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' . ABSTRACT
* S - i . This report consists of “the derivation of epproximate enalytic solutions
) ’ *  to the interior bal].istic equations of cartridge-actuated devices. A unique
.. . feature of the system is that linear burning rates need not be assumed. The
P LA c solutions are presented in graphical .form, thereby permitting the rapid solu-

tion to a variety of ballistic problems. Several sample problems are included.
A complete list of the types.of problems discussed is as follows:

A. Determination of maximum pressure and ejection velocity for given pro-
pellant loading.

: R 1. Linear form function
‘ 2. Quadratic form function
3. Horizontal and nonhorizontal firing
4. With and without covolume cor;ection

B. Determination of grein design parameters to yield given performance
v requirements.

1. Given maxirmm'l'pressure and ejection velocity
. 2. Given maximum pressure
3. Given ejection velocity

C. Determination of ballistic effects of small changes in:

1. Mass accelerated

2. Impetus
3. Charge weight
4. Web size

5. Burning-rate coefficient

6. Chember volume

7. Stroke length

8. Cross-sectional area of tube

D. Design of ascale model to reproduce ballistics of a larger cartridge-
actuated device. " .

iv

me——




NWL_REPCRT NO. 1752
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INTRODUCTION

In experimental work with catapults and other cartridge-actuated devices,
it is frequently desirable to be able to predict the maximum pressure and
ejection velocity for a given loading with a minimum of computational effort.
The interior ballistic performence of a cartridge-actuated device is governed

"by a system of non-linear differential equations which can only be solved by
tedious, time-consuming numerical methods. Indeed, a single solution by such
methods often requires as much as eight or ten hours using a desk calculator.
Although many short methods have been developed for the determination of maxi-
mum pressure and ejection velocity, (beg) I the assumptions upon which they are
based, e. g., linear burning rates, neglected energy terms, etc., quite often .
lead to errors of considersble magnitude in carﬁ;-idg_e-actuated device applica-
tions. ’ )

It is also desirable to be able to solve the cor.npanitlan problem, i. e.,
the charge weight and grain dimensions required to proiuce a given maximmm
pressure and ejection velocity. As far as is known, until this time no non-
empirical method has been developed for sclving this problem directly, it
being necessary to employ a nonconverging trial-and-error process.

The purpose of this report is to provide a simple but accurate solution
to both types of problems. A typical calculation using the methods developed
here can be completed in about 15 minutes and requires nothing more than
training in high-school mathematics. Results appear to agree to within 5 or
6 per cent of those obtained through numerical integration, although an
exhaustive comparison of results has not been made. Simplifying assumptions
are introduced which permit an analytic solution to the ballistic equationms.
The results are presented as families of curves relating certain dimensionless
variables. Numerical examples are then presented to illustrate the use of the
curves in solving the types of problems.

letters in parentheses indicate references at end of report.

1
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. The nomenclature used here has been made to co:!"resbond‘as'closely as pos'- . et
sible to that employed .in a prev°ioux_3'At1antic Research Corporation report pub-
lished in 1958 (i).- Particular attention showld be given to-the units

assigned to the p.ax_-a'nete:rs. These are included along with the nomenclature in  °
Appendix G. ' ’ = oo e - A

For brevity, a cartridge actuated device is hereinafter referred to as a

I. FUNDAMENTAL EQUATIONS

The equations presented in this section are for the most part derived in
the report (i) cited above. They are included here to emphasize changes in
notation and to make this a self-contained report. The basic equations are
divided into two g'x"oups, those applicable during propellant burning and those
applicable after the propellant has been consumed (after "burnt"). -

A. During Burning
1. Tﬁe'Eﬁtion of Motion of .thé load equates the net force on the pis-
ton to the mass in motion times the acceleration, as follows:
#SA‘ Py - —"1-'g sin 9.= X di’z‘ - ) (1.1)
f e g dEt ’
where ps is the pﬁe’ssui‘é'on the base of the pisfon, 4 is the cross-sectional

area of the piston, Fg is the ‘total resisting force due to frictien, w is the
gross accelerated masgs, ¢ is the acceleration due to gravity, L-’l- is the fac-
. c .

tor for'convertix;g pounds of mass to slugs, & is.the’ angle °‘of launch measuréq .
from the horizontal, x is the distance traveled by the piston, and ¢t is the
time measured fram the beginning of motion of the load. 0

2. The Eggat:lon of State is the relation between the pressure,' density,
and temperature of the propellant gases. The Abel equation which applies with
sufficient accuracy for most CAD's may be written,

3 p | -(n- %)] 212 NRT . . (1.2)
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where p is the space-average gas pressure, [; is the initial free volume
available to the gases, { is the mass of propellant burned at time t, % is
the covolume factor, p is the density of the solid propellant, ¥ is the num-
ber of moles of gas per unit mass, R is the universal gas constant, and T is
the space-.average gas temperature. The factor 12 is introduced to correct
for the inconsistent units employed here as in most interior ballistic sys-
tems.

3. The Energy Balance Equation, assuming no gas leakage, states that
the total energy lost by the propellant gases is equal to the kinetic energy
of the load in motion, plus the potential energy of the load, plus the
kinetic energy of the propellant and propellant gases, plus the energy lost

through heat transfer through the CAD walls, plus the energy dissipated in
overcaming friction. Thus,

dx 2 sin 8 x
: - W wgx 81n
Celry, - 1) = 27, (JE) ¢ LEZ B2 D + Ep + Eyp +.[ Fpdx (1.3)

where C,, is the average constant-volume specific heat of the propellant

gases over the range of temperatures in the CAD, T, is the constant volume
flame temperature of the gases, Ep is the kinetic energy of the propellant
and propellant gases, and Ep is the energy lost through heat transfer through
the launcher wall.

4. The Burning Rate Equation of the propellant expresses the propel-

lant burning rate as a function of the space-average pressure. The follow-
ing equation fits the experimental data of most propellants.

r = Bp" B B (1.4)
where r is the propellant burning rate with dimensions et n is the

burning-rate exponent with a usual range of 0.2 < n < 1.2, end B is a con-
¥ . °

stant of proportionality.

e

* 5. “The final reletion required is the Form Function ‘of the propellant
grain. When a solid propellant burns, all_ the imir}hibited surface recedes
_at the same rate assuming simultaneous ignition-of all surfaces. _Thus, there

x

Te b ] . - | o . e . 3
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is a simple geometric relation called the form function which relates the
‘mass of the propellant burned at any time to the distance burned. through the
grain at that time. Most propellant grains presently in use have a cubic

form function of the type
C=AyL+ Ay L2 + A, L3 (1.5)

where Al' A2, A3 are constants depending upon the geometry of the grain, and

L is the distance burned through the grain. (See Appendix A for a discussion
of the form functions of some of the more common grain configurations.)

B. After Burnt

Let Z be any one of the variables. The value of Z at grain burnout will
be denoted by Zp. Lp will be referred to as the "web",! and Cp as the charge
weight. After burncut, the ballistics are governed by equations (1.1), (1.2),
and (1.3) where C is replaced by the constant Cy.

II. DEVELORMENT OF THE EQUATIONS OF MOTION AND ENERGY BALANCE

A. Kinetic Energy of Propellant and Propellant Gases

The motion of the propellant and propellant gases is described by the
usual partial differential equations of fluid flow. The solution, however, is
entirely too cumbersome to be included in any interior ballistic system. An
approximate solution developed by Kent? is used in most systems.

1Some interior ballisticians define the web as the minimum distance between
the initial surfaces of the grain. Using this definition, the web is
usually equal to 2L,. Care shouid be taken so as not to confuse the two
definitions.

25ee reference (b), pp. 141-147 for the derivation.
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According to this solutiom, the éﬁqcé-gverage ‘pressure is related to
the pressure on the base of the piston by the expression

p=(1 53,)»3 -‘ o (2.2)

where o is a constant depending upon the ratio Cb/w, with a usual value of

about 3. The kinetic energy of the propellant and propellant gases is related
to that of the accelerated mass by

c 2
Eﬁ = 51% [ é?; (a-f ] o (2.2)

The value of the ratio Cy/ow for most CAD's is of the order of 10°%. Hence,
little inaccuracy is introduced by setting p; .= $ in equation (1.1), end
Ey = 0 in equation (1.3).

B. Friction Energy Losses

The friction force, Ff, is assumed to be a constent percentage of the
pressure on the base of the piston, p,. (See reference (b), pp. 8-9 for justi-
fication of the assumption.) Let the constant of proportionality be

KIA

==i-- . then, since p¢ = p, equation (1.1) becomes
1+I,

= g A 4.2.-5 ) !
.tA, (1+K) Ec(dt2 +gsing) . (273)

The assumption of probortic_nality also permits the evaluation of the

x T
integral f‘Ffdx in equation (1.3)._ Let v = 4%, then
o : . : . . . v
o - pAdx _ K, ' .
F dx = f Pz Rw o, , .
.{ Ff I J 1+F, - 2, (v :0»2 gx 8in ) (2.4)
Setting (1 + K} w = wy, an "effective mass" being accelerated, equatioms
(1.1) and (1.3) simplify to : . .
' w-
pA = 2L (g'é + ¢ sin 9) (2.5)
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‘w
c,ClT, - 1) -= 2},- (v2 +2gxsin 6) +E . (2.6)
c
The value of K, is usually obtained empirically from ejection-velocity

data, and an integration of experimental pressure-time curves. It follows
from equation (2.3) that

tm %
f pdt = .(.1_..'.__{11_ (-Um tg tm sin 6) (2. 7)

where subscript m, here and elsewhere, denotes values at the completion of the
piston stroke. Rearranging equation (2.7), the value of K, is found to be

t
Agcf mbqt

= Q —— - . /
oo dviemg ~ L (2.8)

C. Heat Energy Losses

It was shown in the previous Atlantic Research Corpcration report (i),
PP. 4+5, that the energy lost through heat transfer is approximately propor-
tional to the kinetic emergy of the accelerated mass, i. e.,

Ep =K, (1/2) ‘-,”; v? (2.9)

where a typical value of K, is 0.25. Substituting this expression for E,
into equation (2.6) yields the final form of the energy balance equation

1ty R\ wv? w _ :
e, - 1) -( 13.1{1 1—) _fggc +Et gx sin 6 . (2.10)

ITI. REDUCED BALLISTIC SYSTEM

. At this point, the interior ballistics-of a CAD firing are campletely
described during burning by the following equeationms.

Motion

PA = ':.).l (4.2_"_ + g sin 6) (3.1)
€c \ dt? :

6
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12 Ax + U; X
p [--4.-.0.--4 - (n- l)] =12 WRT (3.2)
P
Eﬁérq’ Balance
‘ ) 1+K, +K,\ w,. w,gx 8in @ y
: ..o, -1 = =—-2- 22y L 42 ¢ 2232 00 T,
Bumﬁ" "Rate
= ‘_i!’ = n
X S Bp (3.4)
Fom ‘Function
C=AyL+A, L2 + A L3 (3.5)

The system is said to have a solution when all the variables are deter-
mined as functions of a single parameter such as time, t, piston travel, x,
or piston velocity, v. Unfortunately, the system as it stands has no solu-
tion in closed form. However, with the aid of the following simplifications,
the equations may be reduced to a system for which an analytic solution may
be found.

1. The nonlinear burning rate equation (3.4) is replaced with the lin-
ear form

r = Bp ' ' (3.6)

where o is chosen so as to give the 'best" linear epproximation to equa-
tion (3.4). One way of achieving this end is to choose & such that the
~integral
’ #max * 2
oy = { B2 (xp - p™)2 dp

is a minimmm. This selection of a ensures a "best" fit in the least squares
sense to the burning rate over the CAD pressure range.
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i
Carrying out the indicated integration of the sbove equation, setting
do
a—a-l "= 0, and solving for a yields

=_9 n-1 |
® =33 Pmax : (.7)

where f’max is the maximum pressure.

Another way of schieving a *"best" linear fit is to choose o such that
the integral

f’ma.x
02=J Blap - p" | dp

do.
is a minimm, Integrating, setting -di% = o and solving for a yields

o = (f%g)"' v (3.8)

Still another way of obtaining a "best" fit is to choose a such that

1 4

max max .
f Bp™ dp = f " oBpdp

o . T

in other words, to make the areas under the two burning rat’._e"cux'ves equal.
Carrying out the integrations and solving for a yields
& = __g__ n-1
@.= -2 i ﬁmax 0 . (3.9)
Other '"best"™ fits may be dex.'ived in a similar menner. The final
decision as to which definition of a should be used is rather, arbitrary.
Of the several possible definitions, equation (3.9) seems to lead to the -

best agreement between experimentsl and calculated values of maximm pres-

sure and ejection velocity. Consequently, it will be tuken as the defini-
tion of o '

Nomographs depicting the relationship between o ﬁmax’ and n expressed

in equation (3.9) are given in Figures le and 1b in Appendix F.” A straight
line connecting the given values of any two of the parameters will pass
through the corresponding value of the third.

8
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2. 6 is assumed to be O in equations (3.1) and (3.3). A suitable cor-
rection factor is developed in Section VI to compensate for errors introduced
by the assumption.

3. The covolume factor, 7, is assumed to equal the specific volume of

the propellant. Thus, 7 - % = 0 in equation (3.2). Generally, for those

CAD's operating under pressures below 10,000 psi the assumption leads to insig-
nificant errors. As a matter of interest, however, a correction factor is
derived in Section VI and may be employed if desired.

4. ‘The cubic form function, equation (3.5) is replaced, for the moment,
‘by the linear relationship

C=\L. (3.10)

(Solutions will be obtained in Section X assuming a quadraiic form function.)
This is equivalent to replacing the true burning surface at any time by the
average burning surface, §, during the burning regime. Thus,

A= p8=CylLy - (3.11)

-For constant surface grains'the relationship, equation (3.10), is of course
" exact. Surpr1s1ngly, it often leads to quite accurate results in the case_of
.progresswe and regresswe grains as well.

It should be noted that cond1t10ns 2oy 3ey and 4. need not be included in
the llst of s:.mp11f1cat1ons, an analytic solution may be obtamed merely by N
employing condition 1. The error, introduced by the conditions, however, 13
more than offset by the sm1p11c1ty of the resultmg solution. - Any useful bal-
.. listic system must of necessity be a compromise system in which some of the
accuracy is sacrificed in order to permit more rapid solution of ;;roblems. T
The systen developed here 1s no exceptmn to the rule.

Imposing the foregomg conditions, and for conciseness, writing “ = h.', .
L

the reduced system of eqﬁations to be solved is:
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Durg Burning
y 42x 2 dv _
pA dt2 =Wy {3.12)
12 4x + U " Era
o ? ‘--—--C----.-1] =12 NRT (3.13)
L S 1+1r‘.1~+1rz)"l,2 ] |
cC (T'u -7 (--1.1.7(;__..— 2V . (3. 14) :
r= g% =aBp . © (3.18)
C=XL e e (3. 16)
After Burnt ‘ V
=‘ d_z.x =Y dv o ' .
pMENET=dv B (3.17)
12 Ax +U;
? [—---5-—--1 ] =12 NRT , (3.18)
_ {14k, +K R
Cva (T‘U - T) T (—-i—_-,_-lx-l--'z) g ‘U2 (3. 19)

IV, DIMENSIONLESS SOLUTION: C = AL

‘ A. Dur.gg' Bﬁmir_)g

Canbinmg equations (:3. 12) and (3- 15),.1‘608111118 that ris a‘é and
. dx N - ‘
v = di' e obtain through mtegratlon %

Thus, the distance burned through the g;rain at. any time is proportional to

the «velocity of the mass in motion. It is here assuned that the mass begins e

accelerating immediately upon i.gnition of the propellant ‘i. € ‘the value of

t.. ' q . 10. .. ’
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p at t = o is zero. In view of the fact that CAD's are essentially smooth-
bore guns, the assumption seems to be a valid one, at least for horizontal
firings. Furthermore, the assumption of a non-zero starting pressure overly
camplicates the solution; it has therefore not been included in the analysis.

Equation (4.1) permits the reduction of the system (3.12) through (3.16)
to the single first order linear differential equation

dv _ 1+ K, +K, ‘
(12 ax + ;) Je = 12 « BFX - 5(---1-;-7{-1-— ) (y-1) 4v (4.2)
where y =1 + :_:/1_? is the "ratio of specific heats", and F = NRT, is the "impe-
v

tus" of the propellant.

Considerable simplification results if we define an adjusted ratio of
specific heats,

y =1+ (---1--; o ) ('} - 1) | (4.3)

a8 dimensionless distance variable,

i3

X

17’ X (4. 4)

and a dimensionless velocity variable

V= EL“FX (4. 5)
for then equation (4.2) may be written
av_, _y -1
(1+0) =1 = V. (4.6)

Separating varisbles in the equation and integrhating, remembering that ini-
tially Y =V =0, X is obtained as a function of ¥

X = (_______1. _____ ) y-1 _ 1. (4.7)
1-221y




The equation relates the piston travel to its velocity at any time during
burning. Figures 2a and 2b contain graphs of X versus ¥ for various values
of y. (The resson for including values of ¥ < 1 will be explained in Sec-
tion X.) : : '

To determine the pmésure as a function of the piston velocity, let a
dimensionless pressure variable, P, be defined as

U; ¥
P = o (a’fr'x) p - (4:8)

Substituting equations (4.6), (4.7), and (4.8) into equation (3.12) then
yields

3 rar]

= g!: ——1 y -1 .
P=V 7(1-2'-5-- v)'Y . (4.9)

Employing the foregoing equatiomn, P versus V is plotted in Figure 3 for
various values of 7.

A glance at Figure 3 will show that P goes through a mathematical maxi-
mm at same value V = V). By differentiating P with respect to ¥ in equa-
tion (4.9), setting the derivative equal to zero and solving for V, the value
of Vy is found to be

Vy = . (4.10)

‘|

Hence, the value of P at Vy is
' ' S 75 T 21
. oy =1o\F-1 1 fy+1\y-1
Py =V 1-22 3y R R
K ( 2 ") 5 ( -27)

To determine whether Py is actually attained in a particular CAD firing we
must first know the values of two parameters: Vp» the -value of V at grain
burnout, and V,,, a tentative value of ¥ at completion of the piston stroke.

. (a11)

The value of Vj is found from equations (4.1) and (4.5) to be

- __4A [A\2 Ly : .
= EHR YT ( a'i) v (4:12)

12
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The tentative dimensionless ejection velocity is obtained by a rearrangement l
of equation (4.7) as
7 -1
2 2
Vg = === | 1 - ( __________ ) (4.13)
Y =2 X 14+ 12 Ax,

1

where x,, is the stroke length. (V,, is a tentative value since equation (4:13)
is valid only if burning takes place throughout piston travel.)

The largest velue of P, call it P#, attained in a particular firing is
then

( = '-;-é-} v )7 -1 (4:14)

where Vp. is the smallest of the three values, Vip Vipp» end Ve Stated more

P

w =Y

n

concisely

v, =min (Vy, Vg, Vp) - (4. 15)

The temperature, 7, may also be determined as a function of the velocity.
Substituting the values of the dimensionless variables into equation (3. 13)
with subsequent rearrsngement yields

- y - 1
T=T1, (1 - Z.é-- V) . (4.16)
B. After Burnt

-—

Combining equations (3.17), (3.18), and (3.19), the differential equation
governing the ballistics after grain burnout is found to be

12 FAC 1+Kk, +X
(2ax+uy) v = 2HG GA( ----- 1----1) (y-De?. _(a17)
o 1

Substituting the dimensionless variables defined by equations (4.3), (4.4) and
(4.5) the governing. equation simplifies to

(l + X) 4 g}v = Vb = 2.%.} V2 . (4'. 18)

13
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‘Separating the variables and integrating from conditions at grain burmout,
the dimensionless velocity after burnt is obtained in the form

V= .}-?-i \/2'_2._1‘ 113 [1 - (1 - Z-é—} Vb)(—ll-:rflg) ] (4.19)

1+ Xy |
( i-‘-".}f,) F v ‘ | (4'. a))

and
vy -1 =g, (4.21)

T-heii‘equa‘t:_lon (4 19) may be used to determine the dimensionless ejection
‘velocity, ‘

sz .—_:;_?_i \/Y-_é'__l vy [1 _(1 _xz2 Vb) ¢] (4. 22)

provided ¥V, > Vp. In Figure 4 are plotted velues of ¢ versus v for various

values of 7; Figure 5 contains graphs relating the quantities 7—%-1‘ Vma»
221y, and 4.

The dimensionless pressure, P, and the gas temperature, T, after pro-
pelleut burnout are found by algebraic manipulation of equations (3.17), (3.18),
and (3.19) to be

- S T 2
-1 S/ Y -

1-2Z2yp\7-1 = -1

= 92 4 A 37 :
| P= |- 7 '(Vb 5=V ) (4. 23)
' ‘and . _
- e a2 e . : : y - 1 p2 g

o g ° . T =T 1_2'____.}'.-. .

- 14
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V. SUMMARY OF SOLUTION ] C=\L

Except for the time variable, t, which cannot be found in terms of ele-
mentary i‘umﬂ;i.ans,l the solution to the ballistic equatioms (3. 12) throug,h'

(3. 19) is now complete. The solution. equatlons are collected here for ease
of reference. ‘ ‘

Define the dimensionless quantities

1+, +KY , - S
v = 1 4+ | ————= .l_-__.z . - r § N
Y&l +.(. 17+, )-,(7 1) . . (é‘l)
2124 o " (s
= A __ B '
14 GBFRY | (5.3)
and
U A__)?
P= oy (C-X-EP-'-):) $ . (5.4)

vl
V. ,gl[ 1- (i'%'i) ’ ] (5.5)

5. PR}
P=V (1_ .-é-l V) ¥y -1 (5.6)
T=T (1 - i.:-l- V) | (5.7)
’ v 2 .
Z- 1 '_;_i'—l_ ’
maximm P = P, =V, ( - fepT Vﬂ) Y - 1 (5.8)

1pctually the system (3.12)-(3.16) leads to infinite ¢t in the case P(0) = O.
See Hirschfelder, Reference (b}, page 15, for a discussion of the problem.

15




where VM- is the smallest of the three values

Vy = —;-, : (5.9)
=1
V1 = }'g-'i [ 1 ‘(i"l‘r;) 2 ] ' (5.10)
and
v, = (c_l.“.,,)2 7‘_"{._' . (5.12)

If Vp 2 Vmyp burning tekes place during the entire length of the piston
stroke and no additional equations are required. If ¥j, < Vg,, burnout occurs

before the end of the stroke. The following equations are applicable during
the period after burnmt.

- - v-1 )
et (o) () 7] e

1
1- 22 p\v 1 = 2
pP= ( ----- v f ------ (vb - 2’-_2-3 v’). Y- 1 (5.13)
and ‘ ‘ .
< 2 0
T=T, ( ~xzd !i,,'),‘ . (5.1

A. Nonhorizontal Fir

The preceding analysis is based on the assumption that 6 = O in the )
equations of motion and energy balance. This is of course not always the
case. 6O may vary over the range -90° < 0< +90°. The l;ngnitude of the
error introduced by the assumption is not large, being rarely more than 3
or 4 per cent in the most extreme cases, but a fairly reliable correction
factor may be derived and is done sc¢ in this section.

16
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Consider the system

—y . .
pA = W (a%l + g sin 6) B . (6.1)
24x + U; | - -
2 [—---5---—'- =12 NRT - : (6.2)
' 148 +h, v S
CyClTy - T) = (——--l-l;?-l--?-) g v2 + ¥ gx 8in 6 : _(6.-‘3)
d . ) :
= wBp - - (6.4) -
C=AL. T (X

As in the case of the friction force, Ff, it is asg@ﬁed that, _in the .
large, the ballistic effects of the term, g sin 6, may be éimul&t’ed by
replacing the term with one that is proportional to the pressure, p. The
assumption permits us to write

Kydp
SRS L
£ sin 0= 133ty _(6.§.).2

where X 3 is a small constant to be evaluated later.

Substituting equation (6.6} into equation (6.1) and rearranging yields

_ dv ) '
M.—(1+K3)h’va;. o E (6.7)

Also, the t;m gx sin 6 may be written with the aid of equation (6.6) . .
x x - |
gx sin 6 = [g s'in 0 dx = _[ -ziJ;—};-)-w— . (6T 8)
Substituting equation (6.7) i‘nto equation (6.8) and integrating weobtain

gx sin9=%3- v? o (6.9)

17
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which when combined with equation (6.3) produces

l1+4X% +Kz+
B2 O

1+7,

¥
However, since X, is small, the foregoing equation may Be ve,'ry.closely approxi-
mated by . - : C

1+K +K . v
- =f_Z L ___C2 Y 2 ;
CyC(Ty, - T) ( I+ T, ) (1 + 1K) 5 v2. .-(6710.)
A comparison of equations (6.7) and (6.10) indicates that the net result
of the assumption is to reduce the system (6.1)-{6.5) to the systém (3.12)-
(3.16) with (1 + K,)¥ replacing N. Experience indicates that if g g sin @

is less than 5 or 6 per cent of ﬁmax the assumption is a valid one.

We seek now the ballistic effects of a small change in the mass ¥. Con;
sider two CAD firings identical in all respects except that an effective mass
¥, is accelerated in the first, and a mass W, = (1 + Ks)wl is accelerated in
the second. Assuming that burning takés place during the greater part of the
stroke, it follows from equations (5.2), (5.5), and (5.6) that at any given
value of the piston displaecement, x, the quantities P and V are the same for
both firings. Thus, it is concluded from equation (5.4) .that at the given
value of x

R W

AR ] 6.11
L Vo oy (6.12)

where subscripts 1 and 2 refer to firing numbers one and two, respectively.

Since by definition a = I ﬁmgxl , the above may be arranged to yield
o 2 b 1 2-2n
2 p max
ﬁz =P 1+ K3) (Ez) =9, (1 + K3) ('ﬁ ’’’’ ) . (6.12)
1 max 2
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The equation must hold for $, = and y = P o bence msking the sub-

max 1 .
stitutions and solving for po.. z we have o

"or since Iy < <71, using two ’tenn.s oi’_the binomial ‘expansion gives

Prax 2 = (1 * -3':%55) Pmex 1 ° (6.14)
The effect then of multiplying the mass ¥ by a factor (1 + ;) is to multiply
. the max imum énessure approximately by a factor (1 + _,3-! -éi) . {

. To determine velocity effects we note that equation (5.3) permits us to
write

v v
A = _2
%, %y (6.15)

at any given value of x. Using the definition of «, the above then yields

a p n-1 3-"in
v, = =2 v, = ;Mz) v, = (1 +1K,) V. (6.16)
1 max i

The relation must hold at x = x,, hence again using two terms of the binomial
expansion we have

ll -n .
Upy = (1 = 33-:-2_71 K3) Vm1 SC (6. 17)
(As a rather interesting by-product of the-analysis it is noted that:

l. For a b:urning rate exponent of one, the ejection velocity is inde-
pendent of changes in the accelerated mass; '

2. For exponents greater than one, the velocity increases with increas-
ing W; :
19




‘3. Exponents much larger then one should be avoided because of the
extreme pressure sensitivity as n - 1.6.)

The value of X s to be used to com;;ensate' for nonhorizontal firing is
obtained from equation (6.9) by setting v = v,, and x = x,. Thus

_2¢x,8in 6 2px,8in 0
Ka - v!li =~ 1:’2" P (6- 18)
m2 ml

B. Covolume Effects
In the large, the ballistics effects of the covolume term may be simu-

lated in the following manner. Consider the equation of state (3.2) in the
form

" ( E-‘_‘%_f_’_’i) b (n- _: =12 NRT . (6.19)

instead of assuming 7 - %‘- = 0, equations (3.12)-(3.16) reduce to the single
differential equation

dv _ 1+K +F
(12 4x + U;) 32 =120BF' A - 6 (‘"i’?'i’l"z) (y-1) av, (6.20)
where
0 ﬁmax 1 ’ - . . . 3
F _ e L] (n - _p F . (6.21)

Equation (6.20) is identical to equation (4.2) with the exception that
P
F' replaces F. Furthermore, the term -gfpf- (m - %) is generally less than

0.02 for most CAD's. Thus, the error intrc;(iuced by neglecting the covolume
term may be approximately compensated for by a small increase in the impetus,
F, of the propellant.

To determine the ballistic effects of a small increase in F, again con-
sider two CAD firings having identical ballistic parameters except that the
impetus of the first is F, and that of the second is F, = {1 + K,)F, where
kg < <'1. As in the preceding anslysis, it is concluded that-at any given
value of the displacement, x,

m.
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"-5'&; = I_?;_*;.z&. (6.22)

where again su'bscr:lpfs 1 and 2 refer to firing numbers one and two, respec-
tively. nqaloying the definition a = --—— fml, the relationship between
‘the two maximm pressures is found to be

IR Y 7 Rk (8.23)
or, 'appmximhtély,
A ) oF
Prax 2~ (1 +~3_-"g'17)’max B (6.24)

 To determine the effect on the ejection velocity it follows from equa-
tion (5.3) that

v Y,
-Bl_ = __BmX (6.25
a,F, a, Fy . )

so that using equations (6.22) and (6.23)

1 -
Vg = /;m_a_x_z vy = (14 E)2 Ty, (6.26)
max 1

. . . K ° . . . . . . . . - :
e = (1 * -5°:’-§;) Vmp L e
. The value of K, to be used to ccmpensa e 'for covolume efi_‘ects is deter-
mined from equation (6 21) i PO ' .

Hence,

b 4
Ky = _mxzq_p_z (n - —) > - L (- —) (6.28)
C. Combinad Correctmn Factor

The c‘orrectibns for nonhorizontal firing and neglected covolume may be
combined into a.single correction factor. The following procedure is suggested.

21
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First assume 6 = 0 and 7 = % ‘Calculate the maximm. pressure, P '
and ejection velocity, v, using the imethod described in the following section.
The corrected meximm pressure, p* , and the corrected ejection velocity, v,

are determined fram

. .*' = : ___1_.._' .. -_'_‘2_.... i . . -
pmax_-(l.*'s—zn K3) (1+5.- 2n K4)¢max - (6.29) .
vk = (1 don A’")(l PR x')v (6.30)
m a3 - 27! 3 3 - 4 .m . * s =
where ' . 7
o girm sin 8
KS --..._.-.2...._-_
vm
and
1
K, = _p_ _(_7’.-__21 .
4 24F
VII. GRAPHICAL DETERMINATION OF MAXIMUM PRESSURE AND EJECTION VELOCITY; C = AL

The fact that the parameter, o, is itself a function of the maximum pres-
sure preclud=s an explicit determination of the maximmum pressure and ejection
However, a rapidly converging trial-and-error procedure may be

The procedure requires

velocity.
devised utilizing the equations summarized in Section V.
more than one iteration only if the maximum pressure occurs at "burnt".

We begin by defining the parsmeters:

U; A
9 = Ty (Brrx)z (7.2)
- 4 :
92 * X (7.2}
2 L
9 = (%) FX% (7.'3)
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0, = q]/az (7.4)

Q, = qz/a . (7.5)

The dimensionless variables defined by equations (5.3), (5.4), and
(5.11) are then written simply

P=0,p = q,p/al (7.6)
V= Q,v = q,v/a (7.7)

and
Vp = q4/a2 . 7 (7.8)

Now, #m may be eliminated from the two equations

Pp.‘: 9y f’max/“z

and

to yield « as a function of the burning rate exponent, n, and the ratio
Py_/ql . Thus

) T

The relationship between a, n, and Py/ql expressed in the foregoing equation

is shown namographically in Figures 6a and 6b. (Again a straight line con-
necting the values of any two of the parameters passes through the corre~
sponding value of ‘the third. )

The %trial-and-error procedure may now be outlined.

23




Step 1

a. Using the given data for a particular firing,
of the parameters

A= Cb/'Lb

u; =0 - Cb/'p

9 =
=4
92 T BFX
2
= {4} v
93 B] B
=L
Y
and
Xp =12 Axp /U;
b. Obtain ¥, = f (Xpp» ¥) from Figure 2.
Step 2

a. Assume a value of P#.

WL _REPORT NO. 1752

calculate the values

(Initially, this is done by selecting the

®
value of P from Figure 3 corresponding to the smaller of the-two values ¥,

and ‘Vy as determined .in Step 1.)
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b. Calculste P,/4q,.

¢. Determine a from Figure 6. corresponding to the burning-rate exponent,
n, and the ratio, I.’”_-/ql.

d. Calculate 'V, = q4/a?.
e. Determine 7, =min (FVy, Vp, Vn;). Select the value of P, = f(V,, 7)
‘fram Figure 3.

f. If the assumed value of }.’# equals the calculated value, go on to
Step 3; if not repeat Step 2 using the calculated value of P ‘

Step 3
a. Calculate
0, =q,/a?
end
0, qp/a o

b. Celculate the meximum pressure using ¢ = P#/Ql.
Step 4

Compare the values of Vj and V,,.
.Case A: Vp 2Vy,. Calculate the ejection velocity using v, .= Vp;/Qy-
Case. B: ¥y < Py

a. Detemmine X, .= f(Vp, %) from Figure 2.
b. Calculate v = s-===2 q

c. Determine ¢ = f{v, ¥) from Figure 4.

d. Determine 2’-_%-1' Vma = f(z"é‘} Vs ¢) from Figure 5.

25
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7 ' o2 fy-1..\
e.. Calculate ¥, = S5 (2‘._-_ mz) .

f. Calculate the .ejection velocity using v, .= mz'/ Qs -

Step &
- The correction faétors_ derived in Section VI may be applied if desired.
- Calculate .
' ' _2gx, sin 6
Ky = S S
Um
and ? o
Poog 1= =)
_ Pmax 7 7
K‘ e .
24F
:.-r " The corrected vaiues of ‘maximum pressure and ejection velocity are then

" determined from

‘Sample Problem 1.
Given-the following data

A= 4.92 in?
2 n2
B .= 0.02101 (!1%-)" in/sec
f
. _ 1
Cp.= 0.161 1b,,

le .includes the main charge weight plus the "equivalent .igniter weight." The
latter, denoted by C;, .is defined as C; = (F;/F)I, where F; is the impetus of
the igniter charge and '] .is the igniter charge weight.

26




F =1285,500 ft-1bs/1b,

I, =0.10

I, =0.25

Ly =0.075 .in
n =0.47

U, =159.1 in®
w =360 1b,

Xy =2.725 ft

6 =70.5 degrees
¥ = 1235
p =0.06 1b,/ ird
n =30 in®/1b,
determine the maximum pressure and ejection velocity.

The given data are listed in Table 1. The required parameters are then
calculated and the values V.= 0.7764 and ‘¥, = 0.6800 are obtained. The
initial assumed value of P, is taken to be P (F,,) = 'o.ggs, 'rhe assumed and
caloulated values of P# are found-to be equal after one iteration and the
maximm pressure, pmax’ is calculated to be 1496 p.si. Since ¥y > Vpp» the
ejection velocity is le’/Qz = 49.8°ft/sec. The correction factors of Sec-
tion VI are then applied leeding to ";Ax = 1550 psi and v; = 49.0 ft/sec. .
‘The values compare favorably to those obtained through numerical integra-
tion of Equations (3.12)-(3.16) .namely, 1607 psi and 51.9 ft/sec.

An estimate of the errors .inherent in the grephical method can be made.
Assuming P, V., and o are determinable fram the graphs to within &2 per .

. *
cent of their correct values, the maximum errors .in ¢ and v; are about

27
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¢ 6 per cent and + 4 per cent respectively. This observation follows from

P . .
the act that p__ = GE o and vy = %!1 .
1 2 .

‘Sample MIm 2.

Given the following data
A =0.7854 42 '
"B =0.01741 (in? /1bA™ infsec
Cp = O. oogj.soazt 1b,

F =:362,300 ft-1bs/1b,

I =o0.1
I, = o.-zsﬂ
‘L = 0.085 in
n =0.51
U, = 6 in
w =2100 ib,
Xp =11t
¥ =1.215
= Q°
p = 0.06146 1lb,/in®
n =30 ind/1b,

determine the maximum pressure and .ejection velocity.

29
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‘The given data are listed in Table 2. In this case, the maximum pressure
occurs at burnt ‘so that five iterations are required to obtain convergence of
the P,_L values. The results, ’m:x = 6357 psi and'v,: = 8.7 ft/sec again com-

pare favorably with the values 6619 psi and 8.9 ft/sec obtained from numerical
integration.

L VIII. DETERMINATION CF CHARGE WEIGHT AND
‘SIZE TO MEET GIVEN PERFORMANCE SPECIFICATIONS

A. Given pmax and v,

- " If it is specified that:

a. The propellant shall burn throughout the piston stroke, i. e.,
Vo 2 Vmy. )

and

b. ﬁmax shall be a mathematical maximum, i. e., Vpy 2 V” = i_ s .

Y
| ' the charge weight and web size required tc produce a given maximum pressure

and ejection velocit_y'may usually be calculated explicitly. Conditions a.
and b. are not, ir. general, serious restrictions. They are usually called
for in most CAD applications.

Let U, be the volume of the empty chamber. ‘ By definition of initial

free volume we then have, using equation (5.2)

12 Ax
) U = U - Cp/pe= =57 (8.1)
m .
and solving for Cy
12 Ax
Cp=p (uc S :-—I,--ﬂ) . (8.2)
m
Condition a. above permits equation (5.3) to be rearranged to give
- c_b - A Vm !
Mgy T (&'EF) Vi (8.3)
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or

_[a BF\ Vy
Ly = (':4“) w3 . (6.4)

Now, X, is related to V,, by the expression

A = [ ==——g=-7—- : -1 - .(8.5)

hence, if V,, can be determined from the given conditions, equationms. (8.2) and

(8.4) determine the required charge weight and web size. We proceed, then, to
determine V,,, as a function of the maximum pressure and ejection velocity.

Combining equations (7.1), (7.2), (7.4), and (7.5) we obtain the rela- )
tion ’

U; 2
0, = iél'w 2, - (8.6)
Mult iplying numerator and denominator of the right-hand member by vfn and
using equation (7.7), this may be written

2
0, = -gi.‘:’ﬂ -
12 Wy 2 (8.7)
m
By condition b. above, equations (4.11) and (7.6) may be combined yield-
ing
218
1 (7 +1) -1
== (2= 8.8
01 e = 2 (,27) (6.8)

Combining equations (8.7) and (8.8) and substituting for U; its equivalent,
12 Ax,/X,, we obtain

71
2 v -
_’_@.{.{{EYTE =1 f.:.!: (T (8 9)
Vvl x, v\ 27 )
which, when solved for X, yields
2t1
I = i(ﬁ_i_) ¥ -1 |Ppax 4m | 2
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Define the two parameters,

- XA
re Z(2L) 7 (6.12)
and . 2 1 “
max

1piezometric efficiency.is defined by corner (d) es the ratio of the mean pres-
‘sure to the maximum pressure. The mean pressure.in this definition is the
pressure which, when applied to the accelerated mass over the total stroke .in
the device, will produce the observed velocity. The maximm pressure is the
observed maximmm pressure.

Equation . (8.12) may be derived as follows:

The kinetic energy, Ep, of the mass at the .end of stroke .is
= 2
Ey . 1/2 W Yy

and, by the above definition of mean pressure, $,

Ek = xm A 5 .
Equating the twe expressions for £, and solving for $,
LA
T 2xmA °
Dividing by #max
g=-f.=__¥w __
? max Zm 4 Pnax

The ratio f/pm glives en .indication of the flatness of the pressure-

travel curve. In a device with no retarding -forces : (a completely friction-
less device accelerating a mass horizontally), the ratio would give a true
indication of ‘the flatness of the pressure-'travel curve. ‘'As retarding
forces increase .in the device, the ratic indicates less certainly the shape
of the pressure-travel curve. In the case, for example, where the retard-
ing forces .equaled the force accelerating the mass, a piezametric:efficiency
of only 50% would be obtained from a pressure-displacement curve having a
econstant pressure throughout the stroke.

3




NWL,_FEFORT NO. 1752

Equation (8.10) then reduces to
- I
Iy = £V - (8.13)

But I, is also related to V,, by equation.(8.5). Hence, for any given value
of E, 'V, cen be determined from the .implicit relationship

2
. 2 = y - y -1
fr‘ A (1 S 2 A I -1. (8.14)

Xps Cps and L, may then be obtained from equations (8.5), (8.2), and (8.4),
respectively.
There are two real roots of equation (8.14) corresponding to each value

of E and ¥; however, the larger of the two roots generally leads to prohibi-
tively large values of Cp, and L; and may be disregarded. Appendix E treats

the cases in which the larger root must be used. In Figure 7a, we have
plotted the smaller root, which is denoted by 7;“ versus £ for several values

of ¥. The curves labeled Emax and Emin are such that:
if £>E ., the roots of equation (8.14) are imsginary;

if £ <E ; , the smaller root, ?’;“ is less than 1/¥ = V) end condition
b. is violated.
The problem of determining C; and Ly to produce a given value of
E=f (ﬁmax’ vm) is said to have a "feasible solution" if ‘7’;"1 satisfies con-
ditions a. and b., above, i. e.,
V2 Vo 2 17 .

‘The procedure for determining the’charge weight and web size may now
be outlined.

Step 1
a. @Given the maximum pressure ﬁ;:ax and the ejection veloci"ty v;

together with the other ballistic parameters for a particular firing,
calculate the values: . '

4




S—

| -
K ! . . .
| &
'Y
i . Iy =2 gx, sin 6/vy" |
[ . L
f ;. = oz (- 5) |
4 24 F
- ,.¥ ) Iy 2K,
Poex = ? 1+ 575 Y tsoe

Uy = v /(1 - 73(;1-_:#%),; I, (1 +-3'?§-n

V=021 +K)w/g,

__[Y YK K
7E TR (y-1) +1

E= (M)W vl2/b  Axy .
b. Determine from Figure 7a if F lies in the range Emin < E
If so, go on to Step 2; if not, use the method of Appendix E.
Step 2
a. Determine the values:
Q.= f(#m, n) from Figure 1

L = f(E, 7) from Figure 7a

and
) {8 -=.f(zul’ 7) from Figure 7.
. b. Calculate the values
U; =12 Axy, /X,
) and -

- 4 o~
A= o BF "-/Vul

<

E

max’
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‘Step 3

Calculate the values

) db .='p(llc - U,'), and
Ly = Cb'/)\ .

The foregoing values give the required charge weight and web size pro-
‘vided 'Ly 2'Lp min + If Lp < Lp pjn the problem has no feasible solution.

Semple Problem 3.

Other data being the same as in Sample Problem 2, what web and charge
weight are required to yield pn:;x = 6000 psi, and 1/: =10.5 ft/sec? The

solution is shown in Table 3. It is concluded that a constant-surface
charge weighing 0.054 1b, with a web of 0.73 in will meet the specifica-
tions. Notice, however, that the design leaves quite a bit of unburned pro-
pellant at ejection. 'The distance burned through the grain at the end of
the stroke is only 0.30 in, i. e., about 41 per cent of the web. A dis-
cussion of this problem is given in Section IX, and Appendix E.

B. Given v,

Frequently, the ejection velocity is specified without attaching much
importance to the maximm pressure provided, of course, it stays within
certain safety limits. In such cases several values of £ may be selected
in the permissable range and the corresponding maximum pressure determined
from

(1/2) W v,2

P S cncemmcadia

max E Ax, :

Values of Cp and 'Lj may then be calculated .in the usual way. This slight
revision of the method has two advantages:

1. For eny selected value of E it can be determined .immediately
whether or not a feasible solution exists, and

36
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Table -3

DETERMINATION OF CHARGE WEIGHT AND

WEB SIZE TO MEFT GIVEN PERFORMANCE ‘SPECIFICATIONS

Sample Problem 3.

K, =0.20
Ky =0.25
n = 0.51

p = 6000 lbg/ in?
U, =6 in’

‘U': = 10.50 ft/sec

w = 2100 lb,

X, =11t

v =1.215

6 = 0 degrees

8in 8 = 0

p = 0.06146 1b<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>