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1. INTRODUCTION

In this report, on the basis of elastic dynamic analysia, analytical

means have been developed to design a fuselage for a given blast intensity

or to determine the maximum blast a given fuselage can withstand. Charts

in nondimensional form have been developed determining the critical blast

intensity for a given skin size. From the skin's response, the loading on

ithe stringers has been obtained and is given graphically for various values

of a nondimensional parameter for peak pressure intensities of Po = 2 psi

and P = I psi, and their utilization is presented for different skin sizes.
0

The response of the stringers was formulated,' and the maximum bending

moments produced in a typical stringer for peak pressure intensity of

P '" 2 psi and P 0  I psi, for different panel sizes, are presented in

convenient graphical form. Also, the stringer's reactions have been

obtained for peak pressure intensities of Po = 2 psi and Po 0- I psi for

different panel sizes and are given it. graphical form. An approximate

flexural response of the elliptical frame was formulated, and the maxi-

mum dynamic stress was determined.

U

tV
PI
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II. ELASTIC DYNAMIC ANALYSIS OF THE FUSELAGE

A. Determination of the Dynamic Response of a Panel Loaded

Transversely

The modes of vibration of a plate with fixed-fixed edges and

coordinate system shown in Figure 1 can be given by

(0(x' Y) Z X +Cos (1)x
m=l,3,5 n= 1,3,5a

Using energy approach, the frequency of harmonic oscillations was

obtained and is given by

2 17.30D 324 2)n4+Zmznz]
i"rnn mi [3(a4 b4+ aZb-

where a and b arc the dimensions of the skin panel, D the flexural rigidity

of the skin and mi is the mass per unit of skin area.

In the case of forced vibrations, the generalized coordinates

satisfy the differential equation

2 Qnmn(t)
qmn + 'mnqnin - Min (3)

where Mmnn the generalized mass is given by

a/Z b/2
Mmn = mi f 0mb n(X,y) dxdy (4)

-a/Z -b12
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When the distance between the supports of the panel is fixed, the in-plane

forces develop. Using virtual work,the following expression is obtained

Sn mn =6Wren

where Qmn(t) is the generalized force in the m, n mode,qmn is the

generalized displacement. in the m, n mode, Wrmn is the work done by

the loading in the m, n mode and 6 stands for variation.

Then

a/Z b/Z

&Winn 6 f f P(x, y, t)w1 n(x, y,t•)dxdy
-aIZ -b/Z

,b/2 ri-IW, 6 dx/
LN6X dY - 6 J LNYyid

-b/Z -a/2

where

P(x, y, t) is the transverse loading

Winn(X, y, 0 is the transverse dynamic displacement of the panel

N. is the force developed at the edge due to stretching

in the x-direction

N is the force developed at the edge due to stretching
y yin the y-direction

but

1 a/z ( w _nn_ 
1 bb (2 w m Z

b 2- a (8mn dx; 6 : - - \- dy
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and

NX =- Eh; N y #Eh

Then

a/2 b/Z
SWmn 6 f P(X, Y,t)wmn(xj y;t)dxdy

-a/Z -bfZ

-&~b/2[Eh ja/(8 )w dx'af 2 ~

Ox_ C) (3W dxjdYa

a/Z [hrn (a) dy- f (/8 wmn)2 dl dx

-a/Z L -b/Z-b2]

but

Then Wm(x, y, t) zqmn(t) ým~x Y)

6wm 6mn~t / / P(X, Y, t) (ýmn(x, y)dxdy
-a/Z -b/Z

hb/ ~aI2(a-On ifZ', m)2dd

Jj Jkqmn~ax ~1dx - --/2
-b/2 L a/2 -/ k X ],

Eh a/Z /Z ab'n2/2 3 4 'mn\ Z

Zb 79~t ~ d -a/2 -b/Z 2 )d -b/2 Y] '



p 6

but

Qmn mn Wmn

Then

Qmn(t) a/ f b2P(x, y,t)4 m(x, y) dxdy
-a/2 -b/Z

I ~a/Z a/Z 84m 2

aE fb/Z I xf Q ) 2
kax ) x--l dy

-b/2L -a/2 a/

Eh a/2 [ b/' (a1pmn\2  fb/Z( (o 23
2b / L fb/2 dy J a djmn(t)

a/Z b/Z-b/2

(5)

In the case under consideration

ýPxnn(x, yA (1 X bmr Zn

and the Qmn(t) is given by

Qmn\t) I'Z I P(X, Y, t)4rnn(x, y)dxd- - Eabfzr~

-a/Z -b/ZL

+(-, q3 Mt (6)
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B. Determination of the Sensitivity of Panel Response to
the Manner in Which the Panel is Loaded

The shock is travelling across the panel as shown in Figure 2,

and the loading is given by

P(x,t) - Pt I 
1 2v+ x )

whe re

Po = Peak pressure

t = Time

a = Dimension of panel in the x-direction

v = Velocity of shock propagation

ti =Duration of the positive phase

Using the above P(x, t), the generalized force is given by

t aEhab m

Qmn(t) = 0[ (1 - t )+4a ] ab -a _

n q3
1 0 (t) (7)

The differential equation for the generalized displacement qrnn is

SQrn n(t)
qmn + ¢°mnnn - M

m n
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where

COmn is the natural frequency of the panel in the m, n mode

Qn(t) is the generalized force in the m, n -node
mn~t

Mmn is the generalized mass in the mn, n mode

For the case under consideration

Z 17.30D [3 ( + n4) + rrm n ]
IInn mi 4 b 4 a2b2

where

Eh
3

D S12(1 - v2 )

h Thickness of the panel

E Modulus of elasticity of the panel material

V = Poisson's ratio

m and n number of half waves in the x- and y-directions respectively

ri = Mass per unit area of panel

a/2 b/Z
Mmn . . / b n(x,y)dx = 2. 25miab (8)

-a/2 -b/2

The qmIn(ti) in terms of differences is given by

qn(ti 1) - Zqm(ti) + qnn(ti - 1)

w mn(ti) =intrva

where At = time interval



Substituting timn(ti), in terms of differences, in the differential equation

and solving for qmn(ti + 1) the following difference equation is obtained

qnn(tj + 1) =A(ti) -+ Bmqmn(ti) + Cnnqmn(ti) - qmn(ti 1 i) (9)

where

A~i A)-o[(l 'i)+_,
Ati) -2. 25mi t + vt+

B u Eh(At)- LVTr) 4+2ýmBmnn - 4.5m i a ÷

Crmn = -cn(At)2 + 2

Considering the loading only as a function of time then

P(t) = P. (-

and the qmn(ti + 1) is given by

qAntti),+ Btmn(ti) + Cmnqmn(ti) - qn(ti - 1)

where

(At)zpo I
A(ti) = . 25mi (1t+)



and the Brn and Cmn are the same as in the previous case,

The following typical case has been considered

v = 1000 ft/sec

t+ = i sec

PO = 1 psi

a 0

b 8"

h 0.03"

E = 10, 6 X 10 6 (Aluminum)

V = 0.3

At 0.0002 sec

and

qmn(0) = 4 mnn(0); (rest initial conditions)

Since the 1, 1 mode is the predominant one, q, l(t) was computed

for the two types of loading and the results obtained are given in the table

below.

Time of qil max'

Loading ql I max sec 0

P(x, t) 374.23 X !0"4 0.0012
1. 00019

P(t) 374.16 X 10=4  0.0012

In the light of the above results, q,1 , which is a measure of

response is essentially identical for both loading cases, not only in terms
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of magnitude but also in terms of time dependency. Thus, in the

remainder of the work, the loading will be talren as a function of time

only.

In order to see how the q.,1 max(t) varies as the peak load intensity

varies, the response of the previously considered panel was determined

for Po of 2 psi and 4 psi. The q, 1 max(t) were determined and are given

in Figure 3. The nonlinearity is clearly shown, and the time of maximum

generalized displacement which is the same as the time at which qll is

maximum, as expected, becomes smaller and smaller with increase of

peak load iti~ensity.

C. Linear Panel Response

In case the stretching of the middle plane of the panel is neglected,

the nonlinearity is removed and the difference equation becomes

qnn(t + 1) = A(t) + C nqmn(ti) - qmn(ti - 1) (10)

The same panel has been considered as before with PO = 0. 1 psi and

initial conditions corresponding to no motion. The maximum qll(t) and

the time it occurred are given in Figure 3. By comparing the results of

B and C as given in Figure 3, it is clear that the greater the Po (peak

load intensity) becomes, the greater the reduction factor in maximum

displacement becomes when stretching of the panel is taken into account.

When membrane forces are neglected, the relation of qIll max and P.

is linear:
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¶ P q1 max

o 1 max

When the membrane forces are included, the P 0 vs qll(t)max is not

linear and approaches the relation

o q 1 max

o 11 max

D. Determination of Maximum Direct and Bending Stress

Utilizing the strain- displacement and stress-strain relations,

the maximum direct stress in the panel is given by

87rZE 2 2 't
2rn°'d - b 2 m .- n " '

b.

and the bending stress at x 0 0, y b is given by

87T 2 Eh3 [ Y_ L qm (t)] (12)

The ql I(t) is the predominant component and using only this component,

tod Ih 3 )lV 10. 9q,1
the raqtio is equal 0.3

For the typical case considered in B, the h = 0. 03" and the qI max for

Po = 1 psi was found equal to about 374. 24 X 10-4. For this case:
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(rdl 10.9 X374 24 X l0-4 10.,9 X 374. 24 X 10-4

(0.03)3 27 X 10 6  15,100

Even if h 0.05" and say ql1 max drops to 37 X 104, then the

jTd 10.9 X 37 X 10- 3- = 322

E. Simplification of the Procedure for Determining Panel Response

On the basis of the above results, it is clear that when the in-plane

"forces are taken into account the panel behaves primarily like a membrane,I\
which is equivalent to saying that the bending stresses are insignificant,

and the panel can be considered as simply supported with the distance

between its supports fixed. Thus, for the cases to be treated in the future,

the panel will be considered as a membrane,and the stretching of the

middle planc will be taken into consideration. The above simplification

,will result 1--im-plification of the computation work without any important

loss of accuracy.

F. Response of the Panel and Resulting Stresses

I. Forced Vibrations of a Membrane With Fixed
Distance of Its Edges

The coordinate system considered is given in Figure 4.

The dynamic displacement of the membrane can be represented by

Sw(x, y, t) = YYqmn(t)(ýmn(x- Y)



* - Ito
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/
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where ýmn(>, y) are the modes of free vibration of the membrane and are

given by

rn(x, y) = sin mTrx sin nTry (13)
a b

and qmn(t) satisfy the differential equation

Qmn
Lqmn + (Lm nqmn Mmn (14)

where

"mn m- ( z

'\~

S Initial tension of the membrane

ni = Mass per unit area of the membrane

Qmn = Generalized force which is given by

,a b

Qmn(t) = J P(xy.t) 0mnlXldxdy
0 0

- .-- .hqhn(t) j [fa (a-rnai)2 dx fa ( ) z dx] dy (16)

00LO

2a qmn(t)J [f a ) dyJ) dydx

0 0 0
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and

ab
Mmn = mi f n(xy) dxdy (17)

U 0

The Qmn(t) and Mmn for the Pmn(XI y) under consideration are given

below.

The f J P(x, y, t)(ýmn(X, y) dxdy
0 0 P(x. y, t) = P(t)

S... a b
P(t}f fsin - sin -b dxdy P(t) (I - cos mrT)(l -cos nir)

0 0

Fo r P(t) =P 0 (1I L

Then

Aa ,b Poah

b f P(r)ano n(x y)dxde , t h-, (b cosPml)(-cosn) 1 t 0
0 0

Saa 

bbSbut for m and/or n even, the Pltl4)m,(x, t) dxdy =0 :

-i 0 0 •

J JPMt)4mn(Xi y) dxdy o (I-) mn d0 0 mn•2"
0 0 m, ni = odd

Proceeding in a similar way, the other integrals o (16) arc computed,

and finally the generalized force is given by:

f
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4abPo 34 [ma, 4,
0o(1t 3i$* n q~3,Qmnl - t+ - 6- Ehab 4+ q4 n(t)

m, n odd mnrr6 a4  "4

II

or

S0.406abP [m4 n4] 3 't)
0 0 ( 1 -)-4.55 Ehab +(18)

mn = mn t+ a4  0 qmn11 m, n = odd

The generalized mass is given by

sifa sb d J a0b 2 mwx sinZ- dxdyMmn =mi f m.'nlx, y) dxdy =mi sn •Tdd
0 0 00

A nm.ab

4

or

Mmn 0.25 miab (19)

For S (Initial Tension of the Membrane) 0

j Equation (15) yields wmn = 0, and the Equation (14) becomes

""imn(t) Qmn (20)Mmin

In terms of differences

qmnlti - 1) - Zqmn(ti) + qmn(ti + 1)
-. q • • (At)2

I'I
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and Equation (20) reduces to

0. 406a1bP0[4 4

qmn(ti - 1)- Zqrnnti)+qmti+ 1) rnn (I -n -4.+55Eb [+m]q nt+)

(At) 2  0. Z5miab

or

qmn(ti + 1) 2qrn(ti) + Amn(ti) + Bmnqrn(tj) - qrn(ti - 1) (21)

where

1. 624(At) 2 PO

Amn(.ti •-irn -)

18. 20 Eh( At) M rm nlBran =_4]
i b-

2_. Determination of the Maximum Stress in the Panel

The in-plane forces N. and NY, as shown in Figure 4, are

given by

bx Eh i 2 na (a rn n .2

N xn Eh = " x ) dx (22)a a J/ f
0

Using 4rmn(Xiy), the expression given by Equation (13), the (Z2) becomes

Nxrin all sin2 qEmnlt)
4 a
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"ýa-nd the stress due to Nxmn is given by

N~ann _ £ mrr\ 2

'xrnnI h max 4 a max

The same way

max - ymn E qn- (t

ymn mrax h 4max qn(t) max

Tle maximum stress takes place in the shorter dir'ction and it is

equal to

Cmma =°'an=•E- qnt') 2 . 46E q nt
m m a n x = a / Z 7 n f)I~m ax b) M~ ) m ax 'ii.•

""" 21. L. 46E q( (23)max b m L)mý

Using Equation (21), the response of the panels was determ ned, and,

employing Equation (23), the maximum sti 'sses were obtained and are

given in nondimensional form in Figure 5.-

G. Determination of the Load on the Stringer

According to Figure 4, the reaction at • 0 is

fomn n0 Nxrn - qmnnt)

xm 0 Xt)
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but

Ehmr\i Nn~m"-•sin-Z ay q?-nlt)

and

- r(_• o rnTrx sin niry (mr_ snTry
aax aC0 a b x0 \a i b

or

RI Eh mh sin3 try q3 q (t)
x=()

- FZ7.74Eh( sin3  r qrnn(t) (24)

The same way the Ry which is the loading on the stringer, is

obtained and is given by

(n)3 3 mrTx 3• ,,5)

RI = •7.74EhG n sin -nn(t)(Iy=0Ob

The

3
RI y10ma1=;7. 74Eh n q3 nt

y 0max

In order to obtain the relative contribution of the qmn to the .R 0 max'

a typical panel was considered (a = 20", b = 8"; h = 0.03"), and subjected
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to a linearly decaying dynamic load of peak intensity equal to P1 1 psi,
1- o

and the qmn were determined when ql I reached its maximum value.

Their magnitudes are

qll =0.1619

11 3 =0.0005

q 3 1 = 0.0266

q33= 0.0183

Their contribution to the Ry = 0 max is

q31 = 4,2Z50 X 10- 6

q1 1

(3) 3q13 z 0
13

q13 =18. 8 X 10-6

3 3 56 X 10-6

4,324.8 X 1c 6

It '.s clearly shown that the contribution of the ql alone is 98.3% of the

total magnitude. On the above basis, the loading of the stringer will be

approximated by the contribution of the q 1l(t) alone, and thus will be

given by

7.74Eh in 3 . 11 3RI b3 sn q l~)(Z6)

y=0

3 3
In order to get an idea how the q 1 (t) varies with time, the q l(t) has been

plotted, for the typical panel considered previously, and is given in Figure 6.
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H. Formulation of the Stringer's Response

The stringers will be considered as fixed-end beams, as shown

in Figure 7. The modes of free vibrations are given by

L ¢fi(x) = Xi(cos kix - ch kix) + (sin kix - sh kix) (27)

1. where

1. (sin kil - sh kil)
= - (cos kil -ch kil) (28)

and

kil = 4.730

k2l = 7.853

k3l = 10.996

k 4 l = 14. 137

k 51 = 17.279

In the case of forced vibrations, the generalized coordinates satisfy

the differential equation

7 + q Q.(t) (29)" i(t) + i qi(t) = M.

where

W = (k - Frequency of free vibrations

Qi(t) =f ii(x) P(x, t) dx = Generalized force

0



I

I I

i FIGURE 7. COORDINATE SYSTEM AND BOUNDARY

CONDITIONS USED FOR THE STRINGER
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Mi = mi f 4(x)dx = Generalized mass

0

mi = Mass per unit length of stringer

The generalized force is

I
Qi(t) = f pi(x) P(x, t) dx

0

where P(x, t) is given by Equation (26) and is

7.74Eh sin3 rx 3
P(x, t) sn ba q- 1 (t)

or

S7. 74Eh 3 T

Qi(t) 4 qlh(t) [Xi(coskix- chkix)+ (sinkix- shkix)] sin3_ dx
0 1 j~ ab 0

After performing the integration, the Qi(t) can be given as

7.7 4Eh 3
Qi(t) 3 aiql 1 (t) (30)

b

where

[3 i{ -Tk + i - ( h(chkia+ 1)] +

4 (ia) + rr2(kja) + (3Tr)j

F(- cs(Tr - kia 1 - cos(Tr + kia)\ ( - cos(3rr - kia) 1- cos(31T + kia)'1

- \3./4 Z- T - ki a) + 2(Tr-+ kia) ) 14 -• 2(37T- ka) + 2(34r+kia) +

_ sinTr_-k;a) sin(T- + k)) (sin(3Tr - Ski- sin(3Tr + kia)(31)

\ Zrr - k -a ~ Z(-,+ kia)23, - kia (Tr+ka)
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The generalized mass is given by Mi mi 2i (x) dx

0

or

2

Mi = mi( [ ki(cos kix - ch kix) + (sin kix - sh kix)] 2 dx

0

After performing the integration, the Mi can be written as

Mi = miilC (32)

where

= 1 [ X(2ki.l + sinkil cos kil + sh kil ch kiý - 2 shkil cos kil - 2chkil sinkil) +

+ (- sinkil cos kii + sh kil ch kil - 2 chkil sinkil + 2 shkif cos kii) +

+ 2X, (sin2 kil - 2 shkil sin ki. + sh2 kil)] (33)

Since the generalized force, Equation (30), is given in tabular form, then

the solution of Equation (29) has to be obtained by numerical or graphical

means.

1. Stringer Riesponse

Due to continuity of the ;trirger at the frame. the ends of the

stringers will be considered fixed. The transverse displacement of the

stringers is much greater than that of the frame, and, for this reason,

the motion of the fixed ends of the stringer will be neglected in obtaining

II
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the stringer response. The dynamic displacement of.the stringer is

given by

1 . • (x , t ) = .;q i(x ) q i( t)

]! il~x [Xilcos kix - ch kix) + (sin kix -sh kix)]

]i The generalized coordinates qi(t) satisfy the differential equation and the

initial conditions given below

2(,Qi(t)

4i(t) + wiqi (t) =- M i , i(O) = i(O) = 0 (34)

1i

(q lt)3 (qll(t) 3

SThe Oi(t) = 7. 74Ehap5i and the is given in
S b 'b

graphical formT from the skin response in Figures 8, 9, and 10. Dimen-

sional analysis shows that the time scales as b (i. e. , kt = kb), and

- ~Figures 8, 9, and. 10 can be used for the same a4h/b5 for the same peak

pressure, P., and density, p, of the skin material. Equation (34) has to

be integrated numerically or graphically.

in integrating Equation (34), a numerical procedure will be used.

and its formulation is established below. The qi(t) in terms of differences

is given by

j(xi) = qi(ti - 1) - 2qi(ti) + qi(tin+ s)
(t) +=(t)0

(AtO)
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then Equation (34) becomes

2 . . . .• I • t i ) ( A t ) 2" qiti 1) 2qi(ti) + qilti i 1) = - (At)2  "c'i4 (ti) + M

\1

or

Qil ti )(60)

qilti + 1) M + [2- (At) w ] qi(ti) - qi(ti - 1)
1

or

qi(ti + 1) Ai(ti) + Biqi(ti) - qi(ti - 1) (35)

where

3 3
7.74Eh q(it) • 7.74Eh ql ir z

Aiti)a b (t) miai i b (At)

Bi (2 - (A ]

(k 1) E I Frequency of the stringer P.

E = Modulus of elasticity of the stringer's mat rial 10. 6X 103 psi

h = Thickness of skin

mi ___Kass per unit length of stringer

a Length of stringer

b Width of panel

ql 1 t) Generalized coordinate of the skin's response in the
I, I th 1iode



(At) Time interval

kla = 4.730; aI = 1.244 ; = 0.43682 ; = -1.0175

kza = 7.853; a- = 1.00088 ; PZj 0.001zl1; X? =-1.000nS

k 3 a 10.993; a 3 = 1.000000; P3 =-0.110407; X.3 = -0.99997

The moment on the stringer is given by

M -EICZ'(x, t) = - EI 2q(t); ' (x)
1 I\

EI - lqi(t) kf [Xi(- cos kix- ch kix) + (sin kix -sh kix)]

The maximum moment was found to take place at x = 0 and thus

Mmax = MIx=0 - ElE qi(t) ki (-2ki) ZEI Eqi(t) k.X-

_ 2FI •qi(t)(kia)- X* (36)
max a 1

a

The shear is given by

V = - EEI'" - L Eqi(t) ji" (x)

- *El .Zqi(t) ki [Xi(sin kix - sh kix) + (- cos kix - ch kix)J

The stringer's reaction is equal to V L =



f 36

V1  El Z qi(t) k3 (-2) = ZEI Eqi(t) ki
X x=0 i

,'. V 0 - 3 i q(t)(kia)3  (37)

X 0 a

Stringer cross sections that are considered to be typical are

shown in Figui-r The (a) has been used in computing the stringer

response using Equation (35). The effective mass per unit length of

stringer is not easily determined bccause of the unknown interaction of

the skin. For this reason, first, the response of the stringers was

determined without any interaction of the skin (i. e. , mi = mass per

unit length of the stringer), and the results are given in Figures 12 and 13.

Also, computations were made with full interaction of the skin, as shown

in Figure 14, which resulted in increasing the effective mass per unit

length of stringer by a factor of about three. The response of the stringer

was determined, and the obtained moments and stress were found about

30% smaller than without any skin interaction.

Because of the fact that an interactiou of skin and stringer exists

and is between complete and zero interaction, it is\ believed that such an

interaction will reduce the response given in Figures 12 and 13 by 15%.

Thus, if the values given in Figures 1Z and 13 are modified by -1516, they

are going to represent the true response of the stringer to within 5%0,

and this is considered satisfactory for the problem at hand. Such modified

ciirves for direct use in design are given in Figures 15 and 16.
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"Loading curves as well as modified curves for direct use in design
I I

have been obtained for peak pressure intensity Po = 1 psi and are given

ii in Figures 17 through 21.

Based on the discussion that follows, the results presented in

Figures 15, 16, 20, and 21 can be used for other stiffeners as well,

For a stringer with the same I/m. as the one used herein, the
1

frequency will be the same, and, for an increase of mi by 50% and even

100%, the moment and shear will be proportional to I and not off by more

than -10%. The bending stresses are the critical ones in a stringer; thus,

for the same I/mi as the one used herein and an increase of mi by 50% or

100%, the bending moments will be proportional to I and not off by more

. than -10%. In this way, the results of Figures 15, 16, 20, and 21 can be

used for design purposes when determination of maximum stress in the

stringer with less .than ±10% off can be tolerated.

11

5.

I.1
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J. Formulation of the Approximate Flexural Dynamic Response
of an Elliptical Ring

The differential equations of motion of an elliptical ring of constant

cross section are linear of the fourth order with highly complex variable

coefficients. Their solution in terms of known functions is inordinately

difficult and is considered to be beyond the scope of this inves'tigation.

Thus, the true modes of vibration have not been determined.

Because of that, an approximate solution is sought on the basis of

an assumed mode of fundamental vibration. A typical ell:.ptical frame of a

fuselage has been provided and is given in Figure 22. It :.s thue that the

cross section of the frame is not constant, and also that about seventy-

five percent of its length has a constant cross section. Also, the frame

under periodic loading along the circumference will deflect more in the

direction of the minor axis than in the direction of the major axis of the

ellipse. This difference in the magnitude of the above mentioned diiplace-

ments becomes greater for greater ellipticities. The increase in rigidity

at the ends of the major axis will result in a decrease of the displacements

* in that portion of the frame, and, at the same time, will decrease, in a

smaller degree, the displacements of the frame where 'the cross section

remains constant. It is believed that the ratio of the areas under the

static deflection curve for a frame with constant cross section and the

same ratio of the areas under the deflection curve for a frame with increased

rigidity at the ends of the major axis, under the same loading, and whose
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sevcnty-five percent of the length has a constant cross section, differ

but little. If the dynamic response of the const nt section and variable

section frame is considered on the basis of their\statiC deflection curve

mode, the generalized force (i. e., load times mode displacement) for

both frames will be essentially the same for both frames. If the gcneralized

mass is considered (i. e. , mass times mode displacement squared).jt will

differ very little for the two frames, because the increase in mass takes

place only on twenty-five percent of the frame length, and because the

displacement in that portion of the frame is much smaller than in the flat

portion of the ellipse. In addition, the frequency of the constant section

and variable section frames will be different by a small amount which will

cause only a slight shift ir, the time of maximum response, leaving the

magnitude of the generalized displacement sligh ly affected. Based on

the above discussion, it is believed that under the loading at hand the frame

with localized increase in rigidity and one with cohpstant cross section,

equal to the nne evisting on the qoventy -five percent of the frame with

variable cross section, will have practically the same deflec6ted shape

and dynamic response.

It is known at any deflection curve can be expressed in te~rms of

the natural modes. In the absence of the true modes, it is believed that
L\

the best approximate shape to be used as a mode would be the static

deflection curve.

ý"7



'T
The loading of the frame is concentrated, c~ming from the stringers'

reactions, and distributed, coming from the skin. Due to relatively close

spacing of the stringers, the static deflection curve under this loading

will be close to the static deflection curve of the constant section elliptical

ring under uniform loading. Such a deflection curve is not difficult to

obtain, and for an approximate treatment it is considered satisfactory.

As a result of the above reasoning, the approximate flexural

dynamic response of the elliptical ring at hand will be based on the static

deflection curve mode under uniform loading. Such a mode is shown in

Figure 23.

If it is denoted by $(s), where s is the measure of length of the

ellipse, then the dynamic displacement is given by

4s,t) = 4(s) q(t) (38)

where the 'q(t) satisfies the differential equation and initial conditions

ti~t , •q~t) Q(t)
§(t) +--q(t) - ; q(0) 4(0) 0 (39)

where w the frequency and is given by

-2 ds

I ;10 to TZ/ due to symmetry (40)

mi f h (s) ds of s))

0
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The Q(t) = generalized force and is given by

Q(t) = Qsk(t) + Qstr(t)

where Qsk(t) is the part of the generalized force coming from the skin

loading of the frame, and, using Equation (24) for m = n = 1, the Qsk(t)

is given by

33 TrS

Qsk(t) = Z 7.74Eh sin3 ;-- 4(s) dsj a --Cli

where CL and CL? are the beginning and end of the ith panel. The a

b 4 h
are given for different values of - for P.= 2 psi and Po = 1 psi in

a 5  
q )3 c r e e e u eFigures 24 through 29, and can be used as the (\'- curves were used

for the stringer response.

The Qstr(t) comes from the stringcrs' reactions , and, using

Equation (37) with only the first mode, which is suficient in this problem

as is shown in sample calculations, the Qstr(t) is given by

Qstr(t) 2= 2 • V= E3I ql(t)(Ikla)3+ (alI )
x=L0 i a

Then

5:-

Qstr(4 27.74Eh(7-- J sin3 -4b(s)ds +

a al
4EI- ql(t)(k a) 3 (ý(ati (41)

a
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The M generalized mass, which for constant cross section is given

by

M m 4)(s) ds (4Z)

e o

where

mi. Mass per unit length of frame

The numerical integration of Equation (39) reduces to the difference

equation

Q(t.) (tz÷[ Z~l]I

q(ti+ 1) (At) + [2 -(At) q(t) - q(ti - ) (43).
M

with q(O) q(I) 0

~\

where S ' :1
(At) Time interval

Then the maximum bending stress is given by

r max Mmax T

but

3 2ZO(s~t
Mmax = -El , - El - q3 lax(t)

max (Is max

p. 0s"Os2-N



6Z

or

- - Ec z q qmax(t) (44)
max a sax

K. Dctcrmination of the Dynamic Response of a Typical Elliptical
Frame

The typical frame considered, with the attached stringers and skin,

is given in Figure 30. Considering the loading coming from one side of

the fra.ne, duiiatensity of 2 psi and with positive phase duration

of 1 sec, the maximum bending stress was deter, ined to be equal to

"d -93, 200 psi

L. Comparison of the Order of Magnitude of the Static and Dynamic
Stresses and Additional Static Deflection Curves

The determination of the maximum bending moment in an elliptical

-ireg under uniform static p,,sstzre is given by S. Timoshenko. * This

moment, for the geometry considered in the previous case,, is given by

0.870 Pb , where P is the uniform load intensity on the frame, and b is

half of the minor axis of the ellipse.

If P (2)(9) - 18 pli (i.e., half of the panel load per length of

frame), then the maximum static bending stress would be

c I . 505
st =M 0.870(18)16) 0 147 41000 psi

"IS. Timoshenko, "Strength of Materials," Part II, Second Edition, p. 90.

;!
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Thu sarn frame was considered undter uniform dynamic pressure of pe!ak

intensity P 0 = 18 pli, and the maximum dynamic stress obtained was

found equal to 73, 000 psi. Thus, the ratio of the maximum dynamic

to maximum static pressure for peak intensity equal to the static load.
73, 000

intensity is equal to 41,000 - 1.78. It should be observed that the

frame under consideration is not loaded uniformly, and that most of the

loading is a concentrated loading coming from thý stringers' reactions.

For such a loading, the 0 d would be greater than 7 ,000 psi, and, thus,

compared with the dynamic bending stress obtaine'd in the previous

section (i.e., Gd 93, 200 psi) results in a check on the olrder of

magnitude of the obtained maximum dynamic bending stress.

Static deflection curves have been obtained for a/b equal to 2. 5

and 1, 666. They are given in Figures 31 and 32 and can be used for any

a and h of the same ratio.
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M. Sample Calculations

In this section, the response of the skin, stringer, and frame

shown in Figure 30 will be considered in detail for peak pressure intensity

of PO Z psi, and positive time duration t+ I sec.

1. -STRsponse

The generalized coordinate of the S4in response is governed

by Equation (21) given below

3qmn(ti + 1) = Zqmn(ti) + Amn(ti) + Bmnqmn(ti) - qmn(ti - 1)

whe re

l. 624(At) 2Po ( 0 ti)Amn(ti) = i" - t•

18. ZOEh (t_ ,4 n 4 1
ýMn Fr a

For

E 10.6 X 10 6 psi

h 0. 03 in.

PO -= psi

At 0.0001 sec

a 18 in.

b = 4 in.
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Thc

mi 7.42X 10" 6 lb in" sec.2

BI1  - 30. 5435

B 2 =,468. 068
13

B3 1  - 36. 4877

B3 3  Z =, 474. 0196

The Amn(ti) have been computed and arc given in-tabular form in

Tables 1, 2, 3, and 4 where the numerical integration of Equation (21)

is performed for the determination of the generalized coordinates qmn(t)

The maximum stress in the skin is given by Equation (23)

Tmax = { Z .46E(2) q~Mn(t)b ~max

ur, ý.Fingthe results obtair.ed in Tables 1, 2, 3, and 4, the

.---- 2-•q6 (10. 6 X 10 61 2

.... •max 6 106){ (0.08376)2 + (3)2 (0. 00523)2 + (0. 03865)2

+ (3)2 (0. 009306)?} - 15,600 psi

2. Stringer Response

The generalized coordinate of the stringer response is given

by Equation (35)

qi(ti + ) Ai(ti) + iqi(ti) .qi(ti -11
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wh(; re

Ai(t 1) 7. 74E hib
Ailti) Miai

and
2 2

Bi [2 i (At)2]

The Ai(t) are practically proportional to Pi and t Us the A 2 (t) is negligible

compared to Al(t). The Al(t) and A 2 (t), as well as the B1 and B 2 , are

computed and given in Tables 5 and 6 with the nunrerical integration of

Equation (35) for the determination of ql(t) and q 3 (t). The Il(t) and q 3(t)

are given in Tables 5 and 6, and" it is clearly shown that the contribution

of q 3 (t) in determining the dynamic response of the stringer can be

neglected, and, by doing that, the response obtained is slightly on the

conservative side.

Thus, the maximum bending moment and shear at x - 0 as

given by Equations (36) and (37) reduce to

Mmax = q max(t)(kla)2 Xl (45)
aý

V q1  (t)(kla) 3  (46)max a3 ql max~tx -0
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TABLE 6. DETERMINATION OF q 3 (t)

(1) (2) (3) (4) (5) = (1) + (3) " (4)
t-scc A 3 (ti) q 3 (ti) 1.6207 (2) q 3 (tý - 1) q 3 (ti + 1)

0 X 10- 6  0 X 10- 6  0 X 10- 6  o0X 1o0- 6  0 x 10- 6

0.00020 0.2544 0 0 0 0.2594
0. 00022 0.44 0. 2594 0.4204 0 0.8604
0.00024 0.64 0.8604 1. 394 0.25S4 1.7751
o.oooz6 0.84 1.7751 2.877 0.8604 2.857
0.00028 1.04 2.857 4.6303 1.7751 3.895
0.00030 1.206 3.895 6. 3126 2.857 4. 6616
0.00032 2.000 4. 6616 7. 555 - 3.895 5. 6600
0.00034 3.2 5.6600 9. 1732 4.6616 7.7116
0.00036 4.6 7.7116 12. 4982 5.6600 11. 4381
0.00038 6.8 11.4381 18.5377 7.7116 17,6261
0,00040 9.16 17.6261 28.5666 11 4381 26. 289
0.00042 12.00 26.289 42.6066 17.6261 36.9805
0.00044 14.80 36.9805 59.934 26.289 48. 445

0.00046 18.40 48.445 78.5148 36.9805 59.934
0.00048 22.40 59.934 97. 135 48.445 71.090
0.00050 27.25 71.090 115.216 59.934 82. 532
0. 0005? 32. 80 82. 532 133.760 71.090 95.470
0. 00nr4 38.4 95. i70 154. 728 82. 532 110. 596
0.00056 43. 2 110. 596 17q. Z43 95.470 126.973
0.00058 49.2 126.973 205.785 110. 596 144.389
0.00060 54. - 144.389 234.011 126.973 161.248

" -0-.00062 58.40 161.248 261.335 144.389 1'-. 345
0.00064 62.4 175. 345 284.1816 1ý61. 248 185. 334
0.00066 64.8 185. 334 300. 371 1'75.345 189.826
0.00068 67.2 189.826 307.691 185. 334 139. 517
0.00070 67.6 189. 517 307.150 189.826 184.924

* t
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For the case under consideration, the

2(10.6 X 106) 1(0. 0244)(4.73)2(-'
Mmax 1 8 ) -364 X 101

Mc

Tmax - 364 X 10 2 (0. 614) = 22,300 psi

(from the loading of one panel)

and

2(10.6 X 106) (0.0095)(0.0244)(4.73)3 896 lbVIx= 0  (18)3

I max

(from the loading of one panel)

3. Frame Response

For the frame, under consideration, t~e mode shape to be

used has been determined and given in Figure 33. Jbtaining (qll/a) 3

from Figure 24, ql(t) from Table 5, using the mode given in Figure 33,

and using numerical integration, thew, Q(t) and M given by E•quations (40),

(41) and (42) have been computed, and then Equation (43) was integrated

to determine the generalized coordinate q(t).

The numerical integration of Equation (43) is given in

tabular form in Table 7. Then the maximum bending stress is given by

the Equation (44):
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2 -max -Ec -sz ma x qrnax(t)

The is maximum at a 0. The origin of the curve on Figure 33 4.
8S2

has been replotted in larger scale and is given in Figure 34. Numerical

differentiation yields

a:1&,('o) 24(As), -,4(o) 2(.o0.080) 21--0.0825) 0.01185

as- " (As)' (0. 615)?-
A11

Then

Irmax-10. X 106(1. 505)(0.01185)(0.49Z5) 93,200 psi

(from the loading of one side of th frame)

SH

Hs

Ii\

\i

. .
1I
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