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PREFACE

This Memorandum, the theoretical portion of which was completed in
1960, 1s intended to serve as a basic aid in studies of orbital mechaniecs.
By presenting a relatively simple and etraightforward method of optimum-
and nonoptimum-orbit computation, it should be of use to the engineer con-
cerned with preliminary nission analysis. In addition, the method of solu~
tion described here has pedagogical merit because it enables beginning stue
dents of orbital mechanics to solve assignments involving three-dimensional

transfer orbits, without the need for machine computations,
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SUMMARY

The determination of possible intexplanetary transfer trajectories for
any specified date of departure, in a realistic planetary model, is a complex
problem which requires the use of high-speed compuiers. Reference 2 presents
some of the solutions ¢btained for the case of Msritian transfers.

For purposes of preliminary design and mission plamning it would be
ugeful to be able $o compute some reslistic transfer curves without extensive
mechine runs.

This Memorandum presents a method of solution which enables one to da=
termine exbitrary transfer orbits quickly and accurately using only a desk
computer.

Coplanar, as well as three-dimensional, surface-to-surface trips were
investigated, and account was taken of the eccentric shape of the planetary
orbits.

A mmber of transfer orbits from Barth 4o Mars were computed for two
arbitrarily selected dates of departure. The mmerical results are sume
merized in a series of curves which display the characteristic velocity ex-
penditures for trips of various durations, as well as the orientation of the
departure wveloclty vector.

In the case of three~dimensional transfers, two separate regions of
minimal characteristic velocity are found. The two regions are separated
by a narrow belt corresponding to transfer angles in the vicinity of 180
deg. Within this zone of separation, which corresponds to departures at

right angles to the ecliptic, transfer velocities rise sharply.
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SYMBOLS™

A, a = semimjor axis of elliptic orbit
Ay A, Ay = epecific values of the semlmajor axis, as defined in Eq. (3)
C, ¢ = choxd Joining departure point P to destination point Q
e = geccentricity of elliptic orbit
= active focus, or function defined by Bq. (10)

¥

*
F = vacant focus located on L branch of Fig. 2
f* = vacant focus located on L_ branch of Fig., 2
g

= function defined by E.. (9)
i = included angle between planetary orbital planes
L, £ = semilatus rectun
M = mean anomaly of destination planet
Ml’ M2 = values of mean anomaly at departure and arrival, respectively

N

" ND = ascending and descending nodal axes

Ny = mean angulsr velocity of Mers (N.D.)
n = number of complete revolutions of transfer vehicle
P = designation of departure point
Q = designation of arrival point

RE' BM = mean radili of planets Earth and Mars, respectively
r = radiel distance from Sun

ry, T, = mean radii of initial and terminal planetary orbits

2
S, s = parameter defined after Eqs. (1)

—_—
In the following, whonever a letter symbol. appears as both capital

and lower-case (e.g., A, a), the capital refers t0 nondinensionalized
quantities. In all other instances, nondimensional paramaters will be
indicated by (N.D.).
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1t = time
T = time (N.D.)
T, = time taken by Mars to cover prescribed arc (N.D.)
V, v = velocity
VCH’ Vep = characteristic veloeity
CH,’ 'Ch,
0, B = parameters defined after Egs. (1)

7= angle subtended by ecliptic component of departure
velocity vector with Earth's orbit

= characteristic velocity components at departure and arrival

® = angle subtended by departure velocity with ecliptic plane
¢ = angle included between transfer and destination planes

8 = transfer angle
6, = initial longitude difference of planets (two-dimensional )
) = constant legrange miltiplier

u = golar gravitational constant

v = true anomaly

p = radial distance from Sun (N.D,)
P, = mean radius of Martian orbit
Py = radial distance corresponding to an anomely M

# = £inal position of Mars from ascending nodal axis NA
A% = angle traversed by Mars, as given in Eq. (4)

¢l = initial position of Mars

¢ = location of Mars' perihelion, as shown in Fig. 7

o = position of Earth at departure

&, = mean angular velocity of Mars
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SUBSCRIPTS
a = aphelion
CH = characteristic

E, M = Earth and Mars, respectively
1 = initial
PQ = movement on transfer ellipse from point P to point Q
p = perthelion

T, # = radial end transverse directions in Martian plane

* #*
X = refers to any one of the subseripts F, F , or FF s
d=pending on circumstances
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I, INTRODUCTION

During the planning stage of any interplanctery-transfer mjssion, there
exists, for purposes of preliminery design, & very distinct need for quick
and relisble information concerning the merits of the various transfer orbits
which can be selected to accomplish the given mission.

Two of the mein items of interest during this stage of the investigation
are the time of flight and the so-called characteristic velocity of transfer.

Time, obviously, is of great importance if one considers manned space
missions, aince it affects directly the crew requirements for the duration
of the trip.

The characteristic velocity, on the other hand, affects the propellant
requirements, and thus the size of the final vehicle. The influence on
vehlcle sizo decreases markedly as one progresses to the use of fuels having
a very high specific impulse.

In the initial stages of interplanetary flight analyeis, mission-cost
and flight-time estimates between coplanar, concentric circular planetary
orbits were obtained by the application of the conzept of cotangential transfer
orbits, also known as Hohmenn ellipses. Although these transfer orbits led
to low values of the characteristic transfer wvelocity, they required rela-
tively long transfer times, In addition, the use of these orbits presupposes
a propitious location of the two planets at deperture, a condition seldem
encountered in practice.

Cotangential ellipses cease to exist in & three~dimensional model of the
planetary system, irrespective of whether the planetary orbits are still con-
sidered to be circular or elliptie. Even s0, this concept can still f£ind an




occasional application for those instances when the terget planet happens
to cross the nodal axis at the time of intercept, and the departure point
is situated 180° away.

With the exception of thess special cases, transfer orbits will lie in
planes of arbitrary, though determinable, o¢rilentations in space, depending
on the departure date selected and the time available 0 transit. The simple
back~of-the~envalope type of trajectory computations for the two-dimensional
circular planetary model that were introduced by the early investigations in
the field were replaced by complicated coding routines for high-speed digital
computers, into which the exact orbital positions of the planets could va
fed.

This Memorandum pressents & method which allows one to determine and
compute with relative ease any type of two-impulse transfer trajectory, in
two and three dimensions, for a given date of departure if the time avail-
able for the flight 1s specified in advance. Since only elliptic transfer
orbits have been considered here, this implies that among all the possible
ellipses which pass through the given initial point, and specified final
point, only that ellipse is isclated which enables the vehicle to spend the
prezelected muber of days in 4ransit. Moreover, this calculation can be
carried out in a very short period of time (2 to 3 hours) on & regulsr desk
computer without the use of high~speed digital machines. In addition, it
is shown how the formalism of some of the theorems of the calculus of ordi-
nary maxims and minima facilitates the locatlon of those trajectories which,
for a given departure date, require the least expenditure of characteristic
velocity of tranafer.

In Ref. 1, Battin introduced a very convenient gecmetric formulation in

— e o



the two-dimensional portion of his work, in shich he treated transfers be=-
tween arbitrery points on circular planetary orbits. The necessary initial
locations of the planets were then computed as soon as an optimal trajectory
was found. The same geometric parameters will be retained here.

Starting out with s two-dimensional problem, we introduce a subsidiary
intercept constraint condition on the transfer orbit which enables one 1o
calculate transfers directly for only those planetary configurations at de~
perture vhich are of current interest. The formelism of the optimality con-
dition for the present case, analogous to the one developed by Babtin, is
somevhat more complicated because of the need to introduce lagrange multi-
pliers.

The same basic approach is then extended to solve the case vhere the
destination orbit is elliptic in shape, and it is eventually applied to the
more realistic model in vhich the orbital planes of the planets are mutually
inelined to each other.

The difficulties introduced by the inclusion of orbité,l eccentricity
have been overcome by retsining in the serles expansions of the planetary
orbital elements only first-order terms in eccentricity. The very smaell
values of this quantity for the orbits of Earth and Mars Justify this approxi-
mation.

The numerical results of the present investigation were compered with
those of Ref. 2 and, to the order of accuracy of the data presented there,

were found to be in good agreement with them.




II. GEOMETRIC PRCPERTIES

The geometrical relationships which will be of use in the subsequsnt
develomment will be stated here without proofs Those interested in the deri~
vations are referred to Ref. l. Distances, veloecities, ané times are non-
dimensionalized with respect to the astronemical unit; Earth's mean speed
around the sun, '\/_‘;:l ; and its mean angular velocity —\/% s respectively.

b}

For that part of the calculstions in which the orbits of both Earth and
Maxrs were assuwed to be circular, & transfer from a point P on the orbit of
the first planet to a point Q on the orbit of the second planet would take
place between the radial distances r; and Ty of the transfer ellipse. Only
direct transfer orbits were considered here because of their lower cost.

For a preseribed angle 6 between the above two radii, the time of transit
will depend on both the megnitude and the orientation of the semimsjor axis
of the transfer ellipse. The time can be calculated from Lambert's theorem,
a derivation of vhich can be found in Ref. 3. Denoting by F the active focus
of the transfer ellipse at which the Sun is located, and by F* the vacant
focus, we can distinguish among four possible modes of transfer from P to Q,
as indicated in Fig. l.

Which one of the following relations for the time of travel will be used
at any one instance will depend on whether the contour from P to Q and back
to P via the chord QP, traversed in a counterclockwise direction, does or
does not enclose one or both of the focal points F and F*.

The sense of the motion will be taken as positive in the counterclocke

wise direction,

The verious expressions for the dimensionless time of transit can then
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be written as follows:

Tpq * a3/2 [(a -sina) - (B - sin s)} (1)
Tty = a3/2 . p3/2 [(a - sina) + (B - sin s):l (1b)
Topq ® a3/2 [(a - sina + (B - sin s)j (1c)
trty = 23/ - o (14)

vhere the angles o and B are given by the relations
Q 3
sin " / e
g 8~-c
sin 2" 2a

23-r1+r2+c

tat [Es
J
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Expression (la) is used when the contour does not enclose either one of the
focl, as in (a) of Fig. 1. When PQP enclosas the vacant focus F*, as in (b)
of Mg. 1, ona uses Expression (1b), If, on the other hand, the active focus
is enclosed, as in (o) of Fig. 1, one uses Expression (lc). When both F and
F* sre situsted within the contour PQP, as in (d4) of Fig. 1, ons must apply
Expression (14).

Another useful paraneter is the semilatus rectum L of the transfer orbit.




In its most familiar form, it is expressed as

LA(S - 1)(8 - p,)

LeAll-e°) = 3 2° 102 g_%_é ellipse (2s)
C
=20, parabola (2v)
LA(S - 1)(8 - p,)
= A(e2 -=1l) = Z 2. simn® g‘%é hyperbola (2¢)
where pp = perifocal radius, and the angles o and B are functions of
r, tr
-];_1'—__2- and CQ
1

For those cases vwhere the time of twansit did not have to satisfy a
constraint condition, the selection of the positive sign in the expression
for the semilatus rectum L led to lower values of the characteristics trans-
fer velocity. This can be shown by plotting VCH vs A, and it is found to
hold true for all values of the transfer angle 6. Now that the transfer
time has & constraint imposed on it, it can be shown that not &ll the dates
considered for departure allow one to follow an elliptic peth with L. To
ensure the existence of elliptic transfer orbits for all the possible initial
positions of the planets, and to minimize the mumber of complete orbital revo-
lutions before arrival, both values of the quantity L are retained in the
analysis.

One further point worth mentioning concerns the orientation of the trans-

fer ellipse. For given values of Tys T and included angle 8, this orien-
tation depends on the megnitude of the semimajor axis, as well as on the po-
sition of the wvacant focus F* with respect to the chord C joining P and Q.

The choice of the sign in the expression for the semilatus rectunm serves to

determine on which side of the chord € the focus F* will be located. TFigure 2,




Fig.2—Locus

of

the vaca

nt

foc

i for

elliptical trajectories




vhich is similar to Figs. 1 - 4 of Ref. 1, indicates the locus of possible
F* positions, with the heavy branch of the curve dencting the region of L.
This curve turns out to be a hyperbola. If a particular position of F' is
chosen, the orientation of the major axis of the tranafer ellipse is then
found by Joining the points F and F*. Depending on the orientation of this
axls, & vehicle leaving point P along a sulteble transfer orblt would reach
point Q either before or after passing an apse of the transfer ellipse,
Referring to Fig. 2, a few critical points located on the curve de-
termined by the loci of F can be noticed. The point F, 1s the vacant focus
of the ellipse with the minimm semime jor axis; F: is the vacant focus of
the transfer ellipse with aphelion located at point Q. For wvalues of g <@<m
a third point of interest is F; whilch defines the ellipse with perihelion
at P, With each of these vacant focl there 1s associated a magnitude of the
serdmajor axis of the transfer ellipse. Denoting these respective paramsters
by A, Ay, and A, vhere

A Brl+r2+c
m Krl
A = rﬁ/r& (3)
o r, -2 3
1+2 1
re-rlcoae

r, =T, C08 0
-t 2 I 30
Ai, arl-rzfl + cos 6) 25952

A£>A°>Am
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we can determine the orientation of the transfer ellipse from P to § simply
from a knowledge of the mngnitude of its semimajor axis A.

The dependence of travel time T on semimajor axis A of the transfer
ellipse is indicated in Flg. 3 for two arbitrary values of the transfer
angle 8.

Turning cur attention for the moment back to Fig. 2, we observe that
for a glven velue of 6, the junction of the two branches of the loci of F*

otcurs at a value of A = Amin' The same behavior is also exhibited in the

T vs A graph of Fig. 3.

From Fig. 2, which happens to be drawn for 8 > n

22
*
A =, the direction of the mejor axis, or the line Joining F and F on the

we note that as

L, branch, becomes parallel to the asymptote of the hyperbola of F*. This
places the perifocal apse on the segment of arc joining P and Q. Since this
region implies high orbitel velocities, it is reasonable to assume that
transfer times along this arc are going to be of short duration. This ex-
pectation is bornme out by the L_ branch of the 6 = 60 deg curve of Fig. 3.
(The fact that here 6 < ’5’ will not alter the conclusions reached before,
except for the fact that now the perifocal apse will be located slightly
ahead of the point P, rather than between F and Q. Point P will still have
high orbital velocities associated with it.) As the point F. slides slong
the L_ branch of the hyperbola in the directicn of decreasing A, the transfer
ellipses rotate in a clockwise direction, thereby moving the perifccal apse
awsy from peint P. The attendant lower orbital velocities in the region
between P and Q will result in an increase in travel time 7, as exemplified
by the lower branch of the § = 60 deg curve. The largest available value

of 1 along this branch will orcur when & value of A = Am;;n is reached. If
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longer travel times are desired, the vacant focus F* wlll have to continue
to slide out into the F region (L = L_), thereby causing the vehicle to
move past a more remote apofocal point, and consequently into a region of
ever-diminishing orbital veloecities. The lower orbital velocities coupled
with the longer distances that have to be traversed as A keeps on increasing
will lead to longer trensfer times, as shown in the upper branch (L_) of the
6 = 60 deg curve of Fig. 3.

For values of 6 > m, the L and L branches of the hyperbola become
reversed, thus explalning the ¢ = 240 deg curve of Fig. 3.

An examination of the equations presented in this section discloses
the faet that for transfers between cirecular orbits where ry and r_ A are

2
constants, the time 7 as well as the semilatus rectum L depends only on the

semdmn jor axis A and the chord C between points P and Q.
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III. COPLANAR TRANSFERS BETWEEN CIRCULAR ORBITS

Before looking at the more general and realistic case of transfers in
three dimensions between elliptic orbits, it is asdvantageous to start out by
considering at first the simpler case of transfer from the swurface of the
EBarth to the surface of Mars, assuming that both planets deseribe circular
coplansr orbits about the Sun. With some obvious minor modificatlons, the
same analysis would apply also to transfers to inner planets, such as from
Earth to Vemus, or to the return trip from Mars to Earth,

It will be assumed that the mission is accomplished by the spplication
of two impulisive thrusts at both terminals of the transfer curve. The first
thrust enables the vehicle to escape the Earth's gravitational field and
leaves it with a hyperbolic excess veloclty of a magnitude and direction such
as to place it into heliocentric elliptic intercept orbit. The second im-
puise is employed both to cancel the relstive velocity of the vehicle with
respect to Mars, on its arrival there along the chosen heliocentric collision
course, and to overcome the gravitational attraction of thet planet. This
will permit the vehicle to make & soft landing on Mars. The assumed scheme
of trensfer does not make any allowances for the various losses ( gravitational,
atmospheric, navigational, ete,) that arise in an actual space mission nor
for possible gains from atmospheric braking on re-entry. Nonetheless, the
pregent method will be well suited to assess the rough over-all costs of such
a transfer and to give an idea of the correlation between launch date and
total velocity requirement. To hold the needed characteristic velocities
down to a reasonable level, transfers along elliptic orbits only will be in-
vestigated, The modifications needed to include faster transfers will affect

primaxrily the expressions for time of transfer and semilatus rectum.
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The complete surface~to~surface transfer trajectory was assumed to be
composed of three discrete segments, each segment being generated as a re-
sult of a two-body interaction,

The junction of the heliocentric portion of the orbit with the planet-
ocentrilc segments at departure and srrival was assumed to occur along the
asymptotes to the planetocentric hyperbolae. A% each end, the planetaxy
influence on the terminal portion of the trajectory wes assumed to be con-
centrated in an imposition of the appropriate escape velocity requirement,
which was added vectorially to the planetocentric hyperbolic excess velocity.

The major benefit vwhich the present approach brings to the three-di-
mensional case is the ability to solve for any one transfer trajectory, given
the positions of the two planets at departure.

Consider the physical picture vhere the two planets occupy specified
positions along thelr orbits on the specific date chosen for launch from the
Farth, In the two-dimensionsl restricted case, only the angle between the
orbital radii of the two planets suffices to specify their relative position
at departure, their ectual positions in their respactive orbits being im-
material.

After the initial impulse is imparted to the vehicle, it will find it~
self with a certain initial velocity vector, in a heliocentric frame of refer-
ence, This velocity is already assumed %0 include the contribution from the
eircumferentisl velocity of the Earth in its path around the Sun.

The two components of this departure velocity veetor, in the radial and
transverse directions, suffice to specify completely the geometrical para-
meters of the transfer ellipse. Starting out with the above conditions at

point P, and following the selected orbit, the vehicle wlll intersect the
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orbit of Mers at some future time, at some polnt Q. Slnce this cxossing
mst ocour at the precise moment when Mars happens to pass the same spot, it
becomes necessery to restrict the domain of possiblz depaiture conditions.

A sufficlent restriction on the departure conditions resulis if one demands
that the time of travel from P to O, along the transfer orbit, be the same
as the time required by Mars to reach the same terminal point Q, If one as-
soclates with each time of transfer, defined by the appropriate equality in
Egs. (1), & transfer angle 0 included between the radii r)=rpamdr, =x,
and remembers that in the present case Mars moves with & constant angular

veloeity, one can then write

& =0 -6, -2am (%)
vhere
M
M-;—t-anglstraversedbylvhrs during time t
2

8 = lead angle of Mars at departure
vy = dimensional circumferential velocity of Mars

n =0, 1, 2, 3 = nuber of revolutions around the

Sun completed by the vehicle

For the selection of optimel transfer curves, the procedure of optimization
then consists of hunting among the various acceptable points Q for that
rerticular point which permits the mission to be accomplished with a minimo:
expenditure of total characteristic velocity. This hunting can be performed
asutametically by means of a high-speed computer, or menually on a desk calcu-

lator.
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Another possible way of viewing the problem is the one in which we
search for that particwlar transfer ellipse which requires the vehicle to
spend a period of time in orbit of such length that both the requirement of
minimal characteristic velocity and the restraint imposed by Eq. (4) avre
satisfied similtaneously.

With the above physical picture in mind, it is easy to appreciate the
mathematical formulation which leads to the required solutien.

The quantity to be min_imized in the present case is the total charace-

teristic velocity of the one=~way landing mission, given in nondimensional

form by
. 1 2, 1 P2 1/2 ,
ey {3=A aﬁ+x3} + p-[3-A 2/p°+p2} (5)
A/ 2

g Ty
K3 = T 'RE = gquare of dimensionless escape velocity at Earth

QuM ry
Kl; = w E;I = square of dimensionless esecape velocity at Mars

The first term of Eq. (5) wes the one derived in Ref. 1 for a nonattracting
Earth (K3 = 0).
The chord joining points P and Q can be expressed in terms of the angle

6 by means of
0% 21 +02 - 20, cos 6 (6)

where the angle G depends on the time of travel of Mars, 7 o# through the

relation

0=2nmn=6 +N, 1, (7}
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In the sbove equation, Nﬁ = wM\/;§7; is the dimensionless mean angular vee
locity of Mars, and oy is the corresponding dimensional angular velocity.
e reference time, ,\/;J:j’_/;;, is 58,12 days.

The selection of a departure date fixes immediately the value of the
angle eo. In order to make comtact with Mars on arrival, one has to require
that the time of travel in the transfer orbit, t, given by the appropriate
expression in Eqgs. (1), should equal the time T, taken by Mars to reach the
seme spot, for every value of the angle B¢

Thus

T T, (8)

18 a required condition on the transfer orbit. Noting that by means of
Egs. (6) and (7) the time T, - ro(eo,c), and that from Eqs. (1) the time
v = 7(A,C), one can write Condition (8) in the form

S(A:c.veo) =T -, 0 (9)

Our optimization problem now takes the following form.

It is desired t0 minimize the function Vg, = CH(A’C) given in Eq. (5),
subject to the subsidiary condition of BEq. (9). In accordance with standard
procedures of the caleulus of mexims and minime, this entails the determi-
nation of an extremal value of a fimetion F, given by

F =V +28 (10)

vhere A is a comstant legrange multiplier. The extremals are obtained upon
setting

-%-g—%-o (]_l)

Uy
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The relation

ov
OF CH 3
36‘"30_“‘5%”0

can be used to solve for A, which can then be substituted in the equation

%% = 0, then this is done, the condition for an extremal in VCH becomes

v
CH
BVCH

28,C) = B % Lo (12)
C

in esddition to Ea. (9).

A suitable method for computing optimal trajectordies would consist of
the following steps:

a. For a particular date of departurs the angle eo is a known quantity,
available from astronomical tables. The engular positions of Earth and Mars,
reckoned from the ascending nodal line, are presented in Fig. 4. In the case
of circular orbits, both curves become straight lines of known slope. These
lines intersected on Jammry 1, 1961, at vhich time Mexrs was in opposition
to the Earth.

b. A guess for & reasonable valua of transfer angle 6 allows one to
compute C and 7 by means of Eqs. (6) and (7), respectively.

¢. In view of Eq. (9), Eq. (1) can then be solved for a velue of the
semima jor axis A, This step will in general involve an iteration procedure
for A, which converges rather rapidly.

d. Tha values of A and C found from steps (b) and (ec) above are then
placed into Eq. (12), and the value of T(A,C) is compared with zero,

e. The procedure is repeated, starting out with a siightly changed

value of 6, while keeping eo unchanged.
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f. The graph obtained by plotting T(4,C) vs 9 was found to be well
behaved, and as a consequence & technique like the Newton-Raphson method of
successive approximations could be utilized to speed up the convergence of
the solution T(6) = 0. (The dependence of T on 6 arises after the solution
of the time Eg., (1) for A has been carried out, so that A itself is a function
of 8,)

Where one is not primarily interested in finding only optimal modes of
transfer, but desires t¢ get a fuller picture of the various trade~-off values
resulting from changes in initial conditions, one can neglect steps (d) -

(2) and compute Vy after step (c). In this way it is possible to see how
the characteristic velocity varies with the transfer angle 8., Figure 5
presents a plot of VCH against travel time for two chosen departure dates.
Figure 6 presents the two componsnts vCHl and VCHQ of the total transfer re~
quirement: VCHl denotes the characteristic veloeity at launch, while VCHZ
refers to the landing portion.

The orientation of the transfer ellipse at the point of departure can
be determined with the aid of the angle 7y vwhich the initial velocity vector

mekes with the orbit of the Earth, as found from

tany, = fl2=lA-1 (13)

The calculated values of Vcﬂl fix the magnitudes of the hyperbolic excess
velocities which agreed eclosely with those of Fig. 1, Ref. 2, within the

accuracy to vhich the data are presented.
As can be seen from the preceding paragraphs, the procedure of select-
ing optimal trajectories for the present two-dimensional models differs con~

siderably from the one employed in Ref. 1. Whereas there, due to the absence

————_————-———-—J
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of & constraint on the travel time, all the ellipses possessing an 4 > A in
could be consldered as sulteble transfer orbits for any selected transfer
angle 6, the present specification of an initial position of the target
planet in general reduces this number to o single suitsble ellipse. Further-
more, in Ref. 1 it was shown that there existed an optimel transfer ellipse
for every selected angle of transfer. This is no longer true vhere the semi-
mejor axis A is dependent on the transfer angle chosen through the time-con-
straint condition. Optimal modes of transfer can now occur only for discrete
values of the transfer angle, or, what smounts to the same thing, transfer
time,

For purposes of illustrating the method of solution in the coplanar csase,
& mmerical example is worked out in Appendix A.
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IV, THREE~-DIMENSIONAL TRANSFERS WTTH ECCENTRICITY

Up t0 now we have considered only circular coplanar planstary orbits.
These restrictions on the orbits will now be lifted, thereby extending con-
slderably the scope of the method developed. This will permit ome to de-
termine transfer trajectories between elliptic noncoplanar planetary orbits.
The elliptic shapa of the orbit of the destination planet will affect the
manner of computing the travel time To of that planet, while the presence
of eccentricity in the initial orbit will change the form of the expression
for the velocity increment to be added at departure, Vcﬂl. In the mjority
of casas the eccentricities of the planetary orbits are rather smell quantie
ties., This mekes it possible to simplify matters appreciebly by retaining
only linear temms in e in the series expansions of the planetary orbital
elements, In particular, if one wants to be consistent in the ordex of
magnitude of the perturbation terms retained for the case of travel from
Earth to Mars, the fact that e§ >0 [eE] ellows one to ignore the eccen-
tricity of the Earth's orbit when retaining only linear terms in the Martian
elements. This section will thus be concerned with transfers from a point
situated on an indtial circular departure orbit to ancther point located on
an inclined elliptic destination orbit.

The angle ¢ measured counterclockwise from the ascending nodal lins to
the perihelion of the destination orbit will be assumed to be fixed in magni~
tude. For Mars, y =~ 286 deg. The geometry of the present model is shown in
Figs. 7 end &,

In three-dimensional maneuvers, +iiie transfer plane will in general sub-
tend an angle 5 with the ecliptic and an angle ¢ with the orbital plane of
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Mars' orbit

Fig.7—Parameters of Earth—Mars model
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Vvo

Ecliptic projection of Vyp

Fig.8 — Orientation of orbital planes




the destination planet. From spherical trigonometxry

cos ¢ = sin i ain & cos ®w + cos 1 cos B (1%)

where 1 denotes the ineclination of the destination plane with the ecliptic
and o denotes the location of the Earth referred to the ascending nodal
line.

The transfer angle 6 1s now supplied by the expression
cos 8 = cos Weos @ + sinw sin ¥ cos 1 (15)

in vhich ¥ denotes the angular position of the destination planet at the
time of intercept, also measured from the ascending node.
In the present case, due to the small magnitude of the angle i, it is

reasongble to make the approximation cos i ~ 1, after which Eq. {15) becomes

cos 6 = cos (¥ - w) (16)

and hence

gx2mefd-n (17)

With the mean snomaly denoted by M, the dimensionless radial distance

of Mars from the Sun becomes

pM-AM[l' ey cos M-J +0[eﬁ]
(18)

= Ay [L_]. - ey cos Ny (tr - 'rp)]

where
Pa +p
AM = —-2——2 = p2 = radius of approximated cirowdar orbit




‘tp = time of perihelion passage
Pgs pp = radil at sphelion and perihelion, respectively

At time 7 = Ty vhich corresponds to departure, the true anomaly of Mars,

vy is given by
Mod. 21
vl-ﬁl-q.-nl-t-aensinml o<v1<2"_> (19)

vhere Ml denotes the initial mean anomaly. If we follow the convention that
positive angles sre measured in the counterclockwise direction, a negative
value for vy would imply that this engle is measured clockwise. In order to
prevent this from happening, the vestriction (Mod. 2r) should be understood
to mean that an angle 2r has to be added to the computed value ﬁl - ¢ vhen~-
ever this quantity becomes negative. If this is dona, then vy will always
be located in the interval O - 2m.

Equation (19) is basically Kepler's equation and can therefore be inverted
to solve approximately for M,

M =y -2 8in v . (20)

Similarly, at arrival T =7 andv2-¢-0=(w-t) +9 -2m (n=01,2..),

2
80 that for the case n =0

M, = [(m -n)+ e] - 2e sin [(m -4) * 9] (21)

If we understand & to denote the total angle covered by the radius vector
from the Sun which rotates in a counterclockwise direction, starting from
the ascending nods of Mars and stopping at the point of intercept, after
having pessed in transit Mars' initial position P’l, it is clear that



g m ,051 + Ag. As used here, A7 represents the angle covered by Mars during
the transfer time and is a positive quantity. Adhexring Yo the sign con-
vention mentioned in connection with Eq. (19), we see that vy > vy and that,

in addition, can exceed 2r in megnitude.

\Y)
2
The time of transit from the initial point P to the final point Q is

readily available from the relation
T = (22)

vhere
My > My
The letter X in the subscript stands for any one of the intermediate
stations F or F* dlscussed earlier.
The inclination & of the transfer plane is obtained from the relation

sin & = sin 1 :—iﬁ-g (23)

If we refer to Eq. (17), Eq. (23) becomes

sin & = sin 1 52‘—';1-&970—*-@ (2)

At any point along its orbit, the velocity components of Mara are given
approximtely by the expressions

Vv ™M= pM - Nl\fzeM sin M
(25)

Vopy ™ (953)M = Ny 9, (1 + ey, €08 M)
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The above relations are used to obtain a new expression for the charac=-

teristic transfer velocity, as shown in Eq. (26).

{3---aﬁcoss+K3}l/o+-'—- {3- -ngcose

L L P . 1/2
+l|eMcoeM2 l- B—e-cose —eeMsinM2 2-5-;--A—- pal(h}

(26)

(A derivation of Eq. (26) is given in Appendix B.)
As is to be expected, Eq. (26) becomes identical with Eq. (5) if we set

eM-esisno

The steps necesasary for the solution of the present case are not too
different from the ones described in the coplanar case. The main difference
arises in the computation of the time of transfer, TPXQ.

At the time of departure, the initial angular position of the Earth, wm,
and of Mars, ;211 s are known quantities, If, as before, a transfer angle 8 is
chosen, one can compute the mean ancmalies My and M, from Eqs. (20) and (21).

Similerly, with M2 known, p,, can be obtained from Eq. (18).

With the sbove information we can now find the length of the chord Joining
points F and Q from the relation

2 =1+ pia - EpMe cos 8 (27)

where

OMP = magnitude of o, when M = M, in Eq. (18)
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Having now obtalned the values of v and C, we can contime with the com~
putational procedure outlined in the previous section. Equations (1h4) and
(24) show thet for given fixed values of u, ¥, and i, after sccount is taken
of Eq. (27), the angles 5 and ¢ will depend only on the chord C. From this
we conelude that the condition of optimelity, Eq. (12), ie also appliceble
in the present case, provided Eq. (22) is employed to twompute the time T,
appearing in Eq. (9).

The expression for the inclinstion 7y of the departure wvelocity vector
remains unaffected by the eccentricity o end can be used in its initial form.

It was noted that for the two-dimensional circular case the only input
information needed was the initial longitude difference of the two plansts,
In the present case, their actual positions in orbit, w and 52(1, have +0 he
specified, In all other respects the method of carrying ocut the solution
remeins unchanged.

Figure § shows a plot of vCH vs time for the three~dimensional model of
the planetary system. In each case, departure was assumed to take place on
Ootober 1, 1560,

It can be seen that the curves consist of two separate, parsbolicelly
ghaped branches. One branch corresponds 4o valuss of the travel angle 6 <
180 deg, while the other refers to & > 180 deg. Due to the inherent gecmetry
of inclined planss, tranafers through angles in the immediate vicinity of
180 dag are, in general, impossible except for transfer trajectories that
origimate at the nodal lina,

Two regions of minimal trensfer velocity axe now found for each sslected
daparture date, seperated from sach othar by the narrow belt 9§ =~ 180 deg.
The value of ch mn® 0 which the optimization procedure ocutlined tefore




Characteristic velocity,Vcy ( dimensionless)

0.8

0.6

0.4

0.2

e

- 3?-

VCHr

Departure date:
October {,1960

N
A 1 | ] I 1
100 200 300 400 500 €600 700
Time of travei,t(days)
L I I 1 | I J
100 140 180 220 260 300 340

Transter angle , 8 (deq)

Fig.9—Three—dimensional characteristic -velocity variation




_33-.

will converge, will depend on the initial value of 6 selected to start the
iteration. The VCH mn for long-period transfers will be found if one starts
the iteration with a value of & > 180 deg, vhile the short transfer time

VCH min is reached upon starting out with a 6 < 180 deg, An idea of the
change in orientation of the departure velocity vector as the time of trans-
fer, as well as the transfer angle, is increased can be gained from Fig. 10.

This figure presents the two angles & and 7y plotted against transfer time <.
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Appendix A
NUMERICAL EXAMPLE

A mmerical exemple is worked out in detell in this appendix to illus-
trate the genersl method of solution.

For the sgke of convenience, a two~dimensional circular plunetary model
has been selected, with the following input data:

6'a = initial longitude difference = 30 deg
(Mars leading the Earth)

6 = transfer angle = 140 deg
S e 1.0 = radius at point of departure P
pe = 1,523 = radius at polnt of arrival Q
From the above data, the chord jolning points P and § is computed to be

1/2

C= [l + 1.5232 - 2 * 1.52% cos lh0°] = 2,3776

With the dimensionless mean angular velocity of Mars given hy

! ,0
“M"'* Ea 183 T3 - 05

we find that the time required by Mars tc traverse and angle 6 - 60 is

6=-8
0 110
To = NM = 57.296 = 0.53211 = 3.6%1

The value of the minimm semimajor sxis Am for the present case is

A = 1+ 1.523 + 2,3776 1.22515

The example chosen here happens to have a value of the transfer angle

6 <, so that, in accordance with the discussion presented in connection
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with Fig. 3, the appropriate expression for the time of transit would have
to be selected from Egs. (la) or (1b) ("PQ and TPF*Q)‘ The selection can
be narrowed down further if we determine whether T is greater or smaller
than the value of 7T at A = A‘_“_, at vhich point TPQ = TPF*Q‘

g ° A3/2 [(a - sina) - (B - sin B)]

For the present case

+p0_ +
1pac

S= 2

a 2,4503
S - C = 000?27

thus

-1 /8 -1 [2.450 - -1, .
am-2 sin QAE’Q sin 2.5503 2s8in" 1=
"l S - C - . -l 0. 2
Bm = 2 sin oA 2 sin /—%1—12. 503 = 0, 3462

m

sin g = 0 sin B, = 0.3393

-y

T, ™ (1.22515)3/2 {3.1&16 - 0.3462 + 0.3393

[

- hn 251

Now that we have determined that t o < Ty Ve conclude, with the aid of
Fig., 3, that the appropriate time expression to bc used in the presant case
is the Trg relation; the vacant focus of the proper transfer ellipse will be
located on the L_._ branch of the curve of Fig. 2.

What remains to be done now la to solve from the expression for Tp?

Eq. (la), for the correct value of A vhich satisfies the condition

Teg = To * 3.6061




This wiil be accomplished by a trial-and=error procedure which can be
sultably adapted to locate the proper root very quickly.
let us start out vith a first auess for A.
Guess 1: A=1.3
13/2 = 15067

o =2 sin ™t /2—2’:%53 =2 gin™t 0,963 = 2,5988

p =2 stn /S =5 s1a™ 0,16595 = 0.333%

sin o = 0,51654 sin B = 0,32726

and

T = l¢5167 [205%‘8 - 055165& - 003331‘ + o.32726:l = 3.1’4’89

Since this value is smaller than the desired ome, we would have to take
a mmaller value of A as a second guess. In order to come up with an intelli-
gent second guess for A, we «an meke use of the shape of the T vs A curve
of Fig. 3, in particular that portion in the neighborhood of the point ('rm, A).
If we drav a curve between the latter point and the point {3.1489, 1.32) as
shown in Fig. 11, such that dv/dA = = at A, we find that at a value of
T = 3,6, A= 1,25,

Accordingly we let cur second guess be

Guess 2: A = 1,25
A2 . 1.3975

a =2 ein™t ./%5523 = gin~t 0.99001 = 2,8588
A =2 ein™T, / %%ﬂ - oin™t 0.17053 = 0. 34276

8in o = 0,2867 sin B = 0,33608
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and

T = 1,3975 [2.8588 « 0,2867 = 0.34276 + 0.33608] = 3.5851

Flotting & corrected curve in Fig., 11 through tke three known points,
we £ind that a third guess should be around A = 1.2485.
Guess 3: A = 1,2485
Repeating the calculations performed before, we arrive at a value for
time T of 3.613. To the degree of accuracy needed, a satisfactory solution
can be taken to be a value of A = 1,2487.
The total characteristic transfer velocity can now be computed from

Eq. (5)s PFirst we shall compute the constants K3 and K, appearing there:
X _E“__I‘_J_ ﬁ_v% escg_(é.gﬁ m:lgsec)e w 01412
3 Ry v 2 18.5 mi/sec .
1

214, T v2 2
-M 1 _ Mese g.l miésec -
xh RM 7} vi (l.Smisec> 0.0261

where v, and

E ese are the surface escape veloclties for Earth and Mars,

YM esc
respectively.

The magnitude of the semilatus rectum L, calculated from Eq. (2a), is
found to be L = 1,187.

With the above values, Eq. (5) gives
1/2
1
VCHT = {3 - 1Ta87 ° 2.,/1.187 + O.lth}
1/e
1 L l.'.]é’l .
YT {3- 342 i - 2/ 1523 * 1923 0.0261}

= 0,4020 + 0,194k = 0,5964
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Since the two members of the above sum supply the velocity requirements
at deperture and arrival, respectively, we find in dimensional form

VCHT = 0,506k + 97,680 = 58,256 £t/sec
"cnl = 04020 * 97,680 = 39,267 £t/sec

Vo ™ 0.194L + 97,680 = 18,989 f£t/sec
2

The angle 7 which the departure velocity vector subtends with the Earth's
orbital path is found to be

7, = tan™* /12—'~i'%—i—‘—1 = tan™t 0,10123 = 5%7*

This completes the illustrative computation for the two-dimansicnal
example chosen. The same basic scheme can, of course, be followed also in
the more complicated case of three-dimensional circular-to-elliptic transfers,
provided the time 7 o 1s properly evaluated and the radius Py hea been de-

2
termined in accordance with the method outlired previocusly.
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Appendix B
CHARACTERISTIC TRANSFER VELOCITY IN THREE DIMENSIONS

The velocity components of a body moving along a conic section, projected

onto the radisl and transverse directions, were given by Eqs. (2.1.2) and (2.1.%3)

of Ref, 1. Applying these expressions to the planet Mars we have

1/2
. 2ty - u
(B.1)
. q’PlM
'S (e = Ty

In the above relations, Ty denotes the instantaneous radial distance of
Mars vhile T, denotes the average radius of the ordit which, to first-order

terms in ey equals the semimajor axis By The term :l.M is the semilatus
rectum of the Martian orbit.

If one employs the relations

Ty > r2 [1 - @ 008 M]

(B.2)
2
Iy =z, [1 - °M]
differentiates the first to obtain ;H’ and substitutes both into the "g
expression of Eq. (B.1), one finds that for smell values of ey
B
v, -~ e, sin M
r 4 ra M
(B.3)

vy~ 1;;; (l+onuosM)
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Denoting by VRQ the velocity of the vehicle relative to a nonattracting
planet located at point Q, we can write

. 2 . . 2
ng = [(r)M - vr“] + (z-e)sl sin?e + [(re)m cos € - vm:' (B.4)

where (;')M and (:t'é)M are the heliocentric velocity componente of the vehicle
in its own plane of motion, evaluated at the point of intersection of the
transfer plane with the Martian orbit, and are given by

(z)y = [u er}:ﬁ- . ﬁ]

(B.5)
Al

(x8),, =
M rM
The symbols 1 and a refer respectively to the semilatus rectum and semi-
major axis of the transfer ellipse. Nquations (B.3) and (B.5) can now be
substituted into Eq, (B.4). After expanding some of the terms, retaining

only linear terms in ey and combining them appropriately, one is led eventu-
ally to the following nondimensiocnalized relation for Vﬁa

1 P /L /L
VgQ'g‘h*Kg—a Fa-cose +heMcosM2<l- E;cose)

(B.6)
; . L pg
T M sl M2 - Py A

For the departure portion of the transfer, the angle & takes the place
of the angle ¢ used above. The relative departure velocity increment is

P

V'ﬁp - {3 - % =2 4/L cos 5} (3.7)




Upor: inclusion of the planetocentric gravitational take-off and landing
requirenents through the relations

i

B oy =t (5.8)
and
“fmm - vecna - vgq + %-M (.9)

one f£inds for the total characteristic surface-to-surface transfer veloclty
Vo = ‘chl + Vcnz, the relation shown in Eq. (26).
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