unit vectors in the xyz directions. As ususl, primes will
indicste derivetion with respect to time. Then

Xy = i sin 8, = Jjcos 8,
(81) 7; 3 i cos Go sin % + j sin Oo sin % = K cos %
Z, = | cos 90 cos o, + j sin 90 cos @, + K sin %
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and

X{ = w(i cos 8, + j sin @)

(82) V{ = wsin (= i sin Oo + j cos 90)
31 -} . ’
Zy = wcos g (=i sin® + jcos?8)

With reference to our inertial system, if the point P, the movement of
which is being studied, is defined in the XYZ system by the vector -o and if
R is the magnitude of R, we have

F=R21+F°
= R(i cos 9° cos o  + j sin 9o cos ¢ + K sin ¢°) + XXy + YYy + 224
= i(R cos Go cos @, + X sin eo + Y cos 60 sin @, + Z cos 60 cos ¢°)
(83) + j(R sin 90 cos 9. = X cos 90 + Y sin 60 sin @, + Z sin Go cos ¢°)
+ KR sin % = Y cos % + Z sin ¢°)

= xi +yj+ 2K

Since R must be known and eo is given by (80), (83) permits the calculation
of the inertial coordinates xyz as a function of XYZ and the corresponding time.
Fur thermore

r' =R +r,
= RI) + X'Ky + V'V, + 2'Z, + XK} + YV + 22}
=R wcos g (- i sinB + jcosB)+ X' (i sin @ = jcos 8 )
+Y'(i cos 8, sin o  + j sin 8_ sin ¢ =K cos g )
+ 2'(i cos 8, cos 9. + j 8in 8 cos ¢ +K sin o)
+ Xw(i cos Oo + J sin 60) + Yu sin Qo(- i sin Oo + j cos Go)

+2Zwcos ¢ (- i sin 6 + jcos Oo)
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= i(-Ru si T ) : '
i(= Rw sin 90 cos g + X' sin 90 + Y cos 90 sin o, + 2’ cos 90 cos @,

+ Xw cos 90 - Yw sin 90 sin 9, - w sin 9o cos (po)
. - y! b : 1o
) + j(Rw cos 60 cos @, X" cos 90 + Y sin 90 sin o  + Z' sin 90 cos ¢,
+ Xw sin 8_ + Yu cos 6° sin o  + Zu cos 9° cos q>°)
SRYY ) -
+ K(=Y' cos ?, + Z' sin q)o)
=X'i+y'j+2'Kk=V
So that (84,) gives the inertial components of the velocity. The angles 6 and ¢
can be obtained from

tan 9-“-% and tan Q’—g-}.:-_—-

Vx2 4 y?
where
x2 + y? = X2 + R? cos? % +({Y sin 9, + Z cos 9,)
(Y sin Py + L cos LN + 2R cos cpo)

vv follows from

v.=N-v
v=N

= (i cos9cos¢+jsin6cosq>+Ksin¢)'V

Z—VZ

and v, can be computed from vp = v? - v,

The angle B can be obtained from

(85) cos § = ;_‘_c_e_s_g (y'x = yx') cos? 8
h

Notice that the angles 9 and % correspond to geocentric latitude. The
corresponding geodetic latitude is @ and Qo and given aspproximstely by
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L e,

(86)  ten § = 108

where €2 = ,0067226701 = oblateness of the earth, The corresponding radius of
the earth is approximately

- as cos ¢
MRS ik

where 8, = equatorial radius of the earth = 2,093 x 107 ft,

In the determination of the angles 6,9 and B, the following considerations
apply. For 6, we have

tane=§

as noted. If ten 6 is positive, then 0 < & <;— if x,y > 0,and ® < 6 <g£ if
x,y <0. If tan 8 is negative, then g <8<nif x< O,andg <o<2nif x>0,
In other words, a standard srgtan routine can be used,

Regaerding 9, we have

ten ¢=-:—:-:7— and |l S%

Thus, @ hss the seme sign as z.
Regerding B as given by (85), we must compute the sign of

(88) v

T=-x' cos 0 sin 9 -y’ sin 6 sin 9 + 2’ cos ¢

where Vi is the projection of v on T, If 2 is positive, then 0 < B Sg if cos P
is positive, and ’} <B<nif cos p is negative, If 2 is negative, then n <P 553

if cos P is negetive and g-! <p<2n if cos B is positive, Schemetically:

Signum 2 Signum cos Bounds of B
+ + 0-
+ - % -
n

]

+

N

4

;,h)'\;.ial S B



The preceding theory permits thus the transformation from the system
o, ty hy X0 ¥, Z, X', ¥, 2
(h = altitude of P, above sea level) into the system
(89) Fy Vs Vpo 65 @ B
The inverse problem would be the determination of
X, ¥, Z, X' ¥, 2

given (89) and Oy t, h. From these three scalars, we can determine

R=h+ ae COSQQ

VT - €% gn2 @ cos 9,

where tan ¢ = (1 - e?) tan o,

and 0 = wt
o

Next, we compute

x
i

r cos ¢ cos 0

y =r cos ¢ sin 6

N
(1]

r sin %

The substitution of these values in (83) permits the determination of X, Y, Z.

Next, we comoute

x
-
]

v, €0 0 cos 9 - vh(sin 0 cos B+ cos O sin @ sin B)

—
8
~
~<
-
i

vy sin 8 cos @ + vh(cos 8 cos B - sin O sin @ sin B)

2’ v sin 9+ v, cos @ sin B

and find X°,¥",2° by substitution in (84). Thus, the inverse problem can

also be considered solved.
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If the geodetic distance, measured on the surface of the earth, between two
points p, and pg is desired, i.e,

A = dist, p,(6,, 9y), pg(0g, ¥3)

it can be calculated with

(91) A= %(R1 + Rg) arg cos [cos (85 - 8, - wit) cos(9g - Vi)]

where

e cos @ tan
Risg = L2 and tan @, = —1—‘1!3

and At is the time interval for moving from P, to Pg.

Atmospheric Refraction

In order to measure the parsmeters involved in the preceding analysis, either
with Transit equipment or solely ground equipment, it is necessary to have some
criterion for the refraction effect of the stmosphere. Due to both periodic
and seculsr varistions, no great degree of relisbility can be expected fram
any such criterion and for all practicsl purposes, we recommend to use the
"Model Atmosphere", derived by the Central Rsdio Propagstion Laboratories of the
Nastional Bureau of Standards in 1959,

Let
n = refractive index
N = refractivity
related by
N=(n-=1) 10
and let

N, = refractivity at ground level,

Then, it has been established thst

(92) No = Q‘Q[P + MJ
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where

T = temperature, degrees Kelvin to }5 degree;
p = atmospheric pressure to nearest millibar;

e, = gaturation water pressure, to %5 millibar, May be read from tables
of temperature versus water pressure;

RH = relative humidity to 1¢

Furthermore, for a height H above tracking equipment, it has been established

that
-c H
N= No° e
where
No
(93) T "N
and

AN = = 7.32¢"005577 Ny

It follows, for the average refractivity N that

H
N N
= 1
(94) N=HJ; Nod'l’fn-———:-c:-n
c
°

The second term of the last member being ususlly negligible. The re-
fraction correction should not be confused or superseded by the squint angle
correction, which considers the angle between the RF axis and messuring (digital)

axis of s radsr antenns,
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Conclusions

Excluding interior ballistics, the preceding theory will permit the
accurate calculation of the trajectory of near-earth missiles and satellites,
At this point, we cannot indicate which effects should be taken into cone
sideration in each particular case, Such a decision would require the
following programs, the preparation of which is pending:

Two programs to perform the coordinate transformetions indicated in
the text;

A subroutine for the integration of quasi=linear first order systems,
Such a subroutine should not be specific on the functions involved;

A subroutine for the analytical integration of the Keplerian case.
The main object of this program would be to check the previous one.

Programs for the different cases presented in the text, in order to
evaluate each perturbing effect separately;

Programs for the evaluation of nodal regression and apsidal advance,
for different cases,

An accurste connection with Transit equipment can be easily made,
using the expressions of the previous paragraph. Lately, extensive studies
seem to be in progress, which consider the departure of the earth's
potential from axial symmetry., It should be noticed that any new expression
for the potential which may result from these studies, msy easily be treated
using the same techniques of this pnp‘r.

Land=Air, Inc, 41



2SSV

Hnd/vscT6L

(95L19)€2L= Idw3u0)
oduw: efissiy o1 jt1oey
*n pssuseg ‘wneqeun.q

s20)ndwod [0 131

sie)ndwo)

Jiewsdoxd sepw;
sie)ndwod edue. sepwy

T NSSYIN"

*peeds puw Aow.no0e ueeajeq
05 1w0sdwoD S[GEUOSES. § SASILOE SW) 110319 ) pUB juew
=d1nbe jtisue.} so\v:- Jopus ie1ddop WOy S[qBUIWIS)ep
8q 01 peunsS® Ssem MBp [ 114[euE [{y °“uoljmos
Yisee “Buip ste ‘SSEusIB(QO 38 $109)38 LONS 4o sisieue
(ot iewnu . s1v.edes o[qEUe pus sesEyd D1ySI[{8G pus
ISNIYY 410Q JSPISUOD SUOIIEINDe By *SPUNO 20448 88O[D
Lite pewmisojied eq UEO uolIBIBejuUl [EOTiewnu O edA)
Jesulf=isend ® spew eiw uolIN[Os (W 1ATEuE Ajep 10y
suo11enbe [B13Ue405)17 “e[qissod S8 (ONW SB PEplOAe
st sinewmsed [Nuewtiedxe 3O esn Byy *sIydiy eyt[(e
=196 PUE Y)JEe=io8u 10 suotienbe sdojeasp seded ey)
Yi0dey petjisse{oun WM/ 5TT6L(ISLLI)ET L= Yoo
*di7 *Z96l
Aienigey L *sucijenbe 311Q0 JO UCIIEATIET *wneqeunun
9 pasuseg AQ (HDIT1J HIVYTUYRL 40 SOIAVLAT KL N0
*)1yeg *r3npy Jutog “*oup ‘sty-puen

=qv

T2 NSSIM”

Hnd/vSZ761L

(95L19)€211; 1o®a3u0)

s3usy O[ISSIR D108y

°n pisuieg ‘wnsqeun.n

sieyndwod (w1317 °
si0yndwor  *
iwesdoud sepe: *

sieyndwod edue.s iepw:

oSS

*poeds puw Ad9iND0e ueea,eq

05 1w0dw0D SIQBUOSES. © SABILOE SW,11.0318 L) PUR Lusw
~dinbe jisuws) ;o\n:l J9pes ie(ddop wos) e[qQBUimIe) e
€q 01 pewnsse 0,08 TP [SONAISUY [y “uoi @04
Yliee “Buip 118 ‘SEEUSIRIQO S $1985)8 LINS 40 sishieuw
(O1s0uNU 01048008 S[QUUS PUR SEETd D1ysi|ieq pue
ISNIYY 4I0Q J8PLSUDD SuotI1eNbe By  *Spunoq s0Jse 80O
Yite pemsojied 0q UBO LUOIIEIBRIUL [ED1.0WNY O S04
assut [=1send » spew 840 uolIInN[Os [EOIAjeur Ajep 1By
suo11enbe [#11Ue40) )17 *e[qIssod sSe YONW Ge pepioae

1 s euesed [Wuew! sedxe jo 98N 8y °s)ydi[y Syt
=196 PUR L} IBS=4B0U 0) BUOIIENbe sdo[easp seded e
Viodey petjisse[doun WM/ YSTTOL(ISLII)EZI= 12ea1u0
ALY T

Aienuqey G *sucijerbe 310 jO UCTIBATIS] ‘wneqeur .n
9 pasuseg AQ JHDITY hINMYUYT &0 STIATNAT Th]
cJUre) “nBny uiog Touy Caigepue

21 31SSVINN

¥nd/vSZ761

(95L19)€2L=n 12003000
sBusy sissty O y1084
*9 pimiieg “wnegeun.n

sieyndwoo (w1317

s s0yndwo)

Juiwwsdosd sepey
ss0yndmoo edues sepwy

J7LISSYVION

*posds puw [oeuna0w uveea)sq

05 1w0.dwoD S[QRUOSES.) B SASIYOR SWy)1.403(® 8y} pue Juse
-dinbe jtsues| 3\_!. sepes seiddop wouy elqEuiIwse}ep
oG 0) pswnsse ssem Mep [WONAIWUE [[y °u0l}N0L
Y14we “Buip siw ‘Sseusiviqo S8 51008 LOns jo stsi[eue
(O tiewnu . .01vsedes #[qUUe pue seseyd D181 [Bg pue
ISNIYY 430G ISPISUCO SUCTIENDS By] *SPUNOQ 40148 880[D
YyIte pemsojied eq USO LOLIBIBS Ul [EOtsemny 08 edfy
Jesut[=isend ® epew 4w uclIn[os [WIA[Eue Ljep I8}
suotyenbe (@13U848531] *e[qissod S® yONE SE® PEPIOAR

st si0rewmiud [Muswliedxe jO esn Byy  °sIydi() e[S
=198 pue yIIee=seeu J0j suoljenbe sdojesep seded ey

M/ YETTOL(ISLL9)EZ L= Yownuer
*dy7 ‘Z96i

Aiendqey L *suoljenbe J1GU0 JO UOIIEALIe] ‘wneqeun.n
°9 pasuieg Aq 1HDITS HIVYWWE 40 SHIAWAT M1 O
*j11e) *ndny Jutog “*ouy *sty=punn

Ys0dey petjissedun

Y

BRIEIINS Ao /i

HRd/¥SZT6L
(95L19)€2L=1 1oeau0)
o3usu o[iSSIN D1 )idey

*9 pisuseg ‘wneqeun.q

sioyndwod (w131 o

$193ndwo )
Suiweiloud sepe:
sieyndwod edues iepw:

PR Nt ae N

1
K4
*4

*peeds pue Adeinddoe ueea)eq
05 1W0IdW0D S[QEUOSES. & SARILDS Sur )1 s0B]® B} PuUR Jues
=dinbe jisuwis| ;o\vco s0pRs s0|ddop wos) SIqUIwI)ep
oG 0} peursSE Suem P [ONAIWE [1y ‘wolie. s
41490 “Buup 1w ‘SSEUBIRIQO 98 51005 8 LONS 4O srshjaue
[0 Jounu .8)18,8008 @[qQEUe PUB sBSEBYd DilSi[[Bq puw
ISNIYY 4I0Q 20P1SUOD SUo1IeNbe 8y  °SPuUNOg JO4se eSO
Yita pemsojied oG LSO UOIEIBNIUI (WO sewnu 05 edi,
498Ul [~1887D ® epew esm uo1IN(Os [EOIA[eue Kjep 1w
suotienbe [811U80;17 *slqissed s® yOrw su pepioas
S1 ss0jemeaed [Ruswtsedue 40 osn ey; 1 Yif) eyl Te
=105 PUR L) I8~ 00U JO) SUOtIENbe sdo(eAsp oded e
110dey po1jISSRIOU, M/ YSTIOL(VSL 3 )(Z =, 1300100
AT i
Aierdqey gL *suoijenbe 31qu0 jo UoTIEAIIe] ‘eneqeur ;v
°9 pswuseg Aq 11mi14 HIVY ™YY, 4 SDIRAT Bep vy
cjrten ‘nBny Jutoy *coug Cat pepue:




