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1. INTRODUGTION

\
-

N In this report, on the basis of elastic dynamic analysia, analytical
\
means have been developed to design a fuselé’.gc for a given blast intensity
or to determine the maximum blast a given fuselage can withstand. Charts
in nondimensional form have been developed determining the critical blast
intensity for a given skin size. From the skin's response, the loading on
the stringers has been obtained and is given graphically for various values
of a nondimensional parameter for peak pressure intensities of P, = 2 psi
il

“and P, = 1 psi, and their utilization is presented for different skin sizes.
The response of the stringers was formulated,. and the maximum bending
moments produced in a typical stringer for pcak pressure intensity of
P, = 2 psi and P, = | psi, for different panel sizes, are presented in
convericnt graphical form. Also, the stringer's reactions have been
obtained for peak pressure intensities of P, = 2 psi and P, = 1 psi for

different panel sizes and are given in graphical form. An approximate

flexural response of the elliptical frame was formulated, and the maxi-

mum dynamic stress was determined.
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II. ELASTIC DYNAMIC ANALYSIS OF THE FUSELAGE

A, Determination of the Dynamic Response of a Panel Loaded

Transve raelz

The modes of vibration of a plate with fixed-fixed edges and

coordinate system shown in Figure 1 can be given by

ox,y) = Z Z (1 + cos 2“:”‘) (1 + cos 5’-%?) (1

m=1,3,5 n=1,3,5 :

Using energy approach, the frequency of harmonic oscillations was

obtained and is given by

2 _lr3op [ (m* 114) 2mén? )
“mn T T my g )t e (2)

'

where a and b arc the dimensions of the skin panel, D the flexural rigidity

of the skin and mj is the mass per unit of skin area.

In the case of forced vibrations, the generalized coordinates

satisefy the differential equation

N 2
Amn t Ymrfdmn = T (3)

where M, ,,, the generalized mass is given by

Mun = my [ [ ety dxdy (4)
~a/2  bf2
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When the distance between the supports of the panel is fixed, the in-plane

forces develop. Using virtual work,the following expression is obtained

Qun®mn = Wmn

where an(t) is the generalized force in the m, n mode,qmn ie the
generalized displacement. in the m, n mode, W,,, is the work done by

the loading in the m, n mode and 6 stands for variation.

Then
a2 b/2
EWmn = 0 f f P(x, y, W%, v, t)dxdy
-a/2 -b/2
bf2 aj2
1 1
-8 f . [ENxéx]dY-é f [ENY&Y} dx
-b/2 -af2
where

P{x, y,t) is the transverse loading
Wmn(X, v, t) is the transverse dynamic displacement of the panel
N, is the force developed at the edge due to stretching

by in the x-dircction

Ny is the force developed at the edge due to strctching
Sy in the y-direction
but
2 2

1 ale ( awrnn) 1 blz(awmn>
e ‘C/z TR S 'I;/z oy )

o bl




and

) )
— = %
Nx - a Ehl Ny - b Eh
Then
a/2 b/2
Wmn = 6 P(x, y, ) Wmn(X, v, t)dxdy
-af2 -bf2
2 a2 2
. b/2 Eh fa/Z(awmn> " (8 mn) el a
) . L8 .. Dx faf2 ax Y
-b/2 -af2
a/2 bh/2 9 2 b/2 5 2
L1 L ) e, () o)
Jaf2 2 Ipy2 Y v/2
but
Winn{% ¥ ) = dmnlt) dmnl*y)
Then
aj/2 b/2
6Wmn = 8qmnlt) f f P(x, ¥, t) dynlx, y)dxdy
-aj2 -bf2

b/2 af2fy 2 EYVANE-Y 2
Eh ¢ bmn
g [P () (]

-b/2 -a/2 -a/2
/2 b/2 f5¢ 2 b/2 [0 . \>
Eh 3 & ( mn> ( mn)
- 35 4mnlt) —/ dy - dy | dx
2p dmn _Ja‘/z [_{/2 \ Oy _{/2 oy .



but
Qun%imn W na
Then
o fa/z fb/Z.
-af2  -b/2

P(x, ¥, )dmn (%, y) dxdy

b/2 T .a/2 [8¢ 2 al2 fa4 2
Eh r
fo o[ o e £ (M o]

-a/2 -af2

Eh af2 b/2(a¢ 2 b/2 (8¢ 2
>y [f T?“) ay- J 5y Y| dxpan ()

In the case under consideration
¢mn(x, y) = (I + cos

and the Q_  (t) is given by

al2 b/2

-a/2 -b/2

(2]

-b/2 -b/2

(5)

2mrx 2nmy
= >(1+cos 5 )

. 4
Ehab Zmm
P(x,y, t)¢mn(x: Y)dxdy - 2 [( a )

(6)



B. "Determination of the Sensitivity of Panel Response to
the Manner in Which the Panel is Loaded

ek d

The shock i{s travelling across the panel as shown in Figure 2,

[P

and the loading is given by

i al2 + x
i P(x,t) = P\l - —
te
where
P, = Pcakpressure
t = Time
a = Dimension of panel in the x-direction
v = Velocity of shock propagation
t; = Duration of the positive phase

Using the above P{x, t), the generalized force is given by

- 4
_ t a Ehab 2mw
= 7o (135 [ o0 - 25 [ ()

The differential equation for the generalized displacement q,,, is

. 2 Qmnlt)
9mn * Y“mn9mn = g

mn
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where
Wn 18 the natural frequency of the panel in the m, n mode
an(t) is the generalized force in the m, n *node
M, i8 the generalized mass in the m, n mode

For the case under consideration

» _ 17.30D {3(m4 ¢§_‘f>+ Zmznz:l
“mn m, a4 b4 azbz

where

Eh3
b ==
12(1 - v*)
h = Thickness of the panel
E = Modulus of elasticity of the panel material
v = Poisson's ratio

®
m and n number of half waves in the x- and y-directions respectively

mj = Mass per unit arca of panel
a/2 b/2 ,
Mpp = m; o f [ ¢Zaixy) dx = 2.25 mgab (8)
-a/2 -b/2

The §.,(t;) in terms of differences is given by

Amnfti * 1) = 2qmn(t) + gyt - 1)
(ay?

dmnlti) =

where At = time interval
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Substituting d,,,,(t;), in terms of differences, in the differential equation

and solving for t: + 1) the following difference equation is obtained
g Amn'ti g q

dmnlti + 1) = A(t]) + angir?nn(ti) + Cmnimnlti) ~ 9mnlti - 1) (9

where

(AP, ( ti) a
At = 53em T n ) Yo

_ Enan? [fzmr\*  [2nn\!
Bran = - Fom; a ) '\ v

Cran = - wqpn(At)2 + 2

Considering the loading only as a function of time then

and the g, ,(t; + 1) is given by

Amnlt; + 1) = A(ty) + anq?nn(ti) * Crnn9mnlti) - Gnnfty - 1)

where

2
(at)p, .
A4 = TaEm, (1 - I)
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and the By and Cypn are the same as in the previous case.

The following typical case has been considered

v = 1000 ft/sec
t = 1 sec
P, = 1 psi
a - ZO”
®
b = 8!
h = 0.03"
E = 10.6 X 106 (Aluminum)
v = 0.3
°

At = 0.0002 sec

and
9nnl0) = 4,,,(0); (rest initial conditions)

Since the 1,1 mode is the prcdominant one, qll(t) was computed
for the two types of loading and the results obtained are given in the table

below.

Time of 411 mase

Loading 411 max sec %
Plx,t) 374.23 %104 0.0012

1.00019
P (1) 374.16 X 1074 0.0012

In the light of the above results, qp, which is a measure of

response is essentially identical for both loading cases, not only in terins



P

[

ERPY:

12

of magnitude but also in terms of time dependency. Thus, in the

remainder of the work, the loading will be talkken as a function of time

only.

In order to see how the 91 ma t) varies as the peak load intensity

«
varies, the response of the previously considered panel was determined
for P, of 2 psi and 4 psi. The 9, max(t) were determined and are given
in Figure 3. The nonlinearity is clearly shown,and the time of maximum
generalized displacement which is the same as the time at which ¢ is
maximum, as expected, becomes smaller and smaller with increase of
peak load iniensity.

C. Linear Panel Response

In case the stretching of the middle plane of the panel is neglected,

the nonlinearity is removed and the difference equation becomes

(t;+ 1) = A(t) + C ¢ t, - 1) (10)

Ymn mnqmn( 1) - qmn( i

The same panel has becn considered as before with P, = 0.1 psi and
initial conditions corresponding to no motion. The maximum qll(t) and
the time it occurred are given in Figure 3. By comparing the results of
B and C as given in Figure 3, it is clear that the greater the P  (peak
load intcnsity) becomes, the greater the reduction factor in maximum
displacement becomes when stretching of the panel is taken into account,

When membrane forces are neglected, the relation of and P,

911 max

is linear:
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1 1
Po _ 911 max
Px T g

o) 11 max

When the membrane forces are included, the P, vs qll(t)max is not

linear and approaches the relation

P' 4
_o 911 max
P = e
o qll max
D. Determination of Maximum Direct and Bending Stress

Utilizing the strain-dieplacement and stress-strain relations,
the maximum direct stress in the panel is given by
87K

"4 7 3 rﬁgnzq?nn(t) (11)

and the bending stress at x = 0, y Zg is given by

O'b -~

gnlEn3 [ 1

L2
— X ¥ n"q..(t) (12)
12(1 -v2) [ p2 M 0 Tmn 1

The g (t) is the predominant component and using only this component,

| ol ‘ Loyl 12(1 - v¥)qq, 10.9qy,
the ratio |—| is equal to |—| = ——"—3—— =3
b h’ v=0.3 h

For the typical case considered in B, the h = 0. 03" and the q} . for

P, = 1 psiwas found equal to about 374. 24 X 10-4. For this case:



[
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°q| 10.9 X374 24x10°%  10.9 Xx374.24 x10°% 15 100
“b (0.03)3 27 X 107° '
Even if h = 0.05" and 8ay q| a2y 9rOPS8 to 37 X 104, then the
\
o -4 N
d 10.9 X 37 X 10 \
— = 3 = 322 n
) (0.05) , ' ‘ \
E. Simplification of the Procedure for Determining Panel Response

On the basis of the above results, it is clear that when the in-plane
—— \

forces are taken into account the panel behaveg\, primarily like a membrane,
which is equivalent to saying that the bending s\tresses are insignificant,
and the panel can be considered as simply supported with the distance
between its supports fixed. Thus, for the cases to be treated in the future,
the panel will be considered as a membrane,and the stretching of the

middle plane will be taken into consideration. The above simpiification

~ will result mification of the computation work without any important

loss of accuracy. \\
F. Response of the Panel and Resulting Stresscs
1. Forced Vibrations of a Membrane With Fixed

Distance of Its Edges

The coordinate system considered is given in Figure 4.
L

The dynamic displacement of the membrane can be represented by

wi(x,y,t) = ZEqp(t)dnlx.y)

B R AT
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FIGURE 4 COORDINATE SYSTEZEM OF THE PANEL




where ¢, (>, y) are the modes of frce vibration of the membrane and are

given by

mmX
a

nry

b

sin

bnl(x y) = sin

and qmn( t) satis{y the differential equation ‘

w 2 _ Qmn
9mn * “mn9mn = M
mn
‘S
\\‘
where ] \ \
\
2 STI’Z (mZ + nz)
W, 2 == +—5
- \
S = Initial tension of the membrane
my = Mass per unit arca of the membrane
Qmnn = Generalized force which is given by
ab
an(t) = f f P(x, vy, ) (,bmn(x. r) dxdy
0 0
) 2 2
. — " Eh 3 bl . (34’11111) fa(a¢1nzl) dx | dy
- 3a 9mnlt) f f dx dx 9x
o L% {0
N
2 2
2 asof |1 (B 17 (B oy ] e

amy

(15)

(16)
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and i
- \
a b 4
Mmn = ™ f f q"r%nn(”:’ y) dxdy \ . (17)
v 0
The an(t) and M, for the ¢ . (x,y) under consideration are given
below.
a b
The f f P(x, y, t)¢mn(x. y) dxdy =
0 O P(x,y,t) = P(t)
Pl
N - a b ,
.ab
= P(l)f f sin T sin aTy dxdy = P(t)—g—— (1 -cos mn)(l -cos nn)
a b M 2
0 O “"
P(t) = P (1 —t-)
For P(t) = P4 - t
Then
’ a b P ab t
_) f P(t)¢,,, (%, y)dxdy = 5 (1 - cosmm)(l - cos mr)(l - T_)
mnv +
0 o
a b
but for m and/or n even, thcf f P{t}émnlx. t) dxdy = 0
0 o0
a b 4abPo ( t )
f f P(t)bpnlx y) dxdy = e 1 - t,
0O 0 m,n = odd

‘Proc«aeding in a similar way, the other integrals o& (16) arc computed,

and finally the generalized force is given by: \

,\\\
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4abP 4 4 _4
o . © (1 . _‘_.)- 37" Ehab [2_ + "_] Ginnlt)
mh m, n = odd mnw* ts 64 at b e
or
0.406abP 4 4"
Q__ =_mnﬂ(1 -?3_) - 4.55 Ehab[%—+£§]qgnn(t) (18)
m, n = odd + a b .

The generalized mass is given by

a b 2 a b 2 mnux 2 nmx

Mon=my f f dmnlx, y) dxdy = m; f f sin —— sin” —7= dxdy

0 O 0 { 0

m.ab

i
{
or . ‘ ) \\ .

M_, = 0.25mjab , (19)

For S (Initial Tension of the Membrane) = 0
R —

Equation (15) yields w,, = 0, and the Equation (14) becomes

\

Qmn

an

Gmnlt) (20)

In terms of differences

Amnlti = 1) - 2qmn(t) + gmplt + 1)

finnl 5=

-

(at)’
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and Equation (20) reduces to {

0. 406abP \ oro4 47 . T
_— 2 (1 . t) -4 sszhab[-m_.+ P..] a3 ()

- ‘\
\
3
Amnlti + 1) = 2Qmplt) + Agnlti) + BmnQmnlti) - 9mnlti - 1) (21) B
where
1. 624( AYeP ( ti)
Amn(til:’/, mmn 1- -t:
{ :
5 . . 18.20En ay® [m4 \ 2‘1]
mn ml 34 b4
2. Determination of the Maximum Stress in the Panel
The in-plane forces N, and Ny. as shown in Figure 4, are
given by
) afas 2
ox Eh ( mn)
Nxmn *Ta Eh = Ta 1/2.’; ox dx (22)

USing $mnl* y), the expression given by Equation (13}, the (22) becomes

S — - qr{'.nn( t)

2
_ Eh fmmn . nm



By

“equal to

2]

bl g

e Ny . .
*and the stréss due to N, . is given by

R

N
2 .
- _ Nyann _ E(m) 2 \(\{) A
XMnfmax h |max 4\ a ‘qmn max
The same way
2
o = Nymn = E(_n_") qz (t)
ymi|max h | ax 4\ b M max

The maximum stress takes place in the shorter diraction and it is

=0
mnmax mn

- 4%z '61:(—'3)2 2
Tmax ~ 2. 46E ) Amplt
maj

{
\

Using Equation (21), the response of the panels was determ?ned, and,
\
employing Equation (23), the maximum sti~sses were obtained and are

given in nondimensional form in Figure 5. -

e y
G. Determination of the Load on the Stringer

\
According to Figure 4, the reaction at x = 0 is

a¢mn

R = N Qanlt)
<=0 xmn ox x=0 mn

PR e
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but
Eh { mmn .20y 2
Nenn 7 (7)) s 2 a0
and
Oém mmw mmx nry mm nmy
Bw = \—5/cos sin — = \3 ) sinTg
x=0 x=0
or
N Eh { mr 3 3 nmy 3
R = Z—(—) sin”™ ——= q . (t) =
4 b “‘mn
.2 2
. m\? . 3nmy 3
= ZZ7.74Eh -/ sin —b—qmn(t)
The same way the Rl , which 1s the loading on the stringer, is
y =

obtained and is given by

3
.- . n . 3mmwx 3

Rl = ZL7.74hh(E) sin 2 Unnlt)

y=0

The
3
n 3

Rl = 227.74Eh(g) qmn(t)

y = 0 max

In order to obtain the relative contribution of the q,,, to the R v =0 max’

a typical panel was considered (a = 20", b = 8"; h = 0.03"), and subjected

23

(24)

(25)
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to a linearly decaying dynamic load of peak intensity equal to Po = 1 psi,
and the q,,, were determined when 91 reached its maximum value.
Their magnitudes are
qll = 0. 1619
d33 ~ 0.0183
Their contribution to the R|_ _ is
y =0 max
3, = s2s0x100 |
(3133, # o
q?3 = 18.8 x 1070
(3)3¢3 56 X 107°
33 7 4,324.8 x107°
It 's clearly shown that the contribution of the q;; alone is 98.3% of the
total magnitude. On the above basis, the loading of the stringer will be
approximated by the contribution of the q; 1(t) alone, and thus will be
given by
7.74Eh | 3 wx 4
R z T sin” — qll(t) (26)

y=0

In order to get an idea how the q:lsl(t) varies with time, the q%l(t) has been

plotted, for the typical panel considered previously, and is given in Figure 6,
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H. Formulation of the Stringer's Response
The stringers will be considered as fixed-end beams, as shown
in Figure 7. The modes of free vibrations are given by
6;(x) = \{cos k;x - ch k;x) + (sin k;x - sh kjx) (27)
where
(sin kj# - sh kjf)
A = - (28)
1 (cos kjf - ch k;?)
and
k£ = 4.730
kyf = 7.853
kgl = 14.137
kgl = 17.279
In the casc of forced vibrations, the gencralized coordinates satisfy
the diffcrential equation

Gi(t) + of qi(t) = 51
1

where

£
]

2 E1
i = (k;) ,\/g-l = Frequency of free vibrations

b
f ¢i(x) P(x, 1} dx = Generalized force
0
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£

M; = my f q:iz(x) dx = Generalized mass
0

Mass per unit length of stringer

3

The generalized force is

Q1) = [ 0 Plx, 1) dx
0

or

¢
7. 74Ei
Q(t) = ——— q} Lf

™
i b3 A;(cos kjx - chkijx) + (sinkjx - sh kyx)] sin3—; dx

0

After performing the integration, the Qi( t} can be given as

7.74Eh 3 ,
Qi(t) = ——3— aP;q;(t) - {20)
b

3m 1 1
.= - A - S . L hk + >\ hk + 1 +
" { * [(kia)z + n (kia)2+(3n’)"] [“ ja + Nj(chkga J

[ (l—cos(n-kia) 1 - cos(m+kja) ) <l—cos(3w-k~a) l-cos(3w+kia)>
*\PH 2(m-ka) | 2n+ ka) )'1’4 2(3m - kja) T B+ kia) *

l- (sin( - kyn) sin(n+k-a)> <sin(3ﬂ'-kia) sin( 3'n'+1\a
SN TETRRY ke ) YA\ G Ay T 23t Kia) / (31)
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£
. 2
The generalized mass is given by Mj = mif é; (x) dx
0

or

M; = mifl [ Nj(cos kijx - ch kjx} + (sin k;x - sh kik)] 2 ax

0 N
After performing the integration, the M; can be written as
®

where
oy = Zli 7 [)\Z(Zki! + sin kif cOS kiﬂ + sh kiﬂ ch kiﬂ -2 sh kif cos kif -2ch kiﬂ Sinkiﬁ) +
i L ]

+ (- sink;f cos kj£ + sh ki ch kjf - 2chk;f sinkjf + 2 shk;f cos kj{) +

+ Z)H;(sin‘2 kif - 2 shk;f sink;{ + sh‘2 k;Z)] (33)

Since the generalized force, Equation (30),is given in tabular form, then
the solution of Equation (29) has to be obtained by numerical or graphical

means.

I Stringer Response

Due to continuity of the stringer at the frame. the ends of the
stringers will be considered fixed. The transverse displacement of the
stringers is much greater than that of the frame, and, for this reason,

the motion of the fixed ends of the stringer will be neglected in obtaining
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the stringer response. The dynamic displacement of the stringer is
given by

B(x,t) = Zoy(x) qy(t)

i
L

where N

$;(x) = [\(cos kjx - ch k;x) + (sin k;x - sh kjx)]
The generalized coordinates qi(t) satisfy the differential equation and the
initial conditions given below

. 2 Q.(t) .

q;(t) + wiq;{t) = M, q;(0) = g;(0) = O (34)

3 3
4y ](t) 9 l(t)
The Oi{t) = 7. 74Ehaﬁi 5 , and the 5 is given in

graphical form from the skin response in Figures 8, 9, and 10. Dimen-

sional analysis shows that the time scales as b (i.e., k; = ky), and
Figures 8, 9, and 10 can be used foxr the same a4h/b> for the same peak

pressure, P, and density, p, of the skin material. Equation (34) has to

be integrated numerically or graphically.

In integrating Equation (34}, a numerical procedure will be used,

and its formulation is established below. The {;(t) in terms of differences
is given by

q;(t; - 1) - 2q4(t;) + gi(t;+ 1)
(8t)?

q;(t;) =
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then Equation (34) becomes

P
o , Q;(t;)(A4)°
qilt; = 1) - 2qi(ty) + qi(ty + 1) = - (D) wi%i(ti) + T—
\\\
[ J
or
2
Q;(t;)(At) 5 2
qi(t; + 1) = —x— t[2- (A7« ] qjlt)) - qjlty - 1)
i :
or
q;(t; + 1) = A(t;) + Byq;(ty) - qi(t; - 1) (35)
where
(t)\> ap (L
7.74Eh 91 ‘i’) > 7.74Eh ( 11 i) 2 3
Aj(ty) = Tman; aﬂl(“—'b— (a)= = mia; Bi\—% (&1)
§
- 2 2 ' \ 3
B, = (2 - wi A7) 5
wj = (k) — = Frequency of the stringer 5
i | . \ i
E = Modulus of elasticity of the stringer's matlrial = 10.6x 103 psi -
h = Thickness of skin
) ]
m; = Mass per unit length of stringer \
]
a = Length of stringer :
b = Width of panel
q ](t) = Generalized coordinate of the skin's response in the

1, Jth mode




(At) = Time intcrval
kja = 4.730; o = 1.244 ; B} = 0.43682 ; ) =-1.0I75
k,a = 7.853; ap = 1.00088 ; BZ/": 0.001212; )\2= -1.0008
kqa = 10.993; a5 = 1.000000; 53\= -0.110407; )\3=-0.99997
The moment on the stringer is given by \

M = -EI@{x,t) = - EIZq(0¢] (x) |
'y

.

= - EI Zqy(t) klZ “‘i(' cos k;x - chkx) \+ (- sin k;x - sh kix)]
l -~ -

- e \
The maximum moment was found to take place at x = 0 and thus

\

B} - 2 i 2
M ., = M| .9 = - El *i.:qi(t) ké(-2\,) = 2EI ?qi(f)ki N

2F1
max ® "2 q;(t)(k;a)® A (36)

<

The shear is given by
/‘//

-

vV = - EI®"™

11}

- EI Zq(t) ¢{" (x) \E
: :

= <« EI Zq;(t) ki3 [X\(sin kjx - sh kjx) + (- cos kjx - ch kix)]
i

The stringer's reaction is equal to V

x =0




vl = - El Zqt) k3 (-2) = 2EI Tq;(t) kJ
x=0 ! !

s ) = 2H g 042 ' (37)

x=0 a3 1
Stringer cross sections that are considered to be typical are
shown in Figure TIT The (a) has been used in computing the stringer

response using Equation (35). The effective mass& per unit length of

stringer is not easily determined bccause of the unknown interaction of

the skin. For this reason, first, the response of the stringers was

determined without any interaction of the skin (i.e., m; = mass per
unit length of the stringer), and the results are given in Figures 12 and 13,
Also, ccmputations were made with full interaction of the skin, as shown

in Figure 14, which resulted in increasing the effective mass per unit

length of stringer by a factor of about three. The response of the stringer

S e R

was determined, and the obtained moments and stress were found about

s

30% smaller than without any skin interaction.

Because of the fact that an interaction of skin and stringer exists

f
|

and is between complete and zero interaction, it is\believed that such an

interaction will reduce the response given in Figures 12 and 13 by 15%.
\

Thus, if the values given in Figures 12 and 13 are modified by -15%, they

- et
& it il 5,

o

are going to represent the true response of the stringer to within 5%,

Ak

and this is considered satisfactory for the problem at hand. Such modified

curves for direct use in design are given in Figures 15 and 16. ;

T \
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Loading curves as well as modified curves for direct use in design
have been obtained for peak pressure intensity Po = 1 psi and are given
in Figures 17 through 21. ’

Based on the discussion that follows, the results presented in
Figures 15,16, 20, and 2] can be used for other stiffeners as well.

For a stringer with the same I/mi as the one used herein, the
frequency will be the same, and, for an increase of m, by 50% and even
100%, the moment and shear will be proportional to I and not off by more
than -10%. The bending stresses are the critical ones in a stringer; thus,

for the same I/m. as the one used herein and an increase of m; by 50% or

1
100%, the bending moments will be proportional to I and not off by more
than -10%. In this way, the results of Figures 15, 16, 20, and 21 can be

used for design purposes when determination of maximum stress in the

stringer with less than *10% off can be tolerated.

43
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J. Formulation of the Approximate Flexural Dynamic Response
of an Elliptical Ring

The differential equations of motion of an elliptical ring of censtant
cross section are linear of the fourth order with highly complex variable

coefficients. Their solution in terms of known functions is inordinately

difficult and is considered to be beyond the scope of this investigation.

Thus, the true modes of vibration have not been determined.

Because of that, an approximate solution is sought on the basis of
an assumed mode of fundamental vibration. A typical elliptical frame of a
fuselage has been provided and is given in Figure 22. It :.s true that the

®

cross section of the frame is not constant, and also that about seventy-
five percent of its length has a constant cross section. Also, the frame
under periodic loading along the circumference will deflect more in the
direction of the minor axis than in the direction of the major axis of the
ellipse. This diffefénce_in the magnitude of thé above mentioned displace-
ments becomes greater for greater ellipticities. The increase in rigidiiy
at the ends of the major axis will result in a decrease of the displacements
in that portion of the frame, and, at the same time. will decrease, ina
smaller degree, the displacemehts of the frame where the cross section
remains constant. It is believed that the ratio of the areas under the
static deflection curve for a frame with constant cross section and the
same ratio of the areas under the deflection curve for a frame with increased

rigidity at the ends of the major axis, under the same loading, and whose
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seventy-five percent of the length has a constant cross section, ditfer
//’

but i'it'tle. | If the dynamic response of the constint section and varialle
section frame is considered on the basis of theikgtatic deflection curve
mode, the generalized force (i.e., load times mode displacement) for

both frames will be essentially the same for both frames. If the gcneralized
mass is considered (i.e., mass times mode displacement squared)_it will
differ very little for the two frames,because the increase in mass takes
place only on twenty-five percent of the frame length, and because the

displacement in that portion of the frame is much smaller than in the flat

) portion cf the ellipse. In addition, the frequency of the constant section

and variable section frames will be differcnt by a small amount which will
cause only a slight shift in the time of maximum response, leaving the

magnitude of the generalized displacement slightly affected. Based on

" the ahove discussion, it is believed that under the locading at hand the frame

with localized increase in rigidity and one with constant cross section,

equal to the ane existing on the seventy-five percent of the frame with

variable cross section, will have practica'ly the same defledted shape

-

and dynamic response.

It is known that any deflection curve can be expressed in terms of
the natural modes. In the abscnce of the true modes, it is believed that
\

the best approximate shape to be used as a mode would be the static

deflection curve.

//’




!

\

The loading of the frame is concentrated, coming from the stringers'
\
reactions, and distributed, coming from the skin. Due to relatively close
spacing of the stringers, the stlatic deflection curve under this loading

will be close to the static deflection curve of the constant section elliptical

ring under uniform loading. Such a deflection curve is not difficult to
T . \

obtain, and for an approximate treatment it is considered satisfactory.
\

As a result of the above reasoning, the approximate flexural
dynamic response of the elliptical ring at hand will be based on the static

deflection curve mode under uniform loading. Such a mode is shown in

Figure 23.
If it is denoted by ¢(s), where s is the measure of length of the

ellipse, . thenmérhic displacement is given by

R

N
N,

Hs.t) = (s) q(t) | (38)

where the /|(t) satisfies the differcntial equation and initial conditions

y Qft ,
4(t) + wiq(t) = —% i q(0) = 4(0) = 0 (39)

where w = the frequency and is given by

[2[ 2 2

e f [mg] as
os

2 0 )

w- = ; |0 ton/2 due to symmetry (40)

/2
mi | 62(s) ds of 4(s)]
0 ‘
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The Q(t) = generalized force and is given by

Qlt) = Qglt) + Qg (1)

where Qg (t) is the part of the generalized force coming from the skin
loading of the frame, and, using Equation (24) for m = n = 1, the Q. (1)

is given by

S:O.Zi

3
_ () 3 Ie
Qgilt) = %I 7.74Eh \—/— sin” = ¢(s) ds

S=Eay

A3
91
where aj;and ay; are the beginning and end of the ith panel. The ( = )

4
are given for different values of — for P, = 2 psi and P, = 1 psi in
a o fanny?
Figures 24 through 29, and can be used as the (-—b—/ curves were usad

for the stringer response.

The Q_. (t) comes from the stringers' reactions, and, using

str

Equation (37) with only the first mode, which is suflicient in this problem

as is shown in sample calculations, the Qg (i) is given by

4E]
el = Bev| = z 5 q,(002)7 ¢ (a);)
1 x=0 : a

1

Then

3 S (1&1
Qgq, =27 74Eh<g\ f in3 == ¢(s) ds 4
st 27 =/ sin® =~ ¢{s) ds

I
s=apy

N 4E]
> — q,(00k2)% e ) (41)
= a

i
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The M = generalized mass, which for constant cross section is given

by

8 =
M = mif |9 em ¢2(5)d5

8lg=0

where

m, = Mass per unit length of frame

The numerical integration of Equation (39) reduces to the difference

equation
{
4
Q) -, 2 2
alti+ ) = = (Aa0% + (2 - Pan®] qfy) - aly - 1)
with q(0) = q(1) = 0 \\
\
where . \\
(At) = Time interval

Then the maximum bending stress is given by
i

——

- . L
“lmax ~ Mhax 1 '
but

2 2
9°®(s, t) 0" ¢(»)

Mmax = - El as‘: = - El 3s max(t)

max max
//

e




\ 62

" or o
i
3 - ) .
£e Lots) Inax(t) gy
o = - I —ir. . \ . |
max asZ max \ :
' 4
b
K. Dctermination of the Dynamic Response of a Typical Elliptical
Frame
8
The typical frame considered, with the attached stringers and skin, i
is given in Figure 30. Considering the loading coming from one side of j
the frame, dug.to intensity of 2 psi and with positive phase duration ‘
of 1 sec, the maximum bending stress was detci-\knined to be equal to "}
- N 3
h ' o, = 93,200 psi. ;l
l ‘ d i
d L. Comparison of the Order of Magnitude of the Static and Dynamic ;1
' Stresses and Additional Static Deflection Curves ’“
The determination of the maximum bending mornent in an elliptical 3
3
ring under uniform static pressare is given by S. Timoshenko. * This fr;
i ¥
' moment, for the geometry considered in the previous case, is given by
i 0.870 sz. where P is the uniform load intensity on the frame, and b is 5
half of the minor axis of the ellipse. 4
If P = (2)(9) = 18 pli (i.e., half of the panel load per length of

frame), then the maximum static bending stress would be

i
_ c _ 21.505 ( i
ogr = MT = 0.870(18)(16)° 5175 = 41\000 psi

*S. Timoshenko, "'Strength of Materials," Part II.\\Second Edition, p. 90.

,\‘\
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The same {rame was considered under uniform dynamic pressure of peak
intensity P, = 18 pli, and the maximum dynamic stress obtained was

found equal to 73,000 psi. Thus, the ratio of the maximum dynamic

to maximum static pressure for peak intensity equal to the static load.

73,000 :
intensity is equal to 21,000 ° 1.78. It should be observed that the

framec under consideration is not loaded uniformly, and that most of tho

" loading is a concentrated loading coming from th& stringers' reactions,

For such a loading, the ¢4 would be greater than 7‘3.000 psi, and, thus,
{
compared with the dynamic bending stress obtaine\d in the previous
‘ i

\

section (i.e., o4 = 93,200 psi) results in a check on the order of

magnitude of the obtained maximum dynamic bending stress.

Static deflection curves have been obtained for a/b equal to 2.5
e \

——

and 1. 666. They are given in Figures 31 and 32 and can be used for any
\

a and h of the same ratio.

e
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M. Sample Calculations

In this scction, the response of the skin, stringer, and frame

shown in Figure 30 will be considered in delail for peak pressure intensity

of P, = 2 psi, and positive time duration t = | sec.

l. _Sktn-Reésponse

The generalized coordinate of the si(in response is governed
N

by Equation (21) given below

Amnlti + 1) = 2amplty) + Agp(ty) + anq?nn(ti) - Amnlti - 1)

where
-1.624(At)%P t,
Amnlty) = 1 - =
mimn t
. 18.20Ehan® [m4 nt]
“mn ~ ° lTli 34 * b4J
For f
E = 10.6 X10° psi \
h = 0.03 in. o
&
F’o = & pai \\\'\
At = 0.0001 sec : | §
a = 18 in. )
b = 4in. B
o .

ERESHONCIE /S Dt SR
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The
m; = 7.42X107% 1bin-! sec? |
By, = - 30.5435 (\
B, = -2,468.068
By, = - 36.4877 E
By, = -2,474.0196 "\

[ W
\

The A h(t;) have been computed and are given in'tabular form in

| Tables 1, 2, 3, and 4 wherc the numerical integration of Equation (21)
e \

is performed for the determination of the generalized coordinates Amnlt)
\
The maximum stress in the skin is given by Equation (23)

. n\¢ >
“max = | EE2.46E(¢) amnltp

vr, usingthe results obtaired in Tables 1, 2, 3, and 4, the

f 6
. 2 26(10.6 X110 ){(0.08376)2 + (3)2 (0.00523) + (0. 03865)2

. T

w max (4)4 \ ‘
N 4
\,

P + (3)2 (0. 009306)2} = 15,600 psi

! 2. Stringer Response

The generalized coordinate of the stringer response is given 3

by Equation (35)

i

ql((l +1) = Al(tl) + B]ql(ll) - ql(tl -1)




69

B
B SRR R ey T

SR i Wt
L e

B e i T B

2k

9) = (s) + (€) + (1) = (2)

- — B
LLES00°0 01¥20°0 ¢-01X 98LEL'P g-0TX 2ISS'1T  SIEZ0°0 9LSTI0°0 HLE€H00°0 2100 O
9L5110°0 LSOP0'0 -01 X L1SLZ'F ¢-0T X L66E 1 8F0°0  01¥20°0 HLE$00°0 1100 O
01200 LE6S0'0 ¢-01X ¥S6£0°2 -01X SLL9'9  HII80°0  LSOPO'O #2€H00°0 0100 0
LS0%0 0 LT19L0°0  ¢-0TX BI6£°9 4.01X L2602 LBIT'0  L£6S0°0 ¥LE¥00'0 6000 0
L£650°0 9L£80°0 ,-0TX OLFE'1 4-01X900T+ '+  €22S1°0 * L1I920°0 HLEH00°0 80000
L119L0°0 EBLLO0  5-01X LF6L'T  4.01X 928°C  25291°0  9L£80°0 ¥LEH00' 0 LOOO O
€L€£80°0 L8190°0 ,-01X 666€F 1 #-CI X 9SFIL'F  99SGT1°0  €8LL0°0 ¥HLE¥00°0 9000 O
€8120°0 GOEF0'0  ¢-0TX S9E€2'L L CIX €09€°7  ¥LEZI'O  LBIYO'O HLEFOO O 000 O
L8190°0 L1320°0  ~.0TX LE¥'Z g-0IX S8L6°L  O01980°0  GOEF0'0 FLE¥00 O 000 0
S0€%0 0 6IIETI0°C  3-0TX €VLF'S o-01X €76L°1  $E2S0°0  L1920°0 ¥LEF00 O €000 0
hyﬁo.o PLEVOC'G (01X ¥#968°9 , 01X 6L62°7 8£2920°0 6IIEI0°0 ¥LEVOO O 2000 0
6116100 0 .0TX 6S§5°Z o 01X €89¢°'8 8VLBOO 0 ¥LEVOQ'O ¥LEFOO O 10000
ﬁ)«.oo.o 0 0 0 0 0 ¥LEFO0O 0
(1 +4)ls (- (5) seps og- ('nlle (*1)1bg (‘)16 (Nlly  oes
(9) (2) (1)

\

(<) +) | (£)

M5 90 NOILVNIWYALEA ‘] IT9VL

S




70

ons e Qe e A S RS

T

e

B - —
€2€00°0 8SH100 0 LOOO O

€2500 0 . 12€10°0  ¢-01 X §291°7 ,-0UX 29L'8 P1610°0 699600°0 8SH100 0 9000 O
695600 '0 29210°0 ¢-O1 X €689°S -0l X 1€0€°2 26920 0 12€10 0 8SH100 0 G000 ©
12€10°0 625800 0  ¢-01 X 9096 % g-01X 66302 $2620°0 29Z10°0 8SH100 0 %0000
292100 L9EP00°0 ¢-0T X €T€S°T  ,-0IX €¥0Z 9 8GOLIO O 625800 0 8SH100 0 €000°0
625800 "0 85100 0 3-01 X $SS0'7 g-01 X L182¢°'® FE€L800°0 L9E¥00°0 8SH100 O 2000 ¢
L9€¥00 "0 0 9-01 X S6F9°'L -01X ¥660°€ 916200°0 8SF100°0 8S¥100 0 100070
8SF100 0 0 0 / 0 0 0 8SH1000 0

{
1
(1+ 1) (t-ME% ) g90 8ok 2~ )m:m? Elbz  (nElb (nfly  oesa
fa) = () + () + (1) = (1) {(9) (c) ) (€) (2) (1)

(i°Tb 40 NOILVNINY¥Z13Q "7 ITIVI

‘

¢




—— — \ e

o S98£0°0 8SF100°0 (00O ©

6G8€0°0 0L120°0 $-01 X 926L°6 m..o~ X 8¢£89 ¢ 88650°0 +6670°0 8s¥100°0 90000
$6620 0 SSP10°0 $-01 X €82L ¢ m-o~ X 81c0°1 orevy0°0 0L120°0 8s¥100 ' 0 <0000
0L120°0 s¥.l800°0 ¢no~ X 68211 .w-o~ X ¢€08L € 01620°0 ¢s¥10°0 86+ 1000 %0000
SSP10°0 YLEVO00°0 m..o~ X ¢0FY 2 L-01 X L1899 06%¥L10°0 S¥L800°0 86+100 0 €000°0
S¥.800°0 8¢¥100°0 o-o~ X PEC0 ¢ g-01 X ¢€89¢ '8 8+1.800°0 YLEYO00°O0 8S¥100°0 2000 O
FPLEYOO O 0 L-01 X 60811 ouo~ X ¥660 ¢ a16g00°0 8¢ 100°0 8¢¥ 100 0y 10000
8SH100°0 0 0 0 . 0 0 8GF100°0 0
(1 + i (- D% () 2290 0¢- €113 (les; ()i ("&y | oas-

9% - () + (€) + (1) = (2) (9) () (¥ (€) (2) (1)

(3)1*hb 40 NOILYNIWYZLIA ¢ FTEVL




T s e T T TR S T SRR ST

_ . ,i\\\\

90€600°0 98+000°0 L0000
90£600 "0 €L8900°0 ¢-01X 6651 ,-01 X 2€9% 9 267L10°0 . 9¥9800 0 98¥000°0 9000 O°
9$9800 0 €8LF00°0 $-01X +2€0°8 ,-01 X L9¥2°¢ 9FLEI0'0 €.8900°0 98Y000 0 S000 O
€18900 0 806200 0 4-01X L0L0L°Z  ;-01 X Z¥t0 1 995600°0 €8.00°0 98Y000°0 %0000
£8.¥00 0 LLSHT100°0 ¢-0T X 1¥80°9 g-O1 X 76St'Z 918500°0 806200 0 98%000°0 €000 O
806200 0 98%000°0 o-0T X 2€99°L  -01 X SL60 € G16200°0 LLSP100°0 98+000°0 200070
LLSY 100 0 0 ;-0IX L6€8°T (-0l X 8LF1°1 2.6000°0 98¥000°0 98¥000°0 1000°0
owwooﬁ.o 0 / 0 0 0 0 98000 C 0

|
o+t (1-"DEp (v) ﬁ/o.zv.u- (Een Coffbz  (uffe (atty oese
(g1 = () + () + (1) = (1) (9) (s) (4 (€) (2) (1)

21886 30 NOILVNIWGZILIIG ¥ ITdVL

+
.

¢




73
whoere

3 T

Ay - B, (11—:)—@\ (ar)? .
i%
and
B, = [2 - wf(at)?] |
The A;(t) are practically proportional to Bj and t&us the A,(t) is negligible
compared to A (t). The Aq(t) and A,(t), as well Ts the B) and B, are ,u
computed and given in Tables 5 and 6 with the nur&a\erical integration of ”
Equation (35) for the determination of q)(t) and q3(i). The \l\q‘\l(t) and q;(t) ﬂ
are given in Tables 5 and 6, and it is clearly shown that the contribution %
of q4(t) in determining the dynamic rcspon\se\of the stringer can be §
—— :
neglected, and, by doing that, the response obtained is slightly on the E
conservative side. \\ ﬁ
Thus, the maximum bending moment and shear at x = 0 as
given by Equations (36) and (37) reduce to
Mmax = - —Z;%E 4 max(t)(kl“")2 M (43)
.and _ T ;
\ :

2El 3 \\
v max T 3 9 B kga) (46)
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TABLE 6. DETERMINATION OF q3 (t)
(
(1) (2) (3) (4) (5) = (1) +(3) - (4)

t-sec A3(t1) Q3(t1) 1. 6207 (Z) Q3(t1 - 1) Q3(ti + 1)
0 0x10°® 0x10-6 o0x10-6  olx10-6 . 0X10-%
0.00020  0.2544 0 0 o - 0.2594
0.00022 0. 44 0.2594 0.4204 0 ; 0.8604
0.00024 0.64 0.8604 1.394 0.2564 | 1.7751
0.00026 0.84 1.7751 2.877 0.8604 2.857
0.00028 1.04 2.857 °  4.6303 1.7751 3.895
0.00030 1.206 3.895 6.3126 2.857 4, 6616
0.0n032 2.000 4.6616 7.555% 3.895 5, 6600
0.00034 3.2 5. 6600 9.1732 4.6616 7.7116
0.00036 4.6 7.7116 12. 4982 5. 6600 11. 4281
0.00038 6.8 11. 4381 18.5377 7.7116 17. 6261
0.00040 9.16 17. 6261 28. 5666 11.4381 26. 289
0.00042 12.00 26.289 42. 6066 17. 6261 36.9805
0.00044 14.80 36.9805 59.934 26.289 48. 445
0.00046 18.40 48. 445 78.5148 36.9805 59.934
0.00048 22.40 59.934 97.135 48. 445 71.090
0.00050 27.25 71.090 115.216 59.934 82.532
0.00052 32.80 2.532 133.760 71.090 95. 470
0.00054 38,4 95. i70 154. 728 82.532 110. 596
0.00056 43.2 116. 596 179. 243 95. 470 126.973
0.00058 49,2 126.973 205. 785 110.596 144. 389
0.00060 54.21 — 144.389 234.011 126.973 161.248
-0. 00062 58. 40 161.248 261.335 144. 389 174, 545
0.00064 62.4 175. 345 284.1816 161.248 185. 334
0.00066 64.8 185. 334 300. 371 175. 345 189.826
0.00068 67.2 189.826 307. 691 185, 334 139.517
0.00070 67.6 189. 517 307.150 189.826 184.924




For the case under consideration, the

//’
o 2(10. 6 X 105) 1(0.0244)(4.73)2(-1.0175)  _:
M,y = - (10 ) I1( 2)( )(g\\ .)=364X1021
) (18) \
. Mc 2,0 ¢ s .
Cmax - 1 - 364 X10°(0.614) = 2?.300 psi
(from the loading of one panel)
and
6
2(10.6 X1
v . 210 ) (0.0095)(0.0244)(4.73)3 = 89.6 1b
x=0 (18)3
| max
(from the loading of onc pancl)
3. Frame Response f

For the fram#s under ccnsideration, t\\;e mode shape to be
used has been determined and given in Figure 33. Pbtaining (q“/a)3
from Figure 24, q,(t) from Table 5, using the mod;\:\given in Figure 33,
\ \
and using numerical integration, thew, Q(t) and M given by é‘quations (40),

(41) and (42) have been computed, ‘and then Equation (43) was integrated

to determine the generalized coordinate q(1).
- — \

The numerical integration of Equation (43) is given in

\

\
tabular form in Table 7. Then the maximum bending stress is given by

the Equation (44):

76
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9%4(s)

38% |max

Cad

o = - Ec qmax(t)

2 ,
The % is maximum at 8 = 0. The origin of the curve on Figure 33
s

has been replotted in larger scale and is given in Figure 34, Numerical

differentiation yields

8%4(0) _ 2(As) - 28lo)  2(-0.080) -2(-0.0825)

98’ (As) (0. 65)%

- 0.01185

Then (\

T nax =-10.6 X 106(1. 505)(0.01185)(0. 4925) = 93,200 psi

(from the loading of one side of th% frame)
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