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\    ABSTRACT 1 

This report consists of the derivation of approximate analytic solutions 

to the interior ballistic equations of cartridge-actuated devices. A unique 

feature of the system is that linear burning rates need not be assumed. The 
solutions are presented in graphical form, thereby permitting the rapid solu- 

tion to a variety of ballistic problems. Several sample problems are included. 

A complete list of the types of problems discussed is as follows: 

A. Detemination of maximum pressure and ejection velocity for given pro- 

pellant loading. 

1. Linear form function 

2. Quadratic foim function 

3. Horizontal and nonhorizontal firing 

4. With and without covolume correction 

B. Determination of grain design parameters to yield given performance 

requirements. 

1. Given maximum pressure and ejection velocity 

2. Given maximum pressure 

3. Given ejection velocity 

C. Determination of ballistic effects of small changes in: 

1. Mass accelerated 

2. Impetus 

3. Charge weight 

4. Web size 

5. Burning-rate coefficient 

6. Chamber volune 

7. Stroke length 

8. Cross-sectional area of tube 

D. Design of a scale model to reproduce ballistics of a larger cartridge- 

actuated device. 

IV 

• • * 
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INTRODUCTIQN 

In experimental work with catapults and other cartridge-actuated devices, 

it is frequently desirable to be able to predict the maxünum pressure and 

ejection velocity for a given loading with a minimum of ccnqputational effort. 

The interior ballistic performance of a cartridge-actuated device is governed 

by a system of non-linear differential equations which can only be solved by 

tedious,  time-consuming numerical methods.    Indeed,  a single solution by such 

methods often requires as much as eight or ten hours using a desk calculator. 

Although many short methods have been developed for the determination of maxi- 

mum pressure and ejection velocity,    fb-g)1 the assumptions upon which they are 

based,   e. g.,   linear burning rates,  neglected energy terms,  etc.,   quite often 

lead to errors of considerable magnitude in cartridge-actuated device applica- 

tions. .     ' ■■ 

It is also desirable to be able to solve the companion problem,   i. e., 

the charge weight and grain dimensions required to proiuce a given maximum 

pressure and ejection velocity.    As far as is known,  until this time no non- 

empirical method has been developed for solving this problem directly,   it 

being necessary to employ a nonconverging trial-and-error process. 

The purpose of this report is to provide a simple but accurate solution 

to both types of problems.    A typical calculation using the methods developed 

here can be completed in about 15 minutes and requires nothing more than 

training in high-school mathematics.    Results appear to agree to within 5 or 

6 per cent of those obtained through numerical integration,   although an 

exhaustive comparison of results has not been made.    Simplifying assumptions 

are introduced which permit an analytic solution to the ballistic    equations. 

The results are presented as families of curves relating certain dimensionless 

variables.    Numerical examples are then presented to illustrate the use of the 

curves in solving the types of problems. 

betters in parentheses indicate references at end of report. 
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The nomenclature used here has been made to correspond as'closely as pos- 

sible to that employed .in a previous Atlantic Research Corporation report pub- 

lished in 1958 (i) .■   Particular attention sViould be given to-the units 
assigned to the parameter's.    These are included along with the natnenclature  in 

Appendix G. "        "       '   . '  '. 

CAD. 

For brevity, a cartridge actuated device is hereinafter referred to as a 

IHNDAMEWTAL EglATIONS 

The equations presented in this section are for the most part derived in 

the report (i) cited above. They are included here to emphasize changes in 

notation and to make this a self-contained report. The basic equations are 

divided into two groups, those applicable during propellant burning and those 

applicable after the propellant has been consumed (after "burntV). ■ 

A. During Burning 

1. The'Equation of Motion of .the load.equates the net force on the pis- 

ton to the mass in motion times the acceleration, as follows: 

M-. r/-£•,«,,,£ ||,- (1.1) 

where ps  is the pre'ssui« on the base of the piston,   A is the cross-sectional 

area of the piston,  Ff is the total resisting force due to friction,  u is. the 

gross accelerated mass, g is the acceleration due to gravity,  --  is the fac- 

tor for converting pounds of mass to slugs,  6 is the' angle "Of launch measured . 

from the horizontal, x is the distance traveled by the piston,   and t  is the 

time measured from the beginning of motion of the load. 

2.    The Equation of State is the relation between the pressure,  density, 

and temperature of the propellant gases.    The Abel equation which applies with 

sufficient accuracy for most CAD's may be written, 

[-1 12 Ac + tfj 
C~ iv -*] *12 NRT (1.2) 
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where p  is the space-average gas pressure, 0*  is the initial free volume 

available to the gases, £ is the mass of propellent burned at time t, 77 is 

the covolume factor, p  is the density of the solid propellent, N  is the num- 

ber of moles of gas per unit mass, R  is the universal gas constant, and T is 

the space-average gas temperature. The factor 12 is introduced to correct 

for the inconsistent units employed here as in roost interior ballistic sys- 

tems. 

3. The B»igy Balance Equation, assuming no gas leakage, states that 

the total energy lost by the propellent gases is equal to the kinetic energy 

of the load in motion, plus the potential energy of the load, plus the 

kinetic energy of the propellent and propellant gases, plus the energy lost 

through heat transfer through the CAD walls, plus the energy dissipated in 

overcoming friction. Thus, 

V(JV - « = i- (31) togx sin 8 + 

"77 Bp +Eh f Ffdx (1.3) 

where Cv  is the average constant-volume specific heat of the propellant 

gases over the range of temperatures in the CAD, Tv  is the constant volume 

flame temperature of the gases, Ep  is the kinetic energy of the propellant 

and propellant gases, and Ef,  is the energy lost through heat transfer through 

the launcher wall. 

4.    The Burning Rate Equation of the propellant expresses the propel- 

lent burning rate as a function of the space-average pressure. The follow- 

ing equation fits the experimental data of most propellants. 

r = Bpn (1.4) 

where r is the propellant burning rate with dimensions , n is the 
time 

burning-rate exponent with a usual range of 0.2 < n <  1.2, and 5 is a con- 
» 

stant of proportionality. 

• 5. The final relation required is the FOnm Function of the propellant 

grain. When a solid propellant burns, all the uninhibited surface recedes 

at the same rate assuming simultaneous ignition-of all surfaces. Thus, there 
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is a simple geometric relation called the form function which relates the 

mass of the propellent burned at  any time to the distance burned through the 

grain at that time.    Most propellent grains presently in use have a cubic 

form function of the type 

C = Aj L + A2 L2  + A3 L; (1.5) 

where A,, A,» A, are constants depending upon the geometry of the grain, and 

L is the distance burned through the grain. (See Appendix A for a discussion 

of the fom functions of some of the more common grain configurations.) 

B.    After Burnt 

Let Z be any one of the variables. The value of Z at grain burnout will 

be denoted by Z^. Lfr will be referred to as the "web",1 and C^ as the charge 

weight. After burnout, the ballistics are governed by equations (l. 1), (1.2), 

and   (1.3)   where C is  replaced by the constant C;,. 

II.    DEVELOIMENT OF THE EQUATIONS OF MOTION AND ENERGY BALANCE 

A.     Kinetic Energy of Propellant  and Propellant Gases 

The motion of the propellant  and propellant gases   is described by the 

usual partial differential equations of fluid flow.    The  solution,   however,   is 

entirely too cumbersome to be  included in any interior ballistic    system.    An 

approximate solution developed by Kent2   is used in most systems. 

1Some interior ballisticians define the web as the minimum distance between 

the  initial surfaces of the grain.     Using this definition,   the web   is 

usually equal to SLj,.    Care should be taken so as not to confuse the two 

definitions. 

2See reference   (b),  pp.   141-147 for the derivation. 

4 
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According to this solution, the space-average pressure is related to 
the pressure on the base of the piston by the expression 

*-(*♦£)*. (2.1) 

where or is a constant depending upon the ratio C^/w, with a usual value of 

about 3. The kinetic energy of the propellant and propellent gases is related 

to that of the accelerated mass by 

(2.2) 

The value of the ratio Cj/ow for most CAD's is of the order of Iff1*.    Hence, 
little inaccuracy is introduced by setting ps .= p in equation  (l. l),  and 
Ep = 0 in equation (1.3). 

B.    Friction Energy Losses 

The friction force, Ff,  is assumed to be a constant percentage of the 
pressure on the base of the piston, ^s.     (See reference (b), pp. 8-9 for Justi- 
fication of the assumption.)    Let the constant of proportionality be 

M 
becomes __l__ . then, since ^s = P,  equation (l. 1) 

1 T A | 

(2.3) 

The assumption of proportionality also permits the evaluation of the 

integral   / F  dx in equation (1.3).    Let v = 4f,  then 

r*' ' e*' 
j • V = h ]     (~J = ■■£•   (v«  + 2 gx sin 6). (2.4) 

Setting (l + K^} ui = ui^, an "effective mass" being accelerated, equations 

(1.1)   and (1.3)  simplify to "*••■ 

PA -t (a*,.1*0) 
5 

(2.5) 
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and 

CVC (Tv - T)   = gk-   [v2  +2 gx Bind)   + Eh (2.6) 

The value of Kl   is usually obtained empirically from eject ion-velocity 

data,   and an integration of experimental pressure-time curves.    It follows 

from equation  (2.3)  that 

/" (l +  K, )u) 
(2.7) 

where subscript m,  here and elsewhere,   denotes values at the completion of the 

piston stroke.    Rearranging equation  (2.7),  the value of Kl   is found to be 

*./*- ■pdt 

K,   = i      ST^'+V*; sin^j " 1 (2.8) 

C. Heat Energy Losses 

It was shown in the previous Atlantic Research Corporation report (i), 

pp. 4^5, that the energy lost through heat transfer is approximately propor- 

tional to the kinetic energy of the accelerated mass, i. e., 

(2.9) Eh~K2{l/2)V-   V2 

where a typical value of A^   is 0.25.     Substituting this expression for Bfr 

into equation  (2.6)  yields the final form of the energy balance equation 

.  c^Tv - T) =(—rh~^l -kr; +1 '*sin 0 - b'^ 

III.    REDUCED BALLISTIC SYSTEM 

At this point,  the interior ballistics-of a CAD firing are completely 

described during burning by the following equertions. 

Motion 

PA 
Sc  \dt2 / 

6 

(3.1) 
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■   . 

State 

Energy Balance 

[iL^ia.,,.^].^™. 

Burning Rate 

'-%- •*• 

(3.2) 

^. „. (i-^a) -a „* + ^-f     ,3.3, 

(3.4) 

Foim Rmotion 

C = Aj L + AjZ,2  + A3L3 (3.5) 

The system is said to have a solution when all the variables are deter- 

mined as functions of a single parameter such as time, t,  piston travel, x, 

or piston velocity, v.    Unfortunately, the system as it stands has no solu- 

tion in closed form. However, with the aid of the following simplifications, 

the equations may be reduced to a system for which an analytic solution may 

be found. 

1. The nonlinear burning rate equation (3.4) is replaced with the lin- 

ear foim 

r  - a. Bp (3.6) 

where a is chosen so as to give the "best" linear approximation to equa- 

tion (3.4).    One way of achieving this end is to choose a such that the 

integral 

I max 
B2   {<xp - pn) 2 dp 

is a minlnnm.    This selection of a ensures a "best" fit in the least squares 

sense to the burning rate over the CAD pressure range. 
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Carrying out the Indicated integration of the above equation, setting 

do-, 
•y"1 = o, and solving for a yields 

„ _  3  . n-l 
n + 2 max 

where P^^ is the maxilnum pressure. 

(3.7) 

/jaother way of achieving a "best" linear fit is to choose a such that 
the integral 

^2  " I max 
B\oii> - t* \ dp 

dtr* is a miniman.    Integrating,   setting -.-" = o and solving for a yields 

>* \n- l 

\ /2 
(3.8) 

Still another way of obtaining a "best" fit is to choose a such that 

P .P /•'max rrinax 
I    Bpn dp-j        ■   a£pdp 

in other words, to make the areas under the two burning rate'curves equal. 

Carrying out the integrations and solving for a yields 

n-l 
n + 1  max (3.9) 

Other "best" fits may be derived in a similar manner. The final 

decision as to which definition of a should be used is rather, arbitrary. 

Of the several possible definitions, equation (3.9) seems to lead to the 

best agreement between experimental and calculated values of maximum pres- 

sure and ejection velocity. Consequently, it will be taken as the defini- 

tion of ou 

Nomographs depicting the relationship between a, p     , and n expressed 

in equation (3.9) are given in Figures la and lb in Appendix F. A straight 

line connecting the given values of any two of the parameters will pass 

through the corresponding value of the third. 

8 
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2. 6 is aasuned to be 0 in equations  (3. l)  and  (3.3).    A suitable cor- 
rection factor is developed in Section VI to compensate for errors introduced 
by the assunption. 

3. The covolune factor, TJ,   is assumed to equal the specific volume of 

the propellent.    Thus,  TJ = 0 in equation (3.2).    Generally,  for those 

CAD's operating under pressures below 10,000 psi the assumption leads to insig- 

nificant errors.    As a matter of interest,  however,  a correction factor is 

derived in Section VI and may be employed if desired. 

4. The cubic fonn function,  equation  (3.5)   is replaced,  for the moment, 

by the linear relationship 

C = U (3.10) 

(Solutions will be obtained in Section X assuming a quadratic fonn function.) 

This is equivalent to replacing the true burning surface at any time by the 

average burning surface, 3, during the burning regime. Thus, 

\^ pS ^ CbILb (3.11) 

For constant surface grains the relationship, equation (3.30), is of course 

exact.  Surprisingly, it often leads to quite accurate results in the case of 

progressive and regressive grains as well. 

It should be noted that conditions 2.,.3., and 4. need not be included in 

the list of simplifications; pn analytic solution may be obtained merely by 

employing condition 1. The error, introduced by the conditions, however, is 

more than offset by the simplicity of the resulting solution. Any useful bal- 

listic system must of necessity be a compromise system in which some of the 

accuracy is sacrificed in order to permit more rapid solution of problems. ' 

The system developed here is no exception to the rule. " 

Imposing the foregoing conditions, and for conciseness writing -*■ - If, . 
•    *c  * 

the reduced system of equations to be solved is: 
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During Burning 

After Burnt 

PA = v *--?- = iiviy 
dt* di 

12 NftT 

V('-.-rt=(-1-;-vV;t--l)l''! 

r.-g.W» 

C = XL 

M = V 4-f *Vv & 
dt* di 

12 NRT 

IV.     DIMENSICMLESS SOLUnON;    C = XL 

A.    During Burning 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

■;   (3.17) 

, : (3.18) ; 

(3.19) 

dl Combining equations  (3.12)   and (3.15),. recalling that r = •«,   and dt 

_ dx v ~ 2t* 'we 0*)'''a^,:i through integration 

aBV 
(4;l) 

Thus, the distance burned through the grain at aijy t.ime is proportional to 

the Telocity of the mass in motion.' .Ill is here- assumed that the mass begins 

accelerating innediately upon' ignition of the propellant, i.e.,  the value of. 

•    •   •• .     "^A 
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p at t  = o ie zero.    In view of the fact that CAD's are essentially smooth- 

bore guns, the assumption seems to be a valid one,  at least for horizontal 

firings.    Furthermore,  the assumption of a non-zero starting pressure overly 

complicates the solution;   it has therefore not been included in the analysis. 

Equation  (4.1)  permits the reduction of the system (3.12)  through (3.16) 
to the single first order linear differential equation 

(12 Ar + tfi) g = 12 a BFK - 6 (---+/j-~--i ) (y - l) A v (4.2) 

HR where y = 1 + ^ is  the "ratio of specific heats"^ and F = NRTV  is the "impe- 

tus"' of the propellant. 

Considerable simplification results if we define an adjusted ratio of 

specific heats. 

- - (--i-Vr'-) iy - " 
a dimensionless distance variable, 

F _ 124 
x = -Ü- x 

(4.3) 

(4.4) 

and a dimensionless velocity variable 

v' drwiv (4.5) 

for then equation   (4:2)  may be written 

U t A £ = ! . lr.i  y (4.6) 

Separatir^ variables in the equation and integrating,  remembering that ini- 

tially X - V =0,   JT is obtained as a function of V 

__i  

X = l --1- Vy'-'    -1  . (4.7) 
■L 2      y 

11 
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The equation relates the piston travel to its velocity at any time during 
burning.    Figures 2a and 2b contain graphs of X versus F for various values 
of y.     (The reason for including values of y < 1 will be explained in Sec- 
tion X.) 

To determine the pressure as a function of the piston velocity,  let a 
dimensionless pressure variable, P,  be defined as 

12V \CL BF kj (4:8) 

Substituting equations (4.6), (4;7), and (4.8) into equation (3.12) then 

yields 

p-y%-y{i-^r)?-'t 1.4.9) 

Employing the foregoing equation, P versus V is plotted in Figure 3 for 
various values of y. 

A glance at Figure 3 will show that P goes through a mathematical maxi- 
mum at sane value V - Vy.    By differentiating P with respect to F in equa- 

tion (4.9),   setting the derivative equal to zero and solving for Y,  the value 
of Vff is found to be 

V   =1 (4; 10) 

Hence,   the value of P at F^ is 
•y + L y_+_} 

To determine whether Py is actually attained in a particular CAD firing we 

must first know the values of two parameters:    F^,  the -value of F at grain   . 

burnout, and F^,   a tentative value of F at completion of the piston stroke. 

The value of F( is found fron equations  (4.1)   and (4.5)  to be 

v=ä-Bfxv6=(o)2 rh - ' ^ 
12 
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The tentative dimensionless ejection velocity is obtained by a rearrangement 

of equation (4'. 7)  as 

mX     y - 1 
2 (4.13) 

where xn is the stroke length.     (F^j is a tentative value since equation (4:13) 

is valid only if burning takes place throughout piston travel.) 

The largest value of P,   call it P ,   attained in a particular firing is 

then 

21+.1 
(4.14) 

where Y    is the smallest of the three values,   fy,   7ml,  and Fj,.    Stated more 

concisely 

7M = min   (F#,   Fffll,   F6)  • (4; 15) 

The temperature, 7", may also be determined as a function of the velocity. 

Substituting the values of the dimensionless variables into equation (3.13) 

with subsequent rearrangement yields 

T=TV(\- ^--i F) . (4.16) 

B. After Burnt 

Combining equations (3.17), (3.18), and (3.19), the differential equation 

governing the ballistics after grain burnout is found to be 

(12 Ac + ^) v | = E-P - U a*/i-^JLJ (y - 1) v2 .   . (4.17) 

Substituting the dimensionless variables defined by equations  (4.3),   (4.4)  and 

(4:5)  the governing equation simplifies to 

(1 + 1) F g = ^6 - H1   V2 (4:18) 

13 
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Separating the variables and integrating from conditions at grain burnout, 

the dimensionless velocity after burnt is obtained in the form 

V 

Now,  let 

v- v/v.H'-v^r] 

and 

0-^)-- 
„■y -!   s ^ 

(4.19) 

(4; SO) 

(4.21) 

Then equation (4.19) may be used to determine the dimensionless ejection 

velocity, 

_     2 
rm2 iW^H1-^-1'»)*] (4.22) 

provided F,,,,   > Fj,.     In Figure 4 are plotted values of <^ versus   v for various 

"V - 1 values of y;  Figure 5 contains graphs relating the quantities --^—   ^«2» 

*-£-- Vb,  and 4>. 

The dimensionless pressure,  P,  and the gas temperature,   T,  after pro- 

pellaat burnout are found by algebraic manipulation of equations  (3.17),   (3.18), 

and (3.19)  to be 

7-Z-l v\y - i   /       _ \ r - i 'i - 
p = 

h] 
h H-l-l-l _v\ 

and 

"4-^^). 

(4:23) 

(4:24) 

■   14 
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V.    SCMiftHY OF SOLPrrCK EQPiflTICHa  C = \L 

Except for the time variable,   t, idiicb cannot be found in terms of ele- 

mentary functions,1  the solution to the ballistic    equations  (3.12)  through 

(3.19)  is now complete.    The solution equations are collected here for ease 

of reference. 

Define the dimensionless quantities 

7'i*{^r^Is) iy-n (5.1) 

X-TM* (5-2) 
t 

7^-or-BF-xv (5-3) 

and 

p' ä (of x j2 * •  / (5-4) 
The solution during burning is 

P = V ll- *-—*    YJ yZ~{ (5.6) 

T = Tv   (l - ^~-i    FJ (5.7) 

maximum /> = ^ = F^   (l- ^~-- F^j 7 - l (5.8) 

1Actually the system (3.12) - (3.16)   leads to infinite t  in the case P (0)  - 0. 
See Hirschfelder,  Reference   (b),  page 15,  for a discussion of the problem. 

15 
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where F„ is the amalleet of the three values 

F .= -i 

and 

F -  i-LY      ^ b ~ \*B I    TTTr 

(5.9) 

(5.10) 

(5.11) 

If Fj, > Fmj,  burning takes place during the entire length of the piston 

stroke and no additional equations are required.    If F^ < Vmi, burnout occurs 

before the end of the stroke.    The following equations are applicable during 
the period after burnt. 

• ^^H-^H^r"] 
p = 

fi - *-~i F6\r - I 

h-H-v*)^'1 

r = 7V(i_£-^. 

(5.12) 

(5.13) 

(5.14) 

VI. . CCRRECTIOM FACTORS FOR NDMHORIZOMTAL FIRIMG AND COVDLÜME EFFECTS 

A. Nonhorizontal Firing 

The preceding analysis is based on the assunption that Ö = 0 in the 

equations of motion and energy balance. This is of course not always the 

case. 6 may vary over the range -90° < Ö < 490°. The magnitude of the 

error introduced by the assunption is not large, being rarely more than 3 

or 4' per cent in the most extreme cases, but a fairly reliable correction 

factor nay be derived and is done sc in this section. 

16 
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Consider the system 

PA -*(g+*sin*) 

P I g, M   = 12 MRT 

CVC{TV - T)   = (i---/L-l^-) |  v2   + r|* sin ö 

C = X i . 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

As in the case of the friction force,  Ff,  it is assumed that,  in the 

large,  the ballistic    effects of the term,  g sin 6, may be simulated by 

replacing the term with one that  is proportional to the pressure,   p.    The 

assumption permits us to write 

^ sin ö = Tr.a._iy (6.6) 

where K^  is a small constant to be evaluated later. 

Substituting equation (6.6) into equation (6.1) and rearranging yields 

PA =  (1 + K%))l v dv 
di  ' 

(6.7) 

Also,   thfe term gx sin 6 may be written with the aid of equation   (6.6) 

gx sin 9 ['"***"(&- pAdx 

9  (i '+'r.s)w 

Substituting equation (6.7) into equation (6.8) and integrating we obtain 

(6.8) 

gx  sin 6 - -^-     v 2 (6.9) 

17 
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which when combined with equation  (6.3)  produces 

LLhJJi + t 
CVC(TV - T)  = ---^-^„„„.l (1 + JT.) | v«      . 

However, since Jj is small, the foregoing equation may be very closely approxi- 

mated by 

cvc(rv - T) = ^JlJ^a) d + ,,) | V2 . (6.10) 

A con^jarison of equations (6.7) and (6.10) indicates that the net result 

of the assumption is to reduce the system (6.1)-(6.5) to the system (3.12)- 

(3.16) with (l + K3)V replacing V.    Experience indicates that if = ^ sin 0 

is less than 5 or 6 per cent of P        the assumption is a valid one. max 

We seek now the ballistic effects of a small change in the mass W.    Con- 

sider two CAD firings identical in all respects except that an effective mass 

¥,   is accelerated in the first, and a mass tfj   = (l + K3)lii   is accelerated in 

the second.    Assuming that burning takes place during the greater part of the 

stroke,   it follows frcm equations   (5.2),   (5.5),   and   (5.6)  that at any given 

value of the piston displacement,  x,   the quantities P and V are the same for 

both firings.    Thus,   it  is concluded fron equation   (5.4) that at the given 

value of x 

where subscripts 1 and 2 refer to firing numbers one and two,  respectively. 

2 ti i Since by definition a = —r-sr p        ,   the above may be arranged to yield 

P2 - pl (i + jr8) $1 = Pi (1 + K.) 
(~l) \ 'max 2' 

2-2n 

(6.12) 

Iß 
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The equation must hold for p,  = * and p* ~ P       a; hence nwin'T^ the sub- 

stitutions and solving for p we hare 
•       max z 

.. ■ 1  

or since jr3 < < 1,  using two terms of the binomial expansion gives 

The effect then of multiplying the mass V by a factor (1 + jr3)   is to multiply 

the imTlimm pressure approximately by a factor | 1 + s—^5- ] . 

To determine velocity effects we note that equation  (5.3)  permits us to 
write 

al        a2 
(6.15) 

at any given value of x.    Using the definition of a,  the above then yields 

•.-5f «.- #-")""'•. Mi */ 
1 X^inaxi/ 

n - 1 
3 - in 

1 ' (6.16) 

The relation must hold at x - xm,  hence again using two terms of the binomial 

expansion we have 

vm2 *(l " yiVn  ^s) vml   • '      (6-17) 

(As a rather interesting by-product of the-analysis it is noted that: 

1. For a burning rate exponent of one,  the ejection velocity is inde- 
pendent of changes in the accelerated mass; 

2. For exponents greater than one,  the velocity increases with increas- 

ing *; 

19 
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3. Exponents much larger than one should be avoided because of the 

extreme pressure sensitivity as n - 1.5.) 

The value of A'3 to be used to compensate for nonhorizontal firing is 

obtained from equation (6.9) by setting v = vm2 and x .- xm.   Thus 

_ 2 rxTO sin 6     2 gxn  sin 9 
I     _ st ■»  (6.18) 

v, in2 "ml 

B.    Covolume Effects 

In the large, the ballistics effects of the covolume term may be simu- 
lated in the following manner. Consider the equation of state (3.2) in the 
form 

, (-4-i) . M, . 1,.. ^ NRT (6.19) 

If now the term MTJ - —)   is replaced by an average value --5— (TJ - —), 

instead of assuming 17 - — =0,  equations (3.12) - (3.16)  reduce to the single 

differential equation 

(12 iix + y^ ■£ = 12 a W' \ (---V^r1) (7 - 1) Av , (6.20) 

where 

f' _ I-   .   ''max  , 1 \ I (6.21) 

Equation (6.20)   is identical to equation (4.2)  with the exception that 

—)   is generally less than max F' replaces f.    Furthermore,  the term -pjjf W 

0,02  for most  CAD's.    Thus,   the error introduced by neglecting the covolume 
term may be approximately conpenssrted for by a small increase in the impetus, 
F,  of the propellent. 

To determine the ballistic effects of a small increase in F,  a«ain con- 
sider two CAD firings having identical ballistic parameters except that   the 
impetus of the first is Fj and that of the second is Fj  = (l + J4)F1i where 

JT/ < < 1.    As in the preceding analysis,  it is concluded that -at any given 

value of the displacement, x, 

30 
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(6.22) 

where again subscripts 1 and 2 refer to firing numbers one and two, respec- 

tively. Bfiloying the definition a = --"+~i tJlZ1» **"* relationship between 

the two maximum pressures is found to be 

^max 2 = <1+ KJ 3 ■2n * max l 

or, approximately. 

''max 2       \       3"-2n/^max i 

(6.23) 

(6.24) 

To determine the effect on the ejection velocity it follows from equa- 

tion (5.3)  that 

.Y»J_ = _.VÄL 
<llFl a2F2 

(6.25) 

so that using equations  (6.22)  and (6.23) 

V ^maxi 
1  = (1 + ^4) 

3 -2n 
'ml 

Hence, 

V* V + 3"^) Vml    - 

(6.26) 

(6.27) 

The value of jr4 to be used to ccmpensate for covolume effects is deter- 

mined from equation (6.21). •>    .     '  . 

A4        24F     ^   • /o '  ■   . StF     {v     p'  ' 

C.    Combined Correction Factor 

(6.28) 

The corrections for nonhorizontal firing and neglected covolume may be 

combined into a. single correction factor. The following procedure is suggested. 

21 
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First assume 0=0 and T) ~ —.    Calcxilate the maxiiiMn pressure,  p       , 

and ejection velocity, vm,  using the method described in the following section. 

The corrected maximum pressure,   p*    ,   and the corrected ejection velocity, v*, 

are determined frcin 

and 

where 

max 
= {\ +zhn K)  {1+zh; **)**»* (6-29) 

<= (^s—ä/.)^-^^)^ 

_ 2 ex
m sin e 

(6.30) 

and 

I. ■= 
P      iv - —) 

Z4F 

VII.    CKAFHECAL EETERMINÄnQN OF MAX3MM PRESSURE AND EJECTION VELOCITY; C = X.L 

The fact that the parameter,  a,   is itself a function of the maximum pres- 

sure precludes an explicit determination of the maximum pressure and ejection 

velocity.    However,   a rapidly converging trial-and-error procedure may be 

devised utilizing the equations sumnarized  in Section V.    The procedure requires 

more than one iteration only if the maximum pressure occurs at "burnt". 

We begin by defining the parameters: 

l       12V \BFkJ (7.1) 

n      =     A 
q2 - BFk 

"3 (ty h 

22 
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and 

Öl  s Ix/** 

Qt s <72/a 

(7.4) 

(7.5) 

The dimensionless variables defined by equations  (5.3),   (5.4),   and 

(5.11)  are then written simply 

V = Q2v = q2v/0L 

and 

»V^s/«2    • 

(7.6) 

(7.7) 

(7.8) 

Now,  P^^ may be eliminated fron the two equations 

and 

Vs'i w«2 

„ .      2       .   n-l a T-r   * n  + 1 rmax 

to yield a as a function of the burning rate exponent,  n,   and the ratio 

Pß/qx.    Thus 

- = [(-«""] 
S  - 2n 

(7.9) 

The relationship between a,   n, and Pjq-y  expressed in the foregoing equation 

is shown nomographically in Figures 6a and 6b.     (Again,  a straight line con- 

necting the values of any two of the parameters passes through the corre- 

sponding value of the third.) 

The trial-and-error procedure may now be outlined. 

23 
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Step 1 

a.    Using the given data for a particular firing,  calculate the values 

of the parameters 

^ = Cb/Lb 

y - (-1--Ä-fI-'-
i) '- « - 

0^ Uc - Cb/p 

v= (i + Kl)uf/ec 

ii = EL f i V 
12* \BF\J 

Q <> DC\ 
A 

BFk 

»a \Bj     FX FlW 

V    = ±- 

and 

*m = l2Ax
m/Ut      . 

b.    Obtain ¥nl  = f[Xm, y)   from Figure 2. 

Step 2 

a.    Assume a value of P .     (initially,   this is done by selecting the 

value of P from Figure 3 corresponding to the smaller of the- two values Fml 

and Fy as determined in Step 1.) 

24 
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b. Calculate P^/q^. 

c. Determine a from Figure 6 corresponding to the buzning-rate e^ooent, 

n,  and the ratio,  £u/9|« 

d. Calculate'f^ " ^«-/a*. 

e. Determine V^ = min (F^,   FJ,  Fm,).    Select the value of P   = /(F^ ft 

from Figure 3. 

f. If the assuned value of P   equals the calculated value, go on to 

Step 3;   if not repeat Step Z using the calculated value of P . 

Step 3 

a.    Calculate 

Ql  = »i/«1 

and 

02  = 92/a   ' 

b.    Calculate the maximum pressure using p        - P^/Qx- 

Step 4 

Ccnpare the values of Vb and VmX. 

Case A:    V^ > Fml.    Calculate the ejection velocity using vm - ym\/Q2' 

Case B:    Vb < VnV 

a.    Determine X^ = /(Fj,, y)   from Figure 2. 

_ 1 + ^6 b.    Calculate v 1 + T    ' 

c. Determine 0 = /(v, 7) from Figure 4. 

d. Determine ^-g— Fm2 = / (i-i-l rt, *) from Figure 5. 

■25 
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e. Calculate F^ =--?- ^-I-i FB8) . 

f. Calculate the ejection velocity using vm .= Ym^lQn • 

Step 5 

. The correction factors derived in Section VI may be applied if desired.. 

Calculate 

_    = 2 fffr sin g 

■ ■      .   v* ■■' 

and 

.   .     4 24F 

- The corrected values of maximum pressure and ejection velocity are then 
detemined from 

Cx  *   ^ + 3-hn *3)   i1 + r-Vn ^4) ^.nax 

and 

<= i1 - i'~i h) (1+ rhnK)v* • 
Sample Problem 1. 

Given the following data 

A = 4;92 in2 

B = 0.02101 m- )"    in/sec 

C6.= 0.161 lb,,1 

^Cf,  includes the main charge weight plus the "equivalent igniter weight." The 

latter, denoted by Cj, is defined as Cj - (F^/F) I,  where F,- is the impetus of 

the igniter charge and I  is the igniter charge weight. 

26 
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F =385,500 ft'lbyr/lb,, 

JT, = 0.30 

ii =0.25 

Lfr =0.075 in 

n .= 0.47 

0C = 159.1 in8 

w  =360 lb_ 

x,,, =2.725 ft 

Ö = 70.5 degrees 

y =1.235 

/D =0.06 Ibflj/in8 

77 =30 in3/lb« 

determine the maximum pressure and ejection velocity. 

The given data are listed in Table 1.    The required parameters are then 

calculated and the values fy = 0.7764' and Fml = 0.6800 are obtained.    The 

initial assumed value of P   is taken to be P (Fml)   = 0.295.    The assumed and 

caloulated values of P   are found- to be equal after one iteration and the 

maximum pressure,   ^^^»   is calculated to be 1496 psi.     Since Tj > FM1,  the 

ejection velocity is l^j/ßj = 49.8'ft/sec.    The correction factors of Sec- 

tion VI are then applied leading to p  •    .= 3550 psi and v   .= 49.0 ft/sec. 

The values compare favorably to those obtained through numerical integra- 

tion of Equations   (3.12)^(3.16)-namely,   1607 psi and 51.9 ft/sec. 

An estimate of the errors Inherent  in the graphical method can be made. 

Assuming P ,   VnV   and a are deteminable fron the graphs to within i 2 per   . 
■ * * 

cent of their correct values,  the maximum errors in *        and vm are about ' max * 

27 
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i 6 per cent and t 4' per cent respectively.    This observation follows fron 
P y 

the   act that *        = -& o? and w_ .= -'•! a. rinax     Qi 1* 

Saraple Problem 2. 

Given the following data 

A    =0.7854. in2 ' 

B   =0.01741 (in2/lb/)" in/sec 

Cb = 0.009304 lbm 

F    = 362,300 ft «Iby/lb,,- 

Kl  =0.1     ' 

I2  - 0.25 

Lfc = 0.055 in . •   . •     . 

n    = 0.51 

i/c = 6 in3 

w    ='210O lb m 

^m = 1 ft 

7    = 1.215 

0=0° 

yo    = 0.06146 lbm/in3 

T,    =30in3/lbm 

determine the maximum pressure and ejection velocity. 

29 
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The given data are listed in Table 2.    In this case,  the maximum pressure 
occurs at burnt so that five iterations are required to obtain convergence of 
the P., values.    The results, i> ~ 6357 psi and v_ .= 8.7 ft/sec again com- M max I» r -w 

pare favorably with the values 6619 psi and 8.9 ft/sec obtained from numerical 
integration. 

VIII.    DETERMINATION OF CHARGE HEKRI AND 
WEB SIZE TO MEET GIVIW PERPOEMANCE SFECIFI CATIONS 

A.    Given p       and v_ 

If it is specified that: 

a. The propellent shall bum throughout the piston stroke, i. e., 

and 

b. *       shall be a mathanatleal maximum,   i. e.,  K-,, > Vu - — , max '     » mi - ä  ^ ' 

the charge weight and web size required to produce a given maximum pressure 

and ejection velocity may usually be calculated explicitly. Conditions a. 

and b. are not, in general, serious restrictions. They are usually called 

for in most CAD applications. 

Let Uc  be the volume of the empty chamber. By definition of initial 

free volume we then.have, using equation (5.2) 

Ui'Vc- CbfP'= ~-v~-m (8.1) 

and solving for C^ 

/ 12 Axm\ 

Condition a. above peiroits equation  (5.3)  to be rearranged to give 

(8.2) 

(8.3) 
ml 
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or 

Now, Xm  is related to Kmj by the expression 

-A. 

T<|= /. J......Y" -1 (8.6) 

hence, if Km, can be determined from the given conditions, equations (8.2) and 

(8.4) determine the required charge weight and web size. We proceed, then, to 

determine Fmi as a function of the maximtm pressure and ejection velocity. 

Combining equations (7.1), (7.2), (7.4), and (7.5) we obtain the rela- 

tion 

Ql  = g*! 02* • (8-6) 

Multiplying numerator and denominator of the right-hand member by vj^   and 

using equation  (7.7),  this may be written 

o  BHIKL 
^i MtfyJ ' (8.7) 

By condition b. above, equations (4.11) and (7.6) may be combined yield- 

ing 

*. >~ - ± (W)'"' (8-8) 

Combining equations (8.7) and (8.8) and substituting for U^  its equivalent, 

12 AxnlXn,  we obtain 

*vl*n        y \*y) (8'9) 

which, when solved for lm yields 

2._+_i   r -i 

'«      t\rt\) |_(V2)i^rJ ^   * (8.10) 

32 
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Define the two parameters. 

and 

2 \f ♦ 1/ 
(8.11) 

(8.12) 

1Piezcmetric efficiency is defined by comer (d) as the ratio of the mean pres- 
sure to the itiOTipnim pressure,    the mean pressure in this definition is the 
pressure which, when applied to the accelerated mass over the total stroke in 
the device, will produce the observed velocity.    The maximum pressure is the 
observed —ti— pressure. 

Equation  (8.12) may be derived as follows: 

The kinetic energy, /?£, of the mass at the end of stroke is 

Ek- 1/2 VvJ 

and, by the above definition of mean pressure,  p, 

Equating the two expressions for E^ and solving for i>, 

W.vn' 

Dividing by P max 

P       2*mj4  ' 

E = -JL =       *Jill.. 
max 

2*„ A t max 

The ratio P/p        gives an indication of the flatness of the pressure- 

travel curve.    In a device with no retarding forces   (a completely friction- 
less device accelerating a mass horizontally), the ratio would give a true 
indication of the flatness of the pressure-travel curve.   'As retarding 
forces increase in the device, the ratio indicates less certainly the shape 
of the pressure-travel c\irve.    In the case, for example, where the retard- 
ing forces equaled the force accelerating the mass, a piezonetric efficiency 
of only 50^ would be obtained fron a pressure-displacoment curve having a 
constant pressure throughout the stroke. 
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Equation (8.10)  then reduces to 

i? '»I (8.13) 

But jrm is also related to Vnl  by equation (8.5). Hence, for any given value 

of E, 7mi  can be determined frcn the implicit relationship 

L 7   2 = ( 1 - ZzJ- v 
2 

i. (8.14) 

/„,, C{,, and Lf, may then be obtained from equations (8.5), (8.2), and (8.4), 

respectively. 

There are two real roots of equation (8.14) corresponding to each value 

of E and y; however, the larger of the two roots generally leads to prohibi- 

tively large values of Cj, and Lf,  and may be disregarded. Appendix E treats 

the cases in which the larger root must be used. In Figure 7a, we have 

plotted the smaller root, which is denoted by T^j versus E  for several values 

of y .    The curves labeled E       and E .    are such that: ' max    nun 

if £ > ii-oj.» the roots of equation (8.14) are imaginary; 

if E < E .   , the smaller root, F_, is less than \ y - Vu and condition inin 'mi '  ' n 

b.   is violated. 

The problem of determining Cf, and L^ to produce a given value of 

E - f[p     , vm)   is said to have a "feasible solution" if Tml  satisfies con- 

ditions a.  and b.,  above,   i. e., 

Vb>  Vml > 1/f   . 

The procedure for determining the'charge weight and web size may now 

be outlined. 

Step 1 

a. Given the maximum pressure ^C™ and the ejection velocity vn 

together with the other ballistic parameters for a particular firing, 

calculate the values: 
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's   = 2 «*«   8in ö/ «i 

'«        117 

*« 

£r4 

3"-lJnJ 

¥.= (i +ri Wre 

'i + J, + j.. 

and 

£= (1/8) rv,«/*,^ . 

b. Determine from Figure 7a if f lies in the ranee E ,    < E < E mm max 
If so,  go on to Step 2;   if not,   use the method of Appendix £. 

Step 2 

a. Determine the values: 

a.= /(*      .  n)   from Figure 1 
ulBK 

*wi  = /(fi.  y)   from Figure 7a 

'm = f(Kil> fi   fTaa Figure 7, 

b. Calculate the values 

^ = 12 AxJXm 

and 

and 

x = CTBF *J*m   ■ 
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Calculate the values 

, . (HBV 
Hmin        J~ vm 

Cb = piUc -  Ui), and 

Lb = Cb/\ • 

The foregoing values give the required charge weight and web size pro- 
vided Lj, > Lj, min .    If Lfj < Lf, „^ the problem has no feasible solution. 

Sample Problem 3. 

Other data being the same as in Sample Problem 2, what web and charge 
weight are required to yield p        = 6000 psi ,   and vm   = 10.5 ft/sec?    The 

solution is shown in Table 3.    It is concluded that a constant-surface 
charge weighing 0.054 lbw with a web of 0.73 in will meet the specifica- 

tions.    Notice,  however,  that the design leaves quite a bit of unbumed pro- 
pellent at ejection.    The distance burned through the grain at the end of 
the stroke is only 0.30 in,  i. e., about 41 per cent of the web.    A dis- 
cussion of this problem is given in Section IX,  and Appendix E. 

B.    Given v- 

Frequently,  the ejection velocity is specified without attaching much 
importance to the maximum pressure provided, of course,  it stays within 
certain safety limits.    In such cases several values of E may be selected 
in the pemissable range and the corresponding maximum pressure determined 
from 

_    m 9 vj 
pmax ~E Äxn 

Values of C5 and L^ may then be calculated in the usual way. This slight 

revision of the method has two advantages: 

1. For any selected value of E  it can be determined immediately 

whether or not a feasible solution exists, and 
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Table 3 DEIEEMtNATTON OF CIÄEGE WEIGHT AND 
WEB SIZE TO MEET GIVEN PERPORMMJCE SEBCmCAnONS 

Sandle Problem 3. 

1                  Given Values                       | Step 1                                                       I 

U = 0.7851 in2 
K3  = 2 gxm sin &/v*2  = 0                                    | 

Iß =0.01741  {in2/lhf)n in/sec 

\F = 3.6235 ft.lby/lb,, ,4  = -Ä--:---^  B 0.0^ 

X,  =0.10                                             j 

^2   = 0-25 W = C/f1 + rf«) f1 + 5^) S 59*3 

U = 0.51 

Cax   = «^ lb// in2 

\uc = 6 in3 

V". " ^   /   i1 " -3l-2-n--j I1 + 3=2n)=10-45 

r = (1 + Jj)  W/FC = 71,797 

\v* = 10.50 ft/sec 1+K.   + A', \                                                  1 
f =   I—"iVr       J    ^"1)   + 1 = 1-2639         j 

L =2100 lbm 
\                   1     / 

\*m = 1 ft 

\y = 1.215 

0=0 degrees 

£= (1/2) r v//^!^ = 0.8398                     | 

Step 2 

<X= f (/,max'   n);   Figure 1 = :1-82"2                    | 
sin Ö = 0 

p = 0.06146 lbffl/in
3 i^l = / {E,  y);  Figure 7a = 0.97 

L = 30 in3/lbm 
\*m= * iYnV $ '»  Fie^e 2 = 1.84 

L  = lZAxm/Xn = 5.122 

(Note:    o6 denotes o x 106) |X=   fa-lF)^   rmi  =0.0737                                 | 

Step -3 

kmin   =-a-r-vm= 0.3027 in 

kj, = p{Oc - Ui)   = 0.05396 lbm                             I 

Itfc = Ch/X = 0.732 in                                              j 
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3. A wide range of peimissable values of the web size and charge «eight 

may be determined which yield very nearly the same p       and "«L . 

Using the inequalities 

vb > rm > vM 

it can be shown that for any selected value of E,  a feasible solution exists 

if and only if vm  satisfies the relationship 

MALVJ. < So 
FpU, 

12 Ax, 
Wzj 

where 

^ = 
2      r«l 

y -i 

(Note that Figures 7a and 2 may be used to evaluate the right-band member 

of the inequality; also if vm  satisfies the inequality for a particular 

value of E it will satisfy it for all larger values of E  since the right- 

hand member is a monotonically increasing function of E.) 

The alternative method may be sumnarized as follows. 

Step 1 

Given the ejection velocity,  vm,   and other ballistic data,   calculate 

„    _ 2 gxn sin 6 
A, -*~  

vm2 
'3 

vm =vm 1 " T-'Zn  K3l 

r* (i + rJWtc 

^Ihe covolune correction factor unduly complicates the method and so is 

not included. 
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f,(i^i)(y.1)tl. 

and 

F    _   (1/2) ^m
2 

Step 2 

a. Select a value of E in the range E^^ < E < E^^^ from Figure 7a. 

b. Determine 

Fjj,! - f{E, y)   from Figure 7a and 

xm   = f(Ki' ?)   from Figure 2. 

c. Calculate 

E    = -^ ß2        2 (ViJ 

If ffj   < £2 go on to Step 3.    If not,   select a larger value of E and 

repeat Step 2. 

Step 3 

a.    Calculate p 
{\/2)Vvm

2 

and 

max E Axn 

b. Determine a = f(p      ,   n)   from Figure 1 
niSLX 

c. Calculate the values 

Ut  =12 Axm/Xn 

X    = Öi'BF   Vm^Vml 

Cb   = piOe - Ui) 

Lb = Cb/k  . 
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d. Repeat Steps 2 and 3 for several different values of E.    Plot Cj 

versus L^ aa one or two cycle log paper. The resulting curve gives the 

required charge weight as a function of the web size to yield the given ejec- 

tion velocity. 

The results of a typical calculation are plotted in Figure 8. 

Notice the insensitivity of ^   to large changes in Ch  and Lf,.    In the 

pressure range 1600 <  p        <  1650 (a variation of about 3 per cent) the web 
uIBX 

and charge weight vary by 350 per cent!    This is a phenomenon cannon to most 
CAD's where low loading densities,  i. e.,  Cf,/pUc « 1,  are the rule. 

C.     Given p max 

A method may also be devised to handle the case of a given maximum pres- 

sure, with an unspecified ejection velocity. The method is only a slight 

revision of the one given in part B of this section. 

Step 1 

Given the maximum pressure, p       , and other ballistic data, calculate 

4 24 > 

,   =,* /U + Jli.) 
'max      'max /   I 3 - 2n / 

r= (i ♦ iiW/gc 

and 

/I + AT,  + A', \ 
y--[-"-Tvrr) (>-i)+i- 

Step 2 

a. Select a value of £ in the range E .    < E < E       from Figure 7a. min _  _ max 

b. Determine 

F^ = / [E, y)   from Figure 7a, and 

I,, = /(?*!, y)  from Figure 2. 
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c. Calculate 

En  = In [ - (^) (ViJ 

d. If £3 < f 2 So on to Step 3. If not, select a larger value of E and 

repeat Step 2. 

Step 3 

and 

a. Calculate vm .= J-^j^yV  • 

b. Determine a = /(^  , n) from Figure 1. 

c. Calculate the values 

cb.= pine - Oi) 

Lb = Cb/k    . 

d. Repeat Steps 2 and 3 for severe 1 values of E.    A plot of Cf,  versus 

Lfr  on one or two cycle log paper gives the required charge weight versus web 

size to yield the given maximum pressure. 

IX.  BALLISTIC EFEECTS OF 3«ALL PARAMETER CHANGES 

A useful outgrowth of the equations sunmarized in Section V is the fact 

that if one or more of the loading conditions of a particular CAD is changed, 

the corresponding change in the performance may be calculated and vice versa. 

This fact is particularly useful in modifying grain designs that do not quite 

meet performance specifications. For example, suppose the specifications for 
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a CAD call for a mnxiimim pressure of 6000 psi. Using the method of Sec- 

tion Till a charge weight, C^j, and a web, L^j, are determined which should 

meet the specifications. A charge is made up baring the indicated dimensions 

and is fired in the device. The measured maximum pressure is 5000 psi. What 

changes in the grain design should be made to meet the specifications? 

Assuming that burning takes place throughout the greater part of the 

stroke length, and that a mathematical pressure maximum is attained, equa- 

tions (5.8), (5.9) and (3.9) permit us to write 

Uc - Cjj/P 

WWW1 
2n 

(9.1) 

where C^. and Lfo  are  the new values of the charge weight and web size 

required to attain 6000 psi. More generally, if it is desired to change the 

maximum pressure, *   ., to a new value *   . = (l + c) />    where r     '  max l' 'max 2        rmax i 
| € | « 1 we may write 

Vc - Cb\/P .   ^c -Cbi/P (1 + e)3 " 2n (9.2) 

There are then three possible modifications of the charge design, 

(l) Keep the same surface area and increase the charge weight. In this 

case 

so that substitution in equation (9.2) yields 

Wc - cbi m tWe  " C62) &  + e)3 

Defining A, the loading density, by 

2n 

P"c 

(9.3) 

(9.4) 

(9.5) 

Equation (9.4) may be solved for C{,2 to yield 

4Z 
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or approximately 

Cte •  [l + (3-2«)  LyA £j Cbi  m 

Tram equation  (9.3) we also obtain 

(9.6) 

(9.7) 

Equations (9.6)  and (9.7)  then determine the new values of the charge weight 

and web size.     (Notice that this modification is practical only if A» 0; 

otherwise the equations may lead to very large values of Cfo  and £{,«.) 

(2) Keep the same web and increase the charge weight. 

In this case we may substitute into equation  (9.2) 

Lfo ■' Lb\ (9-8) 

to obtain 

Cbi2 cfc2
2 

Solving for C^ then gives approximately 

r     ^ /s + (3 - 2n)c - A \ p 

(9.9) 

(9.10) 

(3) Keep the same charge weight and decrease the web. 

In this case 

Cb2   B Cbl 

and equation (9.2) reduces approximately to  , 

Lb2» (i.*-j*s <ybl 

(9.11) 

(9.12) 

In a similar manner, the variations in maximum pressure and ejection 

velocity due to changes in the other ballistic-parameters may be determined. 

The following table sunnarizes the results of such an analysis. 
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Table 4 BALLISnC YARIA11CMS DUE TO SMALL PAMMEIER CHANGES 

1 Per Cent Per Cent Variation Per Cent Variation 
Increase in in 

in: Maximum Pressure faction Velocity 

A U""»;) 2(l-n[          1 
3"-"2»« " i~+"S 

B 2 
3~- 2Ä 

1 
3"="2S 

ch (rhi) (* * rh) 1     + / A W   S       l-n\ 
3-&J      U^Al+S" 3-2^/ 

F 2 1 
3 - 2n 3 - 2n 

h (3" »r) " (s"1-^) 

"c 13""2ä) (r-Ä) 
/    1    \ / 1 -n          AS\ 
\i'"ÄJ \3":"2S " i +"5/ 

u> 1 
3"-'&f (s'-ä) 

xm 0 
8 

Note: 

* = -J-,  and 8 = -5-i-      - 
pUc  '                 12 Acw 

It should be emphasized once again that the determination of the varia- 

tion effects is based on the assumptions:    C = \L,  and V// < 7ml  < V^ .    Hem- 

ever,  for small changes in the parameters the indicated variations in maximum 

pressure and ejection velocity should be of the right order of magnitude for 

most CAD firings. 

Another useful relationship may be derived from equation  (9.2).    If the 

ratio,  ß,  defined by 

«v/ZI? 
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is held constant, the maximum pressure is unchanged provided V   f  F(. Fur- 

Cfc 
thennore for low loading densities, i. e., -~ « 1, the ejection velocity is 

essentially unchanged for constant 'yS.  (This follows from equations (5.2), 

(5.5), and (5.3).) This relationship is useful when it is desirable to attain 

a given maximum pressure (or ejection velocity) and to have "burnt" occur at 

the moment of completion of the stroke. To achieve that end the following 

procedure may be used. 

A value of v_ (or i>      ) is assumed that leads to a value of £ in the 
"    max 

range E .    < E < E      . Ü,- and X. are calculated using one of the methods in min _  - max   l 

Section VIII. The values 

ß=  Uc-Cb/p_Ut 

WLb)2       X2 (9.13) 

and 

Lb min 
f OLBV\ (9.14) 

are calculated.    Lf, j^ is then the required web size.    Solving for Cj, in 

equation  (9.13)  then yields the required charge weight. 

^b min 1 + 
^b min 

1/2 

(9.15) 

X.     DIMENSIQNLESS SOLUTION;  C = Xji + ^Z,2 

Similar solutions to those described in equations   (5.5)   through (5.14) 

may be obtained if the linear form function C = XL is replaced by a quad- 

ratic forai function of the type 

C = \XL + k2L
2   . (10.1) 

Before elaborating further,   let us evaluate the coefficients \l  and X.2 

in the equation.    As before,  let \ - Cb/ L^.    We then obtain 
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or 

(10.2) 

Furthermore, since 

das) 

where 5 is the burning surface at any instant,   we also have 

d2C_ ndS _px 
7$     P~dl '2K*   • 

(10.4) 

Replacing -JJ with an average value, ———-~ , where S0 and Sj, are the 

values of S at L ~ 0  and L ~ Lf,,  respectively, and substituting into equa- 

tion (10.2) yields 

^  =k- p{Sb -  S0) /2 (10. 5) 

Equations (10.2) and (10.5) are then the values of \j and \2 to be used in 

equation (10.1). (As a matter of interest, it can be shown using the above 
equations,  that if the true form function is a cubic of the type 

C = Ajt + A2L2   + ASL3 

the values of X.j and \2 are given by 

X, = A, (1/2) A3 ll 

and 

\2  = A2 +  (S/SUjifc .) 

Values of Xj  for some of the more cormon grain shapes are given in Appendix A. 

Equation (10.2) may then be used to determine \2 . 

After b\u?nt,  the ballistics are independent of the form function, hence 
we need only concern ourselves with the period before burnt.    During the burn- 
ing regime the system to be solved is 

M«r*jg 
46 
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12 NRT 

and C = X,/, + \2 L
2 . 

Combining equations (10.6) and (10.9) we again obtain the relation 

The system may then be reduced to the single differential equation 

(10.7) 

(10.8) 

(10.9) 

(10.10) 

(10.11) 

dv _ FWk, 
[12 Ax + Ui)  ?£ - 12 <x BF ^   +12 {a B)2  - j ■» 

6 (—/» *|
/«)  (y - 1) J». (10.12) 

Defining y and T as before, 

7^1 + (---VU'-8) (y- 1) 

and 

r _   12 -4 

but with a new velocity variable,  V,  defined as 

V'   =  V   S   -r-      V v       UBF^  v     ^    v 

(10.13) 

(10.14) 

(10.15) 

equation  (10.12)   simplifies to 

(1+X)^ = 1 [*--- (x)2 ^rs] v'- (10-16) 
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Now, enploying equations (10.11) and (10.15), the value of f  at burnt is 

**= ö-äk- •• = (äT)' Fxr* - (K)-17) 

Conbining equations (10.16), (10.17), and (10.2) then yields 

If a new parameter, 'f', is defined as 

equation (10.18) finally reduces to 

(10.18) 

(10.19) 

(10.20) 

which very conveniently has the same form as equation (4.6) with V replacing 
V, and "f* replacing y. Separating variables and integrating, / is obtained as 
a function of f 

X = 
f - 1 - 1 (10.21) 

which, of course, has the seme form as equation   (4.7). 

Similarly,  if a new pressure variable,  />',   is defined as 

"•■IMäm;T '-GTV " (10.22) 

the relationship between /", F*, and f is found to be 

,. = r $ -r (L *-~i ,•)?-- (10.'23) 

which has the same form as equation  (4.9).    The value of f at which P' 
attains its mathematical maxinnan, ?L ,  is thus 

K jot 
(10.24) 
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PL ■= n (10.25) 

The value of T  is found by substituting the new dimensionless parameters 

into equation (10.8) • Thus, 

r = (10.26) 

which, although not in the same form as equation (4.16),  reduces to that 

equation when f* = y. 

A special case, which till now has not been considered, occurs when 

■f' = 1. Although the value of y  is always greater than one, ■f* is not so 

restricted.  (We shall, however, assume y > 0 since otherwise the graphs 

become quite unwieldy.) Letting y' .- 1, equation (10.20) becomes 

dV  .  1 
~dX       1+1 

so that f*  and X are related by the expression 

V  = in (1 + /) 

and, f" and f  by the expression 

/"  = F ,   dV _   V 
dX V e' 

(10.27) 

(10.28) 

(10.29) 

The solution is now complete.    Figures 2 and 3 which relate the vari- 

ables X,  V,  P,  and y for the case C = XL, may be used to relate the new 

variables X,  V,  P',  and •f'   for the case C = \l L + \2 Z,2 .    Values of -?' 

need not be greater than one, hence the inclusion of values of y < •! in 

the figures. 

XI.     GRAffllCAL DEIERMTNATICIN OF 
MAXIMUM PRESSÜKE AND EJECTICTJ VELOCITY; C = Xj Z, + \2 Z,2 

The determination of maximum pressure and ejection velocity for the 

case of a quadratic foim function is considerably more involved than that 

for a linear case.   This is not surprising since f , unlike the constant y, 
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is a function of the maximum pressure. However, in the case of extremely 

regressive or progressive grain configurations, the method developed here 

should lead to more accurate results than does the method of Section VII. 

TS» following parameters are defined similarly to those in Section VII: 

(11.1) 

and 

and 

Q'2 - «/',/a. 

The dimensionless variables P',   F',  and F'j, are then written, 

P' = Q'xP = q\P/0L2 

V = Q\v - q'2v/a. 

V'b.*q'n/a* . 

(11.2) 

(11.3) 

(11.4) 

(11.5) 

(11.6) 

(11.7) 

(11.8) 

PV      ^max      Pß Since --- .= —■%- = ,  Figures 6a and 6b may be used to determine a as a 
<?'! 0CS 

P'. 
function of n and the ratio —/^ . 

The procedure for determining maximum pressure and ejection velocity 
for a charge with a quadratic fom function may now be outlined. 
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Step 1 

a.    Given the firing data calculate the values of the parameters: 

^ = Cb/Lb 

Xi  = X- P(S6 - S0)/2 

«1 
.   -  Vi 

~ 12? \^j^ 

*'    -    A 

^=(T)2^ '«- 

b. Assume ■f'  = y. 

c. Calculate F'^ = —- . 

d. Determine V'ml  = f {Xm, "f')   from Figure 2. 

Step 2 . 

a.    Assume a value of P'   .     (initially,  this is done by selecting the 

value of P' from Figure 3 corresponding to the smaller of the two values 

F'm| and F'j^ as determined in Step 1.) 

b.    Calculate ?'■„/<l\ 

c.    Determine ' = 'f£) from Figure 6. 
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d.    Calculate the values 

„ _ _     2(X - X,) 
f* « f - -n   .tu}     f md 

r«   = -1 

e. Detennine F',,! =/(!,,, f)  frcm Figure 2. 

f. Let r.M.««dll (Vp  r«, f'fc). Detennine P'^ = / (f^, f) 

fron Figure 3. 

g. If the assimed value of P'    equals the calculated value go on to 

Step 3. If not, repeat Step 2 using the calculated value of P'    . 

Step 3 

a. Calculate 

C'l = I'l/**   ' and 

Q'i  = O'j/a- 

b. Calculate the maxinun pressure using Pjg^,  = P'n/Q'i • 

Step 4 

Case A.  F'6 > F'nj 

The ejection velocity is then calculated from 

*«, = ^«i/0'2 • 

Case B.  F'6 < F'ml 

a. Determine Xj, = /(F'5 , f) frcm Figure 2: 

1 + JL 
b. Calcvilate:    v = T-4. j 

and 
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7.Z-1 o   = tzJ -1 0' 2      ß2 2       \ 0 2     • 

c. Determine:    <£ = / (v, J)  from Figiire 4. 

^-i"- F«2 = ' (■*■£" F«" *)   froni Fi«uro 5- 

d. The ejection velocity is then 

_     2      '"«2 
vm - -_—:—    • 

Step 5 

The correction flactors of Section VI may be applied if desired. 

Calculate 

r    = 2 ^m sin <* 
3" -~v7"~ 

and, 1 

_     . »MB»   ^-   -p) 

The corrected values of maximum pressure and ejection velocity are then 

and 

Vm    =   (l " M **)     i1 + Sk r«) V« ' 
Sample Problem 4. 

Given the following data, 

A = 4.92 in2 

B = 0.01919  (inVlh/)"   (in/sec) 

Cb = 0.297 Ib^ 
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F - 388,'250 ft Ihf/Tbi 

Kl   = 0.089 

^2  = 0.25 

Lb = 0.06361 in 

fi = 0.372 

S0 = 67.67 in2,   Sb = 97.28 in2- 

üc = 159.1 in3 

w = 360 lbm 

xm =3.333 ft 

6 = 70.5° 

y = 1.24 

p = 0.05661 Ib^/in» 

T, = 30 inVlbm 

determine the maxixnum pressure and ejection velocity. 

The solution is shown in Table 5.    The results,  fr        = 1684 lb ^7 in2 

and vm   =56.8 ft/sec conpare favorably with 1647 Ibyr/in2  and 61.6 ft/sec 

obtained from numerical integration.     (Disregarding \2,   and using the method 

of Section VII yields the results i>        = 1930 psi and vm  =62.1 ft/sec.) 

XII.     DESIGN OF A SCALE MODEL 

TO REPRODUCE BALLISTICS OF A LARGER CAD 

The dimensionless variables defined previously may be used to determine 

families of CAD'a having identical pressure-distance and velocity-distance 

curves provided the distance scales are suitably adjusted.    A very useful 

application of this feature is that it permits the determination of the 

dimensions of a small scale model to reproduce the ballistics of a larger 
parent CAD.    The use of a small model as a testing apparatus could lead to 

considerable saving in expenditure. 
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The variables as defined in Section 7 are: 

12 W   [(XBFXJ        r 

v = ahnv 

X = 'M- x,   and 

■(A) 
2     h 

(12.1) 

(12.2) 

(12.3) 

(12.4) 

Let T be a ballistic parameter which may be arbitrarily specified.    The form of 

the solution equations given in Section V then indicates that all CAD's with 

2 

V    \aBFX) 
= k i 

A 
ötßTx 

Ar   . 

and (AY     JiL.  =* 
\OiBl       F W        4 • 

(12.5) 

(12.6) 

(12.7) 

(12.8) 

»diere the kt  are constants,  have identical pressures and velocities at the 

point X/T.    Moreover,   if in addition 

T       K5 (12.9) 

all such devices have identical ejection velocities.    We shall call those CAD's 

satisfying equations   (12,5)   through (12.9)   "ballistically similar".    If the 

same propellent ccoiposition is used, the requirements for ballistic similarity 

reduce to 

(12.10) 

(12.11) 

(12.12) 

(12.13) 

(12.14) 
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w = V^AT 
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where, again, the i^ are constants. Note also that equations (12.11) and (12.12) 

imply that the fonn function coefficients of ballistically similar devices must 

satisfy 

A, = v6 A (12.15) 

Aj = v7 A/T, and (12.16) 

A,   = v, A/T2 (12.17) 

since then and only then will the equation 

C6 = A, L6 +A2L6
2 + AjL6

s 

be valid. 

The choice of the parameter T is arbitrary within certain limits. It can 

be any function of the six variables A,  *,,,, Z^, C^, üc,  and w provided the 

function is consistent dimensionally. For practical reasons, however, it 

should be a simple function so that given the value of one of the six vari- 

ables, the values of the other five may be determined directly. As practical 

selections of r we might hare: 

r = A 

T = 2^/—   ,   (the piston diameter) 

or 

T = \lA . 

The following numerical example will help to illustrate the use of equa- 

tions {32.10)   -  (12.14). 

A CAL has the following dimensions: 

A   = 4.92 in2 

0C = 159.1 in3 

w   = 300 lb„ 

Xm = 8.'2 ft 

0=0" 
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Its standard charge is composed of six uninhibited single-perf grains with 
dimensions 

D = 0.51 in 

d = 0.146 in 

A ~ 3.126 in 

which lead to the form function coefficients 

A,  = 2.4541 lbm/in 

A, = -1.4837 lb,,/in2 

As =0 lbs/in3   . 

The propellent has the ballistic properties: 

B    = 0.009436  (in/sec)   (in2/lby)n 

Cb - 0.21104 lbM 

lb - 0.091 in 

«    = 0.58 

Tv - S410 "K 

p    - 0.06 lbm/ins 

T,   =30 in3/lbm 

y   = 1.239 . 

A scale model is to be made with a cross-sectional area. A,  of 1 in2; 
what should be the other dimensions of the device and those of the propellant? 

We shall solve the problem for two cases by specifying two different 
parameters for T. 

Case I: T = ^ 

Substituting the value r - A  into equations (12.10) - (12.17) we have 

Ch =^2 
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w   = vsA* 

A,  = v6i 

A,  = v7 

Aj  = v8/i     . 

We then calculate the values of the MJ   from the given dimensions of the parent 

CAD. 

vl  = xn/A= 8.2/4.92 = 1.6667 

Vj = Lb/A= 0.091/4.92 = 0.018496 

v, =Cb/A2 =  0.21104/(4.92)« =0.0067184 

v4   = //c/ilJ = 159.1/(4.92)* = 6.5726 

v5   = r/il*   = 300/(4.92) 2   =12.3934 

v6   = A,/^ = 2.4541/4.92 = 0.49880 

M,    = A,      = -1.4837 

v9   = As-4  = 0  . 

Setting it =   1 ,   «e then calculate the model dimensions: 

xM = VyA = (1.6667) (1)   = 1.6667 ft 

Lb = v2A =0.038496 in 

Cb = v. A2 = 0.0087184 lbm 

0C = v4i
2   = 6.5726 ins 

v   = v5 A2   = 12.^93 lbm 

^   = v6A     = 0.49880 lhm/in 

A2   =v7        = -1.4837 lbm/in2 

As    =v8/i «Olbj./ln» . 
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If six single-perf grains are desired, the foim function coefficients lead to 

the grain dimensions 

D - 0.365 in 

d  = 0.291 in 

A = 0.635 in .  * 

For purposes of conparison the dimensions of the two devices are listed in 

Table 6. 

Table 6 CCMPARISCN OF DIMENSICNS OF PARHNTT CAD 

AND MODEL CAD USING r = i(,  THE PISTGN CROSS-SBCTIGNAL AREA 

Parent CAD Model CAD 

A 4.92 in» 1 in2 

Cb 
0.21104 lb,. 0.00672 lbm 

h 0.091 in 0.0185 in 

h 159.1 in» 6.57 in» 

1    v 300 1b« 12.39 lbm 

"m 8.2 ft 1.6667 ft 

M 6 grains 6 grains 

D 0.51 in 0.365 in                   j 

d 0.146 in 0.291 in 

h 3.126 in 0.635 in                  j 

The grain dimensions are calculated from the formulas given in Appendix A, 

i. e.. 

A - ^ r* + D-d i 

A  - '8C'' 

for # = 6. 
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Using nunerlcal integration, the ballistic perfozmanee of the two devices 

was calculated. Their pressure versus x/r and velocity versus x/r curves 

were found to be identical. In particular, they both yield Pj^x - 1403 psi 

and v,,, = 101.2 ft/sec. The results are plotted in Figure 9. 

Case II: T = fi = 2 •»/— , the Piston Diameter 

Substituting the value r .= ft into equations (12.10) - (12.17) we have 

xm -yjQ 

h = v2n 

Cb = i/sn
s 

"c = v4n
8 

V = v5n» 

A, = v6fi2 

A2 = v7n 

A3 = v%  • 

Substituting the given dimensions of the parent CAD into the foregoing equations 

we then calculate the values of the v. 1 • 

v\ = xiii/n = 8.2/2.5029 = 3.2762 

v2 = i6/n = 0.091/2.5029 = 0.03636 

v, =Cb/ni = 0.21104/(2.5029) 3  =0.01346 

v4 = üc/ns  = 159.1/(2.^)29) 8  = 0.01346 

vs =w/ns  =300/(2.5029)'  =10.147 

v6 = A! /n2  = 2.4541/(2.5029) 2  = 0.3917 

v7 = A2/n = -1.4837/2.5029 = -0.5928 

"8 = A3        =0 

Setting fi = 1.1284 in,  for which >l = 1 in2 ,  the model dimensions are then 

calculated. 
xm = vin= (3.2762)   (1.1284)   = 3.697 ft 

Lb = v2n = 0.04103 in 
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Cb - v8fi» = aoig^ib,, 

0C  = v4n
B = 14.86 in3 

v    = v5n* ='27.49 lb,, 

Ai   =,v6
nt     = 0.4988 lb„/in 

A,   =v7n       = -0.6689 Ibjn/ln8 

A,  = v8 =0 lb,/in8 

Taking X = 6 grains1, the grain dimensions are calculated using the 
formulas on page 2 of Appendix A,  to be 

D = 0.230 in 

d = 0.0688 in 

A = 1.410 in . 

Using numerical integration techniques, the ballistic performance  «as calcu- 
lated for the model device.    As before, the parent CAD and the model CAD were 
found to have identical pressure and velocity versus x/r curves.    The compara- 
tive dimensions are listed in Table 7. 

'As in the previous case, M may be set at any value for which D, d, and A, 
have positive values.    If M - 3, for example, the dimensions are calculated 
to be 

D - 0.378 in 

d = 0.214 in 

A = 1.41D in . 

The important thing to remember is that the charge configuration is not 
unique.  Any configuration that has the form function, 

'2 C  =0.4988 L - 0.6689 LJ 

and web 

1,5.= 0.04103 in 

will produce the same results. 
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iTablo 7 (XMHffllSOH OOP DDIBBKIB OP HfflBfT CAD 
AND vrna, r^D TOD» -r - fl. THB HSKM DIÄKEHl 

Parent Ci© Model CAD 

A 4.92 In* 1 in* 

Cb 0.211D4 lb. 0.0193 lb. 

h 0.091 in 0.0». in 

h 159.1 in* 14.58 in' 

1      *' 300 lb. 27.49 lb, 

'" 
8.2 ft 3.70 ft                    ! 

* 
6 6 

D 
0.51 in 0.23 in 

d 
0.146 in 0.066 in 

1      h 3.126 in 1.41 in                     j 

From the results of Cases I and II we conclude that it is possible to 

determine the dimensions of a small scale model that is baUistically similar 

to a larger parent CAD. The model could be used for experimental purposes. 

Once the proper cberge «eight and web size were determined for the model, the 

proper charge design for the parent device could be deduced from the results. 

If, now, r is taken to be xm,  all devices with equal ratios, 

Ob/0c '  w"-1 satisfy equations (12.10) and (12.13). 

For a particular device the ronaining equations determine the charge design 
and accelerated mass. He can then say that for a given CAD, any device with 

the seme ratio, Uj,/ Uc,  may be used as an experimental model. The follow- 

ing numerical example illustrates the principle. 

Device I has the following dimensions: 

A -4.92 inJ 

üc =159.1 in8 

u> = 300 lb,, 

xm - 8.2 ft 

6  =0-. « 
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The propellent has the properties: 

B   = 0.009436 (in/sec)   {in2/lb/)n 

Cb = 0.21104 lbm 

Lb = 0.091 in 

n    = 0.58 

Tv = 3410° K 

p   = 0.06 lbm/ins 

T,    =30 ins/lbm 

y   = 1.239 

and fonn function coefficients: 

A1   = 2.4541 lbB/in 

A2  * -1.4837 lbmin2 

A3  =0 lbw/in3  . 

The resulting pressure and velocity versus x/xm curves are shown in Figure 10. 

"IVro other devices have dimensions: 

Device II: 

A    = 1 in2 

Uc  = 3.944 in3 

xm = 1 ft 

6=0' 

and 

Device III: 

i    «« in2 

Uc = 23.661 in3 

xm = 3 ft 

e  =0«. 

(Note that U^/Uf. = 3.043 for the three devices.)    Using the same type of pro- 

pellaiit,  what grain design and accelerated mass should be used in each device 

so that all three devices produce the curves shown in Figure 10? 
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Soliitica 

Replacing T by x^ in equations  (12.10) -  (12.17) 

using the properties of Derico I 

•v2  = Li/x,, =0.01110 

v»  -Cb/AXju-O.COBSai 

'VS =W/AX
M ■ 7.4360 

v6  = Ki/A   = 0.4968 

v7   =Aj*B/i  = -2.4729 

flxm which we determine the values: 

SOITO for the v^ 

Lb =vt*m 

cb =vs**n 

Ai  =V6* 

A a   =vaA'xm
i 

A 

Derice 11 

0.01130 in 

0.006231 lb,, 

7.4360 lb,, 

0.4988 lb „/in 

-2.4729 lbm/in« 

0 lb „/in* 

1 in2 

3.944 ins 

1 ft 

Derice in 

0.03330 in 

0.031386 lb,, 

44.6160 lb» 

0.9976 lb „/in 

-1.6486 lb „/in2 

0 lb„/in8 

2 in8 

23.661 in8 

3 ft 

Integrating the ballistic equations numerically and plotting the results 

versus ■*/■«„ for both devices produces the curves shown in Figure 10. 

At this point some mention of an apparent relationship between the 

action times of ballistically similar devices should be made. As a con- 

jecture we state that at equal values of X/T all such devices have equal 

values of t/'T. The conjecture has not been proved, but there are strong 

arguments in its flavor. Consider the following. 
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The previous derivations indicate that every menber of a family of ballls- 

tically similar devices has the same velocity equation 

iMf) 
where / (X/T)  is a particular function of x/r.    Separating variables the equa- 
tion may be integrated to yield 

/•X/T 

0 

dz 

The integral is improper and may not exist since /(o) = 0. Ignoring the fact, 

however, and assuming the existence of the integral the stated conjecture 

follows. 

To substantiate the argument, in Figure 11 we have plotted the value t/r 

versus X/T for Devices I, II, and III, where T = xw. (The data were obtained 

numerically.) Although there are actually sligh*. differences between the 

curves they are undetectable from the figure and are possibly due to inherent 

errors in the numerical integration method. At any rate the evidence seems to 

indicate that the conjecture given above is at least a very good approximation 

to the real case. 

The conjecture may be stated in another form: for ballistically similar 

devices the time required to reach the point X/T is proportional to T. Stated 

in this form it is easy to deduce a very useful application. Fran a given 

pressure-time trace for, say, Device Z)j we can determine the corresponding 

trace for any other ballistically similar Device D2  simply by multiplying the 

abscissa values by the ratio TD2^'rDl '    '^ae  8a,ne i8 l^«^86 ^Tue  for 

pressure-distance, velocity-time, and velocity-distance curves. 

In our discussion of ballistically similar devices we have neglected to 

consider non-horizontal firings. This has not been unintentional. A study 

of the non-horizontal equations was undertaken but, unfortunately, no simple 

similarity relationships could be found. However, the foregoing analyses 

seem to be approximately applicable to the non-horizontal case. Performance 

calculations were made for Devices I, II, and III assuming 6 - 90°. The 

results are plotted in Figure 32. 

Although the velocity curves are very similar, the pressure and time 

curves vary by as much as 7%. This would indicate that in the case of non- 

horizontal firing the quations should be used with seme discretion. 
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R3RM PHNCnOWS OF gME CCmON GKAIN CXINFIGÜRATICWS 

The law of burning, known as Fiobert's law, is generally adopted by 

interior ballisticians. According to the law the surface of each grain in 

the charge recedes parallel to itself as burning proceeds.  Some confinna- 

tion that the law is nearly obeyed is obtained by firing charges such that 

the propellent is not all burned at the end of the stroke. The shape of 

each unbumed grain is, in general, found to be very well preserved. In 

other words, simultaneous ignition of the surfaces of the grains and burning 

by parallel layers seem to be reasonable assumptions.  (See Hunt (e) page 40.) 

A grain whose surface increases as burning proceeds is called "pro- 

gressive"; if the surface decreases it is called "regressive"; and if the 

surface remains constant it is called "neutral". Seme of the more cannon 

grain shapes and their form functions are described here. 

1. Cylindrical Grains 

To obtain the form function of a charge made up of homogeneous 

cylindrical grains, the total charge weight, C{,, is equated to the number 

of grains, H,  times the density of the propellent, p, times the volune of 

one grain. Thus, 

TTD
2 

"4~ 
Cb= M p -~- h (Al.l) 

where,  D and h are,   respectively,  the initial diameter and the initial 

length of the grain.     After burning through a distance,   L,  the charge 

left unbumed is 

Cb - C = M p ^ [D - ZL)"1  [h - Zl) (A1.2) 

Combining the two equations and rearranging tenns,  the form function is 

obtained as 

-2C6   r 
'Wh L D\D + 'Zh)L - '£  (2Z) + A) L2   + 4L3 (Al. 3) 

The charge is regressive.    The value of Xj to be vsed with a quadratic 

form function is 

,     = Cb      p{Sb- S0)   _ 2C6r 2L6
21 

Xl      ~Lb -        "Z ~Dh  I0 + ^ " " ZT J • (Al. 4) 
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If D >  h,  the web is given by 

hmi 
If D '< h, the web is given by 

Lb --£  • 

(Al. 5) 

(Al. 6) 

A conmon variant of the grain design is to "inhibit** the cylindrical 

surface so that burning takes place only on the circular ends of the grains. 

A neutral charge is obtained in this case, the form function being 

Lb 

and the web is given by equation (Al. 5) 

(Al. 7) 

/ - * 

2. Siagle-Perf Grains 

A **8ingle-perf** grain is a cylindrical grain pierced by a cylindrical 

perforation through the center of the grain parallel to the length of the 

grain. 

Equating the charge weight to the number of grains, M,  tiroes, the 

density of the propellent times the volume of one grain yields 

Cfc=*A»T W -d2)h (A2.1) 

where D, d,  and h  are the initial values of the diameter of the grain, 

the dianeter of the perforation, and the length of the grain, respectively. 

After binning through a distance, L,  the charge left unbumed is 

Cb -C = *p-| \(D- 2L) 2 - (d + 2L) 2 j (A - ZL) . 

Combining the two equations we have 

-Ät'-^'—'] 

(A2.2) 

(A2.3) 
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The grain is regressive, only subtly so if A > > D.    Since the form function, 
equation (A2.3),   is quadratic the value of Xj   is 

The web is 

ki= w~-~s) [h + ^ir J 

. .D-d 
h - "4- 

(A2.4) 

or 
T       -    h 

(A2.5) 

whichever is the smaller. 

If the ends of the grains are inhibited a neutral burning charge is 

obtained with 

Lb 
(A2.6) 

and 

, .D-d 
h - "4- (A2.7) 

If all the surfaces except the perforation are inhibited a progressive 

charge is obtained with the form function 

c . _Ä.. ,« , ,., 

with Xj being given by 

_  4C^ 

~(D2 -d*) 

and web, 

,    . D - d 
h - ---2" 

(A2.8) 

(42.9) 

(A2.10) 

3. Seven-Perf Grains 

A "seven-perf" grain consists of a fairly short cylinder, pierced by 

seven equally spaced cylindrical perforations parallel to the length of the 

cylinder. It is generally specified that the diameter, d, of each perfora- 

tion is approximately one-tenth the diameter, D,  of the grain. The appear- 

ance of the end section is shown in Figure 13a. 
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The initial distance between any two perforations and between any of the 

D - 3d 
outer six perforations and the curved surface of the cylinder is —T— . It 

D —  Sd 
will be noted that when a distance -■—.»" has been burned through there are 

o 
twelve curvilinear, triangular prisms called "slivers" remaining unbumed. 
(See Figure 13b.)    Strictly speaking, then,  a seven-perf grain has two form 

n _ .«y 
functions-one valid for 0 < L < -~A— » the other valid during burning of o 
the slivers. In practice, however, since the grain is about 85 per cent con- 
sumed at the moment of slivering and since the latter form function is unduly 
complicated, it is generally assumed that the initial form function is appli- 
cable during the entire burning regime. 

Equating the total cbarge weight, C(,, to the number of grains, M,  times 

the density of the propellent, p,  times the volume of one grain gives 

Cfc = *P-J   (fl2 - 7d2)A {A3.1) 

where,  as before,  h is the length of the grain.    After burning through a 
distance,  L,  the charge left unbumed is 

Cb - C = M p \     (D- 2i) J - 7{d + 2L) 2 I   (* - ZL) . (A3.2) 

Combining the above equations the form function becomes 

C = ÄigriW1) "I t* (^ + 7^) + ^ (P2 - 7d ») ] L + [6A - 2 (D + 7d) ] L2 - 12/,4 .(A3.3) 

The charge is progressive.    The value of X|   for use in a quadratic form 

function is 

K*      h     P        2 4CfrU1-7d2     2A      A(öf-7d«)J  •      l*3-*' 

To be consistent,   it becomes necessary to define the web, Lf,, as the real 

root of equation (PZ.Z) «dien C = Cj,.    In the general case,  for which h > ZLf,, 
we then have 

,    _ D-/7d  _ D-2.645Bd 
6 " i{IV9) "     ^-«W* (A3-5) 

otherwise 
h*i (A3.6) 
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CORRECTICM FACTOR FOR RESI3EANCE DOE TO SPRING 

Occasionally, as in seme "stores separation devices", the resistance of 

a spring must be overcome in addition to the other resisting forces acting on 

the accelerated mass. In most cases, this resistance is quite ana"11 and can 

be accounted for by a slight change in the potential energy correction factors 

derived in Section VI. 

M.-f ^♦r.totfj 

Let K be the known spring constant. The equation of motion is 

Y + g ein 6] + Kx (B.l) 

and the energy balance equation is 

(B.2) 

If, now, the term V g sin 0 + Kx is taken as being proportional to ^, we 

obtain the sane fonn for the cc 

obtained in Section VI,  namely 

WiTv - T) = f1!^1»] i  {v2 +ze* 8in o)  + -IT 

obtain the seme fonn for the correction factors for p        and vw as was max ™ 

■■■ 
K, 

and 

max 

vZ  =    1 

1 + inis )* Zn lrmax 

1- n 

(B.3) 

(B.4) 3- 2n "3 1   ■'■  * 

The value of K,  is slightly changed, however, and is obtained as follows. 

From the assumption of proportionality we have 

(M g  sin 6 j (M g Bin 6 + Kx)dx.- j j^jr chr . {B.5) 

Substituting p .= 3— V —■- into the foregoing equation and inte- 
dt' 

grating we obtain 

wgxsine + %:  *ti|L . (B.6) 
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The equation must be satisfied for v ~ vm   and x - xm ',  hence, we have as the 

value of JT- 

ft* 
v exm sine + -|-^2 

2 m 

(B.7) 
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AHPIROnMATIOW OF TBS CMSET RATE 

The onset rate is the time rate of change of acceleration of the acceler- 
ated mass.    An approximate mathematical expression for the maximum onset rate 
is given by 

max 't-JW-* 
where. 

A   is the maximum rate of change of acceleration in f's per second, mBx 4 
(onset rate); 6 is an empirical correction factor taken to be •=-. 

X,t Og ■   mi IM.  mm  

3f     } 

and 

2f' V^y' + ij       L^3^' *1   35-' + ij /i 

«(f) =-< 

-i   (/2- 1)«/2*        ,  f'  =1 

(Values of co(y'}   are plotted versus -y* in Figure 14.) 

The approximation was obtained by substituting into the identity 
relationship 

£"«'&-(ft)' 
the dimensionless variable. 

and 

V  = (A/aBF\l)v, 

X   = (124/^) x . 

(Cl) 

(0.2) 

(0.3) 
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The distance variable X  is related to the velocity variable V,  by the 
expression 

where 

X = (I-M^TM   - 1 

_ 7' - 1 

(C.4) 

so that equation  (c1) (C.5) 

may be transfonnsd into an equation relating the time rate of change of 

acceleration, a, to the variable V.    Thus, 

a - 
[CLBFX 

Y'{I- fjy') "- (I+M)^'2 U-ßV) VJ (C.6) 

Differentiating the above equation with respect to F', equating the 

resulting expression to zero, and solving for V'  leads to values of V  for 

which ä is a singular point. The value of V'  for which ö is a maxiinuin is 

subsequently found to be 

y'   |_  Mjy'  + 1 J ' 
(C.7) 

This value of V  leads to the expression for maximum a : 

max 
144{aßAj)3  l ._,. ,      . —___J__ ^(y')      g's I  sec. 

where ^i{y')   is a fvmction of y' only. 

Assuming that t is a mathematical maximum we may substitute the max 
expression 

(C.8) 

y'+l 

p.     -/1W ^ly-i   Si(j/_4_Y 
M      Vr'A ^y' / larW^i/ 

into equation  (C.8)   to yield 

"»X     ?CV   y,;^    P'3/1 

max (C.9) 

') 
r/2- (ClO) 

Denoting ^y'VP'*^ by coly')   and adding the as yet unspecified correc- 

tion factor k then leads to the approximation given above. 

2 
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The approximation for y' was obtained in the following manner, y'  is 

related to y by the expression 

Ccmbining the above equation with equation (C.9) yields 

(Cll) 

y< ^y.Vi ^näfflt  y,  I.ÄDL'Sy'.'x (C.12) 

In practice y' never differs from y by more than a few percentage points so 

that we may approximate the expression on the right by 

y'+l Y'*I 

V^'+i/     \  r'+i/ 

This then leads to the y'  approximation 

(C.13) 

f « (C.14) 

A comparison of values of ä calculated from the above expression 
4 

with those obtained experimentally indicates that the value * = — for 
o 

both the Mk 327 Test Set and the Dahlgren ballistic pendulum gives gener- 

ally good agreement. The results of the comparison are tabulated below. 

Experimental a max Calculated a max 

Mk 327 

Test 

Set 

260.1 g'e / sec. 
284.4 f's/sec. 

222.7 ?'s / sec. 

254.9    f's/sec. 

313.3 f's / sec. 

241.4 ^'s / sec. 

Dahlgren 

Ballistic 

Pendulum 

19.4 ^'s / sec. 

13.0    ^'s / sec. 

16.5 ^'s/sec. 

18.9 g's/sec. 

12.8 ^'s / sec. 

16.0   ^'s/sec. 

A "better" value of k might be obtainable from more extensive 

empirical data. 

3 
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APPLICATION OF THE LARGER ROOT OF EgJATIOW 8.14 

For one reason or another, the ratio of barrel volxme, U^,  to chamber 

volume, Uc,  for most CAD's is of the order of 1. For example, the ratios for 

the Mk 327 Test Set and the Dahlgren ballistic pendulum are 1.24 and 1.57 

respectively. For ratios of this order of magnitude the methods of Sec- 

tion VIII are usually sufficient to determine charge weight and web size to 

meet given performance requirements. Recently, however, a device was 

encountered with a ratio ü^/ Uc ~ 5.  In attempting to obtain a grain design 

for the device it was found that no feasible solution could be obtained for 

any value of E through the use of Figure 7a. An investigation was under- 

taken to determine the reason for the failure and the means of correcting 

the situation. The results of the investigation follow. 

In Section VIII B it is shown that for a given value of £ a feasible 

solution exists if and only if v    satisfies the inequality 

11^   < 
FpO. 

r-fV-m] (D.1) 

The derivation,   not given in Section VIII B,   is as follows: 

"mi   *   "6 

UJv2- Mmx m - [aß)      Fka 

Vvl < F\LbVm   = FCbVm  = Fp(Uc - Ut) Vm 

I *< -< -f FPUC  (l - £ j 

Fpüc        -   2     L UcUm) \ 



RgQBTKD.   1752 

where 

Vml   is a root of the equation * 

i.-{i-^i4*-',-i. 
and 

(D.2) 

(D.3) 

(D.4) 

Recall that equation (D.2) has two real roots, the smaller of which is 

denoted by F^j . We shall denote the larger by FM| . 

The bracketed term in relation (D. 1) must be positive, hence a 

necessary condition for the existence of a feasible solution is 

?»<*. U. 
(D.5) 

Referring to Figure 7a, the value of Vml  corresponding to £   is found 

to be approximately equal to - - -y . Substitution of this value into equa- 
m§ 

tion (D.3) with subsequent use of the relationships  (0.5)   and (D.l)  then 

yields the result: 

If 

&> 
U. max (D.6) 

where 

or if 

max 

ZVv. 

\2yz - ly 7y-*9l 
(D.7) 

FpOc 

%--y Mte)] (D.8) 
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the langer root,  F^j , of equation (D.2) must be used.    If neither (D.6) nor 

(D.8)   is true the analler root,   Vnl ,  should be used. 

In light of the above,  a slight modification in the methods of Sec- 

tion VIII is required.    In Figure 7b we have plotted Kmj versus E and y. 

Notice that the right-hand member of the inequality  (D.l)   is a monotonically 

decreasing function of E when Vml is used,    while it is monotonically increas- 

ing whenTml   is employed.    The modifications to be made are then as follows: 

In Step 2 of Parts A and B of Section VIII first determine once and for 

all from the relationships  {D.6)  and (D.8) which root should be employed — 

similarly in Part C except that $ t/v*  in (D.8)   is replaced with ^„„^^m^ 

The rest of Part A remains unchanged.    In Step 2c of Part B proceed as 

directed unless F^j   is used.    In that case,   if El  > £2  select a smaller 

value of E and repeat Step 2.    Similarly,   in Step 2d of Part C,   if E3 > £3 

select a smaller value of E when using Vnl . 

The above procedure was used in the case of the previously mentioned 

device where U^/ Uc - b.    A feasible solution was found using Fmj  and veri- 

fied by the numerical integration of the ballistic    equations. 

An interesting observation may be made from the relationship  (D.l). 

If the inequality is replaced with equality, burnt occurs at the moment of 

completion of the stroke,  since then Fj, = Fmj .    For a given propellent, 

barrel volume,  ejection velocity and maximum pressure,  this fact then enables 

us to determine two chamber volumes and two constant-surface charge configu- 
rations to give the desired performance.    Furthermore, burnout in both 

instances should occur at end of stroke.    Consider the following example. 

The propellent has the following ballistic properties: 

B = 0.01    (in/se^ (in2 /Iby) n 

n = 0.5 

F = 279,560 ft'lby:/lbm 

•y = 1.2 
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p = 0.06 lbm/in8 

7j = 16.67 in8/lb* . 

The device has dimensions: 

i« = 40 in2 

K1=K2=0 

V = 3106.1 slugs 

*„, = 8 ft;  Ub = 12 il xM = 3840 in8 

0 = 0°. 

Determine two chamber volumes and their corresponding constant-surface charge 

configurations to yield P       .= 1354 psi and v.,   = 15 ft/sec.    Burnt should max m 

occur at ejection. 

Solution 

Using equality in the relation (l) we can solve for Uc  to obtain 

a, - K- * a. 

Since 

■x 

Ob 

FpV, ml 
(D.9) 

(D. 10) 

equation (D.9) implies that 

w 
FV, ml 

From the given performance requirements we calculate 

If»* 
E-=r-—7 = 0.8068 

'max  « 

(D.ll) 

(D.12) 

and determine a = 0.036 from Figure lb. Using Figure 7a we obtain Vnl  = 0.9 

and the corresponding value Xm = 1.55 from Figure 2b. The required charge 
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«eight is found to be 

Cft = Vu* /Ffigi  = 2.779 lb,, ;   the initial finee volune is 

so 

yfc = 2477 in* , 
■»« 

that 0C = -£ + (/+ = 2523 in8 . 

Burnt occurs at end of stroke, hence equation (4.1) may be used to determine 

the web, 

Lb  =?f- w« =0.4196 in. 

In sunnary, then, the values 

nc  = 2523 in
3 

Cb  = 2.779 lbw 

Lb = 0.4196 in 

should produce the desired results. 

Similarly, using Figures 7b and 2b we obtain Yml   =1.8 and Xm ~ 6.4. 

Bnploying the same procedure as above we then have 

Uc  = 623.2 in
3 

B:  C6 = 1.390 lbm 

Lf, -  0.4196 in 

as the second set of values. 

Using numerical integration techniques the ballistic performance was 

calculated for the two sets of values, A and B. The results are shown in 

Figure 15. Notice the radical difference in the shape of the curves, though 

they produce nearly the same p        and vm.    The distance burned through the 

web in case A is found to be .3978 inch, while that in case B is .3586 inch. 

5 
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The above process could be repeated to determine the required chamber1 

volume for p        fixed at 1354 psi and various values of vm. By allowing 

vm  to take on values between 14;8 ft/sec and 15.6 ft/sec, the ccnplete range 

of E given in Figures 7a and 7b may be covered. Numerical integration tech- 

niques would produce a large family of curves, two examples of which are 

shown in Figure 15. Depending on the desired pressure-time characteristics 

an "optimum" chamber volume could then be picked out from the family of 

curves. For example, if maximum ejection velocity is taken to be the cri- 

terion for "optimum" the procedure yields an optimum chamber volume of about 

2710 in3 for which v_ = 16.4 ft/sec and />   = 1375 psi. m max 

The foregoing suggests the possibility that for a given device with 

fixed dimensions, improved performance could be obtained simply by loading 

the chamber with inert material and decreasing the charge weight. 
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mOBMBB TO GRAIN DESIGN TO RENDER 
p AND v- WITH BURNÖOT NEAR "BSD OF STROKE max "• 

Several methods of determining constant-surface charge requirements to 

meet given CAD performance specifications are discussed in Section VIII.    One 

of the shortcomings cannon to all these methods is the fact that quite often 

they lead to designs that are only fractionally consumed at the end of the 

piston stroke.    A method of correcting the situation is given in Section IX, 
but the correction is not always practical,   especially for those CAD's having 

high loading densities.     Furthermore,  although constant-surface grain designs 

are usually adequate for those devices having barrel volume to chamber volume 

ratios sss 1,   they generally perform poorly in those devices with ratios > > 1. 

For these reasons we return to the problem of grain design. 

Let conditions a)   and b)  of Section VIII be replaced by the stronger 

conditions 

a')   "BumP' shall occur at end of stroke,   i. e.,   V^' - FBj . 

b')   p shall be a mathematical maximum,   i. e.,   Fm'j > Vu   - l/y' • 

Under these conditions we shall attempt to determine the charge weight and 

grain geometry required to produce a given maximum pressure and ejection 

velocity. 

Condition a')   permits the inmediate determination of the web-size from 

equation  (ID.l).     Thus, 

h =*?**• (E-i) 

Employing the definition of initial free volume together with equation (10.14) 

yields an equation for the charge weight, 

Cb - püc    [l  - -A-j (E.2) 

where U^ = 12Axn, the barrel volume. Condition a') also permits the rearrange- 

ment of equation (10.15) to yield an expression for \, , the first foim-function 

coefficient, 

1 
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ki = (öSF) F'Y 
= # vis   • ^-^ 

Finally, equation (10.2) may be used to detenrine the value of \2 , the second 

coefficient, 

x2 = ^i = cAlp.:b . {E.4) 

Übe  required chajqge weight and grain geometry are given by these four equations. 

However, before they can be evaluated we must first determine K^j , and Im  fron 

the given firing specifications. 

By condition a', V^l   is related to Xm  and y',  as before, by the expres- 

sion 

„_2__ [i- (l+jj""
2""J, y/l 

K;, " < " {E.5) 
I* (1 + /J, f = 1. 

Using a procedure identical to that employed in Section VIII we define the 

piezomstric efficiency by 

• . JJ^JS2. (B-6) 

and the parameter P' by 

IM,  K^j, and y'  are then further related by the equation 

*mmTVfl' (E-7) 

1
Niote that from equations   {30.25)  and  (10.29) we have the identity relation- 
ship r* ■ 1/2 P'M. 

2 
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Thus far we hare two equations in the three unknomis /„,,  Fg, and y'.    Vs 

require one more.    If we define a nvolunetric-efficiencym as 

'l      Fprc 

a rather lengthy algebraic manipulation yields the third equation, 

(B.8) 

/- = 

^6 
(1 - VKjlüc 

r-fe; rar)"v 
(E.9) 

T The derivation is as follows: 

^i = n 
iri2    —   tri   tri vm\        rf,   rMl 

[oiBFKi) "        [OBJ      FX7?r"l 

'•ft  =^1^, FLb 

= x Ki *Ch 

Also, from equation (10.19) we have 

2^- - 1) 
_A  

Solving for r- yields 
^1 

^l 

A = ?|i(y-y)+i. 

(a) 

(b) 

The combination of equations (a) and (b) then leads to equation (E.9). 

3 
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l 

If the given specifications satisfy certain restrictions the three non- 

linear equations (E.5)t (E.7), and (E.9), may be solved for the variables 

Xn,  VjJu and y' by any one of several possible numerical techniques. The 

equations (E.l) — (E.4) may then be evaluated to detennine the grain design 

requirements. 

The numerical solution of a system of non-linear equations, however, 

can be quite tedious. Moreover, there is no guarantee that equations (E.5), 

(E.7), and (E.9) possess a real solut ion for a given value of E.    Conse- 

quently, a less direct but simpler method of attack is suggested. Before 

describing the procedure, however, we shall have need of seme further relation- 

ships between the variables. 

In order for a grain design to be meaningful, the burning surface, S, 

must of course always be non-negative. In particular we must have 

1 

(E.10) 

S0 >0 

Sfr >0 } 
where S0 and Sj, &re,  respectively,   the initial and final burning surfaces. 

From the form function equation we obtain 

so that the required inequality relationships become 

^  > 0 

(E. 11) 

(E.12) 
kl   + 2\2  Lb > 0 . 

These inequalities restrict the permissible range of values of y' and F^ . 

The first inequality,  Xj  > 0,   implies by definition that 7' must be non- 

negative for all values of X.    V^Jj must,  therefore, be positive.    Also, 

since y' - l/Vu, y' must be non-negative. 

1S0 = 0 implies X^  =0.    The equations of Section X are not applicable in 

this case since V and P' are then undefined. 
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The second inequality, kl  + 2 \2 ifc > 0,   Implies that the ratio X/X, 

must satisfy 

X,  -  2    ' {E.13) 

this follows fron equation (E.4).    Bqploying equation    (b)   in footnote 2, we 
then have another restriction on y' and V^,   i.e., 

^'i (y'-y) si. (B.14) 

Combining the above restrictions with condition b') leads to the follow- 

ing conclusion: we need only consider those solutions to equations (E.5), 

(E.7), and (E.9) for which 

r' > 0 

__A— < _i_ < r» 
Jy' _ Jy — -y'     ~      m* 

--- < F^i < —-— 

for >''<>' 

for y' > y . 

(£.15) 

F^j and y'  are  said to be in the "solution danain" if they satisfy these 

inequalities as well as equation (E. 15). 

We may now describe a suggested procedure for determining charge weight 

and grain geometry to yield a given performance. 

Step 1. 

Given the maximum pressure,  p and ejection velocity, vm, together 

with the other pertinent ballistic parameters calculate the values 

^8  =2^m 8in 0/vm 

W=Cx/(1+3'i„-) 

vm - v: / (l - 3^ r.) 

V .=  (1 +Ä'1) w/gc 
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,..(L^)(y.1)+1 

ff     =^V»2 

?i   -rp-irc~ 

Ob = 12^m 

-        Ob 

Step 2. 

a. Assume a value of Xm.     (initially,  take Xm = Mj •) 

b. Fran Figure 2b,  select a value of y' and F^,   in the solution domain 

corresponding to Xm. 

c. Calculate 

X   = -"J-  

i-^ -v) 

1Tbe solution dona in is determined in the following manner. In Figure 2b, con- 

nect those points for which V . Also connect those for which 
7' 

V = . The solution domain lies within the region bounded by these 
y' - 7 

two curves. In Figure 16, we have plotted the solution domain for y ~ 1.295. 
We shall use this figure in place of Figure 2b in a sample problem given 

later. 
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d. If the assuned value of /„, equals the calculated value, go on to 

part e; if not, repeat parts a. — c. using the calculated value of /„,, and 

the sane value of y'. 

e. From Figure '3, detennine the value of P£  corresponding to the value 

of Y- 

f. Calculate 

PM ** 

Step 3. 

a. Repeat Step 2 for several different selected values of y'  and V^l  so 

ss to cover the solution domain. 

b. Plot the values as ootained in Step -2, E and Xm versus F^j. 

c. Select the value of Im and F^j corresponding to the desired value 

of £ as obtained in Step 1. (Note that there may be one, two, or no solu- 

tions.) 

Step 4. 

a.    Determine a = f {n, p      )   from Figure 1. 

b.    Calculate 

Cb=puc (,. _^.) 

. V_vm* 

= Cb/H.'X\ v«      lb 
,  and 

^■1 S ^nL 
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These equations determine the required charge weight, web-size,   and surface 

versus burning-distance relationship to yield the given performance. 

Saqple Problem 1 

Given a CAD and propellent with the following propertias: 

A = 4.92 in2 

B =0.01919  (in2/lb/)"  in/sec 

F = 328,250 ft. lby/lb „ 

A,
1 = 0.089 

K2 - 0.25 

n = 0.372 

Uc = 159.1 in3 

u, = 360 lbm 

xm    = 13.474 ft 

0      =0° 

y       = 1.24 

p       = 0.05661 lhm/ in3 

71       = 17.665 in3/lbm    . 

Determine a grain design to yield an ejection velocity of 120 ft/sec. 

The maximum pressure should be no greater than 1600 psi.    Burnt should occur 

at or near ejection. 

Solution 

Proceeding according to the instructions in Step 1 we calculate 

Kt       =0 

^max     *     1600psi 

= 120 ft / sec 

8 
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IT =12.185 slugs 

y = 1.295 

E > 0.827 

Ä, = 0.02967 

üb = 795.5 in3 

Mi ■ 5.200 

M2 = 0.030855 . 

Continuing on to Step 2, we guess Xm ~ /x,  ~ 5.'2CX).    From Figure 16 we 

select the maximum values of y'   and V7^l     in the solution domain correspond- 

ing to /„ = 5.2.    Thus, y' = 0.45;   F^j   = 2.35.    We then calculate the 

value of /    fron the equation 

/- =  5.2_  

1 - 0.03086^ - 0.45) 

and obtain Xm = 5.265. Repeating the process, this time guessing Xm .= 5.265, 

there is no perceptible change in F^j, so that the values 

'ml 

r 
= 2.35 

= 0.45 

= 5.265 

are taken as satisfying equations (E.5), (E. 7), and (£.9) for some value of 

E. From Figure '2 we obtain W = 0.64 corresponding to y' = 0.45 and calcu- 

late 
1 
5 p » 2 

^ = -DT3^-    = 0.82. 

In Step 3 we repeat the process for different values of y'   and obtain the 
following table. 
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Table 8 SOLUnCNS OF ECJJATICNS (E.5), 
(E.7). AND (E.9) FOR VARIODS YALOES OF B 

Um 5.2 5.265 5.2 5.249 |      5.2 5.231 5.2 5.2IB1 

r 0.45 0.45 0.6 0.6 0.8 0.8 1.0 1.0 

kii 2.35 2.35 2.22 2.22 2.01 2.01 1.8 1.8 

U« 5.265 5.265 5.249 5.249 5.231 5.231 5.218 5.218 

rv 0.64 0.525 0.43 0.37    j 

E 0.82 0.89 0.90 0.84    | 

Since we are only interested in values of £ > 0.83 we have sufficient 

data. Tbe values are then plotted: 

5.4 

5.3 

5.2 

r\ 

.,./ 

V 

1.0 

0.9 

0.8 

Apparently, any value of F^j between approximately 1,8 and 2.3 should 

meet the given specifications. Depending upon the particular choise of V^ll 

the corresponding value of Xm may then be picked off fron the graph. For 

our purposes we shall select 

Xn      = 5.23 

E =0.9 

and go on to Step 4. 

ID 
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Before we can detextnine a we calculate the value of p        from max 

. 2 «^ 
max EAx„ 

to obtain p        = 1470 psi.    Prom Figure 6a the value of a .= 0.015 is 

obtained for n= 0.372 and p        = 1470.    Finally, we calculate the values max 

h " *? *• B 0-08554 ^ 

^7C t1" A)   =0.3963^ 

VvJ x»= RTV" 
= 3-:1246 lb««/in 

X2 =  V^.."^  = 17.633 lb,,/in* 

\        2X.   L and 5    = __1 + __J._ =55.20 + 623.0 L in2 0 < L < 0.06554. 
P P 

These values provide a preliminary design which may be modified on the basis 

of the results of a numerical integration of the ballistics equations and/or 

experimental firing results. For example, using numerical integration the 

above design is found to yield 

max 1420 psi, and 

112 ft / sec . 

In addition, the web is found to be 80 per cent consumed at ejection. This 

is close to the predicted performance; however we should be able to come 

closer to the firing specifications by slightly modifying the design. 

Let us consider the general problem of determining the required grain 

design modifications. We shall make the following assumptions; 

(1) The foim function is quadratic; 

(2) Burnt occurs near the end of stroke; 

11 

I 
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(3) Tbe loading density, A s Cj/p^c,  is 
neaiallwv  i. e., A < 0.1; 

(4) ^IBa_ is a mathematical maTliam. 

Assurpticns (2),   (3)» and (4)  are met in most CAD applications and are not 
felt to be serious restrictions.    As for assumption (l)  — most form functions 
are cubies but can generally be very closely approximated by quadratic expres- 
sion.    At any rate, tbe assuooptlons are made for practical reasons; they lead 
to rather simple  (end apparently accurate) correction formulas. 

We shall have need of the following equations obtained fron Section X: 

P'M   'a   (cfA-)2    *max (E-16) 

r.'i - «wq •■ {E-17) 

Iu    =4^ (E.lß) 

r    =f- 2  ffiS     F¥\7 (E.19) 

p,»*r (W)^ (E-21) 

C     =\l L + \2L
2 . (E.23) 

Using these equations we shall derive expressions which determine the grain 

design modifications necessary to produce given corrections in £___ and vR. 

Differentiating equation (E.20) we obtain 

-tr*- =- ßdy' (E.24) 
PM 

12 
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wbere 

r —1— Fi + ~ß— in i-t-il v 4 

*** (E.25) 

= 1 V4. T 

The assunption of anall loading density pennits us to treat the initial free 

Toliaas,  ffj, as being relatively independent of small changes in the grain 

design,  i. e.,  (J^ ^% constant.    Therefore, equation (E.22) maybe differenti- 

ated to yield approximately, 
d VI. 

(E.S6) -^7-   = -V' dy' 

where 

= -< 

.X. [x. (^. K.:-J) ,.,!...,], r-.y 
(E.'27) 

*•   2 f -1 

There are essentially three grain design parameters that determine ballistic 

perfonnance: the web length, Lf,,  and the two form function coefficients kl 

and X2 . We consider the effects of holding any two of them constant and 

varying the third. 

Case 1 Xj , \2 constant; L^ variable 

The web length, L^, enters equations (E.16)   (E.23) only indirectly 

through its effect on the charge weight, C^, and the consequent effect on the 

initial free volume, Ut .    In the case of small loading densities, we can then 

say that for constant k1  and Xj 
a small change in L^ produces no appreciable 

change in perfonnance. 

Case 2 — \| , Lf,  constant; X.2 variable 

Differentiating equations (E.16) and (E.19) we obtain 

d P'M dp 
—A  = (3-2n) --ffi»- 

M Fmax 

and, dy' - [y -y')\ 
„ ,,  x 

d *max 2 (i - „)  
^max 

Si 
S J  * 

(E.28) 

(E.'29) 

13 
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Ccmbining equations (E.34), (E.28), and (E.29) then leads to 

^ Ä 
"? 

= *Lto.zjrX  
3-211 + 2 M {y-y')  {l-n) 

d\. 
(E.30) 

Replacing differentials with finite differences the equation, (E.30), 

expresses the approximate fractional change in p       due to a fractional 
znsQC 

change in X2 . 

Similarly, differentiating equation (E. 17) and ccmbining the result 

with equations (£.26), (E.24), (E.28), and (E.30), we obtain 

1
V
J- = if-ZLl£&r.f*Lzj*Al.z*lL _d__^ 

vm    3-2« +2M(f-f') (1-") ^2 * 
(E.31) 

which relates the change in ejection velocity to a small change in \2 . 

Case 3 \, ,  Lf, constant; X j variable 

Again differentiating equations   (E.16)  and (E.19) we obtain in this 

case 

-„7-- =  (3 - 2»i) (E.32) 

and, 

d f = 2 (^ - y')  (l - n) tpSS . 

These equations, together with equation (E.24) , then lead to 

dP, 
"P 

d\. 

3-2«+2M (f-f)(!-«)   ^i 

Proceeding as in Case 2» we also obtain 

dv, 

v. 

dX, _JÜ!" =   1-2 Cp-f)  (l-w)  (2vM l^J . 
3-2n+2M(f-fr)   (1-")        ^l 

{E.33) 

(E.34) 

(E.35) 

14 
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•The results of the three cases are summarized in the following table. 

Table 9 APFROnMATE CHANGES IN UAXBUI PRESSURE AND EJECTION 

VKLOCITY DOE TO SMALL CHANGES IN CBAIN DESKM RARAMETTOS 

1  1 per cent increase in: Percentage increase in:      1 

j ifci (^i t ^2 oon8tan't) 

l^jl*^! » h  constant) 

k-l i (^j . Lf, constant) 

♦Absolute value of K2 

max 
vm                              j 

0 

z 
J' 

0 

j. \i-z{y-y'){i-n)^si/~M 

where 

^--i [i+^-!-i^^].f'/i 
M " 

I,  f  =1 

''  =    < 

r^-i I1' irt: " z-i-1)ln * ***)] • r * 
Fij/a, f .= i 

^ =   3 - En  + 2M (^ - r\   (1 - ") 

T y - 2 FVK 

TO illustrate the use of Table 9,  let us restate our sanple problem. 

Given a CAD and prqpellant with the following properties: 

A    =   4', 92 in2 

B    =   0.01919 (inVlhy)"   in/sec 

F    =   328,250 ft-lbyr/lb,, 

IS 
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n =0.372 

0C = 159.1 In* 

V = 12.185 slugs 

xn = 13.474 ft 

6 =0 degrees 

? = 1.295 

p =0.05661 lb „/in8 

•n = 17.67 in'/lb,,, 

We wish to determine a grain design to yield an ejection velocity of 120 ft/sec. 

The maximum pressure mist not exceed 1600 psi.    Burnt should occur at or near 
ejection. 

Bnploying the method of this appendix, a tentative design is obtained 

having the values 

X., = 3.1246 lb „/in 

K2 = 17.633 lbm/in2 

Lb = 0.06554 in 

Cb = 0.3963 lbm 

S = \l /p + 2 \2 L/p = 55.20 + 623.0 L in2 

A test firing of the charge is made and the following results are obtained: 

vm = 111.9 ft/sec 

*max = 141ß P8i 

LJH,  the distance burned through the grain at ejection .= 0.06733 in. 

What modifications should be made to yield the specified performance 

requirements? 

16 
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Solution 

We obsenre that vm must be increased by about 7.2 per cant without 

increasing p       by more than 12.8 per cent.    Using Table 9, we then proceed 

as follows. 

Calculate the values: 

n + 1      max a     =n~"l   'n***0'0™ 

f*    = r - 2 (■^-j   FMK2 = 0.7930 

FJ,   = —STTX— v_ = 1.829 •1       a.BFkl    ■     x-«3C'i' 

12 ix_ 

v'= ^-"i f1 -fe" " ^T")Zn (1 + XJ] " a9155 

/3'  = 3 - 2n + 2M (r - f)   (l - n)   = 2.820 . 

Table 9 then has the numerical form: 

Table 10 AEraOXIMATE CHANGES IN *     „ AND v    DOE TO A ^-^——— max m 

OME ITO GENT CHANGE IN EESICaJ PARAMETERS - SAMPLE PROBLEM 

1 per cent increase in: Percentage increase in:       1 

max 
vm 

0 

0.1S92 

0.7092 

0 

0.2677 

0.1452 

17 
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In order to detemiue the corrected values of Kl  and \2 we shall arbi- 

trarily set as the desired value of the rnaximm pressure,  P        ~ 1575 "psi. 
IDoQL 

Ws mist then select new values of \l  and X2 such that the previously 

attained values P^^ •■ 1418 psi and vm .= 111.9 ft/sec, are increased by 11.1 

per cent and 7.2 per cent respectively. Since for small changes in Xj and 

Xs the percentage changes in ballistic performance are approximately addi- 

tive we may form the two equations: 

0.7092 6! + 0.1592 €j = 11.1 

0.1452 €l   + 0.2677 €j = 7.2 

where €j and e^  are, respectively, the percentage changes in Xj and | Xj I 

required to produce the desired changes in p        and vm. 

Solving for el  and £2 we obtain 

•i •■ 10.4 per cent (increase in Xj) 

Cj •* 21,0 per cent (increase in | X.2 |). 

The corrected form function coefficients are then 

X, = (1.104) (3.1246) = 3.450 lbm/in 

Xj .= (1.210) (17.633) = 21.336 lb m/in
2. 

Also, to reduce the amount of unbumed propellant at ejection we shall decrease 

the web to 0.0675 in. According to Table 10, this will have no appreciable 

effect on performance. The new charge weight thus becomes 

C6 = Xj Lb  + k2 Lh*  = 0.3301 lbM. 

In sunnary, then, the reconmended new design parameters are 

Xj  =3.450 lb „/in 

Xj =21.336 lb „/in* 

Lb = 0.0675 in 

Ch ■= 0.3301 lb,, 

S   = 60.94 + 753.8 L in2 

18 
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These values determine the required grain geonetxy. Substituting the ▼aluas 
into the equations cf Appendix A,  leads to the selection of a single-perf 

grain desiga with an outer diameter of 0.30 in and a perforation diameter of 

0.16 in, all surfaces except the perforation being inhibited. 

19 
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Note:    When using the method of Section XI, 
the nomograph relates a,  n,  and F*/q'. 

Figure   6A:    a Versus n and PVq 
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Figure 13A: 
Initial Cross Section of 

Seven Perf Grain 

Figure 13B: 
Cross Section at Splintering 

of Seven Perf Grain 
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NGUEMCL/mJRE 

A   -    cross-sectional area of piston 

max —d— rate of change of acceleration 

B   ~    binning rate coefficient 

C   -    mass of charge burned 

C^   -    chaiTge weight 

Cv    - constant volunce specific haat of propellent gases 

D   ~    diameter of propellent grain 

d    -    diameter of perforation of propellent grain 

V2 W* 
piezometric efficiency of CAD firing = 

max**»' 

•1 
rJ!LL 
2 

£,    -    volumetric efficiency = —-—.T5 

1 ? Püc 

/(a,6)     -    "a function of a and 6" 

f   -    impetus of propellent = AWT^ 

Ff   -    resistance force due to friction 

g   -    acceleration due to gravity 

gc   -    conversion factor ,= 32.174 

A   -    length of propellant grain 

K   -    spring constant 

Jf,    -    friction constant 

qaaits 

in« 

^'s/sec 

lb_ 

ft-lby 

in 

in 

ft-lby: 

lb, 

ft/sec2 

lb m/slug 

in 

lby:/ft 
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it   -   taaat-loss constant 

tt   - acn-hariaoatal f iriag ccnstast 

/4 - naglscted CO-TOIIB» constant 

k   -   enpirical corrsetion factor takan to be ^   

ki   -   ballistic constants fron Section nr rariable 

L   -   distance burned through propellant grain in 

Lb   -   propellant neb = distance burned through grain at "burnt"     in 

^6min " propellant neb required to attain "burnt" at end of stroke  in 

K   -   moles of gas per unit nass of propellant ■^ ■—- gran 

n - burning rate exponent   

P   -   space anrerage gas pressure lby/ins 

Ps   -   pressure on base of piston Iby/in* 

p - —I— pressure attained in CAD firing lb // in2 max ' 

PjZ-  -   corrected —d— pressure !*>// in' 

P   -   dinansionless pressure variable = T~^ (z^sr j P   

p1   -   dinansionless pressure variable = (r—-I P   -m 
P/l   -   mathematical tnwgiwn of P 

n 
P     -   —d— value of P attained in particular CAD firing 

P'    -   —d— value of P'  attained in particular CAD firing 

ballistic paranoter 

ql    -   ballistic parameter = »- 
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9y - ballistic parameter .= 

<7| - ballistic parameter = 

<7j - ballistic parameter .= 

q'.    -   ballistic parameter 

ballistic parameter 

ballistic parameter 

ballistic parameter 

ballistic parameter 

(T J m 

R    -   universal gas constant = 2782 

J?   - ballistic parameter«/—s \ 
max '       \py2 - 7y + 9/ 

»?-■ 
- 1»3 

r - burning rate = j— 
at 

S - propellant burning surface 

C* S   -    average  burning surface = -—- 

S0    -    initial burning surface 

5j,    -    final burning surface 

t    -    time measured from ignition 

T   -    space-average propellant gas temperature 

h 

const ant-volume f lerne temperature of propellant gases 

barrel volume .= 12 Ax_ 

ft-lby gram 
ibTroöIe^if 

0.    -    empty chamber volume 

in/sec 

in« 

in« 

in* 

in« 

seconds 

•i 

0K 

in» 

in» 
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Uj   -    initial free chamber rolune .= Oc - Cf,/p in* 

v   -   velocity of piston ft/sec 

w     -    ejection velocity ft/sec 

v*   -    corrected ejct ion velocity ft/sec 

F   -   dinensionless velocity variable ~ zger •   

f*    -    dimensionless velocity variable = r~ F   

Vu   -   value of F at which p attains its mathematical —rf— 

FV     -   value of F' at which P' attains its mathematical naxinun 
= 1/7" 

F,,!    -   value of F at coopletion of stroke if Fj, > F,,!   

V'mX    -   value of f* at ccmpletion of stixdce if FJ > F^i   

7b   -   value of F at burnt = (Aj £ 

F^   -    value of F' at burnt = ~ Ffc   

Yml    -   value of F at ccmpletion of stroke if Fj, < Vml   

F„   -   value of F at which P attains its greatest value   

F'    -   value of F' at which P' attains its greatest value   

» PF2 

FJHJ    -   the smaller root of the equation —-.**- 

= H-i-1-'..)'■'•■■' -i 
FF2 

F^j - the larger root of the equation —-v?". 

= I1 " H" Vnl)' 'S"1     - 1 — 

w   -    accelerated mass lbm 
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ul    -   effective accelerated mass .■ (l + Ky) v 

x   -    displacement of piaton from initial position 

x     - stroke length 

124 
X- dimensionless piston travel = -.y- x 

slugs 

ft 

ft 

*i 

value of I at x = xm 

a - burning rate adjustment factor 

(Cfc/Ifc)* 

n- 1 

ß'    -   ballistic parameter from Appendix E 

MR y   -    ratio of specific beats = 1 + *- 

y   - adjusted ratio of specific heats = {"-■r+'r"/ ^'^  +1          

7.*.} 
( Zy   \y- i   
\y + l) 

|:/._2_ä.'.\?vM    fory'/l 
2 ^» + 1 ^ '    _ 

y' -    ballistic parameter = -y - 2 

T   -    dimensionless ballistic parameter = ^- 

P*    -    dimensionless ballistic parameter = 

I for y' = 1 

A - loading density = C^/pUc 

e - fractional increase in a ballistic parameter 

Ui 
8 - ballistic parameter Tö-^- 

17 - covolume factor ^3/lbm 
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0   -   launching angle 

A  ^ 

A.J 

*■ -   form function coefficients 

\   -   linear fonn function coefficient = C^/ij, 

fi   -   ballistic parameter *-Z— 
B 

:) 

quadratic form function coefficients 

fi'   -   ballistic parameter from Appendix E 

v   -   ballistic parameter _1 +^6 i"+X 

v*   -   ballistic parameter from Appendix E 

Vj - ballistic constants from Section 7CL1 

p   -   propellent density 

a   -   ballistic constant « 3 

'P. 

■'■!. 

■f 

max 
B2  {ap- p*)2 dp 

Taex   i? |a^-^n| cty 

r   -    arbitrary ballistic parameter from Section JII 

4>   -   ballistic parameter .= vy' 

tCy')    -   a function of f 

co(y')    -   a function of y' 

SI   -   piston diameter 

degrees 

lb«/in 

lb „/in« 

lb,/in 

lbm/in 

l^/in2 

variable 

lb y / sec 2 

in-sec 

arbitrary 

in 
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