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LINEAR ARRAYS: CURRENTS, IMPEDANCES, AND FIELDS, III

by
Ronold W. P. King and Sheldon S. Sandler
Gordon McKay Laboratory of Applied Science
Harvard University

Cambridge. Massachusetts

ABSTRACT

Further results are given for the curtain array with three-quarter and
one-half wavelength elements., Since the general solution assumes an indeter-
n.inate form, a special solution is given for arrays with half-wavelength ele-
ments. This special solution is obtained from the original Hallén integral
equation. Calculations are given for two three-element endfire arrays, for
three-quarter and one-half wavelength elements and the base currents specified.
The distortion in the distribution of current across the array decreases as the
elements approach one-half wavelength. The new quasi zeroth-order theory
shows that the conventional assumption of identical current distributions is
justified only for the case of half-wavelength elements.

The new array solution is extended to arrays with elements of unequal
length. This extension follows from the modification of representations for
the coupling terms which appear in the integral equation. Two separate cases
are considered: all elements driven by slice generators, and arrays with at
least one parasitic element. Numerical calculations of the two-element para-
sitic couplet confirm the well-known phenomenon that the main radiation beam
may be directed by adjusting the length of the parasitic element.

The solution for the array with elements of unequal length is extended
to the Yagi array. This solution reduces to a simple form., Numerical results

are presented for a representative three-element Yagi array,
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6. THE PARTICULAR SOLUTION FOR CURTAIN ARRAYS
WITH HALF-WAVELENGTH ELEMENTS

The general functional form of the element currents given in 2:52
presents some difficulties for the case ph = —TZ-T- A similar difficulty was
encountered by King {1, p.S449] for circular arrays. For both circular
and curtain arrays the zeroth-order expression for the element current

I
assumes the indeterminate form 0/0 when Bh = P This indeterminate

form for the curtain array case 1s easily demonstrated by examining 2:52

given by

2w 2T -1
L(z2)= jo=o— <V dsinp(h-2|) + j=—Fg— (2] (2] {V}(cosﬁz-cosﬁh)'
A } ([(‘)Fo(h)‘lfdr{ o} SoFo(h)\ydr u v o) 6:1

From the form of the W functions at gh = -121 1t follows that

160 .

: -1 . -1 016. ..

lim ()7 (%) = Um P )RR () 5 (1) = - T . 6.2
Bham Bha»g

c. . . .1

The indeterminate form of the element current follows directly, with 6:2 in

6:1, or

L 2TCOSPZ . 2mCcospz ¢
{IZ‘Z}J‘V‘%‘{VO - J‘\—g—{\ﬁ} =g Oh
N 50 ir dr

O 1

6:3

NS

The circular array case has been treated by King by differentiating
with respect to ph both the nume.iator and denominato. of the one dimensional
form of 6:1 .. This method is too cumberson for application to the curtain

array. For example, this technique requires that each element of the matrix
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[‘bu]-1 be differentiated with respect to ph. A simpler method is presented

for the special case ph = -121 beginning with the original form of the integral

equations given by 2:1, or

h N
o
- ' 1 1
4',WoAzk(z) S lei(z )Kki(z' z')dz
-h &l
4 1 .
= _35 (Ckcosﬂz + 2‘Voksm(fl‘zl) 6:4
o
where
-3BRy
e ! 2 2
W & = oot . .
K, (2.2 = R R Viz, - 2)% + b2 6:5
With ph = % the vector potential at z = h is given by 6:4, or
h N
amv A (n) = ( §1 (2K, (h,2')dz' = -j=T (0 + 2 v ) 6:6
o zk A A - 2 ok S
-h =l

The integral equation for the vector potential difference Wzk(z) = Azk(z) - Azk(h)
is obtained by subtracting 6:6 from 6:4. This vector potential difference

vanishes at z = h along with the current. The rearranged integrz! cquaticn is

given by
h N
v - 1 '1_" 1
41 OWzk(z) Z,Izi(z )Kkid(z’ )dz
- 1=1
6:7
2y Sk cospn + sing|z| - 1)
7 ok'V
~o ok
where .
K . (z,2") = e——JBRm - ———-———_jBRklh 6:8
kid Ry Riin '
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Note that the form of the right-hand side of 6:7 suggests the leading terms
for the current given by King [1, p.S449]. In the general curtain array case
the integrals in the rearranged equation 2:6 were separated into two groups
depending on the way their ieading terms vary as a function of z. The same
separation principle is applied to the special case fh = -;— , with one group
varying approximately as does M}zl = sinB|z|- 1, and the other group as does
F, = cospz. The functional forms of the integrals given in 2:12 - 2:14 with

2:10 - 2:11 are applicable to 6:7, The current in each element is separated

into two parts in the form

Izi(z) = Iu'i(z) + Ivi(z) 6:9

where by definition the leading term of the two part: of 6:9 have the forms

I (z)~MP I (z)~AVF 6:10
vi oz ui oz
where
mb = sinBiz| -1 ; F = cosfz
oz ! oz

When 6:1C is substituted in 6:7 the integrals that occur may be expressed

as follows for all k and in the range 1 to N.

h
' - N .
S'Iui(z)xkid(z,z)dz =N 1 (2) - D (2) 6:11
-h
h
I (2K, . (z,2')dz' = (-j2)%P T (2) - DP (2); po>1 6:12
vi kid'™’ Bk kidv uk kidv ™" lfd— )
-h
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h

] h I
] - - . .
S Li (2K, qp s 2')d2 q{:idRIvi(z) Diara)i Phy <1 6:13
-h
h .
I (z)K (z,2z')dz' = ('-jéi)\l’h I (z) - Dh z); Bb,, <1 6:14
vi kidl'™’ ' Bk kidl "uk ki:lI( ’ ki .
-h .

As in the general case, it is assumed that the \Yki functions are
defined such that the differences Dki(z) are small enough that they may be
neglected in a solution of quasi-zeroth order. When 6:11 - 6:14 are sunsti-
tuted in 6:7 with only the leading terms retained and the analysis restricted
to the case where Bbki >1, k #£1 (cf. 2:21 et seq.), then the following

separation into the two groups of equations may be carried out:

. 2w h .
Ivk(z) = —JT—\I—ITI_— VOKMZ 6:15
20 dR
S A h h 4
ALVIGE gl . o _idm )
Z{\ykiu i JB}')[\JIddv(l S J‘pkidléigl} Lud#) = - oCsz 6:16
i=] :
where
h h
HR * HidR Cik L 61T

For the case ph = -TZ—T it follows directly from 6:15 that the leading term

in Ivk(z) is always M}Z1 for each value of k. Similarly, it follows directly from

6:16 that the leading term in Iu (z) is of the form F . The components of the
z

N

element current must then be of the form

. . h i
Li(z) = -iaM -, Li?) = BiF, 6:18



SR12 -53-

or
_ h
I (z) = -jAM + BF . 6:19
zi iz i” =

Since \I’;R is real, then from 6:15 it follows that Ai is real when Vok is real

and from 6:16 that B; = BiR + ‘]BiI is complex.

The form of the constant Ck is given by setting z = 0 in 6:4, or

% (3

i=1

The constant Ck in 6:20 is obtained readily by substituting 6:19 in 6:20

with the result

Z h
= ;&€Q 23 .
Cp I %m [JAivkiv(O) * Bi\ykiu(oﬂ 6:21
=1
where
h
\Ilh (0) = MhK (0, z')dz! 6:22
kiv z'i ki' )
h
—- ' 1 .
\I/Kiu(O) = S'F;,iKki(O,z )dz _ 6:23

If 6:21, 6:18 and 6:19 are substituted in 6:15, 6:1§ the result in matrix form
(cf. 2:34 et seq.) is

[ QU]{B} o e}v‘] {.jA} 6:24
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and

where

and

Also

and

k

h
@kiv

widu

€)=

2w
dR

—50 wh Vok

h

= .6 ] é -
Fiav 7 %)t Igar %

kidv

N -q’kidu *

~

¢ P
P - J

=] "21lu 22u

wh

Qh h

@h éh

h h

Ilu 12u

LQNluQN&u )

11lv élZv )

21lv 22v °

_QN1V°N2V )

-54-

qlkiu

]

h

(€)

élNu
2Nu

NNu

6:25

h
\I’kiV(O) 6:26
6:27
6:28
6:29
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The V¥ functions are given by 6:11 - 6:14 and 6:22, 6:23, or

[

q};R = -Re{[Sb(h,O) . Eb(h,O)] ; Esb(h,h) - E_(h, hﬂ} 6:30

h
Y = Im {Fb(h, 0) - Eb(h,O)] - E;b(h,h) - E, (b, h]} 6:31
h _ } _ .
wh - [Sb(h, 0) - E, (h, 0)] [Sb(h,h) E, (b, hﬂ 6:32
T
qT(idu = Cb(h,O) - Cb(h,h) , Bh = 5 6:33
h (06) = S _(h, () E (h, () 6:34
kivi" T Tpr YT T Tpt '
\lT(iu(O) = Cb(h,O) , b = bki . 6:35
The quasi-zeroth order form for the element current with gh = _721 is
given by 6:19 with 6:24, 6:25, with the result
(. . . 2m -1; .h )
I (z) = -j ___‘Z_"h__.. ch}(smﬁtzl- 1) - Jggh— [Qu] [Qv]{Vo}cosﬁz . 6:36
z Cfoq/dR dR

The coefficients in 6:36 differ from those given by King [1, p.S449] for the
circular array. A numerical comparison will be given for the isolated
element with£= 10. The values of the ¥ functions for this case are given by

6:30 - 6:35, and it follows from Mack [2] that

\y;R = 6.9087 6:37
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\I)llldl = 0.3842 6:38

¥ 4, = 7-6637 - j0.6331 6:39
h :

W“V(O) = -7.0754 + j1.0932 6:40

\Y“u(O) = B8,3517 - jl1.8518 . 6:41

The above values are substituted in 6:36 to give the quasi zeroth-order current,

orx

Iz(z) = VO{IO.0020cos(3z - j[’l. 0607cospz + 2.4124(sinBz) - lz]}x 10-3

6:42

where

IIE]

The comparable result quoted by King [1, p.S450] obtained from the general

case is given by

; . . -3
[Iz(z)]0 = Vo{9. 87cospz - _][6. 84cospz + 2. 17(sinByzl - 1)]})( 10 . 6:43
The input admittance from 6:42 is
Y_ = (10.0020 - j4.6480)x10'3 mho . 6:44

The input admittance from 6:43 is
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Y = (9087 - j4'67)x107° mho . . 6:45

The second-order theoretical value is
. -3
Yo = (9.26 - j4.62)x10 mho . . 6:46

Note that the current distribution 6:42 is in excellent agreement with 6:43

as shown in Fig. 6-1. Also, either current form is in good agreement with

the approximate second-order curve given by King [3, p. 116, Fig. 22.9].
The solutions which correspond to Cases I and Il are determined

readily from 6:24 and 6:25.

Case I,

The N base currents are specified, or

= I jI! = . . . 6:47
Izi(o) Izi(o) + JIzi((/)h 1 =1, 2, 3, N 6

The N base voltages V, are required which maintain these base currents.

From 6:1Y it follows that at z = ¢

1.0 =B +j(B +A), ph =% 6:48
or

1(0) = B . 6:49

I'.(0) = B, + A,  6:50
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With 6:25 in 6:24 together with 6:49 and 6:50, the driving voltages are

given by

-1
2n 2 b
Vo =lize @) - izg— e [48]11 (0) . 6:51
{" So¥ar v 4oYar "] vl

The quasi zeroth-order element current is given by 6:19 with the A coefficient
given by 6:25 and the B coefficient given by 6:49 and 6:50 with 6:25.
Case II.

The N base potentials V0 k=1,2,3 ... N are specified, and the

k!
values of the base currents IZ(O) are easily determined from 6:36, with the

result

I(0)p = jmme (V5 - j—2F— (2 ]-I[éh] \% 6:52
z ({oq’dR o) (_};o?d;R v v o :

The analysis of the three-element endfire array with quarter-wave
1

E ’
sults for Case I above. The analysis parallels that given in Chapter 3 for a

spacing, Bh = .= 10, and specified base currents follows from the re-
similar array with ph = n. It 1s expected that the present results will reduce
approximately to the conventional case where the distributions are identical.
This equivalence is inferred from the similar functional form of ME and F, and
the small magnitude of the ratio (Ai/Bi) for the 1solated element. The com-
putations for the driving-point admittances and element currents are given in
Appendix VI, and summarized below.

The driving-point admittances are given by VI:13, or



(WHO4 AVHNY NIvLEND) ¢ 01 x {[(T- 1] § NIS) b2iv'2 + 28 'S0D 20902] I-28 'S0D 020001} =CA/ 2

01=T ‘2/%4=4yg Y04 IN3IYYND IN3W3ITI3 H3ICGHO HLO¥IZ ISVND T-9 Oid

(9NIN) ¢ Ol X ﬁ:- [z] g NIS) LI'2 + 2 'SOD v89] [-2¢ 'SOD B.& zOA/%] —
o] od
i 170A H3d SIHIAJAVITIIN !
ol ! 8 9 % 2 0 2- b- | 9-
1 T 1 | ) 1 T 1 L) 1 1 T 1 I a. 1 1
1 \
\ \
\
|
|
I
i
l
//

2/ =g
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Yo, = (13,00 - j4.963) x 103  mho
Yo, = (9.393 - 4.939) x 103 mho . 6:53
Y, = (4.322 - j3.560) x 107> mho

The three-element currents are given with respect to the individual driving

voltages in VI:14 and with respect to VOZ in VI:16. They are

-3 . .
Izl(z) = 10 V01{13.01cos{3z - 3[7. 375cusPz + 2.4124(sinB fz} - li}
Izz(z) = 10—3V02{9.383cosﬁz -] E 351cospz + 2.4124(sinﬁ'4 - l)]}6:54
-3 ) ) ‘
Iz3(z) = 10 V03{4. 322cospz - JE.972cosﬁz + 2.4124(smgz| - 1)]}

Izl(z) = 10'3V02{[1. 826(sinfz|- 1) + 6. 7H65cos ;3:5’ -j[(;. Zl.’;JB(singzj ~-1)-9. 177cosﬁz}
Izz(z) = 10'3\{02 { 9. 393cospz -j[2.4124(sinp|21 -1)+7. 351cosﬁf]}

Iz3(z) = 10_3\’02{-4. 4759(sin@z} - 1) - 9.412cos pz -{j 0.9309(sinfyz| - 1)+10. 32cos ﬂz}
6:55

The element currents 6:54 and 6:55 are shown in Fig. 6-2, The element
currents, with respect to the individual driving voltages, decrease in both the
real and imaginary parts from element one to element three. This is the effect
due to the interaction between the individual element currents in the array.

Note that the general shape of both parts of the element current are similar

in all three elements since M}zl and Fz both have maxima at z = 0 and decrease
with increasing z. When the element currents are drawn with respect to VOZ’
the distribution of the current on all three elements is almost identical. Hence,

the quasi zeroth-order result is almost identical to the conventional result

for this special case,
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7. EXAMPLES OF THE GENERAL THEORY:
THE INTERMEDIATE CASE, THE THREE-ELEMENT ENDFIRE ARRAY
WITH pBh = —‘7’41, AND QUARTER- WAVELENGTH SPACING

The three-element array with ph = w has been covered in the preced-
ing sections., When the base currents are specified for this array, the shifted
cosine currents are automatically determined. However, since the sinusoidal
component of the element current is zero at the driving point, it is not affected
by the specification of the base current on each element. The situation is
somewhat different for a similar array with f}h = —5-411 , since both the sinusoidal
and shifted cosinusoidal components of the element contribute to the base cur-
rent. The general analysis for this case follows a similar presentation for
the full wavelength array.

The relationship between the specified base currents and the driving
voltages 1s given by 2:50. The numerical calculations are carried out in
Appendix VII, and the results for the array having quarter-wavelenpth spacing,
LL= 10, and the main beam in the endfire position, are surnmarized below.

The driving-point impedances and admittances are

(1.6706 - jl. 3744)x10"3mho

N
n
Y
n

357.0 + j293.7 ohms ,

01 01
Z02 = 374.3 + j402. 0 ohms , Y(“2 = (1.3324 - j1.2402)x10~3mh0 7:1
203 = 54(.8 + j488.5 ohms , Y('_, = (1.0183 - j0.91‘)8)x10-3mho
N

The element currents are given with respect to the individual driving voltages

from VII:13, or



e e en ARt M e 7

Ol S

Wv3ag
NIiVA €

2
— 0 © ©

zd

g314103dS S1IN3¥H¥ND 3sve

%A 01 123dS3y
H1lIM Q3ZITVWHON
SIN3YHND IN3W3T3

(o] S

[N B

g314103dS S1N3¥yND 3sva

(01=T *2/% =yg ‘ONIDVdS v/X)

S39V1IOA ONIAING

IVNAIAIONI OL 123d4S3M

HLM Q3ZITYWHON SLN3HHND
INIW3T3 AVHEY 3413aN3 A
1INIW3T3 3I38HL an

s

2-9 34Nnotd

170A H3d S3IYIAJWVITIIN

0l ] 0 S- 0t-
T T

NO>

22z
9

1T0A ¥3d S3Y3dWVYITTIIN

0Ol S (o) S- Ol-
1

L 3]



SR12 ~ol-

-3
. - s - _ - n .
lzl(z) V01[0.9786F0z j(3. 321L}Moz 0.5 8Foz)]x10
-3
= j - 9 - S :
IzZ(z) VOZ[O.78O5F0z i(3. 321)MOz 0.64)5F0z)]x10 7:2
3

I_,(2) =V ,[0.5965F - j(3.3219M__ - 0.8371F )]x10

where

. 37
MOZ = Sln(—z - ﬁ‘z,)
7:3
F = cospPz - 0.7071
oz
The element currents are given with respect to VOZ from VII:16 or
. -3
Izl(z) = ‘1'02[2.7618Moz - U, 3669Foz - j(o. 3704MOz - 0. 8798F0z)]x10
. - -3 .
Izz(z) = VOZ[ 0. 780517‘oz - 3(3. 3219M0z - 0.6495Foz)] x 10 7:4
3

I (z)=V__[-4.3902M _ + 1.0378F  + j{(C.3818M - 0.8844F )Jx10°
z3 02 oz oz oz oz

The above results are easily interpreted by investigating the behavior
of the two components of the element current, Foz and Moz' From 7:2 note
that the real part of Foz decreases and the imaginary part increases from
element one to element three. This result is identical to the result for the
same array with ph = = (cf. 3:26 - 3:28). As before, the MOz component of
the element current is proportional to the driving voltage, Note that in
7:2 the imaginary part of the element current will have a decreasing amplitude
at z = 0 from element one to element three, since the Moz component is larg-
er than the Foz component, This fact explains the difference between the

variation of the admittances for the case Bh = 7w in 3:20 - 3:22 and the
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results in 7:1. That is, the imaginary part of the admittance decreases for
this case instead of increasing as in the case fh = =.

The element currents are drawn with respect to the individual driving
voltages in Fig. 7-la. There is a mild decrease in the real and 1maginary
parts of the element current from element one to element three. To compen-
sate for this effect the driving voltages must increase from element one to
element three. This increase will affect the sinusoidal current component,
since it is directly proportional to the driving voltage. The shifted cosine
component of the current will also be affected. However, since this component
#y sl compared to the sitisoi-lal component, it will not be as effective
in changing the current distributions from element to element. The change in
the element distributions for the case of specified base currents is shown in

Fig. 7-1b, where the currents are all drawn with respect to V Note that

02’
the variation in the current distributions across the array are not as drastic

as those given for the same array with gh = = (cf. Fig. 3-3).
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8. CURTAIN ARRAYS WITH ELEMENTS OF UNEQUAL LENGTH;
THE TWO-ELEMENT COUPLET

The problem of determining the driving-point impedance for two
elements of arbitrary length and spacing has been carried out by many
authors under the conventional assumption of a sinusoidal distribution on
each element. A history of this problem will be found in a 1951 article by
Chaney [1]. Since the problem of two skew antennas in space leads to many
mathematical and experimental difficulties, this discussion will be limited
to parallel elements with both elements driven, The solution of this config-
uration leads not only to the parasitic couplet, but to the practically impor-
tant case of the Yagi array. The couplet with elements of unequal length
is shown in Fig. 8-1 for elements with half lengths h1 and h2 separated by a
center to center distance of blZ' With the aid of suitable trigonometric ap-
proximations, the quasi zeroth-order solution obtained for the curtain array
may be extended to include the case of elements of unequal length.

The two integral equations for the currents Izl(zl) and IzZ(zz) in the
elements-.of the array shown in Fig. 8-1 are formally written down from

2:6 with the result

! ! - =T U 1
“é.hlzl(zl)xlld(z 2} Mz +th‘ 22K 5 {20 25042, (;F n )( Foz T2V Mo

8:1
h ) 1
| ] 1 ' m L
e P ad 2 34 5 L A% pd % %)%, g E ) (UF 22 2 V0Moz2!
O O
8:2
2 2 hl.
Ui T qui ) Z_j% lei(z{)Kki(hl<’ z;)dz 8:3
i=l i=] - i
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Fozi = Fo(zi) - Fo(hi) = cosf}zi - cos ﬁhi 8:4

M_.=F (2)G (h)- G (h)F (h) = sinf(h, - 'zil) . 85

For the array with elements of equal length the currents were con-
veniently separated into two parts, Iz(z) = Iv(z) + Iu(z). The leading term
of the Iv(z) distribution was found to be proportional to Moz = sinp(h - 'z‘),
and the leading term of the Iu(z) distribution was proportional to
Foz = cosfPz - cosPh. With simple sinusoidal and cosinusoidal representa-
tions for the element currents, the behavior of the vector potential differences
that appear on the left-hand side of the integral equations was easily calcula-
ted. The vector potential differences were found to vary approximately in
one of two possible ways as a function of z. One group varied as Moz’ and
the other group varied as Foz' The two forms for the integrals allowed the
original integral equation to be separated into two equations, one for each
distribution.

The formal solution for the unequal element case parallels the general
solution of the equal element case presented in Chapter 2. However, the solu-
tion is: complicated by the behavior of certain integrals which appear in 8:1
and 8:2. These integrals behave with z as does a linear combination of Moz
and Foz' The behavior of all the integrals on the left-hand side of the integral
equations is first investigated.

The behavior of the integrals in 8:1 and 8:2 with kernels I K d

z1711d *°
IZZKZZd’ corresponding to the isolated element, was investigated in Chapter 2.

ZIKIZd’ and IzzKZId are concerned with the ele-

ments of unequal length and must be investigated for all values of b, A good

The integrals with kernels I

example that shows the major effects of coupling between two unequal length

elements is the half-and-full-wavelength couplet. (N,B. Since present tables
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do not include the values h) = A/4 and h2 = \/2 for all functions, this couplet
is approximated in some cases by ph] =1,6 and Pby=3.2.) A sinusoidal cur-
rent is assumed on each element, and the vector potential difference

Wz(z) = Az(z) - Az(h) is determined for both pb large and small, Let

h1 = N4 and h2 = M 2; then the vector potential difference along element one

due to a current sin [3(%‘ - |zz') on element two is given by

e

3 A ' - A - A A .
X;smﬁ(z |[22DK 2qtz 250z = S (502)) - S (5.3 8:6
-Na

where

0 <z <2 b 8:7

="1 = 4" Ki

il
o

Both the real and imaginary parts of 8:6 are shown in Fig. 8-2. Note that
small values of Bb are not included, since the behavior of 8:6 for this range
is discussed in Chapter 2. Fig. 8- 2 shows that 8:6 varies approximately as
does Fozl for pb 2 1 in both the real and imaginary parts. Hence, a simple
trigonometric approximation serves for the corresponding integral in 8:1.
The vector potential difference along element two due to a current

cos pzl on element one is given by

1
[ t - - .
hAg‘}c\:os ;371K21d(22,z1)dzl Cb(hl’zz) Cb(hl’hz) 8:8
™

where

n
< = —- .
0 < pzz 3.2, [?,h1 5 . 89
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Tables of the function Cb are not presently available for the complete
range 8:9, and the calculation of 8:8 is based on a representation in terms of
more elementary functions {1, p.v7]. The imaginary part of 8:8 is shown in
Fig. 8-3 and the real part in Fig. 8-4, The imaginary part of 8:8 behaves
li.e Foza for all values of b 2 1. However, the veal part has a more com- :
plicated behavior for Bb 2 3.2. The reason for this complicated behavior is
found in the curvature of the wavefronts near element two. Since at the sur-
face of element two zilzz(z) S Ez, where zi is the internal impedance per unit
length, some insight into the problem is gained by examining Ezz(zé) due to a
current cosPz on element one. The electric field EZZ(ZZ) has been derived by

King [2, p.528} from the scalar and vector potentials, and is given by

Im%, (e‘JBth o JPR2h

EzZ(ZZ) = -j yps th + th ) 8:10
where
Bh, = g 8:11
R, = \/(zz—hl)2‘+b122 8:12
R, = Vi(z, +h)e+b2 . 8:13 ;
The magnitude and phase of 8:10 are shown in Fig. 8-5 with respect
to the reference value at z, = 0., The z vaviation of this magnitude closely

sesembles that of a shifted cosine for all values of Bb > 1.2. The phase of

E shows a variation in form as pb.  is decreased. For b > w, the shape

z2 12
of the phase front is ellipsoidal. When Bblz is decreased to Bbla = w/2, a
maximum appears at pzz = w/2. This distortion is due to the variation in
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phase velocity along the ellipsoidal wavefronts produced by vlement one.

The velocity of propagation is equal to v, = 3% 108 meters per second along

the semi-major axis {2, p.540]. However, the velocity of propagation along
the semi-minor axis is always greater than or equal to Vo For example, with
ﬁhl =n/2 = ﬁblz the phase velocity of the wavefront along the semi-major

axis is 1.3 times the axial phase velocity. The distortion of the surfaces of
co. :tant phase prevents the approximation of the element current Izz(zz) by a
However, it is possible to approximate 8:8 by a
Note that for pb

zZ)'
A simple physical explana‘ion serves to demonstrate wh, it is possible

single term of forn. “0”2.

suitable combination of Mo > ma one term

and F
o)

z2 z2' 12

approximation of 8:8 is possible (i.e. in terms of FO

to approximate the vector potential difference 8:8 by a combination of MozZ

and Fo Element two 1s illuminated by a non-linear wave front due to the

z2'
distributed currents on element one. Crudely, the response of element tr7o
must be in terms of its fundamental modes which have sinusoidal and shifted

cosinusoidal forms. When h, = h both distributions are present, but the

1 2’
distortion in the illuminating field over the length of the receiving element
is small. Hence little of the received power 1s placed in the sinusoidal mode.

The two term approximation for 8:8 is given by
W (z,) = W 'sinp(h ) + Wicos cosph,) 8:14
y(z;) = W sinp(h, - ‘ZZ\ Jcospz, - cosph, . 8

The constants Wum and Wiare determined so that a good approximation is
given for Wu(zz) in 8:14. Although more sophisticated methods are avail-
able for the determination of Wzn and fo (e.g. a least mean square fit) a

two point approximation for Wu(ZZ) is readily accomplished, Furthermore,
the two point approximation includes the true value of Wu(O), which is impor-

tant for the correct value of input power. The functions Mo and F have
o

z2 z2

a maximum 1n the interval 0 < z, < hZ' Hence, the two maximum values
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f
of Wu(zz) serve to determine Wum and Wu’ or for gh > w/2 it follows that

(N.B, For gh < w/2, Mo has a maximum at z = 0,)

22
W (0) = W™singh. + W' (1 h,) 8:15
u = W, st B 2 u cosf 2 :
Ay L m f, . } .
wu(hl - 7) = Wu + Wu(smphz cosphz) . 8:16

Equations 8:15 and 8:16 are solved simultaneously for W\f and Wén

with the result

w™ - (sinphp - cosphp)W,(0) - (1 - cospha)Wy(hp - 3) 8:17
u sinpBh_(sinph_ - cosph_) - (1 - cosBh,) :
2 2 2 2
Wi - ~W,(C) + sinphWy(h, - 2) 818

u sin@hz(sinﬂha - cotha) - (1 - cos[3h2)

The excellent agreement between 8:6 and 8:14, with the values given
in 8:17 and 8:18, is shown in Fig. 8-6. The approximation 8:14 is quite
general, and reduces to the normal one term approximation for 8:6, for

Bb <1 and Bb > . Before the solution for the original integral equa-
12 12 g g q

tions is obtained, the behavior of the integrals

h
S sinB(h - |z'|)Kkid(z,z')dz' 8:1Y
and
S‘h(cosﬂz - cosph)Kkid(z, z')dz' 8:20
-h
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is given in Table 8 -1 as a function of @b.4 An inspection of Table 8-1 shows

that the only complication arises when h2 > h1 for 8b 2 1. In all other cases

the behavior of the two integrals is identical to the equal element case.

TABLE 8-1
Integral Behavior
pb < 1 Bb 2 1
Re Im hp < h) hy 2 h)
Re Im Re Im
m
w
,ySJI:,I K, . (z,z")dz’ M F F F vMoz. F
oz' kid oz 0z oz oz oz
Wi
h wrn
F K . (z,z')dz' F F F F u Moz F
oz' kid oz 0z 0z 0z 0z
-h +wiF
u oz

The solution for the unequal element case is initiated by separating the

current in each element into two parts of the form

Izi(z) B Ivi(z) * Iui(z) 8:21
where by desinition the lealing terms of the two parts of 8:21 have the forms

I (z.)nv M, I (z.) v F 8:22
vitTi ozi ui' i

ozi

When 8:21 is substituted in 8:1 and 8:2, the following integrals occur

(cf, Table 8-1) fork =1, 2 andi = 1, 2 (N.B, The higher order difference
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terms have been neglected.)

.h
,, Aj
.S'Ivi(zi')Kde(zk’ 20zl =N GRET (2) 0 By <
-1 k
h A
1 f 1 ‘_‘_/ _i . <
_}5 Ll qare 2iHe = ¥ gl 2 dlig )y Boy <]
h
' 1 -4
g Ll By qlzozda 5 g L (2 ) by S h

-h

h
1 t ] '=\/ S
hS I (20K (2 ,20dz) ST (2 )(JBk) y POy,

h 4
~ B. { B.
' = =191 =i
S (z DR Gar!%e % )dz ¥ 1du(_)Ak) vk T ¥ E 1)1 X
h _]A
(2K (z),2/)dz; "\IJ ( + W ( )
_hf kidR dvAk Lok B, ' uk
h
) ' 1 _..l
_J (z )Kk dI(z 12 )dz Im\P\ du(B )I (zk) , hk > hi
h JA;
! _—.L
Slw( DK qrlze ey € ImNE G (ERL L, By > by
-h k
where KnidR and KkidI are defined by 2:10, or
K = K

kid kidR T 8l

)

h >h,
SO

123

124

125

:26

27

128

:29

:30
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and where Im and Re are the imaginary and real parts, respectively. Also

for Bhk 2 N4

W . (sinBu - cosPmIReNgigy(0) - (1 - cosBhy)ReNiqylhy =) 4 ;)
kidv sin gh (sin[&h‘ - cosﬁhk) -1 - cosphk) ’
; A
kfidv . “ReYiq (9 * sinphy ReH 0,y - 2 © 8:32

sinphk(sinﬁh, - cosﬁhl_) - (1 - Losphk)

m . R .2 .
The constants \Ii;idu and ‘!{(idu are given by 8:31 and 8:32 with Reqjkidv

replaced by Re\?kidu'

When the integrals on the left-hand side of 8:1 and 8:2 are replaced by
their approximate forms from 8:23 - 8:30, and 1t is assumed that the elements

are spaced greater than pb = 1, the following separation into two groups of

equations may be carried out:

PA
N4 (z) z j——---—-o-V
lldR ;Fo(hl)
m A m B 8:33
Ay By =P
@ZdR * ??.ldv(A?) taA )] (z) ; F(h, 3 Yo2Moz2
: AL:S ) JAp B2 -
E\ylldl(Bl)+ 1 2dv! 1)+\y2d (B;J (2) = ‘!F (h 7 Vi¥oz1
8:34
JAL By (325 4 B 4
l:lm?md( ) +ilmg, (B 2) ¥ du +‘51d z) Zld (B N12l2) =i sy U,

‘! Fo(hZ) 2 a2

At this point the simplicity of the quasi zeroth-~order solution is clearly
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demonstrated, since it follows directly from 8:33 that the leading term in

the Ivk(z) is Mo for each value of k. In the saine manner, ‘il follows directly

zk
from 8:34 that the leading term in qu (z) due to all contributions is of the

form Fozl-" It is now possible to set
I (z) = jJAM ., I (z) = BF 8:35
vi i ozi ui i ozi

or
I (z) = JAM ., + BF . - 8:36
zi i ozi i” ozi

Since \I/iidR is real, it follows from 8:33 that A1 is real when VOl is
real and A2 is in general complex. From 8:34 it follows that in general, B1
and B2 are complex,

The constant Uk is obtained readily by substituting 8:36 in 8:3, with

the result

_ i - .
Uy ® n z EAi%iv(hk) * Biﬁiu(hkﬂ 8:31
1=
where k = 1, 2 and
h
= o ! ' .
lkiV(hk) §Moz'kKki(hl\’ z')dz 8:38
h
= 1 1 .
AL gFoz'kKki(hk’ z')dz - B39

When 8:37, 8:35, and 8:36 are substituted in 8:33 and 8:34, the result is
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, 2
1 lldR fF (h) 01

8:40
I8 ¥0ar t A NG 4yt B Y gy ;‘FEL(K—)'
[tarm e P -, o -] o
) - Y <h1]w
»8:41

E‘{m + JIm¥  IF (h,) - \%l(hZ}B +E§2dp(h2) %Z(hj )
[“iléhg-% R JF‘“Z]‘“\’*[Z&V ﬂzmhz]w

Note that the physical situation is somewhat different from the equal
element case since both the A and B coefficients contribute to the sinusoidal
distribution of current on element two,

Equation 8:41 may be written in matrix form with the following

substitutions:
u Vnd ¥ (h )- lld (h ) \I/lz.duFo(hl)_q/lZu(hl)

7] )
u (i )F_(h) - (h.) W__F (h)-w.. (h)| 842
| "21du A% | 4u LB, 22du” o' 2" T T22du' 2
(& 7

4 "I'uv(hl) Wule <h ) \IIIZV(hl)-q)lZduFo(hl)
(2] = . 8:43
‘le (hy) - (%) 4, TIIM¥ 4 2P - 1955 41 F (b))
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With 8:42 and 8:43 in 8:41 it follows that

(%] {B} =[] {jA} . 8:44

Equation 8:44 resembles the result 2:39 for the equal element case.
However, the relation between the driving voltages and the A coefficients is
more complicated. The A coefficients are related to the driving voltages by
introducing 8:40 into 8:44, that is, by substituting the value of A from 8:40
given in terms of B1 and Vo into 8:44. The value of A is given by 8:40, or

Ay = UL 01—1 Yo\ [® l_llij B 8:45
3, t F (h) t c '
o
where
h’udR 0
(&) =
t m
_WlZdv \VZZdR
— - 8:46
C 0
(€] =
c m
\FIZdu 0 ]

With 8:45 in 8:44, the B coefficients are given in terms of the driving voltage

by the matrix equation

r

-1 2T -1y v
] {3}+ [£)ie,) (6] {B} = Jg;[{j{étl {f:'—(m 8:47
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or

WA -1 -1 -1 A\
{B} - ?-;Eb:;] + [¢jlét] lécl] l&ﬁ[bt] {i“;'("ﬁ} . 8:48

The solution of the array problems which correspond to Cases I and II for
the array of unequal lengths may be obtained in the same manner as shown

in Chapter 2.
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9. CURTAIN ARRAYS WITH ELEMENTS OF UNEQUAL LENGTH;
THE TWO-ELEMENT ®OUPLET, SPECIAL CASES

The special form for the element currents in a curtain array for the

special case PBh = /2 is given in Chapter 6. Thus, from 6:9 and 6:10

I, = -jA Mh + B F 9:1
zi i oz i oz

where

h ) :
Bh, Moz = sin ﬁ'z' -1, Foz = cosPz . 9:2

1

i
|

The special form of the element current in Y:1 was obtained by examin-
ing the original integral equation for the currents, 2:1, with the value of gh
set equal to m/2. Since curtain arrays with at least one element of half length
ph = w/2 are quite common in practise, it is important to investigate this
case in detail. Consider the two-element array shown in Fig. 9-1, with one
element of half length ﬁhl # w/2 and another with th = n/2 driven by potential
differences V_. and VOZ' The two integral equations for this couplet may be

01
written directly from 2:6 and 6:7. Thus

h] ho
1
] t t - +__
}5 112K gz, 2))d2] lez(zz)xlzd(z »25)dz, J; (h U1 F0z1 F 2V Moz))
+ 2 0.3
wh hg
WA 29 h
1 1 1 ~ e .
-Hgl (z' )KZId(z 1)dzl + SI (z )KZZd(ZZ zz)dz = 3; ( v FozZ + MozZ) 9:4
1 +H o 02




e bi2 >
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) T
A a _A
2hl #E V°| VOZ 2h2'§
v Y
X 9
— j——20:=2b,

FIG 9-1 TWO ELEMENT ARRAY
(Bh; #%/2, Bhg =w/2)
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where

-j SI (z')K (hl,zi')dzi' 9:5

]

47

..-C:
EL\/1~

C ﬁ él (z')K (0 z')dz' 9:6
1=)

e BRI -u"Rkin

Rki Rkih

(z,2z') = 9:7

kd

Before the behavior of the various integrals in ,:3 and %:4 is inves-
tigated. it is useful to give a qualitative description of the self and mutual
terms. With no coupling, the current on element one is given by

— M —_— 3 h
1 l(z) = lAlM 1 + B].F 1 and I 2(2-) = -lAZM 2 + BZF 2 for element

two. When these two driven elements are placed in proximity, currents
are induced on each element from the opposite member. Two cases may be
distinguished: Bhl < w/2 and ﬁhl > n/2. For phl < w/2 a current propor-

tional to Fozl is produced due to both parts of the current on element two.

A more complicated behavior is exhibited for the current induced on element
two due to the current on element one. Due to the distorted wavefront which
illuminates element two, an induced current is produced which contains a term

proportional to FozZ plus a term proportional to M For the case phl > w/2

oz2'
the behavior of the individual elements is reversed. The induced current on

element one contains terms which are proportional to Fo and M How-

zl ozl’

ever, on element two. a current proportional to F is produced by Izl(z).

0z
For both cases, it is the larger element which exhibits a complex behavior

while the smaller acts like a receiving element in a uniform field.
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The current on each element is first separated into two parts of the

form

Izi(z‘) = Ivi(z),-i- Iui(z) i=1, 2 9:8

where by definition the leading terms of the two parts have the forms

Ivs‘l(z) ~o Mozl ; Iul(z) ~J Fozl 9:9
h ) .
IVZ(Z)’VMOZZ ’ qu(z) e FozZ . 9:10

When the above current forms are substituted in ¥:3 and 9:4, the fol-
lowing integrals occur and may be expressed as shown in Chapter 8

(c.f. 8:23 - 8:32), where the higher order differences have been neglected:

h
\ ~ X
S Ivl(zl)KlldR(z y 2! )dz = q/lldR (z ), ﬁbll < 1 9:11
b JA]
Slvl(z') 11dI(z . Z )dz S lldI( )I (z ), pb <1 9:12
h
hj L (2K gl 2002y SN T (7)) 9:13
r
| o AN ” 1z by < By
h ' ::"-' o~ S:14
_hS LA 5 {7 2)dz, =9 A
202 :
Re EiZdv A (z“#za B )Im(‘”:] ”mﬁ\ & Bl”m(‘zlj

\

hy > h,
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h

h
S (2K,

.h

h

1 (4
SIVZ(ZZ)KZZdI(z ,ay)dzl ¥ W

h

where

\Plz:lu

_}5 Ivl(zl')K zzt.z )dZ' =

1 1] ]
Slvz(zz)KzzdR(zz' zy)dz;

-79-

v

B,
12du(B oz

r

(221 )1

¥ 2av'B, Mual?2)
N

h

1

h
I (') z,,2')dz! ~ ]
S uZZZ Kl?d 1 ) z2
X1 '
Re [‘1 (% L) + o 5 I)Iul(zj t1m EZdu(gzl)Iul(z;J

h

< h2.
¢:15

h1>h2

-A) JA
Re E’lgv(—x—z-)lvl( ZZ) ¥ \gZdvqu(zZ)} +1Im ETZdv(—B:Zl)IuZ(ZZ)] » hpo< hz

9:16
> h.
A

-0.4142

m {
Rel:‘g (——)I (Z)HIIz,j <B2)qu(zz):|+1ml;12d (B )qu(z) h]< hZ
zz.z' )dz 1 9:17
L Lean' B Muatzp) By > by,
~ _h
Y pl,), o, < $:18
LYY ..
ZZdI( B, Mip(2) s Bb,y, <1 19
, o .
Sluz(zz)xzzd(z v2y)dzy = W aalue (7)) 9:20
_ 0.7071ReW, 24,(0) + 6.2929Re¥; >4, (¥) 9:21
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of . zRe¥aqy(0) - Re¥pgy(d) 9:22
12du -0.4142 ) ’
f : ) ) T
For~I’12d andW¥ | 2dv" replace ?IZd *12dv in 9:21 and 9:22. he two term

approximation for the real part of ¥4, is obtained from a two point approxi-
mation at ﬁzz = 0 and Bz, = n/4 (c.f. 8:14 et seq.).

The integrals on the left-hand side of 9:3 and 9:4 are replaced by the
approximate forms given in J:11 - 9:20, and for $b;, > 1 the following separa-
tion into two groups of equations may be carried out for h, < h,. (N.B. Higher

order terms have been neglected.)

AT )
H 4l 2) = J(; F_(h, 7 V01Moz1 9:23
[ h B 2 h

___1) (—2L o _;ém .
Yo2dr ¥ Zldv( ‘y JAJIvz(Z) J50\'021"1%.2 9:24
(A, jAg Lh L jd4n '
L(Bl)']\plldl * B, "™ 24y ( )‘YZd I,1(2) = 5 £.F (b)) ) UiFoz1 920

{ -jA h 4
. . -jAy _ 4r .
E‘zaldv”lm‘*éldv)”éldu”h“%ldu) * Bz)*émx“éz:i{'%z(z) = JfoczFozz 9:26

*‘
It follows directly from 9:23 that the leading term for Ivl(z) is pro-

portional to M and from 9:24 that the leading term for IvZ(z) is propor-

ozl
tional to Mg‘zz. Similarly, it follows from 9:25 that the leading term for
Iul(z) is proportional to Fozl and from 9:26 that qu(z) is proportional to
FozZ' Hence, it is now possible to set
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[

1 L2) = JAM s Lal?) = BiF o 9:27
Ivz(z) = —_]AZMOZZ; I 2(z) 2F0z2 9:28
or
Izl(z) = ‘]AIMozl + BlFozl 9:29
- h . Q.
Izz(z) JAZMozz + BZFozZ G:30
Since \PlldR is real, it follows from 9:23 that Al is real when vOl ig real.

However, 9:24 shows that -jA2 is in general complex. From 9:25 and 9:26,

it follows that in general, Bl and B_ are complex.

2

The constants Ul and C2 are given by substituting the element currents

given by 9:29 and 9:30 into 9:5 and Y:6, with the result

Y, g JAl\pnv(thBl\Pnu(hl)] J4'rr|;‘] 2Ho () + B, )]

9:31
€2 * j%EAJ\yzlv(o)+B1%1u(oil+j%£"jAz 2210 Bty (0)] , 9132
With 9:31 and 9:32 substituted in 9:23 - 6:26, the result is
B Har T f;II(h
2 9:33
JAET G, F B ER ALY s iV

;o 02
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Fo(hl)"’udu -qilu(.hl)] Bt [F_o(hl)'gZdu-inu(hl)J B, = [‘Iﬁv(hl))' 3F, o(hl)qildﬁ (34)
YRR M

9:34
E‘k&fldu+ g4 -\Pllu(o} By +[*zzdu"kmx(o)]B 2 " ["ilv(o) ) ('*zfldv”lmiildxﬂ (54)
[0~ e o

Equations 9:33 and 9:34 are easily written in matrix form as follows:

. _.2n )V .
[‘I’t]{JA} +[2] {B} = ng ?ﬁm} 9:35
hﬁl{B} = ld’i]{}é’} 9:36

and

where

¥1ar ©
['bt] = 9:37
m
[Bolav  To2ar
ro o
(2.]1= |m 9:38
¢ Yigy ©
_
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a (h V¥ 1ldu 11\).(h ) F (h ¥ 12du \PlZu(hl)
[Q’u] = 9:39
(‘szdu”Im 21dn’ ~ ¥210(?) ¥ au " E2,00
[<1>‘V‘] = 9:40
{ h .
¥y 1 A0 - B g HilEy ) ~r‘2‘2v(0) 241

The result comparable to 9:35 and 9:36 for the case h1> h2 has the

following values for the component matrices

-
m
Hiar  Haav
[<l>t] = 5 9:41
U 7
i 22dR |
_ -
0 \PlZdu
[@c] = 9:42
0 o
[+ (h ) ¥ (h ek
. oMM ¥ 14w T HutPy) F AR, Hilm¥, ) -, (h)
@) =
9:43
‘Pl 2du \I"Zlu(o) \VZZdu ) \!JZZu(O)
(¢ ) -jF b )W G CF (), ¢ jImy
. v TS T ar Tov ~ Fly) (O], 4 3L )
[Qv] - q)‘ h 9:44
| F0010 - F 04y 200 - %54
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The matrix equations for the couplet given by 9:35 and 9:36 are
coupled. That is, both the A and B current coefficients appear in both
equations. When both elements are equal in length, the coupling disappears
and the sinusoidal current coefficient jA, again is proportional to the driving
voltage. For example, one matrix equation is given for the B coefficients

in terms of the driving voltage by combining 9:35 and 9:36, or

J2wl u -1 -1 -1 v
= fl%l*l“’vll"tl B) | B8] <y . 9:45
ol (o)

Consider the practical case where it is desired to constrain the driving
voltages and determine the corresponding element currents. The B coeffi-
cients of the element currents are given by 9:45 in terms of the two driving

voltages V__ and VOZ' The sinusoidal current coefficients are given by 9:35

01
with 9:45. The current on each element follows directly from 4:1.
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10. CURTAIN ARRAYS WITH ELEMENTS OF UNEQUAL LENGTH:

THE PARASITIC CASE, EXAMPLES OF THE THEORY

The preceding analysis has been concerned with all elements driven
by separate generators. When the elements are equal in length, the sinusoidal
current on each element is proportional to the driving voltage. This is the
result of the quasi zeroth-order approximation. The situation is somewhat
changed for the case of unequal length elements. The more complicated be-
havior of the coupling terms in the integral equations requires sinusoidal cur-
rent as well as shifted-cosinusoidal currents for a good approximation to the
actual behavior of the integrals., The fundamental approach used in the quasi
zeroth-order solution is a separate iteration for both the sinusoidal and cosinu-
soidal currents in the array. Hence, for the array with elements of unequal
length, the sinusoidal currents in the coupling terms are determined by
suitably modifying the equations which normally account for self-induced
sinusoidal currents. The modification involves an adjustment of the driving
voltages, which in turn compensates forthe effect of the sinusoidal currents
in the coupling terms,

The quasi zeroth-order theory implies that the sinusoidal current on
an element in an array vanishes if the driving voltage is zero. This result
is easily seen from 8:33 or 9:23 - 9:24 with Voi:O’ i=1, 2. This is only an
approximation, since the simplification is made that certain integrals in 2:1
vary only with Moz' This leads to a discontinuity in the approximate form of
the integral at z = (. whereas this discontinuity does not exist in the original
integral. However, since the trigonometric approximations for the integrals
are made at the point of maximum current, the approximation should be quite
good except near z = 0. One method of checking the validity of assuming Motzk= 0
when \{)k=0 is to compare the approximate result with a more rigorous solution
given by King [1] using a symmetrical component solution with N = 2, The

solution of the couplet array with one parasitic element is given as a super-
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position of two separate couplet problems, each with prescribed driving
voltages. First, both elements are driven in phase with voltages

vV, =V /2=V

ol , and then driven in phase reversal with V = VO/Z = -V

02 02’
The superposition of the currents for these two cases yields the required
couplet with VOl = VO and VOZ = 0. An interesting case to compare the
approximate and rigorous solutions for the two-element couplet is ph = 3w/4
and Bb = w/4. The calculations are given in Appendix VIII, The result which
follows from the quasi zeroth-order theory, where it is assumed that VOZ is
zero, is given in VIIL:15, or

-3 .
Izl(z) =10 VO1 [0.8030Foz- j(3. 3219Moz - 0.7282Foz)]

10:1
-3
= .47 jO. .
Izz(z) 10 VOl [0.4 321“0z + 30 1604Foz]
The corresponding result based on a rigorous solution in terms of symmet-
rical components is given by VIII:21, or
-3 _
Izl(z) = 10 VO1 [0.9368Foz - j(3. 32.19Moz - 0.6789Foz)]
10:2

- 10-3 -
I ,(z)=1073V  [0.6067F +)0. 1075F ]

The element currents 10:1 and 10:2 are illustrated in Fig. 10-1 for both
the real and imaginary parts,

The error at Bh = 3n/4 should be nearly maximum. This may be
deduced by examining the cases 8h = /2 and ph = w. At B8h = n/2 the element
current is almost entirely composed of one component, the FO distribution,
At fh = 7w the parasitic coupling is extremely weak, as shown by[King L,.p S454] .
Hence, for both these extreme cases the error should be less than for the

case Bh = 3n/4.
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(Voa =O)
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FIG. 10-1 TWO ELEMENT ARRAY WITH Bh=3#»/4, Bb=»/4,

ONE ELEMENT PARISITIC, ELEMENT CURRENTS.
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. A well-known phenomenon discussed in the literature [2] is that for a
fixed spacing it is possible to direct the main beam in either direction with

- respect to the parasite. This directional property is accomplished by adjus-
ting the length of the parasitic element, with the driven element fixed near
ph = w/2. This effect has been verified experimentally as well as theoretically
by an approximate solution due to King [1]. However, the approximate solu-
tion is restricted to small changes in the length of the parasitic element near
fh = w/2. The present theory is not restricted with respect to the length of

the parasitic element.

The first example is the couplet with phl = 1.4, th =n/2, VOl = 0,
VOZ' The complete calculations for the element currents are carried out in
Appendix IX, with the result given by IX:28 and IX:29, or
-3
Iz“(z) =10 Voz(-20.78+ 17..81)1"‘02.1 10:3
- 10-3 - o h I .
Izz(z) =10 Voz[( 0.6554 ._]2.468)M6z2 + (14. 06 - j25. 39)F0z2] . 10:4

The element currents are shown in Fig., 10-2, drawn with respect to VOZ'

The driving~point admittance and impedance of element two is given by 10:4,

evaluated at z = 0.

1209 .y - 1073(14. 72 - j22.92) mho 10:5
v 02
02
Z = — . -(19.84 +j30.89) ohms . 10:6
02 " Y,

The radiation field in the equatorial plane is given by
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E;(Q) = K(C, + czejﬁbc"s’]‘ - % 10:7
where
C, = Ble(%,lA) = 0.7475B, 3
c, = -jAlHI“(%, -‘2'-) ¥ bl\’]m(%.%) = -jA (-0.5708) + B; ¢ 10:8
Hm(g'%) - Sinii;c;::;(gcosg) ’

With 10:3, 10:4 and 10:8 in 10:7 the numerical value of the radiation field

reduces to

E;(<1>) = K[(-1.553 + j1.331) + (1.443 - j2.398)e %% 10:9
where
Bb =1
. 10:10
0 ==
The radiation pattern is plotted in Fig. 10-3, and the back to front ratio is
given by 10:9, or
E(0)  h.245 + j1.249] )
= = .\, -~ :
IE(“)I (2. 751 - 1. 179 0.5822 v -4.7 db . 10:11

Note that for this case, the main beam is directed toward the parasite. The

numerical value for the back to front ratio is close to the experimental value



1.4
]
Vs 1 2
Q=10
Y =(14.72-j22.92)% 103 mho
Z, =19.84+j30890Q
] | 1 1 1 i ] 1
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MILLIAMPERES PER VOLT MILLIAMPERES PER VOLT

FIG. 10-2 ELEMENT CURRENTS FOR PARASITIC COUPLET WITH
Bh|=|.4, th= 1/2, Bb=|, Vo|=0



270
Bb= 1 E(0)
E(180°)

= 0.582~-4.7db

FIG. 10-3 FIELD PATTERN FOR PARISITIC COUPLET, gh,=1.4, Bhy=¥/2,
gb =1, Q=10
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of -6 db, given by Starkey and Fitch [3].
The second example is the couplet with [Shl = 1,8, [3h2 = x/2,
vO‘l = 0, and VOZ' The calculations for the element currents are carried
out in Appendix IX. The results are

-3 . . .
Izl(z) = 10 V02(0.5701 -!-_)4.6794)}.‘“021 10:12

10:13

-3 ... h .
I,(z) = 1077V [-j2.4124M__, +(7.178 - jB.865)F _

z2 2]

The element currents are shown in Fig. 10-4, drawn with respect to

VOZ' The driving-point admittance and impedance of element two are given
by 10:13, or
vy = 12209 . 16737 178 - 6.453) mho 10:14
02 v
02
Z02 = 77.05 + j69.26 ohms . 10:15

The radiation field in the equatorial plane is given by

E(#) = K(C. + C_elPPSO5Y 10:16
0 172
whe e
- g - :
C, = B,G_(5,1.8) = 1.3837B, 10:17
- T Ty oL oA Yl 0.
C, = -JA/H (3.3) + B.G_(5,7) jA (-0.5708) + B, 10:18
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With 10:12, 10:13, 10:17 and 10:18 in 10:16, the numerical value of the

radiation field in the equatorial plane is given by

pbcos{’]

E;(Q) = K[(0.7888 + j6.475) + (7.178 - j7.489)e’ 10:19
The front to back ratio is easily calculated from 10:19:
|E(@ =0 _ l10.97 +j8.469 |  14.21
= = = 3, .
E@=0) © [-1.63%-3.610] - 3.965 ~ 7% . 10:20

The ratio 'E(O)l/ |E(1r)| in 10:20 corresponds to a front to back ratio
of 11.1 db. Note that in this case (Fig. 10-5), the main beam is directed
away from the parasite. The front to back ratio of 11.1 db compares favor-

ably with a value of 11 db given by McPetrie and Saxton [4].



Y2 = (7.178-j 6.453)% 10”3 mho
Z,= 77.05+)69.6 ohms

/2

Q=10
,‘
i
Iz
Vo2
it 1 1 L 1 ln L1 1
-0 -5 0 5 10 -l0 -5 0 5 10
MILLIAMPERES PER VOLT MILLIAMPERES PER VOLT

FIG. 10-4 ELEMENT CURRENTS FOR PARASITIC COUPLET,
Bh,=1.8, Bh,= 1.4, Bb= |
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FIG. 10-5 FIELD PATTERN FOR PARISITIC COUPLET Bh,=1.8, Bhp=»/2, Bb=1
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11. THE YAGI ARRAY

The general Yagi array problem is considered by King [1, Ch. VI,
Sect. 5]. The N element Yagi array normally consists of one driven element,
usually a half-wave dipole, one reflector of half lengh Bh > w/2, and N-2
directors of half length Bh < w/2., Since the array has only one driven element,
it has an advantage over the conventional endfire array, wherein all elements
must be driven in the correct time phase, A six-element Yagi array is shown
in Fig. 11-1.

For convenience the driven element is chosen to be of half length
Bh = =w/2, and the reflector (element one) of half length h > w/2. Thé inte~
gral equations for this array easily follow from the results for the couplets of

unequal length

B 4n
T ' ' Ve e .
S“zi(zi)Klid(zl’zi)dzi Jg F ) Y15 ozl 11:1
= oo 1
bi . 2T 2C2 h
' ' " - 3 el =] .
i Slzi(zi)KZid(zz' 2}z = ch VooV Fozz ¥ Moz 11:2
i _}.& o 02
by 4
] 1 [ _‘__Tr__ .
5‘, S‘Izi(zi)l{.&idz? 2;)dz] i; F (h3)U3Foz3 11:3
i=1 ~hi ° o
ooooooooooooooooo . LS » ® o:%

4w

hj
I (2') Lz ,2)dz! = j—e0——U_F . 11:4
ig -é‘i zi i LS\hd N’ i i ‘!oFo(hN) N~ ozN

The reflector and directors in the Yagi array have half-lengths which
are near Bh = w/2 in order to achieve the correct directive properties, With

this in mind, it is possible to make certain simplifying approximations for
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the case where the elements are spaced a distance greater than gb = 1. For
elements of half lengths near gh = /2, it is assumed that all induced ‘currents
are proportional to Foz' That is, it is assumed that only the individual ele-
ment produces a current which is proportional to Moz' The validity of this
assumption is easily seen by noting that near ph = w/2 the M,, and F, distri-
butions are similar in form. Furthermore, calculations of the element
currents for the couplets of Chapter 10 show that the corrections for not assum-
ing certain integrals proportional to Foz are quite small, actually of the order
of a few per cent.

An example of the order of magnitude of the correction term is given
in IX:27 and IX:29 for the couplet with phl = 1.4, ﬁhz =n/2, gb = 1.

The reduction of the original integral equations for the Yagi array
11:1 - 11:4 to a solution of quasi zeroth-order follows directly from the
preceding analysis for the two-element couplet in Chapters 8, 9 and 10, The
final result is similar to 9:35 and 9:36, and with the simplifying assumption
of only Foz type currents for the coupling terms, the element currents are

given by the solution of the following equations:

. . 2w
A, =] 3 v
2 50Fo(h2‘) ‘P%ZdR 62
11:5
jAk=0 k =1,3,4,5,...

[93]{13} = [‘53 ]éﬁ} 11:6



Bh, > Bh, = r Bh, <X s
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k>2 BEAM
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FIG. 11-1 A SIX ELEMENT YAGI ARRAY
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where
= u u u ]
2w T2 0 YNu
g" 'S B
u, _| 2lu 22u 2Nu -
léh] = § 11:7
u u u
_(DNlu QNZu ot ,NNu_
FFo(hl)‘Ylldu-\ITlu(}H) Fo(hl)qTZdu-iYm(hl) ’ Fo(hl)?H\Hu-\PlNumlﬂ
u \ylldu B \PZ.lu(O) \yZZdu_\PZZu(O) ! \PZ.Ndu-\FZNu(O) 11:8
[ ] = :
u
Fo(@“%ldu'%lu(ha) Fo(hQdeu'Yza}hQ o Fo(h3NgNdu_‘I§Nu(h3)
B Fo( }}\I)Kldu B \Kllu(}N) Fo( }N)\Kﬁdu B \Km(}’N) ' Fo( }N)\%Ndu i} ?M\h(}&\ll
- ) h -
BBy - IF B, \lfgv(h]) - E(h N R - B Mg,
. (0) -+ < (0 - el £ (0)
51t " gy 22O 30 e BN By
[‘?u]= . 11:%
S N CNEE L, A N ENEE NN NRRRRRE Y CNER ALNL AN
h h ' .
RN N T e TR ¢ TRt TN T

Note that the formal result 11:5 and 11:6 for the Yagi array is iden-
tical to that for the N_element curtain array. Also note that since only VOZ
is non-zero, the second column of 11:8 enters into the calculations for the
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element currents.

A representative three-element Yagi array is shown in Fig. 11-2,
with fh; = 1. 8, Bh, = /2, Phy = 1.4 and Pb = 1 spacing. The calculations
for the driving impedance and element currents are given in Appendix XI.

The element currents are given by XI: 9, or

-3 . .
Izl(z) =10 VOZ[ (C. 7355 + J6°4421)Foz1] 11:9
I (z) = 10-3V [-j2 412.41\/1h +(13.1% - j25.55)F ] 11:10
22 02 ) 0z2 ) 0z2
-3 i .
Iz3(z) =10 VOZ[ (-19.36 + ‘]14.08)5‘0z3 ] 11:11
where
h :
MozZ = sinBR| - 1
1i:12
Foz;'\ = cosPz - cos[ﬁhk
The driving-point admittance and impedance are given by 11:10¢
evaluated at z = 0. Thus
. -3
YGZ = (13,19 - j23.14) x 10 mho 11:13
Z(’2 = 18,59 +j32.62 ohm . 11:14

The radiation pattern for this array is shown in Fig. 11-3. The front
to back ratio of 10.1 db is less than optimum for this array and is nearly

equal to the corresponding ratio for the two-element parasitic couplet with
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ﬁhl =1,8, ﬁhz = w/2. Hence, for maximizing the front to back ratio of the
three-element Yagi, the relative positions of the director and reflector must
be changed.

A further theoretical simplification is available for the Yagi array,

since

u)2

2
u
(,ZZV >> (QNZV) + 11:15

For example, in the three-element array of Fig. 11-2

u .
2, = 0.0739 + j0.5621
u .
&, = -7.075 + j0.7090 C11:16
u .
&, = 0.1605 + j0.5787

The relation between the A and B current coefficients is reduced to the

following form

0
u B - iA 4 11’17
&) - IR Faay, :
0

or
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qzzu.L
Br = -jA 8,9 11:18

2iu . th u -1
where ’u is the element in the second column and i*" row of [Qu.] .

With the simplification offered by 11:18, the element currents are

recalculated in Appendix XI, with the result

-3 .
I,(z) = 1077V I (1.292 + j6. 737)F | ] 11:19
_ 10”3 . h - ‘
I,(2) = 1077V, [-j2.4124M 1, + (11,11 - j27.22)F __,] 11:20
-3 ) )
Iy(z) = 1077V [ (-17.88 + j18.28)F .| 11:21

‘3 . u s s u .
The validity of assuming that all & are negligible except 622v is seen by

comparing 11:19 - 11:21 with 11:9 - 11:11.



SR12 -97-
REFERENCES

Chapter 6. The Particular Solution for Curtain Arrays with Half-Wavelength

Elements
1. R. King, "Linear arrays: currents, impedances, and fields,," Trans.I.R, E,,
AP-7, 5440 (December 1959).°
2. R. Mack and E. Mack, '"Tables of E(h, z), C(h, z), S(h,z); " Cruft Laboratory
Technical Report No. 331, Harvard University (November 1960).
3. R. W. P. King, Theory of Linear Antennas, Harvard University Press (1956).

Chapter 8, Curtain Arrays with Elements of Unequal Length: the Two-Element
Couplet

1. J. G. Channey, '"On the generalized circuit theory as applied to antennas
and radiating lines,' U,S. Naval Postgraduate School Research Paper No, l,
Annapolis, Md. (March 1951).

2. R. W. P. King, Theory of Linear Antennas, Harvard University Press (1956).

Chapter 10, Curtain Arrays with Elements of Unequal Length: the Parasitic

Case, Examples of the Theory

1. R. King, '"Linear arrays: currents,impedances,and fields, I,'" Trans.Il.R.,E,,
AP-7, 5440 (December 1959).

2. R. King, "A dipole with a tuned parasitic radiator,' Proc. Inst. Elec, Engrs.,
57, Pt.1II (January 1952).

3. B, J. Starkey and E. Fitch, ""Mutual impedance and self-impedance of coupled
parallel aerials, ' J. Inst. Elec. Engrs., 97, Pt.III, 129 (1950).

4, J. S, McPetrie and J. A, Saxton, ""Some experiments with linear aerials, "
Wireless Engineer, 23, 107 (1946).

Chapter 11. The Yagi Array

1. R. W. P. King, Theory of Linear Antennas, Harvard University Press (1956).




SR12 VI-1
APPENDIX VI

For convenience, the relation between the bage currents and the driving

voltages for Bh = n/2 is repeated below, or, from £:5)

’ 2w 2w -1 ‘
VANERE @] - j5—=—1[®] (2 K1 (0) . VIl
{ (} [ fo?dHR u ;O\P&IR v uf) z

The three-element array with quarter.wavelength spacing and the main beam

in the endfire direction has the following relationship for the basé currents:

1 (0) 1
zl

(o) = (1,0 =1 (0){-] VL2
1_,(0) -1

The elements of the matrices in VI:1 are given by 6:26 and 6:27 with 6:30 -

6:35, or
= = = - 7 =1
$ 0, = s By, = 0.6880 - j1.2187, =10
@ _ =% =& _ =0 = _0.4725-i0.6798 b=~ VI:3
120 = 21u - %230 T 32w 0 T U » Bo=3 :
= = - 1 ¢ =
LIPNEE 0.4988 + j(.208y, PBb =

gh - gh =<1»§13V= 7.0754 - j0.7090, €3 =16

1lv 22v

h _gh _-a&h _4h _ . _T .
lev = quV = ?23v -432v = -0.2864 - j0.3970, Bb = 5 Vi:4
h _ ah - . -
<I’13V = 431\, = -0.2925 + j0.1186 , b ==
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Also

-'-—Zf—l;h—- - -j2.4124 x 1077 . VL5
o dR

The inverse matrix on the right-hand side of VI:1 is constructed from the

values in VI:3, VI:4 and VI:5. with the result

-1
2n 2w h
izeh (@1 -izFr @] =
[éooq’dR " é’oq'dR V] .

-1
(-6.3874-j0.5097) (-0.1861-j0.2828) (-0.2063+j0:0903)]
-j(0.4145)x10> | (-01861-j0.2828)  (6.3874-j0.5097) (-01861-j0.2828)| VI:6

(-0.2063+j0.0903) (-0.1861-j0.2828) (-6.3874-j(,5097)

The inverse matrix VI:6 is calculated by the same method employed in

Appendix I. First, all the double products of the individual elements of VI:6

are obtained:

W
1

40.5391+j6,5114 ¢ @

1.0446+j1.9013

11 11712
{’122 = -0, 0458+j0.1052 *1 1Q13 = 1.3637-j0.4716 r VI:7
912'3 = 0.0345-j0,0373 ,12§l3 = 0.0639+j0, 0415 )
where
?11= 6.3874-3j0.5097, 912= -0.1861-j0,2828, 413= -0,2063+j0,0903 . VI:8
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The complete inverse matrix VI:6 is given by VI:7 and 1:3, with the result

27 2 hf~ !
5= ®)-j—=—R]) =
[&%R " ;o{‘clilR v]

(0.4058+j0.0641)  (0.0098-j0,0186) (-0, 0141 +j0.0058)
10%0.3664+j1.5307 | (0.0098-}0.0186)  (0.4050+j0.0655) (0.0098-j0.0186) | VI:9
(-0.0141 +j0,0058)  (0.0098-j0,0186)  (0.4058+j0.0641)

When VI:9 is multiplied by the matrix[Qu], and the result substituted in VI:1,
it follows that

(0.3459-j0,454]) (-01534-j0,3240) (-0.2356+j0.0%1)
{g}: 1090, 3664+iL5307) | (-0.1639-j0.3196) (0.3928-j0,4443) (-01639-j0. 3196) LOp VI:10
(-0.2356+0.071) (-0.1534-j0.3240) (0.3459-j0,4541)

The specified base currents VI:2 are substituted in VI:10, and after

multiplication the result is

’

Vol s ,, 0.2575-j0.3768 0.6711+j0.2561

JVOZ = (0.3664+j1.5307)x10°{ -0,4443470.3928 1O =1021;1(0) 0.4385-j0.8340 VI:11
\j -0, 9055+j0,6836 -1,3782-j1.1355

03 :

(0.6711+j0. 2561)L (0)

= 1624 (0. 8340+0. 4385)1 {0) VI:i2

(1.3782+j1. 1355)123(0)
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The driving-point admittances are given directly by VI:12, or

Y . =(13.01 - j4.963)x1o'3 mho

0l N
Y, = (9.393 - j4.939)x10'3 mho 4 VI:13
Y . = (4,322 - j3.560) 1073 h

03 - & - 33. X mho p

The quasi zeroth-order element current is given by 6:19 with the A
coefficients given by 6:25, and the B coefficients given by 6:49 and 6:50 with
VI:13 and 6:25. With respect to the individual driving voitages, the element

currents are

Izl(z) = 10'3V01{13.01cos[3z - j[7. 375cospz + 2.4124(sinp|z| -lzl} \

Izz(z) = 10'3VOZ£). 393cospz - j[7. 351cosPz + 2.4124(sinﬁlzl - 1]} > VI:14

-3 . .
123(z) =10 V03%. 322cos ez - JE'J.972cosﬁz + 2.4124(smﬁ|z' - lil}

The three-element currents are given with respect to a common

reference by expressing VOl and Vo3 in terms of VOZ from VI:11, with the

result

Vo, = (0.0909 +j0.7569)V ,

vV, = 0 + 30 WV, VI:15
= 9 - 3

Vs = (0.3859 - j1.8553)V
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With VI:15 in VI:14, the element currents with respect to VOZ are

-3
Izl(z) =107V, {1.826(sin A4 - 1) +6,765cospz - j [0.219 3(sinBlal - 1) - 9. 177cos[3ﬂ}
-3 . .
Izz(z) =10 \62{ 9.393cospz - [2.4124(s1n{3[z| - 1)+ 7.351005{3z]} VI:16

Iz3(z) = 10"3\/02{-4.4’759(sin dz| - 1) - 9.412co8pz - j [a9309(sinp|z| -+ 10.32cosﬁz]}



SR12 VII-1

APPENDIX VII
The relation between the specified base currents and the driving

voltages is given by 2:50 and repeated below for convenience:

__Q_F,Q(h)\ydB sinPh 1 (0)
{ } [E* 1-cosph [‘I’u]] {1 “cosph Vil

With gh = 3w/4, the ‘If(i(z) functions in 2:53 - 2:58 are evaluated at
z = 0, except¥jg which is evaluated at z = A\/8. The ¥, functions are sub-
stituted in 2:34 and 2:35, with the result

2.7 B, 7 Ey = -5.41214j2.5861,  S1L= 10
2,5 8, = %, = &, =0.9148+j1.4058, pb = -‘?E VII:2
2/, = %, =0.9861-j0.5075, @b = w
2,7 %, = 455 =0.3215-j1.8139, 1= 10
b, %%, =%, =, =-0.6472-j0.9839, @b = % VII:3
%, = 4, = -0.7140+j0.3625 , pb = =
Also,
jém = -j3.3219x107° , -j'fnzgfr—hlfd& = j301.03¢  VII:4

The inverse matrix on the right-hand side of VII:1 is formed with

VII:2, VII:3 and VII:4, or
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-1.9202-j0,7427 -0.2683-j0.4016  -0,3056+j0.1523 -1

sin ph . . . .
[Ep 1C°sﬂh[ ]] 0.2683-j0.4016  -1.9202-j0.7427 -0,2683-j0.4016 | VII:4

-0.3056+j0.1523  -0.2683-j0.4016  -1.9202-j0.7427

The inverse matrix VII:4 is found by the same method employed in Appendix I,

First, all the double products of the individual elements of VII:4 are obtained:

2 . _ .

41'“ = 3.1356+j2,8522 Ql l<l£>1‘2 = 0.2169+j0.9705

¢I>2 = -G, 0893+j0, 2154 ¢ & =0,6999-j0.0654 VIIL:5
12 11713
2 . _ .

-413 = 0.0702-)0.0931 4,124’1 3 = 0.1432+j0.0818

where
?11 = -1,9209-j0. 7427 ; <P12 = -0.2683-j0.4016; 413 = -0.3056+j0, 1523

. VIL:6

The final form of the inverse matrix VII:4 is given by VIL:5 and 1:3, with the

result

R3]

2.3725-j0.6172  0,0821+j..0715  0,9245-j0,3517
(-0.05923+j0.10019)| 0.0836+j1.0783  -21843-j09847 0.0836+j1.0783 | VII:7

0.9245-j0,3517  0.0821+jl.0715 -23725-j0.6172

- —




When VII:7 is multiplied by the matrix [d’u], and the result substituted in

x SR12 VII-3
?

| VIL:1 it follows that

|

|

= =
-2.3725-j0.6712 0.0821+j1.0715 0.9245-;0.3517

{%}:103(-0.176740.1044) 0.0836+j1.0783 -21843-0.9847 0.0836+j1,0783 {IZO) -VII:8

0.9245-j0.3517 0.0821+jL.O7I5  -2.3725-0.6172

L

where for the endfire array

{Iz(o} = L ,(0)K-5 . VIL:y

With the base currents specified by VI(I:9, the driving voltages are given by

VII:8, or
VOl -22255-j0.347 0.3570+j0.2937
VOZ = 10%-0.]%7-_30.1044)121(0) -0.9847+j1.9257 0.4020-j0.3743 IZLIOO) VII: 10
VO3 3685+j0.1834 -0.5408-j0.4885
or
v (0.3570+j0.2937)I (0)
01 z)
3 . ,
VOZ. =107¢ (0.3743+j0. 4020)122(0;) CVIL:11
v 0.5408+j0.4885)1 |
0 ( j ) 220

The driving-point impedances and admittances are given by VII:11, thus
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Z,, = 357.04j293.7 ohms Y, = (1.6706-jl. 3744)::10'3 mho )
Z, = 374.3+j402.0 ohms Y, = (1.3324-jl. z4oz)x10'3 mho PVII:12
Z _ = 540.8+j488.5 ohms Y, = (1.0183-jo.9198)x1o'3 mho | .

03 03 )

The quasi zeroth-order current is given by 2:27, 2:45 and 2:47 with 2:40

and VII:11. Hence, with respect to the individual driving voltages. the currents

are given by

, -3

1 (=) =V, [0.9786F - j(3.3219M__ - 0.5708F_)]x10
) . : -3 ,
I,(z) =V, [0.780517‘02 j(3.3219M _ - 0.6495Foz)Jx10 > VII:13
I (z)=V E).S%SF - j(3.3219M__ - 0,8371F )]xlo'3
z3 03 oz ' 0z : oz
where
) 3w
Moz = sm(-‘I- - Blal)
VIiI:14

Foz = cosfe + 0.7071

The three-element currents are given with respect to a common refer-
ence by expressing VOl and VO3 in terms of VOZ from VII:10, with the result

Vo, = (0.1115+50.8341)V ,

Voz = Vo2 VII:15

Vi3 = (-0.1148-j1.3216)V
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With VII:15 in VII:13, the element currents with respect to VOZ are
. -3
1, (z) = vOZ[z. T618M - 0.3669E - j(0.3704M__ - 0.8798E )]x10

. -3
I,(z) =Y, [ 0.7805F - j(3.3219M __ - 0.6495F(‘)z)]x10

z3

: -3
I _(z) = Voz['4‘ 3902M__+1.0378E + j(0.3818M - 0.88441«;28 x10

]

VII:16
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APPENDIX VIII
The general relation between the base currents and the driving voltages

for the N-element array is given by 2:50

[,(0) - .
T~ tospn| - c;’F (h)‘? ["] [_‘P t Cosﬁh 2 14V, VIII:}
where for the parasitic two-element couplet
vbl
Vof ~ _ VIIL:2
° C

With ph = 37/4 and gb,, = /4 the values of the matrix elements are given

in Appendix VII, or

-5.4124+j2.5861 0.9148+j1.4058
[q = VIIIL: 3
0.7148+j1.4058 -5.4124+j2,5861

. ~1.9202-j0. 7427  -0.2683-j0.4016
s + —snfh 7 VIIL:4
v 1 - cos[ih4 - . )
47 1-0.2683-j0.4016  -1.9202-j0. 7427

The substitution of VIII:3, VIII:4 and VIII:2 in VIII:1 yields the following

result:

-3 -5.4124 4 -0.9148-j1. -1.9202-j0.
]’Iz(O)L a3219x10 Jv g, | SHRHIZ586L  -0.9148-1.4058) (-1.9202-j0.7427

= VIIL 5
707 ., 7461 -j30.56%
1“ lJ 2374613305655 | 0148.11.4058 -5.4124+j2.5861 | |-0.2683-j0.4016
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where

3

= -j3.3219 x 10~ . VIII:6

j 2w
JoF PR
After performing the matrix multiplication in VIII:7, the result is given by

12, 0044-30, 2014

I i
1 58)7 = 10 5\61(6. 7773-j5. 2651) VIIL:?
' 3.2082+j4. 8585

0.80299-30. 64778
I,(0) _ -3 .
7ol - 10 W , VIII:8

0.47323+j0.16036
The two base currents Izl(O) and IZZ(O) are given directly by VIII:8, Thus,

I (0) 1.3708-j1.1058
zl .3

= 10 VO1 VIIL:9
IZZ(O) 0.8079+j0, 2738

The B coefficients of the element currents are given by

B, = i_—%o—s_ﬁ;g [Izi(O) - insinﬂl] VIII:10
where

—jAlsin[ﬂ1 = j2.3489 VIIL:11

JA, = -j3.3219 x 1073 VIII:12



SR12 VIIIL: 3

and
JA, = C ., VIII:13 -
The element currents are determined from

I (z) =AM + BF VIII: 14
21 0z

1 0z

1

where the A coefficients are given by VIII:12 and VIII:13, and the B coef-
ficients are given by VIII:10 with VIII:9, whence

-3 .
1,,(2) = 107V, [0.8030F _ - j(3.3219M__ - 0.7282F )]
VIIL:15

-3 , -
L,(2) = 107V (0.4732F _ + 0. 16G4F _ )

The rigorous solution for the same couplet described above follows

from the symmetrical component solution. or

jenvy!
jo\lziRFo(h)

where for the couplet, m = 0 corresponds to driving both elements in phase,

L'(z) =

(M +TY")F ) VIII:16
oz oz ,

and m = 1 corresponds to the phase reversal case, The Tn“(h) functions are

given by
%
T (h) = guﬁ%ﬂ VIIL:17
Ilu 12u

where the upper sign corresponds to m = 0, the lower to m = 1. The numerical
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values of the T%’!)) functions are easily calculated from the & functions given

in Appendix VII, or

TOh) = -0.2367 + jo.4646
VIII:18
1
T (h) = -0.1720 + jO. 0994
The phase sequence currents are given by VIII:16 with VIII:18:
0, _ .0, . .-309 .
Io(2) =1, (z) = 107°V" [L.5434F - j(3.3219M__ - 0.7863F )]
VIII:19
1 1 -3, 1 .
"L, (2) =1 (2) =10V [o. 3301F __ - j(3.3219M__ - 0.5714F°z)]
where
0 11
Vi= Vs SV . VIIL:20

The phase sequence currents are combined to give the element currents for

the couplet with VOZ = 0, thus

L0, Ll -
(@ =31 + 31 =103V [0.9368F0z - §(3.3219M__ - 0.6789Foz)]
VIIL:21
10 1.1 -3
1 == -=1 = .
2 =51, 3L, =107V, [0.6067F +j0.1075F_)]
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APPENDIX IX

The physical dimensions of the couplet are

and the driving voltages are

v =0, v

01 02

IX:1

IX:.2

The forms of the ‘¥ functions which are needed to compute the ¥ matrices

are given below

1
‘Fl ldu " 1- cosphl{[ca(hl ,0) - Ca(hl’ hl)J' cosphl [Ea(h],O) - Ea(hl’ hl)]} IX:3

¥ (h)-= Ca(hl.hl) - cosphlEa(hl,hl)

1l1v1

1
k4 T r—
12du 1 - cosr,(f.h1

¥ _ (h)

12u” 1 cb(hZ’ hl)

AV {[cbwz,or- b, bl - cosph [Eb(}b,O)-Eb(bz,hl)]}

[c b, 0 - éb(hz', h))]

*I’Zlu(O) = Cb(ha,O) - cosghlEb(hZ,O)

+ = Ca(hz. 0) - Ca(hz’hz)

22du

I1X:4

IX:5

IX:6

IX:7

1X:8

IX:9
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¥,,(0) = C,(h,,0) IX:10

h

Foav * TTEZI)Tm'Tl'ﬁSD(}‘g'O)'Sb“‘Z»‘ﬁ)] - [Eo(hz’o)'Eb(hz’hl)]} IX:11

h
3, (h)) =8 (h,h)) - E (h,,h) IX:12
+®  -im B, 0-8(n,1)] - E(n,0-Eh,h)] IX:13
2241 ahZ’ ahZ'hZ) ahZ' ahz'hl :
h
¥, (0) =S, (h,,0) - E, (h,,0) IX:14
0) + 0. I
S 0.7071Re ¥, (0) +0.2929Ret , () IX:15
-0.4142
f _ -Re¥24,(0) - ReH,q.(F) )
*12du - -0.4142 IX:16
h
¥,,4r = -Re {[Sa(hZ,O) -Sa(hz,hz)] - [Ea(hz,O) -Ea(hz,hz)]} o IX:7

The following sine and cosine integral function values are needed to

evaluate the preceding W functions (N.B. £) = 10 for both elements.):

Ea(hl,O) =9.1108-j2.5124 Eb(hl, 0) = 0.7458-j2.0968
Ea(hl’h]) =4,.1868-j1, 8321 Eb(hl, hZ) = -0.1701-j1, 3249
= -1 = 9 -j
Ea(hZ,O) 8. 8836 j2.7784 Eb(hz, 0) 0.6950 j2. 3126
Ea,(hZ’hZ) =4,1786-j1.8514 Eb(hz, hl) = 0.0413-j1.6607
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C,(h,0) = 8.6011-j1.8321  C,_(h ,0) = 0.6670-j1.5335 IX:18

Ca(hl’}ﬁ) = 1.4644-j1.3205 Cb(hl'hz) = -0.1809-j0.9851

Ca(hz, 0) = 8.3495-j1.8514 Cb(hz’ 0) = 0.6638-j1.5490

Ca(hZ’hz) = 0.5737-j1.1976 Cb(hz'hl) = -0,0431-j1.1197

Sa(hz, 0) = 1.8514-j1.6851 Sb(hz, 0) = 0.2278-j1.3956

Sa(hz,hz) = 3,7364-j1.1549 Sb(hz’hl) = 0,0951-j1.0247

The components of the ¢ matrices in 9:35 and ¢:36 are calculated

from 9:37 - 9:40 with IX:2 - IX:18, (N.B. Since VOI = 0, it is not necessary

to calculate every member of all the matrices.) with the result

®o2t = Woqr 7 6- 9087

2. " ifl“z’du = 0.2179

?flu = E(h ), - F ) (b)) = 0.5371+j0. 9580

crz“lu = (‘I';,Mu +ilmey ) - ) (0) = 0.34954j0. 9295 IX:1

Su(B)) = 0.1975+j1. 0764

Ky
1t

u
7 : 4,
Folh Mgy 4

Hpe
!

u
= ’ D = i
224 .IEZdI'J r ZZu(O) 0, 1.605+i0. 5784

h L h s
oy =055, (0) - jE = -7, 0754+0. 7090

From 7:37% note that with V.

b1 = 0, 1A] =0 and the value of -JAz is given by
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'JA <

2" f 224r 0%

When the value of,-jA2

are given by the &olution of

Iy - B ¥ 2du

from IX:20 is substituted into 9:36,

IX:20

22dR

the B coefficients

0
u
[£ ]{} [-r] 2 By IX:21
¥h 02" %
ZZdR 22dR
which may be rearranged in the form
[en Ia e (&
'}Pllu-"&l 91211 <b1 2v
ZZdR
{B} 5 4 IX:22
22dR '
+15 u
g +8l hdL el ®
| Zlu 22v¥ 524R ZZL'IJ [ 22v
When IX:22 is solved for the B coefficients, the result is
[ m -1 3
u u ¥ u u
¢ +& L 4 $
. 1lu 12v IZ&dR 12u 12v
{B} = - -—$H—‘—V02 < r IX:23
Qu +Qu ¥ Qu pu
L-Z.Iu 22v -?ZZdR 22.u- | 22v“

The components of the matrices in IX:23

are given by IX:19, or
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0.54224j0.9762  0.1925+j1.0764] "} (0.1605+j0,5784

{B} =- j&4124x10’3v02  I1X:24
0.1263+j0.9519  -0.6880+jL.2187|  (-7.0754+j0.7090

The inverse matrix on the right-hand side of IX:23 is given by

m -1
u u 1 . - .
B+ z‘l‘gﬁd& @ 0.6880+j1.2187  -0.1925-j1.0764
2R
= (-1.3231+j07760) IX:25
u u ) u
+& -0. -j0951¢ . +j0.976
L, b 3, 0.1263-j0S519  0.5422+j0.9762

With IX:25 in IX:24, the B coefficients are given by

B -20. 78+j17. 8]

-3
= x10 VO

B, 14. 06-j25. 39

5 'IX:26

The coefficient of the M:z current on element two is given by IX:20 with IX:26,

or

'JA

. | . . -3
, = [-j2.4124 -(20.78 + j17.81)(0. 03154) %1077V

IX:27

, , -3
-jA, = (-0.6554 - j2.4686)x107 "V,

The current on each element is given by 9:29 and v:30 with IX:26 and IX:27:

I (z)=jA M + B F = B F
zl o

1 zl 1 ozl ] ozl

IX:28

2
= (- T 1 ) -
Izl(z) (-20.78 + j17.81)x1¢0 VOZFozl
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= _j h
IzZ(z) JAZMOZZ ¥ BZFOZZ ‘

IX:29
I _(z) = [(-0.6554 - j2.468)MD . + (14.06 - j25.39)F ],‘10'3
z2 ’ ’ o0z2 0z2 .
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APPENDIX X

The physical dimensions of the couplet are

gb.. =1 , Q=10=1m% 202
12 al a.z
m
Bhl = 1.8 , fjhz = E

The driving voltages are

The general forms of the ¥/ functions are given in Appendix IX. The additional

values of the sine and cosine integral functions required for this couplet are

listed below.

yh ) = -1, -jl. '
Ca(hl l) 1.4153-j1.027¢

C_(h,0) =8.1053-j1.8219

Cb(hl, hz) = -0.3508-j0, 5527

i1

C, (h,0) =0.6742-j1.5254
C,(hy h ) = -0.2983-50.8329

Sb(hZ' hl) = -0.0840-j0.7855

Since VOI

zero, and

E (b h)) = 3.6910-j1.8219
Ea(hl,O) = 8.6050-j3.0116
E (h,h,) = -0.0448-j1.6696
Eb(hl,o) = 0.6158-32.4992
E (h, h)=-0.2784-j1. 2670

S (h ,0) =-0.1496-j1.5804

0 and h1 >h2, the sinusoidal current on element one is
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-JAZ

The elements of the € matrices for h1> hZ

below:

12u

g

-F(h)

\yh———V

22dR

11du
—F(h )(*I/IZd +jlm¥
* % - B,
= éé;dR = 6. 9087
- r
=~i§;v(0) 'j“?gédl -

With X:4 in Y:36, it follows that

The inverse matrix on the right-hand side of X:6

dv

-7.0754+j0. 7090

12du )-

. h
+ _]Im‘*l’1 5

h

1 §1 2v

{%} ;5 Toar 02 (1 h

&

22v

(i.

= 0.3610+j0. 9320

dv)

X:4

9:41 - 9:44) | are given

lu(hl) = -1.3920+j1.6339

is

- ,(h)) = 0.1722+;0. 9655

= 0. 0739+j0. 5621

computed from

X:6
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the values given in X:5, with the result

-0.6880+j1.2187 -0.1722-j0. 9655
[£7] = (<. 01764j0.2993) X7
-0.3610-j0.9320 -1.3920+jl.6339

The inverse matrix X:7 is substituted in X:6, and after matrix multiplication

the B coefficients are given by

B, 1.1671+j6.4126

= (0.7220+j0.0425)V, x10”3 X:8
B, 9.1877-j12. 8192
B, 0.5701+j4. 6794

= 10'3\/02 X:9
B, 7.1783-j8. 8649 .

The element currents are given by 9:29 and 9:30 with X:4 and X:9, or

3 .
V,,(0.5701+j4.6794)F .

Izl(z) =10
X:10

-3 _ h .
I,(z) =10 VOZ[-_]Z.4124MOZZ + (7. 178-38.865)F022]
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APPENDIX XI

The relationship between the B and A coefficients for the three-element

Yagi array of Figure 11-2 is given by

G

& - BIR e

0

-

where from 11:7 and 11:8, for fh, = 1.8, ﬁhz =n/2, ﬁh3 = 1.4, and
Pbya = 1= Foys

u . u .
#,, = -1.39204j1.6339 ¥, = 0.36104j0.9320
£ = 0.1182+j0.9655 & = -0.688C+jl.2187
[2u = ¢ Y- 22u ¢ I
& = 0.4326+j0.3073 & = 0.1323+j0.9295
13u v 23u I
XI:2
u . . u _ .
%, = 0.8109+j0.5728 %), = 0.0739+j0.5621
& = 0.1925+j1.0764 & = -7.0754+j0.7090
32u IR 22v - " e
u . u .
%5, = 0-5371+j0. 9580 %, = 0.1605+j0.5784
. U .. . ,
The inverse of the [éu]matnx is symbolically given by
EPll $l2 g3
-1
u 1,21 22 .23
Eru] = x| 0 XI:3
L?BI #3233
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where

#los & .3 & = -0.5620-j0.3258

= 22533 32723 0 " Y
- s & +& & =0.27204j0.0372

T T®T33 T Fedt T Y v
22l 23 3 -% &  =-0.7935-i0.8143

B Y ok VIV kS U o
#2- & & +8% & _ =0.5941-j0.106%

B T i kI Ju. 2B
2% -8 & -3 & = -2,3836-jl.0047

11733 ~ 13731 y

32 X1:4
7= 2 @ +¥F = 1.57374j1.5918
13 .
€ -8 & -8 &, = -0.2097-j0.0782
- @ o+ @ = 1.5695+j2.0344

T Rtz Tz T e
3-8 & & &  =-0.1646-i3.2792

TP %2 TR12521 T T ).

: 11 12 13 0 12 .

a=¢ #lie, 11242 9 1.5035-j0. 1332

With XI:4 and XI:2 in XI:1, the B coefficients are related to -jA2 by

~—

B -0.5620-j0,3258 0,5941-jC.1069  -0.2097-j0.0782| 10.0739+j0.5621

B,> = -jA, 87| 0.2720+j0.0372  -23836-j10047  1.5695+j20344 | {-7.0754+j07090p XI5

B -0.7935-j0.8143  1.5737+jl.5918  -0.1646-j3.27%2| [0.1605+j0.5784
L i

The result of the matrix multiplication in XI:5 is




SR~-12 XI-3

B, . -2, 6704+j0., 3049
{B,p = -jA, 10.5901+j5. 4671 XI:6
B, , -5.9350-j8. 0246
where
jA. = -j2.4124V x106~3 XI1:7
Eair A 02 - ‘

With XI:7 in XI:6 it follows that

B, | 0.7355+j6. 4421

-3 . .
B,o = V,,x10 "¢ 13.1888-525.55 X8
B -19. 3585+j14. 0764

From XI:8 it follows that the element currents are given by

I (z)

zl

10'3\/02[ (0. 7355 +j6.4421)Foz1]

1" . h
I (z) =10 3v(“2 [52.412eM]

42 +(13.19 - j25.55)F_ , ] XI:9

2

-3 )
I (2) =10 VOZ[ (-19.36 + j14.08)F_ . ]

z3

- u . u u
When it is assumed that ?ZZV is large compared with ‘Pl 2 and Q32v )

then




SR12 XI-4

- _
B -~ 0.5941-j0.1069 -- --
-1
B, (= -JA A<= -2.3836-j1.0047 -- | {-7.0754+0. 7090 XI1:10
B --  1.5737+j1.5918 -- -
3 i i
or
B, 1.2921+j6.7374
-3 .
B, =107V ,{ 11.1067-j27. 22 O XI:1
B, ~17. 88+j18. 28

The element currents for this case follow from XI:11, or

-3 .
Izl(z) =10 I [ (1.2921 + 36.737)]?021]
-3 _ h .
1 ,(2) =107V, [-_]2.4124M022 +(11.11 - j27.22)F ] XI:12
I (z)= 10'3v (-17.88 + j18,28)F
232 7 02 [ “hl JEC. oz3]




AF List A

DISTRIBUTION LIST"

AF19(604)-4118

AFMTC(AFMTC Tech Library-MU-135)

Patrick Air Force Base, Florida

AUL
Maxwell Air Force Base, Alabama

ASD (ASAPRD-Dist)
Wright-Patterson AFB, Ohio

AFOSR (SRGL)
Washington 25, D. C.

RADC (RAYLD)
Griffiss AFB, New York
Attn: Documents Library

ASTIA (TIPAA) [10]
Arlington Hall Station
Arlington 12, Virginia

National Aeronautics

and Space Agency
1520 H Street, N. W.
Washington 25, D. C. Attn: Library

Director
Langley Research Center
National Aeronautics
and Space Administration
Langley Field, Virginia

AFCRL, OAR (CRIPA-Stop 39)

AF Missile Development Center(MDGRT)IL. G.Hanscom Field [10]

Holloman AFB, New Mexico

ARL(Technical Library) Bldg. 450
Wright-Patterson AFB, Ohio

Office of Naval Research
Branch Office, London [5]
Navy 100, Box 39

F.P.O. New York, N. Y.

Commanding General

USASRDL

Fort Monmouth, New Jersey

Attn: Tech. Doc. Center
SIGRA/SL-ADT

Department of the Army

Office of the Chief Signal Officer
Washington 25, D. C.
SIGRD-4a-2

Commanding Officer

Attn: ORDTL-012

Diamond Ordnance Fuze Labs.
Washington 25, D. C.

Library, Boulder Laboratories
National Bureau of Standards [2]
Boulder, Colorado

Mass. Institute of Technology
Research Laboratory of Electronics
Building 26, Room 327

Cambridge 39, Massachusetts
Attn: John H. Hewitt

¢

Bedford, Massachusetts

AFCRL, OAR (CRT,Dr. A. M. Gerlach)
L. G. Hanscom Field
Bedford, Massachusetts

Director, Avionics Division (AV)
Bureau of Aeronautics [2]
Department of the Navy
Washington 25, D. C.

Director (Code 2G27) [2]
U.S. Naval Research Laboratory
Washington 25, D. C.

U.S. Army Aviation

Human Research Unit
U.S5. Continental Army Command
P.O.Box 438, Fort Rucker
Alabama
Attn: Major Arne H. Eliasson

Institute of Aerospace Sciences, Inc.
2 East 64th Street

New York 21, New York

Attn: Librarian

Alderman Library
University of Virginia
Charlottesville, Virginia

Technical Information Office
European Office, Aerospace Research
Shell Building, 47 Cantersteen
Brussels, Belgium

"One copy, unless specified otherwise by number enclosed in brackets.



AF List K

ASD(ASRNRE-3, Mr. Paul Springer)
Wright-Patterson AFB, Ohio

Director

Evens Signal Laboratory
Belmar, New Jersey
Attn: Mr. O. C. Woodyard

Director

U. S. Army Ordnance

Ballistic Research Laboratories
Aberdeen Proving Ground, Maryland
Attn: Ballistic Measurements Lab.

Commander [2]

Army Rocket and Guided Missile Agency
Redstone Arsenal, Alabama ‘
Attn: Technical Library, ORDXR-OTL

Airborne Instruments Laboratory, Inc.

Division of Cutler Hammer

Walt Whitman Road

Melville, L. I., New York

Attn: Dr. E. Fubine, Director
Research and Engineering Division

Stanford Research Institute (2]

Menlo Park, California

Attn: Dr. D. R. Scheuch, Asst. Director
Division of Engineering Research

Bell Aircraft Corporation

Post Office Box 1

Buffalo 5, New York

Attn: Eunice P. Hazelton
Librarian

Goodyear Aircraft Corporation
1210 Massillon Road

Akron 15, Ohio

Attn: Library, Plant G

Chief of Naval Operation
Department of the Navy
Attn; Op-413-B21
Washington 25, D. C.

DISTRIBUTION LIST"

Lockheed Aircraft Corporation
California Division

Post Office Box 551

Burbank, California

Attn: Mr. H. Rempt

Convair,Div.of Gen.Dynamics Corp.
3165 Pacific Highway
San Diego 12, California
Attn: Mr. R. E. Honer
Head, Electronics Research

Ryan Aeronautical Company
2701 Harbor Drive
Lindbergh Field

San Diego 12, California
Attn: J. R. Giantvalley

Boeing Airplane Company

Aero Space Division

P. O. Box 3707

Seattle 24, Washington

Attn: R. R. Barber
Library Supervisor

General Electric Company
Electronics Park
Syracuse, New York
Attn: Documents Library
Bessie Fletcher
Building 3-143A

Director, USAF Project RAND
Via: AF Liason Office

The Rand Corporation

1700 Main Street

Santa. Monica, California

Chu Associates
Whitcomb Avenue, P. O. Box 387
Littleton, Massachusetts

Commander

U.S.N. Air Missile Test Center
Point Mugu, California

Attn: Code 366

*
One copy, unless specified otherwise by number enclosed in brackets.



AF List K, continued -2-

Office of Naval Research (Code 427)
Department of the Navy
Washington 25, D. C.

Chief, Bureau of Ordnance
Department of the Navy [2]
Attn: Fire Control Branch(Re S4)
Washington 25, D. C.

Department of the Navy

Bureau of Aeronautics

Technical Data Division, Code 4106
Washington 25, D. C.

California Institute of Technology
Jet Propulsion Laboratory
Pasadena 4, California

Via: District Chief, Los Angeles Ordnance
District, 55 S. Grand Ave.,Pasadena

California -~ Attn: ORDEV-M

University of California (2]
Department of Engineering
Berkeley 4, California
Attn: Antenna Laboratory

Cornell University

School of Electrical Engineering
Ithaca, New York

Attn: Prof. G. C. Dalman

Georgia Technical Research Institute
Engineering Experiment Station

722 Cherry Street, N. W,

Atlanta, Georgia

Attn: Dr. James E. Boyd

Polytechnic Institute of Brooklyn
Microwave Research Institute

55 Johnson Street, Brooklyn. N. Y.
Attn: Mr. A. E. Laemmel (2]

University of Tennessee
Ferris Hall, W.Cumberland Ave.
Knoxville 16, Tennessee

Dr. U. Unz

University of Kansas

Electrical Engineering Department
Lawrence, Kansas

The Johns Hopkins University [2]
Radiation Laboratory

1315 St. Paul Street

Baltimore, Maryland

The Johns Hopkins University [2]
Applied Physics Laboratory
8621 Georgia Avenue

Silver Springs, Maryland

McGill University

Montreal, Canada

Attn: Prof. G. A. Woonton, Director
Eaton Electronics Research

The University of Michigan
Engineering Research Institute
Willow Run Laboratories
Willow Run Airport

Ypsilanti, Michigan

Attn: Librarian [2]

New York University

Institute of Mathematical Sciences
25 Waverly Place, Room 802

New York 3, New York

Attn: Prof. Morris Kline [2]

The Pennsylvania State University
Dept of Electrical Engineering
Univzrsity Park, Pennsylvania

The University of Texas

Defense Research Laboratory
Austin, Texas

Attn: C. W Horton, Phys. Library

Case Institute of Technology
Cleveland, Ohio
Attn: Prof. S. Seeley

Purdue University

Dept. of Electrical Engineering
Lafayette, Indiana

Attn: Dr. Schultz

[The remaining copies to:]
Hq. AFCRL AFRD (CRRD)
L. G. Hanscom Field
Bedford, Massachusetts



