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ABSTRACT

Although the effect of an exponentially varying air density on

the angular motion of a re-entering missile has been intensively

studied for linear aerodynamic moments, this effect for nonlinear

moments has only been investigated by a quasi-linear technique and

this work was limited to planar motion. In this report, various

modifications of the quasi-linear analysis for a cubic static moment

are compared with the exact solutibns and the best of these used to

determine the general effect of varying density on combined pitching

and yawing motion. Next the perturbation method which makes use of

the exact solution for a cubic static moment is considered and the

necessary modifications introduced by the varying density are made.

The predicted density-gradient-induced damping for planar motion is

determined for both theories and compared with the numerical integration

of the exact differential equation. The perturbation prediction is

found to be superior.
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LIST OF SYMB0IS
A 2|

C1 twice the total energy, C1= I • + V (5 )

C2  twice the trajectory component of the angular

momentum of the pitching and yawing motion,

C2 = i(I -

C drag coefficient
D

C lift coefficient
La

C static moment coefficient
Ma

CM , CM damping moment coefficients
& q.

C Magnus moment coefficient
M
Pa

C , C coefficients of the transverse components of the

aerodynamic moment
* * 82

C non-conservative part of CM , C = CM - c - c8

a a

0

E(k) complete elliptic integral of the second kind
H psim e -C kt2 (C +0)1

2m Dt M Mi

Ix axial moment of inertia

I = I transverse moments of inertia
y z

K(k) complete elliptic integral of the first kind

I Y2 amplitudes of two modes of linear oscillation

k modulus of the elliptic integral

6



LIST OF SYMBOLS (Cont'd)

ka axial radius of gyration, k=

kt transverse radius of gyration, k, =FIdmi

A reference length

My, Mz transverse components of aerodynamic moment

M PS' [kt2. 12m t c
a

. . 52
M non-conservative part of M, M = M - M40 -M2

Mo, 2  cubic static moment coefficients

m Omass

m ratio of nonlinear portion of cubic moment to linear,
2m = m25

m2 M
I

P gyroscopic spin, P = x- P

y

p, q, r components of angular velocity

S reference area

s dimensionless distance along flight path
p2

Sg stability factor, sg =

TP2m CL +k2CMLapa
T temperature (OK)
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LIST OF SYMBOLS (Cont'd)

u, v, w components of velocity

V magnitude of velocity, V = +u +2 + w

A
the potential function associated with M

x, y squared amplitudes of the two modesa o' linear oscillation

z altitude (ft.).

a angle of attack

angle of sideslip

7 cosine of total angle of attack

minimum value of 5

82 maximum value of 8

9 angle the flight path makes with respect to the vertical

8 argument

)l.,, "2  aerodynamic damping doefficients

v + iw
V

2 ds

p air density

p0  sea-level air density

a coefficient of exponential density variation
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LIST OF sYMvOIS (Cont'd)

,• alcose

phase angle of the jth mode

)2

j 0

2 4 [ 2  221
mM- l+•-(1+8)

Subscript

a average value over cycle of motion

Superscripts

derivative with respect to arclength, s

complex conjugate

"quantity related to non-rotating coordinate system

A quantity related to coordinate system which is rotating

..with velocity P
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1. flITh0DUCTION

The influence of an exponentially varying air density on the

planar pitching of a re-entering missile with linear aerodynamic

moments has been studied by a number of authors.132 This work was

extended to combined pitching and yawing motion of a spinning missile

by Leon3 for no aerodynamic damping mid by Carber for linear

aerodynamic damping. Recently, Coakley, Lail~one, ant,, Ylss5 have made

use of a quasi-linear technique to describe the planar motion of a

missile with a cubic static moment flying through an exponential

atmosphere.

In this report we will study the influence of such density

variations on the general combined pitching and yawing motion of a

missile acted on by nonlinear moments. The nonlinear analysis will
6

make use of a perturbation technique which is more accurate than the

quasi-linear analysis employed by Coakley, Laitone, and Mass. The

quasi-linear analysis will, however, be derived for combined pitching

and yawing motion for comparison with the more exact method. Although

the primary objective is the influence of varying density, the

development will be so formulated that the effect of Mach number or

Reynold's number variation of the aerodynamic coefficients themselves

may be studied.

W I
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2. QUASI-LINEAR SOUITION FOR CONSTANT DENSITY AND NO DAMPING

In this section we will consider various modifications of the

quasi-linear technique for no aerodynamic damping or drag, constant

density, and cubic static moment. For this case the aerodynamic

moment may be written in the form:

S+i~ : - (i/2)p•SI(c + c2 8)• (1)

where • = " = P+iaV

r)~ and the other symibols

are defined in the List of Symbols.

In Equation (1) the complex moment and complex angle are in a missile-

fixed coordinate system. If we derive the differential equation for

the pitching and yawing motion for this moment* in a non-rotating
6coordinate system, it would have the form

wheret = t exp [ifS (s]

(1 - 2)1/2 cosine of total rngle of aLtack

= Lx p1
I yV

y

M 0 =(TPI)y co

Z -- [c- (d/2)c ad

tVV dt is the independent variable.

SSince the static moment coefficient is multiplied by y, a cubic moment
produces higher powers in the equation of motion. Only the cubic
powers are retained in Equation (2).

12
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For moderate geometrical angles y' 1 0. For constant P, a transformation

to a coordinate system which has an angular rate of P/2 reduces this

equation to a simple form.

A- lt + m282 ) t =0 (3)

where

A= -.- i(1/2)Ps

Â ~ M P/4
S 00

For a linear moment and negative J, moves along an ellipse

with equation

S:Kle + Kae (4)

where K are constants

ýJ :tjo + ;jo s and

The semi-major axis is K1 + K2 and the semi-minor axis is I K1 -

When the spin is zerp the negative 9 requirement is that for static

stability. In the case of a spinning missile, this requirement is

essentially that for gyroscopic stability

g

P2
where s =

g 7

13.



The motion in the non-rotating f'ramne of rcference becomes epicyclic.
-I

The frequencies in theone C;..o.1d111;{L. , i:.' .. :.1y stable missile

(M 0 < 0) are opposite in sin ani narl a .t'ht]iy a.vt,:,.L, missile they

have the same sign as that of P.

The quasi-linear method assumes L Iutb.rn f'' ," (f! - -he

for. of Equation (4) with frequencies which d,:p . .

actual calctulation of this dependence makes use of algt bra tt.id I.n 6he

method of variation of parameters. If Equation () ,,ri-Le._ in Lhc form

.9o rnk82 t (6)

Equation (4) is the solution for m2  0. We assume the solution of

Equation (6) to be

-- ei~l - oi•2  (-

t Kle + K2e

K = Kj(s)

--j = - o + .j(s

Then 62 = 1 0+e

-Ki+K + 2K, K, cos~ 8

where = l• -2

ie 1- K2 C- + (K1 + i*,'K)

'Ii'J I I

e ( + i 1)e + , - (0)

Let (•+ i*,'K1~ +_ j-0 " @•" 0 (i0)



and differentiate again

" =MQ[oK e + oe 2]1

i*1K~ 1 -(K +fl 't2 1

+ i \j [LK'. + i ?,.Ke -( - 2.je

Equations (7 - ii) are now substituted in Equation (6).

K + Mm 8 =l 2 e-i' ) (12)K + i•1 : (1 + T

Equation (12) and a similar equation for the other mode are exact but

rendered quite complicated by the presence of ý. The basic assumption

that damping and frequency shift over a cycle of ý is small has to be

made. If this is the case Equation (12) may be averaged over a cycle

of 0 with the result

K + 0 (13)

Thus the quasi linear solution has no damping but does have frequencies

.0 l, f- . +(15)

This method can easily be extended to treat both linear and nonlinear

damping7 .

Equations (14-15) can be substantially improved in accuracy if

the average value of the coefficient of g is used on the left side of.

Equation (6) instead of its linear value. Since the average value

of 82 is Kl + 4, Equation (6) would become

-4,~ A F ,. . iA 2.2 -2
0 1-M + m2 1 + 41) 021

15



From this equation, quast-linm:ar valises of iray he derir-d in a

manner similar to the above. ]2

1, I ((8
This improved quasi linear technique was used with some success in

Reference 6. One clear advantage of Equations (17-18) is that they

may be applied to periodic motion of a missile which is gyroscopically

unstable for small amplitudes (ft_> 0, m2 <0). In this case infinite
frequencies are predicted for + = -+-. As we will see the correct

1m2

answers are bounded. To avoid this difficulty and obtain slightly more

accurate estimates for other eases, the substitution method of Reference 8

can be used. This method will be developed as another variant of quasi-

linear method.

We assume a solution of the form

A '0
_K. e + 'e (19)

where K i and are functions of s.

Then,

Pi 1Kl + p;,e + Ke1 +K4e (20)

Let Kle + K 2e =0 (21)

This equation is essentially the naglcction of damping in comparison

with frequency. We now differentiate again.

16



= £ i~ 1 ~e'+(1 +2 4 2 )e
2

(22)

+ $1 Kle +1 Ae

Equations (19 - 22) can now be substituted in Equations (3) and the

result manipulated into the form

K 2
0 M 0l+ e (23)

+ M) 0 42- K2 e ,' z

For linear moments with constant coefficients the right side of

Equation (23) is constant. When the moment is nonlinear or the

coefficients vary, approximations for frequency and damping may be

obtained by averaging the right side over a cycle of

K1  _____ 2 (24)

g'= -o [ + m2 1+ 24 )],

K,1

Similar relations apply for the other mode

(22 + 4] 26

=2 2 (27)

A
WhenM 0 or • ½2 are functions of s, Equations (25) and (27) allow us to

compute the effect of this on the damping. This will be done in

Section 3. For constant M0 and tr1 damping is zero and the frequencies

are given by Equations (24) and (26).

W'



With these three setL of values fu1 the frequencies derived it is

quite important to deterL:ine their relative accuracy. To do this we

will make use of the exact solution f'o 8. Foinn urindamentally different

variations of static moment may be expresst:d by Eqnation (5) wnen

different algebraic signs are assigned to the cooff[iLiunt 11 and i 2 .
'0

On3W three of these moments, however, can camse periodic maotion. These

three are illustrated in Figure 1 and may be identified in the following

way:

(a) Stable at small angles; more stable at larger

angles (k< O, m2 > O)

(b) Stable at small angles; less stable at larger

angles (0 <o, nm2 <0)

(c) Unstable at small angles; stable at larger angles

(o>0,1 m2 < o)

The periodic solutions of Equation (3) are derived in References 6

and 9 and are sumarized below

type (a) moment

2 8 22 2 (8
8 2 -(82 8 1)an (cs, k) (8

type (b) moment
82 2 2
82 , +2 (8ý 871) sn r=, k) (29)

2

type (c) moment

82 = •2- (86- 821) sn2(=n, k) (30)

18



where 8 is minimum value of 8

82 is maximum value of 6

26

2 [1 [+( (2 ' ?2)]

2 _5
22 1) types (a) and (c)

6 1type (b)

The inequalities associated with Equations (29-50) are quite

important in themselves. Three interesting observations may be made:

1. For type (a) static moment, periodic motion of

any amplitude is possible.

2. For type (b) static moment, symmetric planar

periodic motions (P = 0, 81 = 0) are possible for all

amplitudes for which the moment does not change sign;

circular motion (51 = 52), however, is possible only when

the nonlinear part of the moment is not greater than two-

thirds of the linear part.

5. For type (c) static moment, possible periodic

motions are those for which the median value of 52

yields a stable moment.

The variables 8 and 5 may be approximately related to the modal
1 2

amplitudes K1 and K2 by the equations

2=2

7 (K1 + 2 (32)

19



The period of the elliptic 31-1 fLUctiClI In Equi.tni,;' (28 - 70)

corresponds to half the L,.'i *f • i. Equatin ($') ihcc1 th-t equation

can be put in the form

2= 2- ( - i 2i(ý/2)

2 21 1 -

1 2 J

, , ) types (a) and (c)

_ (34)
M •type (b)

where K(k) is the complete elliptic integral of the first

kind. (The period of sm (ws,k) is 4K/w.)

The various approximate values of' may now be comparel with the

exact value of Equation (54). In Figures 2-3 this is done for the three

different moment types and both planar and circular motion. As can be

seen from these plots of 1/2_ M%1 vetsus m 0=___2 8 t.a u=altered

quasi-linear estimate (QL) is only good for small amplitudes while both

the improved quasi-linear (IQL) and the substitution methods are quite

good for the range of m considered with the exception of the interval

- 1 ( m <- 1/2. Since A is positive for a type (c) moment, a quasi-

linear value of V can not be computed. Although substitution method is

only slightly better than the improved quasi-linear, its potentiality of

describing the effect of varying coefficients M° and m2 make it more

valuable than the improved quasi-linear. The good agreement of both

methods encourages us to introduce varying coefficients as -weel as

nonlinear damping.

20
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3. QUASI-LINMR SOUJTION FOR VARYING DENSITY

The coefficients in the differential equation for a missile's

pitching and yawing motion may be functions of the independent variable

for a number of reasons: varying air density, varying missile mass

and/or moments of inertia, varying aerodynamic coefficie-nts as a result

of their dependence on Mach number or Reynold's number. At the present

the greatest interest lies in the influence of varying density on a

missile leaving or entering the earth's atmosphere. Although most of

the equations of this report will apply to any cause of varying

coefficients, the effect of density will be our primary objective.

The actual density variation can be reasonably well approximated*

by an exponential up to altitudes of 300,000 ft.

-oz
P = poe (35)

PO = sea level density

z = altitude in feet and
1

22,000 ft

If Q(s) is the angle the flight path makes with respect to the vertical,

z can be related to our independent variable s by the equation:

s

c I Cos c (so ) ds, (36)
0

where 0 0 < 90°- entering the atmosphere

900( Q < 180% leaving the atmosphere

Dommett12 has approximated the ARDC model atmosphere by a set of four
exponentials. This more accurate descriptiofi could be used in the
theory of this report and is described in the appendix.

21



Equations (35-36) can now be used to obtain dorivatives of and m2.

At

2-- = (58)

0

I At

"M2 [s9
where a = at cos = P

p

Note the simple form these derivatives assume for zero spin. (Sg = 0)

With the introduction of varying ý and m2 we can now return to

Equations (24-27) which were derived by the quasi-linear theory and

consider the effect of this variation. In order to increase the

generality of the results both linear and nonlinear aerodynamic damping

will be introduced. Thus Equation (3) will be replaced by

Al2l o_- , +[ + iP(• (39S2)]

where 2 = . C -C -2 1+ C

•__~ ~~~~t (C k2c ' • )
La Mq Mj

T + IC 2 CM

-• a' Mq c]

"* PSA [k;2 c* - +=La -c a i.L

-- I is transverse radius of gyration

ka is axial radius of gyration and

*= C -c - -8 =c*(•, (82)1)Ca



It should be emphasized that the aerodynamic coefficients defined

in Equation (39) are coefficients and not derivatives. They may be

functions of an 2 C* is the nonpotential part of C . Since
a

this is a rather strange quantity, we will consider the value of it and

the other quantities in Equation (39) for a nonspinning missile with

cubic moments and forces. (Ecample 3 of Reference 6). The force and

moment were assumed to 1ave the form

2
CD = e° +e 28 (40)

C +Lo + a 2 ] 2P

C+ ic - i ([c + c28 + c(82)1 (

m + 0 2 - 1

C +C = + (d2 - 2 ()

c4 Co. + cd2 + c -))

C = (cn + '+

2 /

C " -d0 +(do - e - )t ka2  (4e
2

3)

M*= S• - _ 2
q Md

-" - iinn n , (el (, 2 (

PS p 2 2(
M -2m Vt ell a 2J (F) (4~7)



If the small effect of aerodynamic damping on frequency is

neglected, the substitution quasi-linear nmethod yields the following

relations.

1. (49)

0= , + 12 ( +o)
|A [1+m 2(4+4](9

___ + (50)

Y-t
1 2l

where

o0

+ M sin • P(T •) [l + cos •]d

Equations (1+8-49) may be differentiated and solved simultaneously

for 'z/C(z " a') d -2t

aýj 2Xa Klr

-12

2Xa (a+ ++Co (52)

~l ~ 2 M 1 1S

24
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a- a~2Xla2 + 2X a2 + (a 22+s23 53)

where ajk are defined in Table I.

Equations (52-53) can be used with Equations (50-51) to predict

the variations in amplitude but the algebraic expressions are quite

cumbersome. For two special cases of some importance considerable

simplification is possible. The first case is that of a linear moment*

(m2 = 0) and the second is motion through zero amplitude

(81 =IK,- K2 1 = 0). For a linear moment Equations (50-51) reduce to

the very simple form

At4MK, AI €9
0

4 - (1/4) s (55)
K2

According to Equations (54-55) the aerodynamic damping (X) of

a reentering missile will grow from zero to sea level values, while the

influence of the density gradient (a6 depends on the stability factor.

The motion of a statically stable nonspinning missile will be damped

by this term. If it possesses constant nonzero spin* this density

gradient damping will grow from zero as s varies from minus infinity

to its sea level value! A statically unstable missile with constant

spin will have density-gradient-induced undamping which grows from zero

as s decreases from plus infinity.
1

McShane, Kelley, and Reno consider the effect of varying spin
by means of the WKB method.

- -o25
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This strange state of affairs may be quickly resolved. The

quasi-linear technique assumes that changes over a cycle are reasonably

small, i.e., (2t is small. This condition determines a

maximum altitude for which the theory is applicable. For some missiles

a maximum altitude of 300,000 ft. is appropriate. At thi3 altitude the

effect of increasing spin can be determined and as can be seen from

Equations (54-55) the damping for a statically stable missile and the

undamping for a statically unstable missile are both reduced.

When the pitching and yawing motion goes through zero amplitude

= " and K. = K. These relations are very helpful in

reducing Equations (52-53) to a reasonable degree of complexity.

Equations (50-51), then, become

_+5K) (d( + 9m) [2 1 (8 + 7m)- 42m- (0o) (8 + 5m.

(56)

3 ! mL
2)

8+9m

"K (4 + m) [2X (8 +7m) 4lm ( 8' +\ 1
S(d + 5m).(b + 9m) [8 + 1m)

m (57)

3 -M

6+ 9M

If Xl X2, K1 will not remain equal to K2. Equations (56-57),

therefore, are valid only when K1 is nearly equal to K or the minimum

8 is near zero.

27
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For planar motion, spin is zero aid the aerodynamic damping

rates are equal. Equationii (56-57) collapse into a sin.gle equation.

(2)L (4 + 3m) 3

(22 (6 + 9m)

(58)

Coakley, Laitone and Mass derived Equation (58) for X = 0 in a somewhat

different manner. The pole at m = - 8/9 has rather strange consequences.

According to Equation (58) the angular motion of a missile with a type (b)

moment, ascending in the earth's atmosphere, will grow in amplitude until

r02 (8/9) -. This upper bound does not exist for T= 0 sinceM

Equation (29) has solutions for - 1 < m < 0. This difficulty will be

resolved in the next section.

28



4. PERTURBATION SOLUTION FOR VARYING DENSITY

In Reference 6, the nonlinear damping is treated by perturbing

the exact solution of cubic static moment equation. As is shown in

Section 2 this solution involves an elliptic function. The perturbation

method makes use of two quasi-constants of the motion, the energy and

angular momentum.

W1 A22 A2 A 2C1 = ',i + V(8s) = (8) + (,) 8 +v(( ) (59)

C2 ( A At "' ')= 28' (6o)

whereV(82)=0(5 + '

Equation (39) may now be rewritten in terms of derivatives of these

quasi-constants

A'
I ) 2' A

= -2H ( + P(T H) + -
M

0

(61)
' HC +51( 2

2 -Hc 2 + 2P(T- ) (62)

A 2
H, V, M and T are functions of 2 and () These quantities are

periodic functions given by Equations (28-30). The right sides of
Equations (61-62) may be averaged over the period, P , to yield functions

2 2

of C1, C2, 81, and 82. Generalized modal amplitudes may now be

introduced.

1 (-x - V-7) 2  (63)

( + 'V)• (64+)

29



Tha quasi-constants may be expressed in terms of the generalized modal

amplitudes

c - A [2(x + y) +T-(32 + oxY + 3Y (65)

C= 2(x- y).- M(1+ m2 (x + y)) (66)

Equations (65-66) can be differentiated and solved for x' and y'.

~2DR

(67)

[2 + m2 ( x y +c) [2 u ( x s fX - l m2 (x + y)) -(O )

0

S[2 +m x+2 +3] 2+ m2 (3x 2 4W+ 34]

+ ())C, -2
2 (x(m2

(Ci*and (02)* may be evaluated by the use of Equations (61-62)

"30



I MA
Ig + + s -ti.62

(69)

(+o)

(C2(1) [H- ++ C2( + y)) -2
070

P

For a nonspinning missile in an exponential atmosphere m2 is zero and

the effect of the density gradient is to replace H by H + . In fact

an inspection of the derivation of preceeding equations indicates that

this replacement of H by H + f for a nonspinning missile in an

exponential atmosphere is true for any 0, i.e., any nonlinear static

moment. Bere again it must be emphasized that the results of the theory

are valid only when the density-gradient-induced damping is small over a

cycle of the basic periodic motion. The averages of 2n for circular

motion are given in Reference 6 and for planar motion in Reference U.

For planar motion (x y = (1/4) 82, C2 = 0) and a constant H,

Equations (67-68) collapse to

31



|r
8 -(2+ m -2A2~. rMA.

52 4' + (71)
82 ( + m)2

For a type (b) moment

A2 = k- 2  1 E-/KP

A4=(1/3)• 2 (1+ k)A2 - 1]

Kp K(k ) complete elliptic integral of the first kind
p p

Ep = E(k ) complete elliptic integral of the second kind

p p.
k2 m modulus for planar motion

The coefficient of in Equation (71) has a pole at m - 1.

Since this is the upper bound for 52 in Equation (29), this is much

more reasonable than the pole at m = - 8/9 in Equation (58). The

coefficient of in these two Equations is plotted versus m in

Figure 4. Equation (3) was numerically integrated for planar motion

and an exponential density and the logarithmic derivative of 82

calculated. Numerical values of the coefficient of * could thus be

determined and are plotted in Figure 4. The agreement with Equation (71)

is very gratifying.

jF
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5. SIARY

1. The improved quasi-linear and substitution methods for a

cubic static moment predict frequencies to very good accuracy.

2. These methods do not predict the effect of varying density

to quite the same accuracy.

3. The effect of density gradient on the damping of missiles

with linear static moment is to add 1/4i - s ) to each damping
g

exponent.

4. The effect of density gradient on the damping of a nonspinning

missile with a nonlinear static moment is to add 1/2 to H. This

modification allows the use of the results of the perturbation theory.

C33Is H. MURP d
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APPENDIX

A QUADRI-EXOONEITIAL ATMOSPHERE

In Reference 12, the ARDC model atmosphere is approximated by a

set of four exponentials of the form

-Ciz
p = pie z z < z (AL)

T+ 1ji T} e zi_1 Z (A2)

M
o-2where 1.041 x 10 oK/ft

z = 0 and the other constants
0

are given in the Table.

The vw.lues of a given in the Table could be used in the theory- of this

report at the appropriate altitudes instead of 1/22,000 ft.

TABT,•*

i 1/ai Pi Ti

fft. t. slugs/ft.Ž 0K

35,000 30,800 2.377 x 10-3 288.16

1401,000 21,000 4.034 x 10o- 218.91
240,000 26,900 9.471 x 104 2-79.68

300,000 .18,600 5.099 x 10-2 193.41

* These values are rounded from those of Reference 12.
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