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ABSTRACT

Although the effect of an exponentially varying air density on
the angular motion of a re-entering missile has been intensively
studied for linear aerodynamic moments, this effect for nonlinear
moments has only been investigated by a quasi-linear technique and
this work was limited to planar motion. In this report, various
modifications of the quasi-linear analysis for a cubic static moment
are compared with the exact solutions and the best of these used to
determine the general effect of varying density on combined pitching
and yawing motion. Next the perturbation method which makes use of
the exact solution for a cubic static moment is considered and the
necessary modifications introduced by the varying dénsity are made.
The predicted density-gradient-induced damping for planar motion is
determined for both theories and compared with the numerical integration
of the exact differential equation. The perturbation prediction is

found to be superior.




TABLE OF CONTENTS

LIST OF SYMBOLS « « + « = e v ¢ v v v v v o v o
INTRODUCTION: « « o & o = v v v v o v v w v o o
QUASI-LINEAR SOLUTION FOR CONSTANT DENSITY AND NO
QUASI-LINEAR SOLUTTON FOR VARYING DENSITY . . . .
PERTURBATTON SOLUTION FOR VARYING DENSITY . . . .

FIGURES « . ¢ « ¢ ¢ o o o = ¢ o o o o o o s o o

REFERENCES. « « o ¢ o o = o o o « o = o o « « o @

.« s e

« e e+ 0

DAMPING .

Page

Bil
12
21
29
33
3.
ko




e

'pSi -
B2 e -c -x"2(, +c, )
2m [ EI D t Mq %& ]

LIST OF SYMBOLS
T _t A 2
twice the total energy, C, = § € +V (8%)

twice the trajecto;ywcomponent of the angular

momentum of the pitching and yawing motion,

-t | Jp—
Co=1(Tt-t T)

drag coefficient

1ift coefficient
static moment coefficient
damping moment coefficients

Magnus moment coefficient

coefficients of the transverse components of the

aerodynamic moment

* 2
non-conservative part of CM , C = CM -c, - c28v
a a
T

complete elliptic integral of the second kind
2

axial moment of inertia

transverse moments of inertia

complete elliptic integral of the first kind

amplitudes of two modes of linear oscillation

modulus of the elliptic integral
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. M - Mz transverse components of aerodynamic moment
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M £ kX, C. -C
, 2m [ t "‘Ma -La]
A w_[E]°
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* v ' * 2
M non-conservative part of M\, M =M - Mo - M28
Mo’ M2 cubic static moment coefficients
m mass
m " ratio of nonlinear portion of cubic moment to linear,
, 2
. : m = n1252
m W/,
P ~ gyroscople spin, P = I—x ‘1;._..
' Yy
P, q, T components of angular velocity
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S2 -2
T ‘ 2 le. +xC
[~
2m [La a Mpa]
T : temperature (°k)
T
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u, Vv, v components of valocity
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Xy, ¥ squax_'ed amplitudes of the two modes oif linear oscillation
: z . altitude (£t.)" " )
a angle of attack
g angle of sideslip

cosine of total angle of attack

SN

~

51 minimum value of &
52 maximum value of &
e angle the flight path makes with respect to the vertical
e argument E » ¢
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1. INTRODUCTION

The influence of an exponentially varying air density on the
planar pitching of a re-entering missile with linear aerodynamic
moments has been studied by & number of :.mthom.:l"2 This work was
extended to combined pitching and yawing motion of a spinning missile
by Ieou3 for no aerodynamic damping and by Gurberh for linear
aerodynamic damping. ’Recently, Coakley, Leibone, anc :ﬂuss5 have made
use of a quasi.Qlinear technique to é:escribe the plaonar motion of a
missile with a cubic static moment £lying throwsh an exponential

atmosphere,

In this report we will study the influence of such density
variations on the general combined pitching and yawing motion of a
missile actcd on by nonlineor moments. The nonlincar analysis will
meke use of a perturbation technique6 which is more accurate than the
quasi-linear analysis employed by Coskley, lLaitone, and Mass. The
quasi-linear analysis will, however, be derived for combined pitching
and yawing motion for coirparison with the more exact method. Although
the primary objective is the influence of varying density, the
developmént will be so formulated that the effect of Mach number or
Reynold®'s number variation of the aerodynamic coefficients themselves
may be studied.




2. QUASI-LINEAR SOLUTION FOR CONSTANT DENSITY AND NO DAMPING

In this section we will consider variocus modifications of the
quasi-linetir technique for no aerodynamic damping or drag, constant
density, and cubic static moment. For this case the aerodynamic

moment may be written in the form:

M+, = - (1/2)0V788(e, + o,8)e e
where § = _v_‘-;-ﬂ 2 pHia

5

I 3 | and the other symbols
are defined in the List of Symbols.

In Equation (1) the complex moment and complex angle are in a missile-
fixed coordinate system. _If we derive the differential equation for
the pitching and yawing motion for this moment* in a non-rotating
coordinate system, it would have the i‘orm6

£ - (;_' + iP) - g‘(b'io + Mzaa);= 0 (2)

where?= £ exp Elf%é ds]

(1 - 22 cosine of total angle of attack

7=
p=;’£$£
. y
3
_fpS2
M, =1z %

I .
y ‘ ‘
M, = (g%‘z [c2 - (l/2)c°] and

y
L :

8 = )’ 3 4t is the independent varisble.
(o]

¥ Since the static moment coefficient is multiplied by 7y, & cubic moment
produces higher powers in the equation of motion. Only the cubic
povers are retained in Equation (2).-

12




For moderate geometrical angles y' & 0. For constant P, a transformation

to a coordinate system which has an angular rate of P/2 reduces. this

eqﬁation to a simple form.

' Pof@ens) -0 | B )
vhere
2.1 i(1/2)ps
fo-n - P

"2 = m, /0 .

For a linear moment and negative ﬁo , t.moves along an ellipse

with equation

. 1/ 2
B=kKe T+Ke - |

(%)
: . where K 3 are constants
: . .
ﬁj = aJO + ﬁjs and

| * A CEN

| The semi-major axis 1s K, + K, and the semi-minor sxis is lxl - K2l .

When the spin 1s zerp the negative ﬁo requirement is that for static
stebility. In the cese of & spinning missile, this requirement is
essentially that for gyroscopic stability

1 o
_s_<1 | (5)
e .

P2
where sg = mo .




The mbtion in the hon-rotatiug frome of reference Becomcs epicyclic.

. 3
The frequencles in these o ovdiwdles, % . Py g oo ionlly stable missile
(Mo ¢ 0) are opposite in sigu nad tov a tuiienl iy wilible missile they
have the same sign as that of .

The quasi-linear method assumes a solubtior L Myad fon () o the
form of Equation (4) with frequencies which dapend .o cotfieio. oz
actual calcuwlation of this dependence males use of alpvbra wsed in the ,

method of variation of parameteré. If Equatioca (J) is wrliten in the form
2 o 2
& - fE - A ne?t, (6)

Equation (4) is the solution for m, = 0. We assume the solution of
Equation (€) to be

'E=’K1e + Ko v : (7)

=
I
L-m
~~
4]
S’

- 2
Coe
i
4+
2
Coe ™
w

-
1+

o

men 8 =8T-2 4G+ lee(eiﬁ v B

=K§-+l€+2K1K2cosa (8)
) where% ='¢l-'¢2

' | . iA ] 1 :
(RS l B &o Kle al - Kye ¢2 + (Kl + 1‘¥1K1)eial
162

+ (!\; + .L\[ré}(z)e (9)
| § ] 1 t ] j‘@ﬂ
Let (K + 1K )e 1, (K, + hyt)e = =0 (10)

1h.
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" and differentiate again

1 1B
" ke 2] ()
) 132 |

~ ] ] 1 | I L
+1 \- M (Kl + i\lrl-l(l)e - (K2 + i“‘a“a)e

Ail
B =‘ﬁ; Kie

Equations (7 - 11) are now substituted in Equation (6j.

t A 2 .
5, m; Mome® (1 + -::—2 e'ia) (12)
K 21 \I- M: ‘o 1

Equation (12) and a similar equation for the other mode are exact but
rendered quite complicated by the presence of‘it The basic assumption
that damping and frequency shift over a cycle of'a'is small has to be
' made. If this is the case Equation (12) may be averaged over a cycle

of 3 with the result i

=1 === | (13)

Thus the quasi linear solution has no damping but does have frequencies

BNR [ =d) &
-\ g [ezed ] ®

This method can éasily be extended to treat both linear and nonlinear
damping7.

Equations (14-15) can be substantially improved in accuracy if
the average value of the coefficient of §& is used on the left side of .
Equation (6) instead of its linear value. Since the average value
of 52 is Kﬁ + Kg, Equation (6) would become

R femieg]tine 287 e




o )
From this equation, yuasi-linecar valuzg of ¢,j iay bhe derlvad in o

manner similar to the sbova.

g, et )

) .
(i) "2 (17)

7y

1+ =5
L 1+ m,a(Ki + h?')

1

. — 1 ’Ci
ﬁ; = -\‘- ﬁo [l + n12(l€ + l(g) 1+ {2) "2 (18)
, : .L_ l,+m?(K§+1§)‘
This improved quasi linear technique was used with some success in
Reference 6. One clear advantage of Equations (17-18) is that they
may be applied to periodic motion of & missile which is gyroscopically
unsteble for small amplitudes (ﬁ°> 0, my <0). In this case infinite

frequencies are predicted for 1&;. + Ié = - %'72- As we will see the correct

answers are bounded. To avoid this difficulty and obtain slightly more
accurate estimates for other cases, the substitution method of Reference 8 .
can be used. This method will be developed as another variant of quasi- v
linear method.

We assume a solution of the form

A :
k- lcleia‘l + K2e1¢2 . (19)
/ where KJ and af 3 are functions of s.
Then,
'E:'= 1 [a)';l{leml + ¢;K26i¢2 + K_;.eial + K;ei 2 (20)
Let K'éial >+ 'eiaz =0 ‘
l K2 (21)

This equation is essentially the ncglection of damping in comparison

with frequency. We now differentiate again.

16




[a (K + ia al + a;(l{; + iaél(e)‘eiaa

22
. 1@, z (22)
+ K e + 2!{2e
Equations (19 - 22) can now be substituted in Equations (3) and the
result manipulated into the form v
o LI U 1 K2 j_a
@) -1(31-32) - -8 - e 2 e 5

[(82) + M - 13] 2 e"La + 18,

For linear moments with constant coefficients the right side of
Equation {23) is constant. When the moment is nonlinear or the
coefficients vary, spproximations for frequehcy and damping may be

obtained by averaging the right side over a cycle of a

3;—\l-ﬁo[l+m2(x;2l+}2x§)] o (2%)

T ' an

1 Py

T T R ' (25)
! 3, -8, |

»

Similar relations apply for the other mode

Bye-\- 7, [2 o mtel 4 D] (26)

BT 1 @)
‘2 . "32 '%

A
When M or m, are functions of s, Equations (25) and (27) allow us to
compute the effect of thi., on the damping. This will be done in

Section J. For constant M and fey damping is zero and the freq_uenc:.es
are given oy Equations (21+) and (26).

Ly




With these threce sctec of values for the frequencies derived it is
quite important to detérminc their relative accuracy. To do this we
will make use of the exact solution tor 8. Four rundamentaily different
variations of static moment may be cxpressod by Bquation (5) when
different algebraic signs are assipned to the cocti'icicnt ﬁo and nye
Only three of these moments, however, can cause periodic motion. These
three are illustrated in Figure 1 and may be identified in the following

vay:
(a) Stable at small angles; more stable at larger
angles (ﬁo <0, my> 0)
(b) Stable at small angles; less stable at larger
angles (ﬁ_o 40, m, <0)
(c) Unstable at small angles; stable at larger angles
@ > 0, m, <0) '
The periodic solutions of Equation (3) are derived in Referencés 6

and 9 and are sumarized below

type (a) moment

2 2 2 2 2 '

5 =8, - (zs2 - Sl)vsn (ws, k) (28)
type (b) moment

52 - a?_ + (52 - af_) en° (s, k) (29)

w2>0

type (c) moment

2 2 2 2 2
8 =38, - (8, - 8]) sn (us, k) (30)
ﬂ _ 6§+“§
£
ol+m2 2 =0
18
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where &, is minimum value of &

5. is maximum value of b

2 -ﬁo L1+(.23) (5i+25§)

RS ! 1+(£-3) (225?_+5§)

€
]

2 -ﬁbm2(8§ B Bi)

k= = > types (a) and (c)
C 2w .
A m (82 - &)
Om2 aiz 1 type (b) ‘

The inequalities associated with Equations (29-30) are quite
important in themselves. Three interesting observations may be made:

1. For type (a) static momert, periodic motion of
any amplitud% is possible.

2. For type (b) static moment, symmetric planar
8, = 0) are possible for all
amplitudes for which the moment does not change sign;

periodic motions (P = 0,

circuler motion (51 = 2), however, is possible only when
the nonlinear part of the moment is not greater than two-
thirds of the linear part. '

3, For type (c) static moment, possible periodic
motlions are those for which the medlan value of 82
ylelds a stable moment.

The variables 81 and 52 may be approximately related te the modal

amplitudes Ki and Ké by the equations

SR (51)
55 = (K, + k)7 | e

19




The period of the elliptic sine function in Rquutions (28 - 30)
corresponds to half the perici of ¢ in Fquation (9) since tizt equation

can be put in the form

2 2 2 2y . 24
8 = 8, - (5, - 5)) sin (/2)

{35)
=85 + (b0 - &) sin” (B + x)/2 ’
TR S U S e
. %' ='¢; - @; = -Ig(%— types (a) and (c)
. (34)
o) type (b)

vhere K(k) is the complete elliptic integral of tre first
kind. (The period of sm (ws,k) is UK/w.)

The va.ridus approximate values of ?5' may now be compared with the
exact value of Equation (34). In Figjures 2-3 this is done Tor the three
different moment types a.r;d' both planar and circular motion. As can be
seen from these plots of 372“ l ﬁol versus m = mz&g tie umaltered
quasi-linear estimate (QL) is only good for small amplitudes while both
the improved quasi-linear V(IQL) and the substitution methods are quite
good for the range of m considered with the exception of the interval
-1l(m - 1/2. Since ﬂ is positive for a type (c) moment, a quasi-
linear value of '3 can not be computed. Although substitutica method is
only slightly better than the improved quasi-linear, its potentiality of
descrj.'bing the effect of varying coefficients Mo and m, mak¥s it more
valuable than the improved quasi-linear. The gocd agreement of both
methods encourages us to introduce varying coefficients as well as

nonlinear damping.

20




3. QUASI-LINEAR SOLUTION FOR VARYING DENSITY

The coefficients in the differential equation for a missilets
pltching and yawing motidn maey be functions of the independent variable
for a number of reasons: varying air density, varying missile mass
and/or moments of inertia, varying aerodynamic coefficients as a result
of their dependence on Mach number or Reynold!s number. At the present
the greatest interest lies in the lnf’luence of varying density on a
missile leaving or entering the earth's atmosphere. Although most of
the equations of this report will apply to any cause of varying
coefficients, the effect of density will be our primary objective.

The actual density variation can be reasonably well approximated¥
by an exponential up to altitudes of 300,000 ft.

=-0Z

= e
p Py (35)
P, = sea level density
z = altitude in feet and
0 =

If Q(S) is the angle the flight path makes with respect to the vertical,

z can be related to our independent variable s by the equation:
s
z = -é £ cos Q(Sl) ds; (36)

where 0< 0 900-; entering the atmosphere

90°%¢ ¢ € 180% leaving the atmosphere

annnettla' has approximated the ARDC model atmosphere by a set of four
exponentials. This more accurate description could be used in the
theory of this report and is deseribed in the appendix.

21




Equations (35-36) can now be used to obtain derivatives of ﬁo and M-

At ~
Mo c Mo * - ,
AT T G
o o g
1 4 i At
e L o
- A 1 - .
o M # |_
]
where @ = g2 cos @ = g_ .

Note the simple form these derivatives assume for zero spin. (sg = 0)

With the introduction of varying ﬂo and m, we can now return to
Equations (24-27) which were derived by the quasi-linear theory and
-consider the effect of this variation. In order to increase the
generality of the results both linear and nonlinear aerodynamic damping
will be introduced. Thus Equation (3) will be replaced by

4 - Qo(l + m252) 2= - utr +[M* + 1P(T - g)]? (395.

where H =

.2
70, = Cp- ¥ (O +7Cy)
[ @ a My

_ pS2 2* -\ pSL
M*‘am[ 'p°L+2m I, M'C)

(1]
E)I'D
1]
o
~
—
d?f
ID
*
u

I
kt =| L. is transverse radius of gyration
N ur

I . .
k = —’:2— * 1s axial redius of gyration and ]
Tl i

2 *, 2 2,1
-025 =C(°)(5))




It should be emphasized that the aerodynamic coefficients defined
in Equation (39) are coefficients and not derivatives. They may be '
goertlelents

*
: functions of 82 and (82) . C is the nonpotential part of Cy . Since
P : a
’ this is a rather strange quantity, we will consider the value of it and

the other quantities in Equation (39) for a nonspinning missiie with,

cubic moments and forces. (Example 3 of Reference 6). fThe force ard

moment were assumed to lave the form

, | CD=.e + e, 82 " (l;o)
cp k= E. +a25 ] (h1)
ﬁ 4

C_ +1C =

< fo
e g

-1 ﬂ:c° + c25 + cu(a ) ] (#2)

l‘}*‘(d-c )S]U} *

ch + CMa = d + (d -c )5 : , (43)
CMa = c + c25 +c (8 ) : (4h)
* - W ‘

cC = (cll) (5%) (45)

H=gﬁz[(ao e -k d)+(2-e2
_ . (46)

x2(a ll)) 82 ]

W - 22 E‘;?cll - ae:\ Gl _ (47)

23




If the smell effect of aerodynamic demping on frequency is
neglected, the substitution quasi-linear method ylelds the following

relations.
¥ - j- i, [1 my (& +23)] (18)
- AR [omedoB] 0 '
S % ‘
Kj__ -'25;-'%; + (50)
5 V. Ap (51)
% T EH
where

M _KK1_2_> sin%-P(T-— [l"'K% cos] af

R S { [3+3 2 o ]
o (%) stn - 2r - B [1%. cosa]}da

Equations (48-49) may be differentlated and solved simultaneously

tor Wy/ (8 - #p) woa W/ (B - 4))




%
O

vhere a, are defined in Table I.

ey, + 2)\.18.22 + 27&2&.‘23 + ;2— (322 + a.23) (53)

oz>| o:zg

Equations (52-53) can be used with Equations (50-51) to predict
the variations in amplitude but the algebraic expressions are quite
- cumbersome. For two specilal cases of some importance considerable
simplification is possible. The first ecase 1s that of a linear moment’
(m2 = 0) and the second is motion through zero amplitude
(51 =|Kl' K I = 0). Fora liflear moment Equations (50-51) reduce to
the very simple form

oo B T

= M- @M= (54)

K'.I. 1 ﬁo’ 1 l-sg

%= A, - (1/1;)&-2:),2 - l’i‘;sg ‘ (55)
o N

According'to Equations (54-55) the aerodynamic damping (A J) of
a reentering missile will grow from zero to sea level values, while the
influence of the density gradient (¥) depends on the stability factor.
The motion of a statically stable nonspinning missile will be damped
by this term. If :it possesses constant nonzero spin* this density
gradient dmﬁping will grow from zero as sg varies from minus Infinity
to its sea level value! A statically unstable missile with constant
spin will have density-gradient-induced undamping which grows from zero
as ssg decreases from plus infinity.

McShane, Kelley, and Renol0 consider the effect of varying spin
by means of the WKB method.

25
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This strange state of affairs may be quickly resolved. The
qpasi—linear technique assumes that changes over a cycle are reasonably
sma.ll, i.e., (g) (\,f:__ vivs small. This condition dei‘bermines a
maximm altitude for whgch the theory is applicablé. Fdf some missiles
a maximum altitude of 300,000 f£t. is appropriate. At this altitude the
effeét of increasing spin can be determined and as can be seen from
Equations (5%-55) the damping for a statically stable missile and the
undamping for a statically unstable missile are both reduced.

When the pitching and yawing motion goes through zero amplitude

5
' t
31 = - @2 and Ki = Ké = Eg . These relations are very helpful in

reducing Equations (52-53) to a reasonable degree of complexity.
Equations (50-51), then, become

o
i M
. - | % G Sicaas [2*1(8 +7m) = tagm- [ 7} (8 + 5"‘)]

' R
% 4 + 3 M
R; I G 5m;(5m1 Om) 2h2(8 + Tm) - Wgm - 55; (g + 5m)

(57)

If A # My, K Will not remain equal to K,. Equations (56-57),
therefore, are valid only when Kl is nearly equal to Ké or the minimum

® 1s near zero.




For planar motion, spin is zero and the aerodynamic damping
rates are equel. Equations (56-57) collapse into o single equation.

'
Mo . m,')
= 24
2, - mo (h +3m) - 3 T m

(6 + 9m)

e

Coakley, Laitone and Mass® derived Equation (58) for A = 0 in a somewhat
different manner. The pole at m = - 8/9 has rather strange consequences.
: According to Equation (58) the angular motion of a missile with a type (b)

moment, ascending in the earth?!s atmosphere, will grow in amplitude until

%
5

N

(58)

e

8, = - (8/9) E;i . This upper bound does not exist for § = O since

Equation (29) has solutions for - 1 { m { 0. This difficulty will be
‘resolved in the next section.

28
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4. PERTURBATION SOLUTION FOR VARYING DENSITY

In Reference 6, the nonlinear damping‘is treated by perturbing
the exact solution of cubic static moment equation. As is shown in
Section 2 this solution involves an elliptic function. The perturbation
method makes use of two quasi-éonstants of the motion, thc anergy and

angular momentum.

¢, =1 T + D) = (617 + (8))% + (&%) (59)
o, =1(T £-8 H-2% (60)
where 0(62) = - ﬁb(ba +-;2 Sh)

Equation (39) may now be rewritten in terms of derivatives of these

quasi~constants
At
' ‘e " 0 *., 2. H N% A A 5h
Cl=-2H(ul- )y + (M) (5%) +P(T--2-)C2+ﬁ—-VI-V-M°m2 5
M
(61)
' Hy .2 :
02=-H02+2P(T-§)8 (62)

H, ¥, M and T are functions of & and (8°) . These quantities are
periodic functions g&ven by Equations (28-30). The right sides of
Equations (61-62) may be averaged over the period, P*, to yield functions
of Cl, 02’ 81, and 82. Generalized modal amplitudes may now be

introduced.
2 - » :
85 = (V% - v)° (65)
ag = (¥E+ vy)E . (64)
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Tha quasi-constanté may be expressed in terms of the gener_a.lized modal
amplitudes '

Cl =- ﬁo [2(x +y) + ;2- (3x2 + 10xy + 5y2):| (65)
C2 = 2(x - y) “ - ﬁo(l + mé(x +¥)) ' | (66)

Equations (6'5-66)' can be differentiated and solved for x! and y'.

L [Brmecs 3y)] (cl) [z + myloe + 3y)]\l fae ma(x T
: - 2nit
(61

E+m2<sx+y] (c)" - [2 + mylx + s\ - (1 + myx + ) ()"
- oot

(68)
where D= hﬁ;2m2a)2

[2+m2(3x+2 +3y] [2+m2(3x-2 +5y)]
{4) wafl) oo

1 * l ﬁ' ! R RS i (x-3)
) 1 T S [T R - M A—
(c, 2 [ﬁ)‘ ¥ "’2] % (mg) - B+ my(x +y))

| t_*
(Cl) and (02) may be evaluated by the use of Equations (61-62)

Lo}
=
S
E 3

it

Q
= -

' .
N
+
Inf -




L
s ¥ V . ﬁo
(Cl) =4~ 2 H+ -~

R % €, -H + o) &'

(69)

+'P(‘]_‘-g) 02}a+ﬁo [h_ )(x_,_y-l

Hy .2
{[H+—-—+ 02+2P(T-§)8 a

nY  RAE-9
b “— ﬂo(l + m2(x +¥))

wee ] -2, S{} E

. _ .
For a nonspinning missile in an exponential atmosphere m, is zero and

i -

(70)

the effect of the density gradient is to replace Hby H + g In fact
an inspection of the derivation of preceeding equations indicates that
this replacement of H by H + g for a nonspinning missile in an
exponential atmosphere is true for any 0, i.e., any nonlinear static
moment. Here agai;l it must be emphasized that the results of the theory
are valid only when the density-gradient-induced damping is small over a
cycle of the basic periodic motion. The averages of 82n for circular
motion are given in Reference 6 and for planar motion in Reference 11.
For planar motion (x =y = (1/k) 52, C, = 0) and a constant H,

Equations (67-68) collapse to
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. . .
5 -(2+m=-20, -m,) ~
2 2 by H, o ,
o T+ [5”5] ' ™

For a type (b) moment
-2
k 1l -E/K
B P [ p/ p:l

| A, (1/3) k;z [2(1 + kpz)Aa- - 1]

]

KP = K(kp) complete elliptic integral of the first kind
Ep = E(kp) complete elliptic integral of the second kind
kp2= - B~ modulus for plenar motion

The coefficient of g in Equation (71) has apole at m = - 1.
Since this is the upper bound for 8, in Equatlon (29), this is much
more reasonable than the pole at m = - 8/9 in Equation (58). The
coefficient of E in these two Equations is plotted versus 1\1‘1‘°in
Figure 4. Equation (3) was numerically integrated for planar motion
and an exponential density and the logarithmic derivaf_ivé of‘ 52
calculated. Numerical values of the coefficient of {-E could thus be
determined and are plot_ted in Figure 4. The agreement with Equation (71)

is very gratifying.




5. SUMMARY

1. The improved quasi-linear end substitution methods for a

cublc static moment predict frequencles to very good accuracy. '

2. . These methods do not predict the effect of varying density
to quite the same accuracy.

3. The effect of density gradient on the damping of missiles
- with linear static moment is to add 3/“(1 - sg) to each damping
exponen_t. '

4, The effect of density gradient on the damping of a nonspinning
missile with a nonlinear static moment is to add ¥/2 to H. This
modification allows the use of the results of the perturbation theory.

M%

CHARLES H., MURPHY
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| e | ' . APPENDIX
| A QUADRT-EXTONENTTAL ATHOSPHIRE

In Reference 12, the ARDC model atmovphere is approximated by a
set of four exponentials of the form

-O'iZ :
P =pze Z; 3 <2 <32y (a1)
M M
go go ciz o
T=-a—-§+ Ti‘ﬁ’ e il(Z(Z (AZ)
i i v
M : v
' € =2
vhere —= = 1.041 x 10 oK/ft
z, = 0 and the other constants

are given in the Table.’

The velues of ¢ given in the Table could be used in the theory-of this
report at the appropriate altitudes instead of 1/22,000 ft.

TABTEX
zZ; .1/01 - Py ; . T;
ft. - ft. . slugs/ft: Ok
35,000 30,800 L2377 x 1070 288.16
140,000 ' 21,000 - h.034 x 1070 218.91
2L0,000 26,900 9.471 x 107% 279.68
200,000 18,600 5.099 x 1072 193.41

* These values are rounded from those of Reference 12.
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