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Equations are derived for determining the
direction cosines of a plane or spherical wave
front by assuming the arrival time at each
microphone in an array to be an independent:
observation and requiring that the sum of the
squares of the corrections to the individuesl
recordings be a minimum.

In addition, the effects on the direction
cosines and/or the time arrival errors result-
ing from considering speed of sound varietione
(profile) with height are also considered.

: In particular, five examples were considered
for different profiles, none of which were extrems,
and resulted in direction angle errors as large

as two degrees and apparent time errors on the
order of .0l second.
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INTRODUCTION
Various publications appear in the literature /1, 2, 3/ in which

methods are presented for determining the direction (azimuth and elevation)
of propagation of a sound wave. Only a few attempts are made to correct
for timing errors and, in general, no attempt is made to correct for wind
and temperature varisations within the array. This 1s probably because of
the assumption that the variations due to timing inaccuracies are greater
than the meteorological variations. Dean /L7 recently presented a least
squares method for determining the direction cosines of the wave by mini-
mizing the effects of timing errors.

The purpose of this report is twofold: (1) to present a general
derivation of equations that can be used for determining the.diredtion
cosines of a plane or spherical wave front when considering the vertical
meteorological profile over the earray and minimizing the time errors; and
(2) to present the results of several exsmples in which wind and tempers-
ture profiles over the array are considered.

DISCUBSIQON
A least sqQuares solution and a linear solution are derived for

determination of the direction cosines of a plane or spherical vave travel-
ing within a sound ranging array where the meteorological yparamsters vary
as a function of height. The solution is based on but not restricted to

a sQuare array of four microphones, one at each corner of the arrsay. All
computations of examples presented are referred to one of the microphones
of the array as a base.

Vertical profiles of mete -~~~ ~=2" Zata (in some cases hypothetical
and in others actual) were introduced into the equations and the time of
arrival of a plane wave front at each microphone was obtained. Using
these times and restricted meteorological data (surface data only), an.
inverse set of direction angles was obtained. The difference Dbetween
the twvo sets 1s considered the error due to neglecting the total vertical
rofiles. (Examples are presented which reflect the order of magnitude
of these errors, but unfortunately no data were available which would
reflect extreme errors.)

The observation equations used in the following type of adjustment
are based on the assumptions of the so-called "direction" method of
geodesy [5/. Each time recording is trested as an independent obser-
vation, and the sum of the squares of the corrections to the individual
recordings is to be made & minimum. A single time, however, taksn by
itself determines nothing, for if each of ths recorded times be changed
by a constant emount, the new set has the sume significance as before.
The effect is simply a change in zero time, which is purely an arbitrary
matter. If a set of time corrections for an array has been determined




in any manner and the mean of these corrections is not zero, the sum of the
squares of these corrections can always be diminished by subtracting from
each correction the mean of all the corrections so that the algebraic sum
of the reduced corrections is zero. Hence in any least squares adjust-

ment of the time recordings of an array, the algebraic sum of the time
corrections must be zero. To allow for this change of time base orsfor

a8 constant correction to all recorded times in an array, an unknown constant
correction, w, enters into all equations expressing the results of obcer-
vations at an array.

As is usual in this type of derivation [§7, the observation equation
will be written

t; +dty -t +w-vy=0 (1)

vhere: t§ is the actual (observed) time of recording at the :lﬁ-13 station,

ty is the computed time of arrival at the iJf’-E station,
ity is the change in recording time at the iEB station due to

a ¢mall change in the direction cosines 1, m, n of the wave-front
(cubject to the condition that 12 + nf + n% = 1),

w is a constant time correction for all stations of the array,

th
t vy is the residual at the i— station. It is the sum of the squares

i the vi' which is to be made a minimum.

ince the origin of time is arbitrary, time can be measured conven-
ilently from any recording, and for this station the arrival time and the
alculated arrivael time will both be zero. Also for this station, as
‘arn te seen later, v w.

T'he basic equation connecting time and direction cosines will first
ve developed for the simplest of all possible cases, that of a plene
wave propagated at a constant velocity in e still atmosphere, and later

11t'ied to more complicated cases.




If a plane vave (unit normal having direction cosines 1, m, n)

passes Station F at time tg = tf = 0 and is propagated with a speed c,

its calculated time of arrival at Station I will be

-‘l - ’ - - 0 o =
ty =2 (xi_ xf)1+ (Yi Yf)m+ (zi Zf)n + 13 (tf o). (2)

Here X, Y, Z are station coordinates. Since n is a function of 1 and m
(n =Vl - ¥ - m*), substituting in the sbove equatlon leads to:

o =% (X, = Xp)i+ (Y, = Yr)m.'x —(zi . 2) (L - 12 . )t (3)

Th4s is not linear in 1 and m. Exparding in a Taylor's series about an
assumed set of direction cosines (103 m no),'noting that

n=mn - (Lo/no)dl - (mb/no)dm,
and (Just to reduce the rpumber of terms) setting

(Dyply = (X = Xp)ip + (Y, = Yp)m + (2, = Z,)n

(Byg)y = (X, = Xp) = (2g = 201 /ng (k),(ka)*
(Fip)y = (Y, = ¥,) - (2, Z,)m /o
gives
b ¢ Aty =g (D) v T (B )AL 2 (F, ) da (3)
Note that for any given ieast-squares adjustment (Dif)o’ (Eif)o, and

(Fif)a will be numbers depending only on the station coordinates and
the assumed directivn cosines, but must be recompuied for each itera-
tion. Substituting back into equation (1) gives

1 .
E- tn- : (6)

1 1
vimvH g (B a2 (Fp)dm st (D), - 4]

i

* For the set of "a" equations vhich begin on page 5 , equation (ka) 1s
the same as equation (k).




These equeations contsin w which is of no importance in itself. being
simply a constant correction to all times. Since the sum of the v{’s is

to equal zero (N = number of stations)

o 1 AN (5 p - (°) =
L VWt E;(Eif)odl + CZ(Fif)odm + cz(nif)o Z(ti) =0 (7)
1 — < ' _] l\—‘ Q
HoSCoN [ J(Biplott ) (Fiplydms ) Dy jvf, Y @

Substituting (8) into (6) gives the reduced observati on equation:

v, = 1,41 + M dm + K, (¢)
where i
== 2lEme) - %EEif)o]
K
M, = 2, - § H(Fygds]
K, = 3((D,0), '%_(Dif)o] - (19 - %‘jtg). (10)
As before, Ki’ Li’ Hi are sets of numbers, one triad for each sﬁation,

which depend only on the initial conditions and must be recomputed for
each iteration. From here on the usual solution scheme is used. In

Gaussian notation the normal equations are

{LL]dl + [IM]dm = - [IK]
[IM]dL + [MM]}dm = - [MK] (11)
and by Cramer‘s Rule:
gy o Ml K] - [Tk] [mw]
(Lr) (MM] - [(IM] [IM]
m o KD (1] - [Mx] [Ln]
(rr) fmM] - [1M) [IM] (12)




A new set of direction cosines is calculated from
' -
lo lo + dl
m'=m + dm
o o
LI - 1)y _ 1)2 1%
nl =% [1-(11)%- (m)®)%. (13)

Equations (4) and (10) are used to set up new observation equations
(9) and the process repeated until dl and dm are negligible. Then v
is calculated from equation (8) and the v,'s from equation (6).

To derive the equations to take into account a wind of constant
velocity, W, parallel to the earth's surface, assume W = 8,1 + 8yJ. This

will reduce the difference in arrival times at Stations I and F by

t
1
== (s, 1 + Syn) since t, = 0. (1a)

Then equation (2) becomes

t
t, -% [(X, = X )1+ (Y, - Y)m+ (2, - 2.)n] - (-E-i-)(le + 88).(20)

Solving for ty and substituting for n, gives

t, = 1 [(xi-xf)l + (Yi-Yf)n + (zi-zf) (1-212. l’)*],(}a)

1 c+S14+8m
X Yy

This again must be linearized. Letting

Co = C + leo + sy‘o (lh),(lk"l)ﬁ

* For the set "a" equations which begin on this page, equation (1lha) is
the same as equation (1h).




then

1 (Eif)o (D), -
a1 ,m ,no Co c 2 X
3, i (Fop) (D) 5
om A ,n co Co y
r(E
t, 4+ dt, = Léf" 1f° Jdl-r
_(r“)o i (Dii)o s, ]a. . [(D“)o ] . (5a)
- C, c, Cy
Letting
r(E,,) (p,,) (E (p,,)
£ 12
L, .__cu-c_‘%x]_i[ (i:fo_ 1rox]
0o Q
r(r,,) (p,,) 7 (r,,) (D,,)
“1_cifo_ £og 'i[ 1t’o 1:osy]
- co - co cc)
(p,,) (p,,) T 1
Xy = [Tii'g%vz Lo - -3y ] L
(] -]

substitut (S5a) in equation (1), and eliminating v, we again get
equation (9

v, = I.id.l + Nidl + Ki.

Froam here on equations (11), (32), and (13) carry on the solution.

The assumption of a constant wind velocity is, in general, unrealistic
since it is a function of bdoth space and time. Zowvever, whatever m func-

tions ! and By vere of time and space; there must exist a (w’)

(B')”i + (IO)“J. that comstant wvind velooity whieh would have the same
(3




effecet as the varisble wind during the test. [fareriheses and subsaoripts
have been added to indlicate that these are to be tres dbezxt estimates of

the "average" wind velccity components during the time ir'erve’ (t?; Ti)

and over the path the scund ray travelled to Stetien 7. If Sx and Sy “re
considered to be functioms of height (') cply, then, ic a first sxprofimac
tion

s;:%f Sy(h)d.ho (15)

If 21t 'is desired to modify these equatirns with ~orrecticus for
wave~front curveture, then informaticn must be obtulired regarding the
change in dlrectioxw zusines cver the erray. The slmplest wsoumpticn
would be that the wave front spreads out frem & peint in space (X,Y,Z).
Then the direction cosines to Staticn I would be

cosa, = 1, = (X,~ X}/R,
cosp, =m, = (Y~ Y)/Ri (16)
cosy, = n, = (2, uZ)/Ri
where , 3
Ry = [(X - xl)2 + (Y - Yi)2 + (2 - zi)?-] ‘ (17)
Setting
li = lf + ALi
mi = mf 4+ mif (.L8)
Ry =ifg+ A,
then
A ) X1 - X i Xf - X
ir Ri Rf
Y, - Y Y, - Y
1 £
Amif = R = R '\.‘oQ)
1 f
Z1 - Z Zf - Z
TN I L . = .
if R R
i e




To apply this model it will be necessary to determine either an R
or e point X,Y,Z and calculate the Ali% s Am'; , and Anig' Then

equation (4) will be evaluated for each station with respect to the
chosen base station. This will result in

(nn.)oi - (x, - xi,)(lo + Alir) + (Y, - rt,)(no + Anil,) +

(zi - Zf)(“o + Anif)

(E,,) X, - xr) - (zi - Zf)(lo + Alu.)/no + An“) (kb)

12701 = ¢

(Fielog = (Yg = ¥p) = (2, = 2,)(m, + om,)/n, + n, )

where lo’ mo, no are nov the assumed direction cosines at the base
station (Station F).

Then equation (Sa) will be changed to

(E,,) (p,,)
t, + dt, = [_;.f_ei - _:‘_iﬁ(sj?)“]u n
ol ol
r,) D,,) D,,)
[‘_u_i i ‘_ir_oa(s;)ﬂ]d. . [imi.] ()
) o1 c:t ) coi
vhere
Cog = C + (s;)“ (1, + Alir) + (s:;,r)1r (-o + An“)o (1kp)

Equations (10a) become

[(Byplgy  (Dyplgy 1.1 [(Bygloy  (Pagloy T
e - Co1 ; c::. (Bg)“'l.nﬁ - Gt ) ol (Bg)“-
v - ((Fiploy (D;r)oi(s,) ]_és"(’ir)oi _ (D;r)gi(”) )
¢ Loy Cgy Yl A&l Gy *
(Dyploy 1T (Pygloy 1
K - [—c'f’- - 32—%—:’-]'[*‘2 AR




and again substituting (5b) and (10b) into equation (1) we get
v, = Ll + Mdm + K. (9)
After solving for dl and dm using equations (11) and (12) we mow have

1, = lo + Alir + dl

mi = m.D + Amif + dm

Ql-lz.-mz. .
4

L

=]
]

For L = £ this gives

n=\]l~l‘;;--m§ .

These will be the new esssumed direction cosinres to be put back into
equations (4b).

When the iteration has reduced 41 and dm to a negligible value,

gr Mys and n, will be the direction cosines of the vave~-front at

Station F. If the direction cosines at ancther station are desired,
they can be computed using equations (18).

1

Other assumptions regarding the curvature of the wave-front can be

put into these equations by redefining Alif’ Amif’ and.A.n1f in equations

(18) and (19). The form of the equati ons fcllowing will not be changed.




EXAMPLES

In the presentation that follows it has been assumed that the wave
front when at the first microphone is plane, but changes orientation as
it passes over the array. This results because the speed of sound over
the array is not constant with respect to elevation. Using a modifi-
cetion of equation (2a), ti is determined for three microphones relative
to the first. In turn, these values of ti along with a "local" speed of
scand are used in equation (2a)' below to calculate the direction cosines

which are then compered with those initially specified.

Equation (2a) is rewritten as
(X, - X1+ (Y, =Y )m+ (2, - 2)n - (C+51+ Sym)ti =0 (2a)'

vhere C is the speed of sound due to temperature only as a function of
height; Sx and Sy are wind components in the X and Y directions
respectively, as a function of height.

Letting

¢(h) =¢ +ch
1 2

s(h)=a +ah
X 1 2

h)=bd +bh
sy() L Ry

(2a)' can be written as

e

. Y, + nZ tir +ch+ 1(a +ah)+md +bh)ldt =0 (20)
_in+mi ni- Lcl 02 g al 8.2 +m 1+ 2_| =

o
where

to-o,mdxf-yf.zf-OO

This can be simplified by using the average values of C(h), Sx(h),

and Sy(h), i.e.,
~ 1 ’nh 02h
c(h) = )_‘s./o (cl + czh)dh -c + ST

~ 1 h ah

S(h)-—f (i +8n)dn =% + 2.

X h 5 1 2 1 2

~ 1 /n Yh

S(h)"ﬁf (b +bh)dh = b + &

y ° 1 2 1 2

10




Then equation (20) reduces to

¢ hi a hi b hi
1X, + mY, + nZ, -|c + R~ 4+ 1(a +-2=) + m(dp +-2)| ¢, = 0.
i i i 1 o 1 5 1 2 i

Combining like terms, the above reduces to

Ux, - t,(a +_=)4+my -t (b +-8&=)+nz, -t (c +-8=) «0.(21)
i iV, 2 i i 2 i iy 2

Equation (21) contains four unknowns, 1, m, n, and hi' For a square
array of microphones as shown in Figures 1 and 2, hi can be determined

and written as

4
h = i (22)
Cta(y - 3) + Ctn(x - 7)
vhere
d1 = I, Sin B (L is the length of the side of the square)
d =1L Cos B
2
a =L\f251n(§f+3) = L(Cos B+ SinB) =d + d
3 1l 2
B = tan ? (—g) (Figure 3).
if

angle B = angle A = {'f, then d = d_ =‘é,—-?- Land d = LJ2.

Substituting the value of h, (where 1 = 1, 2, and 3) into equation
(21) reduces it to three unknown5, 1, m, and n. Having three microphones
to work with will give three equations in three unknowns, i.e.,

0
0 (23)

1A +mB +nZ -~ C
1 1 1 1

1A + mB +nZ - C
2 2 2 2

"
[e)

1A +mB + nZ -0C
3 a 3 3

where

>
]
(24

a.hi
xi "(a1+ 2 )

b h
=Y, -(b + =)

o]
|
ct

: chi
-
(c1+ 5 )ti

Q
[}




A\ (L,0,2)

(0,L:2,) (L,L,z,)

FIG. |
VIEW FROM ABOVE




R

ha

(00,2,) (L,0.2,)

€Lz

FIG. 2

13




FIG.3

A is the angle the wvave front makes with the y-axis.

B is the angle the wave front makes with the x-axis,

mn-%:-g—ou\--‘?-n ON is normal to the wave front
and is unity,
mn-—‘(:::—:%-orl--—;—-A OM is a projection of the normsl

onto the xy-plane,

i




and. hi is equal to equation (22),

‘Yalues for 1, m, and n may be obtained by a simmltaneous selution
of equations (23).

One should note that instead of using the linear form, one could
use 2 higher order polynomial, i.e.,

Ch) mc +ch+ch®+ + 4 ch®?
’ 1 2 ] n

nel
h) = + h + h* 4+ « ¢ o ¢ h
S (h) = a a a h? 8

S(h)=b +bh+bh® 4+ + 4 pnt?
Yy 1 2 s n

The use of an n order polynomial may be necessary to represent the
meteorological data. Ai’ B 4 and C 4 above could then be wvritten as

2
ah "nh 4

‘hi s 1
Ai.xi-(a1+f+—3—+ <ot = )ti

n=-1

bh, bn?® bnhin"
Bi-Yi-(bl+-‘-2 +-9-—3 + e )ti
\
ch ¢ hi2 e hin‘l
ci - (c + .-a— -+ 4—— + LA —L—- ) t .
1 2 3 n i
Equation (21) can be written as pel
a 2:11 .'nhi
1[xi-(ul+-1é—+o-u+-—n-—-)ti]+
LR bnhin"l
l[!i-(b1+-gb+°--+ = )t1]+
c b cnhin'l
- o3 e o o e . » 2 [ ]
nZ, (f.l + -3~---2 + + = ) t, 0 (21.4)

15
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CONCLUSIONS

The equations presented in this report are readily adapteble for
studies of both plane and spherical waves for different meteorological
profiles, but are necessarily more complicated than most conventional

methods [3/.

Results of five selected examples (see Appendix A) show that errors
as large as two degrees occur in the direction es of a plane wave
if one ignores the total vertical meteorological (wind components and
temperature) profile, i.e., to a height h, as shown in Figure 2, within
the array. Possibly even more significant is the finding that when
assuning a plane wvave and neglecting most of the tqtal vertical profile
(only the lowest level meteorological data were used), there were
apparent time arrival errors as large as .0k second.

Even wmore important is the fact that these results do not reflect
the extreme errors, since extreme profiles were not counsidered.

16
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APPENDIX A

Results of five examples are presented in table form.

All colums will be denoted by the number of the column in
parenthesis and interpreted as follows:

l. Original selected direction cosines and azimuth
of a plane wave.

2. See Figure 1.
3. Heights at which meteorological data are available.

4. East-west components of winds for heights in (3);
(East is plus).

5. North-south components of wind for heights in (3);
(North is plus).

6. Speed of sound as & function of temperature only
for heights in (3).

T. Arrival times calculated by using values in
colums (4), (5), and (6) in equation (21l.a).

8. Angles: Using t; of (7) and Sxo, Syo, and Co
of (4), (5) and (6) in equation 21.2 for obtaining angles.

9. Times: Using 7. P. of column (1) and ‘.,

5 Co» from columns (k4), (5), (6) in equation 2l.a.

yo?
10. Time arrival errors: (9) - (7).

11. Direction cosine errors: (8) - (1).

19
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