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EALE )

THE EXACT EARTH-FLATTENING PROCEDURE IN

JONOSPHERI PROPAGATION PROBLEMS

ARSTRACT

The exact earth-flatiering procedure vreviousiy developed for an iso~
trepic spherically-straviiied atmosphere, is extend=d tn the case of a
spherical earth and atmosphere ecuveloped by a zharply bounded ionosphere. The
general solution of the problem is formulated as an integral representaticn,
from which wmay be derived elther a rey-optical series or a normal mode series.
In the latter case, the normal modes involve the normalined spherical Hankel
function and its derivative. An iuproved method on obtaining the zeccs of
whese Tunctions Is derived vhich is not of asymptocic character.

A sphercidal geowelry 13 investigated as a basis for dealine with pronloms
of non-spherizsl stretification. Solutions fur the wmguler funcdi o as an
intindte sexd s of Bersel funeticn: sre found, of :-¢ szme Tyoe ¢ in ths
gpherical cas2.  The radial 7 ieico 18 erpresead 3 2 8uq of the norpalised
spherical Hen:e . funcuion erd its Aewivetive, the ccefTicizats of tpess fune-

- -

tions being infindde w220 in temma °f wowers of oo ratly of cewd ~focal

distance to radius. 1+ is sboun theh the ceroz of ine rad al funcwion as a

funchion of oeder; which ar: reguired fov the adime’ wede solubion,. may be

found by the mice pro- :dure thoet wes develcpad Tor the scherical cuae
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PART II
VLF_ENHANCEMENTS AND HF FADEOUTS DURING

SUDDEN IONOSPHERIC DISTURBANCES

ABSTRACT

T

Simulteneons observations of short-wave fade-outs of & 13.5-Mo/s signal
and sudden signal enhancements of a 31.15-ke/s signel over substentially the
same transatlantic path of approximately 54CC km show no svident correlation
between the magnitudes of the twc effects of the SID. This absence of correlation
is understandable on the basis of & itwo-lgyzz D-vegion.

The relative intensifications of the two D~regions will depend on the
spectral distribution of hard X-rays im the 1-10 A range em’tted during a flare,
which cen be expected to vary from flare to flare. Since the increase in b-{
ebsorption is the sum of the ineresses in the: tuc regions, while the v-1-f
enhancement is occasioned only by the changes at the lower level, no correlation
should result between the two effacts.

On the other hand, an adequate explanation of the mechanism of the v-l-f
enhancement is not avallable on the basis of present knowledge. FPhase messurements
show that a definite decrease in height of the lower boundary of the D-reglon is
caused by the flere. This reduced height cﬁuses reflection to take place at a
level of higher collision frequency, which should result in a decrease in the effec-
tive conductivity of the layer if the ionizaiion gradieni remains the seme. Conse-
queatly, it sppeers that an increase in the sharpness of the lower boundary of
the D-region 1s required dwring the onset of a solar flare. The mechaniasm by

which this tekes place needs to be determined.
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PART %
THE_EXACT EARTH-FLATTENING PROCEDURE IN

JOROSPHERIC PROPAGATION PROBLEMS

1. INTRCDUCTION

In an earlier paper [1]%, an exact earth-flattening procedure was
given for propagation in an inhomogeneous stmesphere over a sphericai earth.
This formulation led to the realizstion of the physical nature of the approxi-
mations introduced by the usuval earth-flatiening procedure. In particular it
was shown that the differential equetion for the heighi-gain functlion in the
usual earth~flattening epproximation was equivalent to a small change in the
refractive index variation with helght. In other words, the physical problem is
changed somewhat by the earth-flsiteanlng approximation. The amount of this change
or deviation increases with height, but should not ke of great consequence in
problems of tropospheric propagation.

In the case of ionoapheric propsgetion; the imporitant heights involved (in
wavelengths) may be considersbly gzressler. Consequerntly, it appeared desirable to
investigate whether the exsct earih-flattzning procedure could improve lonospheric
prcopegation analysis. Thds is ons objective of the ressarch conducied under this

(8]

z¢, 2. An sdditional objective is

[97]

part of the contract, and is accomplished in
the extenslon of thiz theoxry itc teke into account lateral verletions of the re-
fractive index {non-horizontal strahificstion}. For this purpose a spheroidal
gecmetry is considered. This is cavried out in See- 3.

Tre subject of lonospheric propagation, involving complex lsyer dlestributions,
magneto-ionic splitting and propsgation st arbitvexy angles to the carth's magnetic
field, coupling betwezn modes, atc., encomﬁass&a many ramificationg which probadbly

never vwill be capable of a complete self-contsine? treatment. Comseguently, for

*Humbsrs in brackets refer to the correspondiag numbers in the References on p. 29-
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purposes of the present study we shall adopt an often-used idealization of the
ionosphere in order to confine attention to the specific objectives stated above.
For this purpose the ionosphere will be considered to be sharply bounded and of
uniform electrical properties. This assumption is the one ususlly made in study-
ing v-l1-f ionospheric propagation, so that the results will be of chief interest
in this frequency range. It is then logical to consider only a vertical dipole

source, since this is the only effective form of radiator at these frequencies.

2. SPHERICALLY~-STRATIFIED IONOSPHERE

A rigorous formulation of the field due to a vertical electric or
magnetic dipole in an inhomogeneous isotropic atmosphere over a spherical earth
was given by Friedman [2]. For plane geometry, this was extended by Wait [3] to
include the essential mixed polarization effects due to the anisotropy of a sharply
bounded ionosphere. For completeness, a rigorous formulation of the spherical
problem (with a shorp ionoaphere boundary) will be sketched here. This formulation
will be given in a form adapted to direct introduction of the earth-flattening
procedure.

In the isotropic case treated by Friedman, it is possible to formulate separate-
ly the cases of vertical electric and vertical magnetic dipole sources, corresponding
to vertically and horizontally polarized fields, respectively. In each case, the
various field components are derivable from a Hertz vector whose direction is
radial. Actually this Hertz vector {(within an appropriate multiplying factor) is
nothing more thea the radial component of the electric {magnetic) field in the case
of the radial electric (magnetic) dipole source, since all other components are
derivable from the radial componente (see, for example, Scheikunoff [4]). In the

anisotropic case, however, electric and magnetic modes are coupled in the ioncsphere,




so that the problem must be formulatesd in terms of mixed components from the

outset.

2.1 Formulation of the Problem

The geometry of the problem is shown in Fig. 1. 4 vertical dipole of

(infinitesimal) length % and current I is located at R = b, the bourndaries of

Ionosphere

Ny
& Atr ™.

e Barth
e ’// — \\\\

“ ™

Fig. 1 - Geometry of spherical earth, with corcentric sharply-
bounded ephericel ionosphere, excited by dipole source.

earth and ionosphere being at R = a and R = h, respectively-

Consideration of the physies of ithe problem will assist & proper formulation.
Thus, the primary field due to the source will give rise to a field which has a
polerization determined by the direciion of ithe source current. This primary fileld,
in turn, will give rise to reflected components at the boundaries of the earth and

iorosphere. The ionosphere will intreduce magneto-lonic splitting; so that naw




polarization components will arise there. From these facis it is clear that a
combination of electric and magnetic Hertz vectors must be used for derivation
of the fields. The two components, in general, will differ in smplitude and

phase, so that we must represent the radial Hertz vector by a column matrix of

the form

(] = [gj = (5] 2= (2.1)

where ip is the unit radial vector, and the subscripts e and m refer to electric
and magnetic modes, respectively.
Consider first the electric component Il and write it as the sum of a

primary and a secondary field

Og = Ny + Mg, (2.2)
Now put

H; = wp.ﬁPé. (2.3)
Ij is stimulated by the vertical source current, while I, arises from reflection

at the boundaries. Then the corresponding fields are derivable from the squetions
Ee = kR (P +B) + ¢ grad[Z{R(A+PY (2.4)
e =\ k* gr FEI i 3 °

He= iz curl [kRA+RY], (2.5)

providing that P; is a solution of the inhomogeneous reduced wave equation

ViR + KPR = T (2.6)
and P, is a soluticn of the homogeneous equation

VP, + k*Py = O, (2.7)




First consider (2.6).

moment IZ by integrating over the source region:

R

I2 =JJ::_dv= f (J J;R*sinf dododR,
so that

&= ?;t%;?:éz (8} 5(R~b).

The curreut demsity J; may be related to the dipole

{2.8)

Sinte the righi-hand side of (2.6}, in virtue of {2.8), is zero everywhere

outside the point {b,;0,0), the solvtions of {2.6) can be sssembled from sclutions

of the corresponding homogeneocus equation
VER + kR = O
Hence we caun geparate P; in the fomm

RP, = T(6) U, (R)V{e)

(2.9)

{2.10)

where T, U, and V are functions only of 8 R, ard p, respectively. (2.9) then
seperates into the squations
dzT-@- té?
42U, - ,
=t (L ﬂ-é-z—\iu 0, (2.12)
2
AV L ey =12, {2.13)
do?
in vhich 8 and r are the separation coastuantg, which as yet are arbitrsxry, and

ultimately will be fixed by the bvoundary onditicreg. The varlous solutions of
{2.9) are characterized by different valuss of s end m; including; possibly, complex
values.

42 Sake @ 19 be an inleger 7o nydor et ¥ brve Zr-periodicity in 4, and write
galuticn of (2:13) in the form

Y = cos{me el {2.14)

D




Consequently all solutions of (2.9) with 2n-periodicity in ¢ may be obtained
from the representation

RA = éo { AlS) TOU, RV, (@) ds, - (2.15)
where the amplitude function A(s) and the path C in the complex s-plane are as yet
unspecified. In general, C will extend over an infinite range. A(s) and C mey be
determined by integrating (2.6) around en infinitesimal region enclosing the dipole
source, It cen be shown that A(s) = s and {= f, provided that T(0) = 1, so that

RS = i fsTU,V,,,ds, (2.16)
where T is a solut;;; oof (2.11), Uz is a solution of (2.12), and V, is given by
(2.14) .

2.2 The Angular Function T
in {1] it was shown that a solution of (2.11) for m = 0 is
T=% T, (2.17)

where

Ton= :Z;La,,w (s0°""VZ, (s6),
in which Zq( g8) is a cylinder function. In order that (2.17) have the property
T{0) = 1 as required, we must choose the cylinder funciion to be the Bessel fumction
Jy(s8), and a,, = 1. Consequently the required solution of (2.11) for m = 0 may be
written as
T= ?_,oa,, (s0)" T (s8). {2.18)
It may be shown that & lower bound for the absolute convergence of (2.18) 1s i8] = 2,
so that this covers a sector greater than + m/2.
We now extend this type of solution %o the case m # O.
Introducing the new independent varisble

x = 869 (2019)




and denoting the dependent variable by y, (2.11) becomes

| ¢ keotoy v (I- ;;-;:;,-j‘-,-;-)% = o (2.20)
We write (2.20) in the form
Laps g+ ks (-5 g = [-doottflly-nlis - F ey
= z‘ a3 3’4—(2,;-4)-':-;' W& (2.21)
where
o, =27 B, flap)!, (2.22)
the B, being the Bernouilli numbers.

Assuming a solution of (2.21) of the form

y= ;o i P (2.23)
we obtain
Ly = g,os"’"b(%) =:20 é's"‘"*"’a,xz" byg + 2p-imaxiy, ] (2.24)

By equating coefficients of like powers of 8, we obtain the system of equations
L(4,) =0,

L (g2) = Ay (x g+ mEyo),

-l
L(_Q*“) SA?O avpa[x3\l'n‘| %;v+ (zv_za__’) mzxzv-'za—z,*za].

A solution of the first equation is

Yo = Zu(x),

where Zp is any cylinder function. . The second equation then becomes

L(ya) = a3 (xytnln)

= as{m(m+1)2p-xZns s ] (2.25)

By intrcducing the function

Copn ) = X"Zpnyn (X), (2.26)
which has the property

L {Con 0] = 21 Cpy ppy 0, (2.27)




(2.25) becomes

L(ya) = ay{m(m+1)Cp,o-Cy,:]-
Now using the property (2.27), the solution of this equation is seen to be

4o = o[22, - fen). (2.28)
By induction, we infer that
v
Y2y = 50“""6 cm,\ug . (2,29)

Hence the solution of (2.21) should be expressible in the form
-] @
4= T AnCup ) = T A (s6)'Z,,,, (58} (2.30)
rsQ nso
The following recursion formulas for Cp p ave easily obtained from the

recursion formulas for the cylinder functions:

x-‘Clm’n= x~2 ['(mi-Zn)Cm.,, - Cm,m-l]; {2.31)
X2 Cpnn = Pﬁtb €np,p Ompnsatps (2.32)
where
o # Allmensa)t 227
Capr = ) AP T (2.33)

If we substitute (2.30) into (2.23), and usa (2.31) and (2.32) to eliminate

powers of x on the right-hand side, we obtain

2 20140A 4, Con = 2

2 & ~2(p+)
& % p,;o;oAP Qpoy S (D Set) C’m,p+u4j “Counp,i Cm, Piat s I)!

where

D = (2p+Dm*+ m+2p.
By equating coefficients of like orders of the function Cm,n on the two sides of

this equation, we obtain tbhe recursion formula

[ ”n P A=l I'\-P'-‘ l 2‘“*')
o e———— - , . - A 2.
Anﬂ 2(n+l} {Z énz_z D CP,IL,n-P-l& rzcb g"' 'le,pl,n-p—p-" AP Gpi‘! 5 ( 34)

Consequently, the required solution of (2.11) is

L 5
T = Z A (5813, (s6). 12.35)




The advantage of using an expansion for T in terms of Bessel functions,
instead of the standard expression in terms of the associated Le_gendre functions, ,
is that a more accurate calculation is possible than by the use of the asymptotic
expansion for the latter functioms.

2.3 The Radisl Function U

With T as given by (2.35) the solution of (2.9) is
RP, =§"2wa" (58)" Ty, (56) cos(me + 7m) Uy 5ds, (2.36)
where A, = 1 and Ap is given by the (2.34).

The integral along the positive real s-axis in (2.36) may be transformed into
en integral along the entire real axis in the following way:

Write

T, (300 = L [HE (50) 4 HED (s8] = £ [HID, (300 = ™™ B (g emim)],
and note from {2.11) and (2.12) that T and U are even functions of s. In the
int;egral corresponding to Hir, (sée™™) make the substitution s’=se~<™ , whereupon
the integral for that term becomes
-gf “ Hyman (56) 8 ds
in view of the fact that t;: integrand is an even function of s. Then (2.36)

becomes

@ @
RP= % 2;‘;” L A, (O HE (58) cos (m@+Tm) U, s ds, (2.37)

This form 1s adaptable to evaluation by residues or by staticnary phase, depending
on whether a rormasl mode representation, or a representation in terms of rays is’
desired.

The function U; is to be fixed by the boundary conditions. These require
that the tangential electric and magnetic fields be continuous st R = a and R = h.

For this purpose both the electric and magnetic components of [I[] will be required.




Hence we now consider the magnetic component I, in (2.1), and write

& = kanpz. (2038)
Then Py satisfies the homogeneous equation

¢ vaL + kszg o. (2039)
The corresponding fields them are derivable from the equations
Em = curl (RR), (2.40)
Hm = ﬁ;[kzgpz + grad -g-é(apz)]. (2.41)
Solutions of (2.9) and (2.39) may be written in a form similar to (2.36) as
followss
: ? 2)
RP, = Z;o ﬁo [ A, (58" Homor (36) <08 (m@+7,m) Ug 5 ds, (2.42)
neQ .o
Ry = £2 T EAL(s6) HZ, (6) cosmg+rmUs s ds. (2.43)
ms0 neo 2,

The constants & and £ are to be determined by the boundary conditions at R = a
and R = h.

Corresponding to the physical picture of reflection at the boundaries, we
expect a mixture of upgoing and downgoing waves in the region a<R<h. We then
pick the two independent solutions of (2.12) to correspond to upgoing and downgoing
waves, and denote these by U,¢2’ and U,(¥ , respectively. A similar choice is made
for U; and Uz. The total field in the various reglons then can be derived from a
radial P function which has the matrix form

rP1 = 8717, (2.44)
in which
RP, = TpUpVp, n=1,2,3.

The boundary conditions, being independent of & and ¢, lead directly to the

statements

T1 = Ta = Tas

<}
[
i

Vz va ]

10




Now we put
LAER AL ACO N

U8 + g (8), (2.45)
Uy = U, + 7yt

Uy

and introduce the reflection coefficiemnt at the groumnd

()
o] [e;.] (2.46)
where g, and pg are the reflection coefficients for vertical and horizontal

polarization, respectively. Then

, (2.47)
UZta) = gV (@),
Usa) = p, U ta).
At the ilonosphere the reflection coefficient is a4 tensor
Pu Pia
[?1} = [em Pﬂ]’ (2.48)

co that
Us'(h)= oy [UP() + U] + eV (h),
U(h) = oo UM+ US()] + paa US(h).
Finally, et R = b we have the discontinuity conditicn for the first derivative

of Uy in terms of the dipole moment [2]

&RSIMG _ iwpll 2 K
dR lpep-e Zrke
while U; itself is continuous st R = b,

The radial functlions Uz, U, satisfy the same type of differential equation as
Uy, 1.8 (2.12). If we denote the two independent solutions of this equation by
uft) and u{?), respectively, where u{*) represents a downgoing wave and u{®) an

upgoing wave, then we may write in the various helght regions

U, = 8, u® b<R<h, {2.498)
U, = §ut+ Bu?, a<R<b, (2.49b)
U, = §u+ ®u?, o<Réh, (2.49¢)




Us= g, u + Egu® asR<h.

The boundary conditions then yield

B2 /B, = 0g U )/UMa),

Bs/8, = o ua)/ua),

%/t = o 1@/ u(a),

B u(h) = [ g (B2t Ey) + p2a &]Uu(h)
B U h) = [ py(Bat B + 012 By Ju™(h)

B b = 6,u(b) + 6 u®'(b) + K,

B uB(b) = €, u(b) + G U(b).

(2.494)

(2.50a)
(2.50b)
(2.50¢)
(2.504)
(2.50€)
(2.50f)
(2.508)

The seven equations {2.50a-g) are sufficient to determine the seven constants

Byy Ciy Gy 8, dp £,» % - They are given by

where

8 = K/L gy~ 3) w2 0] = dAKuD(0)4

Fz™ 01%n B
8= (PYat Yo) &y
&= ME,

O= oeYa F = pagaM T

E= e"“'ﬂ-‘l = (on- (;%,A)%%%M@,,

u“(a)
1#48 u‘ﬂ(a') !

V()
= ya
< u(h)
Y T W@
_ u(b)
YT L@ !

M= pu n(prdatyo)
Cou~ Payyad)pan-g: *‘,aA) = Pu P ‘j»lzm

A= Pnfaa = @ia Pa;

iz

(2.51a)
(2.51b)
(2.51¢)
(2.514)
{2.51e)
(2.51f1)
(2.51g)

(2.52a)

(2.52b)

(2.52¢)

(2.52d)




primes denoting R-derivatives evaluated at the argument.
We now evaluate the form of the radial functions u‘®’ and u(®), These
ere solutions of _
w’ ¢ (k‘ - -%‘:)u =0, (2.53)
The solutions of this equatiom corresponding to downward and upward waves are
the normalized spherical Hsnkel functions [5]

7
w2 R = (SRR ), (2.54)
2 L
w® = PR = (SER)*HE0eR), (2.55)
respectively, where
p=(s2+ 1) (2,56)

With these functions inserted in (2.49), the expressions (2.37), (2.42), (2.43)
glve the values for RP* in the space a<R<h, fram which the fields may be evaluated
by (2.4), (2.5), (2.40), and (2.41).

2.4 Evaluation of the Integral Representatlon

Two different methods are available for evalueting the integral expres-

sions for RP. By the method of stationary phase, the result may be expressed as
a sum of rays reflected alternately a number of times from the ionosphere and the
ground. By the method of residues, on the other hand, the result is obtalaed as
a sum of normal modes, or waveguide-type waves. We shall investigate the latter
type of solution in order to bring out the fact that the approximations usually
made actually change the physical problem from that of a homogeneous atmosphere
to that of a slightly inhomogeneous atmosphere.

Since the coefficients in the integrand (&y - Ea) involve the y-functions
defined above, which are ratios that are fumctions of s, the integrand has poles
at zeros of thz denominator in these ratios. Consequently, if we deform the

integrand from the original contour along the real s-axis into the appropriate

13




half of the complex plane, the integral may be evalusted in terms of the
singularities of the integrand in that half-plane. In addition to the poles
just mentioned, there is also a branch point where the order of the spherical

Hankel functions, p, is zero. This can be seen from (2.56). This has branch
points at

t 3,
The integrand vanishes at infinite values of s in the lower half-plane.

Consequently the integration path is deformed into the contour shown in Fig. 2.

The integral then is the negative sum of the residues at the poles in the lower
half-plane, plus an integral around s branch cut along the negative imaginary

axis from -i/2. Friedman [2] has discussed the importance of the bramca-cut
integrsl and has shown that it is negligible in practical cases. Wait [3], on

the other hand, attempts to avoid the branch-cut integrel by making = double tra-
verse in the lower helf-plane, but his procedure, in effect; is equivalant to
neglecting this integral. This integral represents the effect of the currents which
penctrate into the ground, end thus is easentially a -part of the ground-wave field.
In the case of a perfectly-conducting ground the integral vanishes altogether.

The matrix R[P] in (2.44) bas an integral representaticn which can be assem-
bled from (2.37), (2.42) and (2.43) by using the U~functions given in (2.49). Poles
of the integrand are those of the fumetions pyy, and M. The principal poles of in-
terest in determining the normal modes are those of M. The investigation of these
poles is a separate problem in its own right which we shall not go into here. The
poles of payy since gy ultimately can be expressed in temms of y-funetions and the

properties of the reflecting medium, can te expressed in terms of the two limiting

CaseS gy =~y and g =-%, similar to the way in vhich Bremmer [6] treated the tropo-
spheric case. These can be determined from the seros of u®(h) and u""(h), respec~

tively. Thus we consider the method used for the determination of these zeros.




s-plane

\ Y
P
e

Fig. 2 «- Integretion Contouwr in s-plane




2.5 The Complex Zeros of u‘® (z)

The zeros of u'® and u®’ are the same as those of Hy(# and H, @ ’,
These are found by the Debye method of steepest descent, and are usually ex-
pressed in terms of Airy functions, or Hankel functions of crder one-third. The
procedure is to write

H®(2) = :’!r_!eitzcosw rplw-m/a)d ‘% !eF(w) dw, (2.57)

expand the exponent F(w) g:x a Taylor'‘s series about :lhe point where Fw) = 0,
and draw the contour W; so as to pass through the two points (stationary points)
at which F'(w) = O. By truncating the Taylor‘'s series expansion of F(w) at the

third derivative term, we obtaln

3
Flw) == Flwg) + (w=we) Filw,) + L%l gy,

3]
Since
F'(we) = =iz cosuwy = O,
we have
vo = /2,
and
F(w,) = 0,
Fi(wy) = -1(z-p),
Fri(v,) = iz,

Consequently, upon putting w-w, = u, (2.57) becomes
i ! u36
H;Z)(z)z-;,l?ge Liz-pou + iz uYe du,
t 3
where the contour U, is merely W; shifted to the right by x/2. A simple change
of variables

= { !!3
t=(izf2) } (2.58)

= 2B (z-p) e-<27/3
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results in

Hy (2) = —-?z ¥ g-inre fe“t"t/sdt (2.59)
where the contour L, in the t-plane is shown in Fig. 3. The integral in (2.59)
may be expressed in terms of the Airy Functions, or Modified Hankel Functions of
order one~third [7]. Using the notation for the latter,

hg (8) = Qﬂi":_)"fe;.an/sje;tns/adt’
we obteain

(3)(2) ~ 3 z '/se—AS'ﬂ'/é hz (G). (2°w)

b, v

wint
we=+T*t ., §<t<f

Fig. 3 —- Contour for Modified Hancel Functions
Then from (2.55)

WB = nDgy = (T2 Py
(—z—) P M (2061)
= (24) ' orVa g% gmi ST/ h(8).
Consequently the zeros of hy(g) (tebulated in [7]) give, in first approximation,
the zeros of H () (5) end of b,(3(z).
It was pointed out in [1] that the approximation (2.61) is equivalent to a
change in the physical problem. This ie immediately evident from the fact that

hpiz)(z) is a solution of {2.12). while hy{®) is a soluticn of Stokes’ equation
d?h,

s + Zhy = O, {2.62)
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The physical problem corresponding to (2.61) mesy be found as followss

We first svparate (2.9} by writing P; in the form

P = T(8) Us(R)V(g),
vhereby the radial equation becomes

d2Us , 2 dVs
dgz+RdR'+(

Now by introducing the transformation

n = a log(R/a),
the radlal equation becomes

s e e
Next, putting

Uo = w2 = (&%,
we obtain

f:: b (kB8 23y w0 (2.63)
where

o2 = (st+ ) = pYas,
To reduce this to Stokes' equation, we must have

k%e*1 < k& (1+4n), (2.64)
where ko, and q are constants. I% is evident from {2.63) that q = 2/a in order to
satisfy the equation for small 1. In this case, if we put

5% = o/,

% = (k/g)* (- 5*+qn),
we obtain, finally, Stokes' equstion

d*u
dg: + SU= O
a solution of which Is
U, = ha ().

In order to arrive a% this solutlon, however, k must be = function of » which

18




satisfies (2.64). In terms of the variable R, this requires that k have the form

[ V3
k(R) (1 +galog RR)™ _ (1+20g Rfa) 6
If we put
Re a+H = ali+4),
then we have

via
nl(R) = [+ zg?§+é)] | - (j;i)‘.,. vo,

Thus the refractive index (2.,65), corresponding to Stokes' equation, decreases

monotonically with increasing height H above the ground level a, whereas the
original problem dealt with a constant refractive index.

To obtain a higher order approximation for the zeros of Hp(z’ (z), cne may
follow a procedure due to Olver [8] and Chester, Friedman, and Ursell [9], whereby
a change of variable is introduced so that F(w) in (2.57) becomes precisely the
exponent in the integral of (2.59):

Fw) = st + t78,

dw _ gt* 5+t

a4t - Fw)  —i(zenw-p) °
Then (2.57) becomes

HEz) = & j' estrt¥d du 4y (2.66)
By expanding 3"5 in a double ser:les of the form

""’ Z: Pm(t?+2)" + f. , Gmt (£2+8)7, (2.67)

and integrating (2966) termwise, an asymptotic expansion is obtained in terms
of hy(5) and hy(e)

H @)~ 3%z 2 e 2o () E A + i) & Bt (2.68)
in which the coefficients A, and By involvs, in general, inverse fractional powers
of z, except that A, = 1.

The above procedure is asymptotic because the series expansion (2.67) has &

radius of convergence which is limited by the next zerc of F"(w), which occurs at
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W = m~sin~'(p/z), while the interval of integration extends to infinity.
An alternative evaluation of {2.57) which is not of asymptotic character
may be developed, however. This does not appear to have been reported previously.
We write
Flw) = st +t’/s+&,
where g and t are given by (2.58),

= £ (.Lz/g)-n/s —.-L—.).
o -czn-z)/s t"‘*’ tn+l
= zéa( (i) @n+ 1) 2a"t ’

Next we write
Q) o, out+t/s R

and expand e® in the absolutely convergent series
_Lm- ] Z& anst]M
o1 =y [ ant]
m
2P(E)= | +3 bt
The integral (2.57) then becomes

Hm(z- ;';(42./2.) hfP(t)e‘ht/’ dt.
Termwise integraticn then yielda an expression of identically the same form as
(2.68),
HEP(z) = 37%2 e 2 {4 () ho () + Blayg ()}, (2.69)
where
%(3)= 1+ & buAn(s),
8(2) = 2 bnBr(s),
A, (g) and By(g) being polynomials in z of degree m/2 or less.
Then .
nay = (55 ),
= (24 % ez ® TR L) ha(9) + sy ML (5) ). (2.70)

It 18 evident from (2.69) that the zeros of &pw (z), for given z, differ




slightly from the zeros of h,(%), where g is related to z and p by (2.58). In
order to find the values of p for which Hﬁz)(z) is zero, we can proceed as follows:
Denote the zeros of hy(g) by ¢,, so that
ha(go) = 0. (2.71)
From (2.69) we then find
H® () = 378278 &5 4oy 1 () = 0,
The value of p corresponding to §, is near a zero of Héa)(z). We denote this zero
by &, 1.0,
H® (2) = 0,
and put
P=o-qo (2.72)
o, which as yet is unknown, corresponds to a value of ¥ which we denote by
SRR (2.73)
so that ¥, is small compared to ;. Then by {2.69)
HE(2) = O = at(8o+8) hy(izo+5) + Blget 1) hf (5o+51).
We now expand «, 8, hg, and h; in Taylor‘s series about 3,5, and meke use of {2.71):
X(B) = oyt oG + %‘}ad’+ e,
Blg)= Bt Sifot %}ﬁ: toreey,
3 5
he(8)= hj(Ss)* {=i- ;05;;- —2%:» 5& -?;-4—---}

e )75 h; (go)q

A
he(@) = h'g(go)'{l-f.fz-'!-—-zg‘!- +G.’f-j4-r +e00}

E e h;.(‘;o)-
Consequently we obtain
N A(8) + e B(8) = O.
This is a series in B, whose coefficients are known. The value of ¢, then may be

obtained by successive approximations. Then from {2.58), (2.72) and (2.73),
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we obtain

q= 28z e 2 (2.74)

The required zeros of pr (z) then are

p =0- q‘:
These likewise are the zeros of the modified spherical Hankel function hp‘z) (2)
given by (2.70).

The detalled results obtainable by this procedure will be reserved for a
later investigation.

3. NON-SPHERI STRATIF IONOSPHERE

In the treatment in Sec. 2, the earth~ionosphere region was assumed to be
spherically symmetrical (so-called "horizontally-stratified" medium). This
situation is not strictly true, in general, so that the above type of analysis is
an idealization which should be considered as only a first approximation to the
true state of affairs. For example, there are situations of practical interest
vhere the reflecting layers are tilted with respect to the horizontal.

In order to introduce a form of non-sphericel stratification which may be
applicable to such situations, we consider the case of a spheroidal geometry,
where the earth and ionosphere are coordinate surfaces of a family of spheroids,
either oblate or prolate in form. We give below the extension of the exact earth-
yYlattening procedure to this non-spherical geometry.

3.1 Formulation of the Proklem

The reduced wave egquation
VAP + K*P=0
may be separated in spheroidal coordinates into radial and angular differential

equations as in the spherical case. For the oblate spheroid, these are
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%I‘El_{,.,.mnhgé‘—q (<2%cash®g - =+ "fzg)u = 0,
43T
a6t
Y, m"V O,
¢a
where £ is the semi-focal distance, and a typical space point has the rectangular

L +cotf L d (k"f’sm‘B - 5% 4+ 36)T 0, (3.1)

coordinates
X = fcoshEcosO cos P,
y = fcoshE cosO sin ¢,
z= fsinhE sind.

The corresponding equations of the prolate spheroid are

U .
:§,+ cothg E (k’f‘smh’& - 5% - ;mh,g)u o,
-g?--r cote 4T &5 (k"‘F"'sin"B + 5% - sng T=0, (3.2)

-‘c‘a)y; + m® =0,
for which a typical space point has the rectangular coordinates
X= fsinhEsinbGcos @,
y=fsmhE sind sine,
z= f coshgcosb,

We shall treat the oblate case in detall, since a comparison of the correasponi-
ing equations of (3.1) and (3.2) shows that a change from (3.1) to (3.2) can be
effected by simple transformations.

3.2 The Angular Functicn T

We consider first the angular function T. Introducing the new indepen-~
dent variable x = g0, as in Sec. 2.2; the second equation of (3.1l) becomes
Ll G L [!-%‘sin"(é) - s T=0. (3.3)
This mey be written as
L(T)a'r”‘lv-)-l(-'r'-i- ( --I;'T‘ = [—-«-i-cat } m‘[ -;%csc*(%)]-rﬁg-g-sin’g)}'r

;**' {a,,“[“r - (2p-N27 TJ+b,,,!C‘T}‘(-’5) R (3.4)

23




wheirs

{3.4) is similar in form t
on the right-hand sids of ths :

save power of x as the (p.+l)-4'5,

can immedliately write the a\i

Tx %Q

where the coefficients (,are g

(3.5)
(3.6)

| (3.7)
;’o (2.21), and differs from it only in the presence

rdditional term b, Kk%(/s)""'T. This term has the

7w immediately preceding it in (3.4). Consequently
nlution of (3.4) as
Jﬁum ny (3"8)

iven by the recursion foriula

~2(ju i)
L rtnepepin st KA, 575K

' ‘ n=l nopei
Gonp @ Agey + Z#‘%‘;@"b&

2(n¢+ 20D pzo
\

“ 2D {ﬁ Z?D“rsmg?-v“uﬂ

b

nepait

& = Conppepnct G ApS 0. (3.9)
poo el

Theiefore the form of solution @!‘H‘ven in (2.35) is directiy applicable to (3.3),

P s [chb"‘ﬂ n=p-u~| b"

which thus has the solutlion

b
il

4
T= 3 0,158 Tpen (6). (3.10)
nsQ i
3.3 The Radial Function U |
We now consider the risdial function U, which satisfies the first

equstion of (3.1)., Our aim will 1\we %o obtain a solution of this equation similar

to thet found in Sec. 2.3.

given in (2036) e

Then % wa fields will be obtaiiable in terms of an
/ We shall be interested in

integral representation of the faz’m

the normal mode solution, which i | obtainable from the residues of the integral

representation. These residues, 4# in the spherical case, ultimately may be based

on the zeros of the function U wm_“!\ich represents an upgoin;; wave, and its first

derivative. Consequently, we shall l\L seek solutions of the radisl equation similar

|
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to those given in (2.54) and (2.55) for the spherical case, and then will investi-
gate thelr complex zeros as a function of order.

The radial equation in queation is

‘:g‘;’ * tanh% E (k‘f‘cash’g—s%‘:;g)u =0, (3.11)

We seek to cast this into a form which resembles the spherical equation.

We first note that the tramsition to the spherical case is effected by allowing
fcosh{ —»R as f~»0. Hence we are .ed to introduce the change of independent
variable :

fcoshf = R, {3.12)
and the new dependent variable
u = RU.
Thea (3.11) becomes
4’“ +_i:._.¢_ 4 s‘-g-- DP] = 0. .1
RRF?) dR * i [RE- “ (3.23)
Next, we put
z = kR
' (3.14)
a = kf,
whereupon (3.13) becomes
"yl o2 (52 (-Da”
W o a._)u'i-‘._a‘ (l =t o3 )u=o, (3.15)

primes denoting derivatives with respect to z.
To eliminate the first-derivative term, we put

Y
U= (zzf; w (3016)

(3.16) then is replaced by

-5 g —a*)a®
v B '(irz-,.a,"l')—?-} 3%(":—%%]v=o (3.17)

We now rearrange (3.17) in the form

P Y o mi-s24 e 34 02
Ll(u')" v + (‘ -zli)v = z‘ ag[“" z + zg(za a&j w

__éo(z)’wa[i m-s*+lh s’"+‘b ) .,,..1(,“..)(2) }v—,
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or

+2
L) = ﬁ,,"’» (%)w v, (3.18)
where
% = - |
L. a8 >y B
7w - [t R BT (3.19)

R e L

If the right-band side of (3.18) were zero (i.e., a = 0), solutions of the
equation would be the normalized apherical Hankel functions given by (2.54) and
(2.55). Hence we seek a sixmilar solution to (3.18). Solutions of the radial
equation as a series of solutions of the spherical Bessel differential equation
are available in the literature (see, for example, [10]), but we shall find it
more convenient to deduce directly a special form which is suitable for the normal
mode problem.

The form of (3.18) suggests a series solution in a/z. Such a solution may be
formed in the form

a
e Z A (% 8\ 02 + B, (2) ’ip""] (3.20)

where o is a solution of the normalized spherical Bessel equation L(/") = 0 and
B, = 0, Substituting (3.20) into (3.18), reducing by means of the differential
equation for 4, to terms contalning only % and /5,{.. , and equating coefficlents of

like powers of %p and ?' on both sides of the equation, we obtain the two equations

-ﬂAy +[I ; zv(zv—l)] B, = Z Ba%oas (3.21)
!
D 1 zv(zw» )] A, + ._@VL B,,, - 4;52 Z Aytyos- (3.22)

These are two simultaneous equations which comprise recurrence relations for the
coefficients A, and By in (3.20). If we choose Ay = 1, then the first few coeffi-

clents are

2
84"'% 3 = ‘#‘2'-
P (miepr-54) _ 30 P20t 7A _ wirpl-54
Be= %-———2}——, he = ‘L* 32 1 24 4a*
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Thus combining (3.20) and (3.16), we have found a solution of (3.15) of the

form
W(z)= Q(z)gpz) + Blz) g @), (3.23)
where
=)= (;.-f—;.)“;ol\y(%')”. (3.24)
Bez) = (z%-)'“ 2o @™ (3.25)

In order to conform to the types of integral representation given for the
spherical case in Sec. 2, we choose the function 4, to be the normalized spherical
Hankel function b or h§® . Then in finding the normal mode solution for the
spheroidal problem we are led to a determination of the zeros of the fumction

u®P(z) = ADh=) + B(z) P (2). (3.26)

We can reduce this problem to one of exactly the same kind as solved in
Sec. 2.5. From (2.70), we can replace h{® (z) by a suitsble sum of hy(z) and hy(s)
as follows:

W) = (24) % n'az% e=3V8 [ (g) hy(8) + S(5)hg (5)]. (3.27)
From this,
"‘(z)- (34)‘“"«”'2"‘3"-"/“{ [.".‘!_- 5,6(52] he (%) + [a(@)-b%i]h‘(;)} (3.28)
where use has been made of (2.62) to eliminate hz(g).
Introducing (3.27) and (3.28) into (3.26), we obtain

u(z) = (24) 6 xz% &5 [, 19 hy(s) + £, (M5 (5], (3.29)

where
ai(g)= Aa(s)+B i@"sﬁ( )] (3.30)
b@) = Rpls)+ B[4t G2 (3.31)

(3.29) now is of the same form zs {2.70). Consequently the procedure by which the
zeros of (2.70) were found may be applied directly to {3.29), the only change

required being the replacement of o((s) and B0s) by «,(8) end Bi (c), respectively.
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4o SUMMARY
In this report we have shown how the exact earth-flattening procedure,

developed in (1] for an isotropic spherically-stratified atmosphere, maj‘be
extended to the case of a spherical earth and atmosphere enveloped by a sharply
bounded ionosphere. The general solution of the problem is formulated as an
integrel representation, from which may be derived either a ray-optical series or
a normal mode series. In the latter case, the normal modes involve the normal-
ized spherical Hankel function and its derivative. An improved method of obtain-
ing the ceros of these functions is derived which is not of asymptotic character.

In order to deal with problems of non-spherical stratification, a spheroidal
geometry is inveatigated. The developments for the spheroidal case are pursued
in a way similar to that for the spherical geometry, and carried out in detail for
the oblate spheroid. Solutions for the angular function are found in the form of
an infinite series of Bessel functions of the same type as found for the spherical
case. The radial function 1s expressed as a sum of the solution of the normalized
spherical Bessel equation and its derivative, the coefficients of these functions
being infinite serles in terms of powers of the ratio of semi-focal distance to
radius., It is shown that the zeros of the radial function as a function of order,
which are required in the normal mode solution, may be found bLy the same procedure

that was developed for the spherical case.
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PART 11
VLF ENHANCEMENTS AND HF FADEQUTS DURING
SUDDEN IONOSPHERIC DISTURBANCES

1. INTRODUCTION

One of the spectacular phenomena of the ionosphere is the sudden
ionospheric disturbance (SID), which drastically affects high-frequency communi-
cation circuits. This phenomenon was first reported by M;gel [1]* and later
investigated in detail by Dellinger [2]. Dellinger summarized the various phenomena
associated with the SID and concluded that the disturbance must be caused by solar
ultraviolet radiation. One of the associated phenomena occurs on very low fre-
quencies, and it is this phenomenon that forms the subject matter of the present
study.

In 1936, Bureau and Maire [3] reported that abrupt short-wave fade-outs {denoted
by SWF hercafter) usually were accompanied by simultaneous sudden incresses in the
strength of atmospherics received on very low frequencies (vlf). They reported
that atmospherics from all directions were reinforced simultaneously, that frequencies
from 27 to 40 kec/s showed the sudden increase, but on 12 kc/s the effect was rarely
observed. Later, Budden and Ratcliffe [4] reported that measurements at Cambridge
of the phase of the abmormal (horizontally-polarized) component of the downcoming
waves from GER on 16 ke/s showed an enomaly at times of h-f fade-out. They concluded
that an SID "has a marked effect at the level of reflection of the low-frequency
waves (70 km), this effect being most evident as a decrease in reflection height
of the waves®. They did not observe "any clear 1x;dication of a change in reflected

wave emplitude at the time of the phase anomalies® (SPA). Bureau [5] then pointed

*Nunbers in brackets refer to the corresponding references in the Bibliography
on Po 520 l
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out. that his obsexrvations on the sudden enhancement of atmospherics (SEA) accompany-
ing SID showed that such increases were not otsarved below aboui 17 ke/s.

An investigation was undertaken in 1938 to (etermine whether SID; whiech had
been shown to produce SEA; also produced similar enhancement of v-l1-f radio signals,
and, if so, whether any quantitative correlstion existed between the v-l-f &nd h-f
effects of the SID. The experimentsal phase of the investigation was completed in
1940, and a preliminary report of the results wae presented in 1947 [6], but has
not been published.

The purpose of this report is to present the essentisl results obtained, and
to discuss the implications of these resuits wiil respect to ionospheric layer

structure and the modifications produced thereln by the SID mechanism.

2. DESCRIPTION OF MEASUREMENTS

The measurements reported here were made at the Riverhead transcontinentsl
receiving station of RCA Communications, Inc. After several mornths’ observations
of the signal from SAQ (17.2 kc/s), with negstive results, the equipment was set up
to record GLC (31.15 ke/s). Some of the subeequent SWF were accompanied by sudden
signal enhancements (SSE) of GLC. Conseyuently, obiervations were cortinued, extend-
ing over the period 31 October 1938 to 25 June :.940.

For comparison of the v-1-f SSE with SWF, ke signal received from GLH (13.53 Mc/s)
wvas selected, since this signal itraveraed approxinately the same path, and continuous
recording of this signel was being carried out ut Rlverhead for other purposss. The
greet circle path length was about 5400 km. Botrn the GIU snd the GLE equipments

were calibrated at least once each dsy by means of standard signel genershors,

3. RESULTS

Sample recordas of s simulteneong SWF¥ and SSE ave reproduced in Pigs. 1
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and 2, respectively. These records are rather typical of the data obtained,
although the magnitudes of the signal change varied rather widely from one event
to the next. In general, the characteristic behavior was a rather sharp initial
change, followed by a trough (or crest), and then a gradusl recovery. Iavariably,
the recovery was more rapid for the h-f signal.

Fig. 3 shows histograms of the number of coincidences between SWF of GLH and
SSE of GLC during the period of the observations, and of GLH SWF over a longer
period. Colncidences were observed only during the daylight hours when the h-f
fades were more numerous.

Fig. 4 shows similar histograms of thke number of GLH fades of intensity classi-
fied as "moderate” or greater and GLC enhancements which occurred during the azame
period of observation. This shows a high degree of correlation, so that the proba-
biiity of a v-1-f enhancement is very high if the h-f effect is pronouced.

Fig. 5 represents a test to determine whether any correlation exists between
the amplitude ranges of the v-l-f and h~f signals during an SID. The points are
plotted with the increase in GLC signal (in decibels) as abscissa and the correspond-
ing decresse (in decibels) of the GLH signal as ordinate. Points with an upward
arrow attached correspond to complete fade-out of the GLH signal.

Examination of Fig. 5 shows that in no case was the GLC increase as great as
that of the GLH decrease, and that no evident correletion between the magnitudes
of the two effects exists. The largest GLC increase (14.1 db), for example, was
associated with only a moderate fade on GLH. Conversely, the deepest fade of GLH
(57.5 db) was accompanied by only a small increase (2.3 db) on GLC.

4. DISCUSSION
In the years since the observations described above were completed, a
considerable body of information has accumulated concerning SID effects, solar
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phenomena, and ionospheric structure. Observations of the type presented above,
however, have not been published previocusly. It is of interest, therefore, to
examine the results obtained in the light of present-day knowledge. In particular,
it appears that these results have importent implications on the type of solar
event which causes the SID, and on the layer structure and responsive mechsnisms
in the upper atmosphere.

A plausible qualitative explanationu for the h~-f and v-l1-f effects was advanced
at an early date: The h-f waves are reflected by the E~ and/or F-layers; absorption,
however, takes place mainly in the intermediate D-region., V-1-f waves, on the other
hand, undergo a waveguide type of propagation between the conducting earth and
the conducting D-region, the attenuation depending on the conductivity of the gulde
"walls". Since an enhancement of D-region ionization should increase the "wall"
conductivity, this will reduce the attenuation of v-1-f waves, but will give rise
to increased absorption of h-f waves passing through the D-region.

It will be shown below that the above qualitetive explanation must be modified
and made more precise in order to fit the observations. In particulsr, it will
appear that a sharpening of the lower boundary of the D-region must result from the
flare. In order to bring this out, it is neceasery to examine tie absorption and
reflection processes, as well as the changes in ionospheric layer characteristics,
which take place as a result of a solar flare.

4.1 H-f Effects

Appleton and Piggott [7] have made a comprehe:isive study of h-f absorption
at vertical incidence during a period extending over a sunspot cycle. They found

that absorption was definitely under solar control, since it varied in a regular

manner with solar zenith angle. They showed that the bulk of the absorption is of

the non-deviative type, and that it must take place in a layer below the reflecting
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level of the E-region. Furthermore, they showed that the absorbing region cannot
be merely the lower portion of the E-region, but must be an independent ionized
region, which they identify with the D-region.

\ The evidence which led Appleton and Piggott to the above conclusions was
obtained from three types of behavior:

(1) The diurnal variations of absorption for two different frequencies,
one of which is reflected by the E-layer and the other by the F-layer, have sub-
stantially the same dependence on the solar zenith angle.

(2) Por a frequency whose reflection level shifts during the day fram
the F-layer to the E-layer, or to & sporadic E~layer, the absorption is the same
for reflection from either layer (apart from the period when the frequency is in
the neighborhood of fE, when additional deviative absorption takes place).

(3) The variation of absorption with frequency can be explained only on
the assumption that the same medium is responsible for absorption over the entire
frequency range.

For non-deviative absorption (i.e., in a region where the refractive index is
substantially unity), Appleton [8] gave for the absorption coefficient it in a region
of ionization density N and collisior frequency v, under conditions where the quasi-

longitudinal approximation holds,

©=Tme Virwiwn?

where wy, is the megnitude of the longitudinal component of the angular gyro fre-

quency, and the + sign is for the ordinary wave, the - sign for the extraordinary
wave., The absorption of the ordinary wave 1is appreciably less than 'I;.hat of the
extraordinary wave when w/wy is not too large, so that it is the ordinary wave
which then 1s measured. It can be seen that the dependence of v on the collision

frequency v tends to a proportionality to either v or 1/v, depending on whether
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v3 1s emall or large compared with (w + wy)®. In the former case, the integrated
absorption at vertical incidence for a wave which pemetrates the absorbing region
and is reflected (with negligible deviative absorption) at a higher level then is
given by an expression of the form

Jeds = A(w+w)* F(), (2)
where A is a constant end F(y) is a function of the solar zenith angle, y, which
depends on the ratz and process by which free electrons disappear (e.g., recombina-
tion, attachment). Appleton and Piggctt showed that the frequency dependence of
the total absorption (as measured by an effective reflection coefficient) is in
very good agreement with (2). This is shown by Fig. 6. Thus it follows that
v2<<(u + wy,)? throughout the absorbing region. Appleton and Piggott thus placed
an upper limit for v of 2:107/sec in the absorbing D-region.

Information regarding the electron production and removal processes in the
absorbing region can be derived from a study of the dependence of absorption on the
solar senith angle y. In particular, the theoretical relation shows that the
effective reflection coefficient p depends on xy in a relation of the form

|Log p| & (cosx)", (3)
where n depends on the ionosphere model. For a Chapman layer (constant scale height
ard recombination coefficient), n = 1.5, while if the recombination coefficient is
proportional to the ambient pressure, n = 1.0. Nicolet [9] showed that a region
of mounting temperaturs with height would have a lower value of n than one of
constant temperature.

The experimentsl values cf n determined by Applefcon and Piggott range from
about 0.4 to l.l. Taylor [10] found values from 0.7 to 1.30. Furthermore, Appleton
and Piggott [7] found a winter anomaly, the absorption in winter being distinctly

higher than for the same zenith angle at other seasons.
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The experimental values, although not completely understandable on the basia
of present theoretical knowledge, definitely show that the absorbing layer 1is not
of the Chapman type (for which n = 1.5), and suggest that the region has a positive
temperature gradient.

The above studies of ionospheric absorption have been concerned chiefly with
vertically incident waves. Since the patn length through the absorbing region
increases as the secant of the angle of incidence on the absorbing layer, the types
of variation described hold substantially for an oblique path of constant length.

It should be pointed out that Appleton and Piggott's findings relate to normal
h-f absorption, and that the height region wherein the additional absorptieon during
SID occurs cannot be localized from their measurements.

4.2 YV-1-f Effects

Although the main features of h-f absorption are fairly well understood,
this is not the case for v-1-f waves. The requisite theory is much more coamplicated,
since variations in the properties of the important regions of the ionosphere take
place in a distance comparable with a wavelength. This necessitates full wave
theory, which is made complicated by the anisotropy of the medium. An analytical
theory has been worked out only for special variations of electron density and criti-
cal frequency with height, and then only for the case of a vertical magnetic field
or of vertical propagation. More recently, numerical procedures have been introduced
to handle more general situations, but results are available only for a limited
number of combinations of parameters.

Our present knowledge of D-region structure has been pramoted by studies of the
propagation characteristics of v-1-f waves. These characteristics will be summarized
here in order to provide a background for the subsequent discussion of D-region
mechanisms.
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Although some measurements of layer height have been made at very low
frequencies with pulse techniques (Brown and Watis [11], Helliwell [12], the
Pennsylvania State University group [13]), the most extensive and detailed
studies have been carried out on c-w transmissions, principally by English workers
[14~22]. These measurements have been made at various distances extending out
to about 1000 knm.

The principsl characteristics of the ionospherically propagated wave (the
so-called "sky wave") are its phase, amplitude, and polarization. The phase
depends on the length of the transmission path and the height of reflection. The
apparent height of reflection is deduced from observation of the amplitude pattern
versus distance produced by interference between the ground and sky waves, and
also by measuring the phase difference between ground and sky waves for different
frequencies. Variations in reilection height with time can be deduced from meassure-
ments of the phase variation of the sky wave at a given receiving point. For this
purpose the sky wave is isolated from the ground wave by means of a apecial ~ntenna
arrangement. Observationa of the change in phase of the sky vave are especially
useful in teating solar control of the reflecting medium.

Measurements at a frequency of 16 ke/s, for example, show that a distinct
change in the character of the sky wave takes place in the nelghborhood of 400 ku,
corresponding to an angle of incidence on the lonosphere of about 65°. Consequently
it will be convenient to discuss the short end long distance measurements separate-
1y, and then the modifications observed during SID.

4.2.1 Short Distepce Characterigticg
The measurements at short distances may be summarized as follows:
(a) Reflection Height
Typical results of the phase lag of the sky wave relative to
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the ground wave are shown in Fig. 7. The height of reflection shows marked solar
control during the day, in accordance with the relation
h= ho + AlE) 1og [Chx)] , (4)
vhere h, is the value corresponding to y = 0, and Ch(y) is the Chapman function,
which reduces to sec x for y leas than sbout 85°. An average value of hy is
73 + 2 km. If reflection took place from a Chapman layer, the slope A(t) of the
height va. log [Ch{y)] eurve would be the scale height. Fig. 8 shows curves of
ho and A{t) at 16 kc/s through the course of the year. The apparent heights at
noon and night near Cambridge, England are shown in Fig. 9. Values of A(t) run
around 6 km, which is a reasonable value for the scale height. Consequemtly this
result wvas used for some time to infer that the reflecting layer was of the Chapman
type. On 30 kc/s, however, a mean value is 5.5 + 0.1 km, on 43 ke/s, 4.8 + 0.1 km,
and at 70 kc/s around 3 km, with greater variability at the higher frequencies.
This variation of A(t), however, is not explainable on the besis of a Chapman layer.
It should be noted that the descent from the night-time height starts at a time
very close to ground sunrise at the midpath point.
(b) Polarization

For short distances of 100-300 km, nearly sll observations
show that the sky wave on all frequencies from 16-150 kc¢/s is approximately circular-
1y polarized with a left-handed sense of rotation. The polarization remains the
same through an SID.

(c) Amplitude

In view of the aspproximately circular polarization of the sky
wave, the components poo and pj; of the tensor reflection coefficient [see Part I,
Po 11] are approximately equal. The diurnal variation of the componment py,, called

the Pconversion coefficient®, is shown in Fig. 10, and its seasonal variation in
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Fig. 11, for a frequency of 16 ke/s. Fig. 12 shows the frequency trend of pjo
for different seasons.

Figs. 13 and 14 shov the diurnal variation of pj, on 16 and 70 ko/s, respective-
ly, in summer and winter. It is seen that a pre-sunrise drop and post-sunget rise
in amplitude takes place, with an essentially constant level during the day. (The
small ripples in the winter daytime curve are considered as probably being due to
a two-hop wave.,) The drop in amplitude begins at a solar zenith angle of close
to 98°,

It is evident that the daily esmplitude variation is distinctly different from
the daily height variation at short distances.

4.2.2 Long Digtance Chargcteristics
The characteristics inferred from measurements over longer

distances will be sumarized in this section. These principally cover distances
of about 40C-950 km, but will also include some deductions made from observations
over distances of several thousands of kilometers. These have been derived from
four sources; (1) 16 k¢/s observations at 540 km, (2) a series of observations over
the Decca navigation chain at frequencies from 70 to about 130 ke/s, and distances
up to 950 km, (3) phase veriations at 16 kc/s and lower frequencies in conmection
with basic studies of navigation systems, and (4) observations of the v-l-f spectral
characteristics of atmospherics.

(a) Reflection Height

The reflection heights determined from the ground interference

pattern fit in with & reflection height of 70 + 2 km at midday, with no apparent
variation of height with frequency. This agrees within a few kilometers with the
measurements near vertical incidence.

The diurnal variation of reflection height is illustrated by Fig. 15, for a
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frequency of 16 ke/s. This is completely different from the diurnal variation ab
vertical incidence shown in Fig. 7. In fact, the height variation is very much
like the amplitude variation near vertical incidence shown in Fig. 10. Similar
types of variation were observed at higher frequencles, the sunrise drop in height
being subetantially complete at midpath around sunrise. This is shown in Fig. 16,
for which it was assumed that the nighttime height was 90 km.

Pierce [23] reported a normal diurnal phase variation at 16 ke/s of 200° + 30°
over a 5200 km path, while Casselman, Heritage, and Tibbals [24] messured a diurnal
change of about 350° + 30° st 12.2 ke/s over a 4000 km path.

{b) Polarization
Measurements of the polarization of the sky wave showed this
to be linear at about 45° to the vertical., This represents & change from the short
distance measurements, which gave the polarization as approximately circular.
{c) Amplitude
The reflection coefflcient at obligque incldence is found to
be greater than at vertical incidence. For 16 ke¢/s, Bain, et al [19] found a
value of 0.27 at summer midday, and G.55 at night, compared to vertical incidemce
values of 0.15 and 0.50, respectively. For higher frequencles, Weekes and Stuart
[21] obtained the results shown in Fig. 17. This shows an increasing reflection
coefficient with distance, but smaller values at increasing frequency. Also, an
increase of about 2:1 takes place between summer and winter.

The drop in amplitude arcund sunyise is shown in Fig, 18. This is similar to
the behavior of the reflection height shown in Fig. 15, and to the amplitude be-
havior at short distances. Again, smallier values of reflection coefficient are
found st the higher frequencies,

From measurements of v-l1~f tranamissions on available frequencies analyzed by
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Eckersley [25], combined with observations of the spectrum of individual atmos-
pherics, Chapman and Macario [26] deduced the attenuation vs. frequency curve
shown in Fig. 19. This shows a minimum around 15 ko/s, and a maximm around 2 ke/s.
4.2.3 8ID Effects

The effects of SID associated with solar flares have been
observed both at the short and long distances used to obtain the results discussed
above. In general, a change both in phase and amplitude of the sky wave is
associated with an SID. The change in phase corresponds to a decrease in reflection
height. This change in phase appears to be a very sensitive way to detect flares
[27].

Near vertical incidemce, the decrease in reflection height is substantially
the same for frequencies in the range 16-135 kc/s. This 1is illustrated by Fig. 20(a).
The amplitude near vertical incidence suffers a decrease during an SID, the change
in amplitude being greater at higher frequencies, as shown in Fig. 20(b). The
relative change in amplitude is roughly proportional to the decreass in reflection
height, as shown by Fig. 21 for 16 kc/s.

The above characteristics, observed near vertical incidence, undergo a drastic
change at oblique incidence agssociated with the longer ranges (D500 k). The phase
change assocliated with the reduction in height of reflection decresses with increas-
ing frequency, while the amplitude increaseg markedly. The amount of this increase
is greater, for exsmple, at 70 kc/s than at higher frequencies. Fig. 22 shows an
example of the relative phase and amplitude changes observed at a distance of about
900 km during an SID. From observations of SEA, it appears that the amplitude
increase may be a maximm for frequencies around 30 kc/s.

Pierce [23] showed an example of a phase advance at 16 kc¢/s over a 5200 km path

during an SID. This SID, of importance 3, accompanied a solar flare of importance 2+.
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A phase advance of 100° wae observed. This is half the normal diurnal change, or
equivalent to a reduction in height of reflectica of about 9 km., No amplitude
change was observed, however. On the other hand, during a 3- SID, accompanying a

2 flare, a 60 kc/s signal over the same path experienced a phase advance of only
70°, corresponding to a height change of about 1.6 km, while the amplitude increased
considergbly. Plerce suggested that the primary physical phenomemon produced by
the SID might be a steepening of the ionization gradient, with an accompanying
reduction in the phase lag at reflection.

Gardner [28] and Obayashi, et al [29,30] showed that an SID shifted the
--aquency spectrum of atmospherics upwards, so that the frequency of minimum attenua-~
tion was raised. Also, the low-frequency cutoff of the ionospheric waveguide was
raised, corresponding to a decrease in height of the reflecting region.

To summarize the SID effects observed on v-1~f wave propagation, the SiD
produces a reduction in reflection height and a change in amplitude of the sky wave-
Near vertical incidence the reduction in reflection height appears to be substan-
tially independent of frequency, while the amplitude change is a decreesse. The
amount of this decrease is progressively greater at higher frequencies, and roughly
proportional to the decrease in reflection height. At 100 kc/s the decrease may
be by a factor of about 100. At obligue incidence, on the other hand, the decrease
in reflection height is less for higher frequencies, while the sky wave amplitude
increases markedly. This increase, which may be by & factor of 5 or more, appears
to be a meximum at frequencies around 30 kc/s, and becomes less for higher fre-
quencies.

4.2.4 Eclipse Effectis
Observations of the phase of the sky wave on 16 kc/s at steep

incidence were made during a partial solar eclipse by Bracewell [31]., Although the
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greatest eclipsed area was only 0.3 of the solar disk, a definite phase anomaly
was found, as shown in Fig. 23. The form can be mseen to agree roughly with the
shape of the obscured area curve.

From this result, Bracewell deduced that the relaxation time of the reflecting
region probably did not exceed 6 minutes. Furthermore, the magnitude of the phase
change -~ about 35 degrees — represented an increase in helght of reflection of
about 1 km, while for a Chapman layer a change of only about 0.2 km would be
expected.

4.3 D-Laver Prodyction and Structure

A proper interpretation of SID effects on ilonospheric propagation
ultimately requires a knowledge of the composition of the ionizing agents, and of
the reactions which lead to the prevailing ionizstion densities. In this Sectionm,
some of the pertinent available information will be sumarized.

4.3.1 The Two-Lgyer Model
In order to explain the diurnal phase and ampiitude variations
discussed in Sec. 4.2.1 and 4.2.2, Bracewell and Bain [32] proposed an ionospheric
model conteining a two-layer D-region. The height of the upper layer, which they
denoted by Da, was supposed to be under solar control in accordance with the formula
h =72+ 5.5 log sec y km. (5)
This is shown by the upper curve in Fig. 24. Below this layer, a layer demoted by
Df was postulated to exist, with height variations as shown in the lower part of
Fig. 24. The upper layer was supposed to be the reflecting layer fcr 16 ke/s waves
at steep incidence, while the lower layer was considered to be respomsible for
absorption of the waves. At sufficiently glancing incidence, however, reflection
would take place at the lower layer.

Bracewell and Bain based their two-layer model entirely on the observations of




16 ke/s propagation at short snd medium distances. They gave no suggestions es
to the mechanisms by which these two layers could be formed.

bo3.2 Bracewell’s Exhaustion Region

In order to explain the observed type of solar flare and eclipse

effects on the D-region, Bracewell [31] postulated the existence of a so-called
"exhaustion region", in which the ionizable constituent exists in a small concentra-
tion. With respect to a two-layer D-region, this mecbanism was supposed to take
place in the upper region, denocted by Da in Sec. 4.3.1.

Bracewell showed that an exhaustion reglon would explain the amoun® of change
ia reflection height observed during a partial solar eclipse, whereas s much
smaller change would result from a Chapmen region. EHe alszc showed that an exhsustion
region would produce h-f absorption whose variation with cosy agreed in general with
experimental observations.

Bracewell also showed that the characteristics of an exhaustion region would
explain satisfactorily the observed reducticns in reflection height during solar
flares. For example, a reduction of 15 km in height would require an increase in
intensity of the incident ionizing radiation by a factor of 15. However, no attempt
was made to deduce the accompanying effect on the amplitude of v-l~f waves.

403.3 JIorization Mechsnisms

The existence of seversl separate mechsnisms for the formation
of ionization in the D-region has besen brought out in the last Zeceds ox so. Brown
ané Petrie [ 32], pursuing a suggestion attributed %o Ratcliffe, have evalusted the
role of photodetachment of electrons from Oz icns. Tkis ion, formed by tre attech-
ment of an electron to a neutral oxygen mcleculas, starts btuilding up in concentration
arcund sunset, resulting in the disappearancs cf the normal D-lsyer. The nighttime
level of ionization below the E-layesr is mainteined by cosmic rsys, which vary in

=)




intensity with latitude. Visible light, extending down into the infrared, can
supply the energy required to break up the attachment, and thus liberate free
electrons. Since visible light can reach the altitudes >50 km sppreciably before
ground sunrise, electrons released by the photodetachment process build up D-layer
ionization appreciably before sunrise. Brown and Petrie [33], and Moler [34]
showed that this explained satisfactorily the pre-sunrise drop in amplitude dis-
cussed in Sec. 4.2.1. Aiken [35] verified the fact that a2 two-layer D-region
would be produced at sunrise, the lower layer being due to cosmic rays, and the
upper layer to photoionization of nitric oxide by Lyman-a radiation. Thus, in the
two-layer model of Bracewell and Bain discussed in Sec. 4.3.1, these mechaniams
would account for the layers D and Da, respectively.

Nicolet and Aikin [36], in a discussion of the formation of the D-region,
pointed out the following mechaniams of ionization which are possible at levels
below 85 km:

(1) X-rays of A < 10 4;

(2) Lyman-a radiation ()\ = 1215,7A);

(3) Ultraviolet radiation, X > 1800 A;
(4) Cosmic rays;

{5) Photodetachment by visible radiation.

The normal E-layer, which is ascribed to the combined affect of soft X-rays in
the range 30-100 A and uwitraviolet radistion (Lyman—f) is penetrated by cosmic rays,
ultraviolet radiation of X > 1800 A, Lyman-a and hard X-rays (A < 10 A).

Of these, cosmic rays and hard X~-rays are capable of ionizing all atmospheric
constituents. In addition, Lymsn-a, due to a narrow window in O, absorption at the

Lyman-o line, can penetrate to low levels. A winor constituent, NO (a1 part in 1010

was proposed by Nicolet [37] as the ionizable constituent responding to Lyman-o to
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account for the daytime D-layer.

In view of the presently-accepted view that the upper part of the D~-region,

Da, is due to photoionization of NO by Lyman-a, it 1s tempting to suppose that NO
is the ionizable constituent responsible for the exhaustion reglon postulated by
Bracewell. The concentration of NO has been estimated by Nicolet [38] as about
10710 of the total concentratiom below about 85 km, or sbout 10° cu~3 at 75 km
[36]. In order to give ionization densities to fit the v-1-f observations, however,
the NO concentration would have to be lower than this by about two orders of magni-
tude, or about 10% ca™3 at 75 k.

Although Bracewell believed the exhaustion region would also explain solar
flare effects, this must be rejected on the basis of later evidence. For exsmple,
Friedmsn and collaborators [39] observed no large increases in Lyman-a during
flares, whereas Bracewell requires a factor of about 15. In a receant report, Chubb,
et al [40] stated that no increase in Lymen-a occurred during a 1+ flare, but X-rays
in the range 1-10 A were observed. As mentioned earlier, the sclar flare enhance-
ment of ionization has been shown to be explainable by the appearance of hard X-rays
in the wavelength range 1-10 i, which iocnize all atmospheric constituents, and can
penetrate to low levels because of the low absorption coefficients in this spectral
region. The resulting ionization would be even less sharply distributed in height
."than a Chapman region.

4e4 Comparison With SID Results

The two features of the experimental results shown in Fig. 5 which
require explanation are the following:
(1) The lack of correlation between the magnitudes of SWF and SSE;
(2) The mechanism which produces the SSE.

It will now be shown that the first is explainable on the basis of D-layer structure




and solar flare radliation, but that an adequate explanation of the second 1is
not available on the basis of present knowledge.
4ehol Abjence of Correlstion Between Magnitudes of SWF and SSE

The absence of any correlation between SWF and SSE in Fig. 5
is understandable within the framework of the two-layer model discussed in
Sec. 403.1. For example, if the flare produces a burst of hard X-rays without
any enhancement in Lyman-a radiation, then both the regions of the Da and D§
layers will be intensified. The relative intensifications of these two regions
will depend on the spectral distribution of the Z-radiation. There is no reason
to belleve, at present, that all solar flares have the same spectral distributian,
so that the relstive increases can be expected to change from flare to flare. The
increase in h-f absorption leading to SWF 1s the sum of the increases in the two
regions, while the v-l-f SSE would respond only to changes in the lower layer, DB.
Consequently, this would result in the absence of any clear-cut statistical correle-
tion between the v-l1-f and h-f effects of flares.

4.4.2 Mochapdsms Associsbod With OSE

The observations reported in Sec. 3 show that SSE on v1f is one
of the phenomena accompanying SID produced by solar flares. It was also stated
that such enhancements can be understood in a qualitative way as due to reduced
normal-mode attenuation as a result of increased conductivity of the ionosphere,
acting as the upper wall of a waveguide., It will now be shown that this qualitative
explanation cannot be substantiated on the basis of presently accepted ionization
processss and present theoretical knowledge concerning v-1-f propagation.

For the ranges involved in the observations reported here, the normal-mode

theory of propagation is more advantageous than the ray theory, since only one mode

is effective. A number of analytlcal treatments of this theory have appeared [41-55],
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but none treats the problem in a sufficientiy gemeral way to jellow definitive
conclusions to be drawn pertinent %o the present observatioms: ‘nalytical soluticns
have been obtained cnly for special distritutioms of ionizats, bn density and colli-
sion frequency with height, and for special directions of 'izhe; certh's magnetic
field (usually taken to be vertic:sl). Becavse of the inabil’ ¥ to produce an
analytical solution of sufficient gsmerality, efforts have bf“w directed towards
obtaining numerical solutions [56-60]. This approach s not "'33“’»1 Acted to special
height distributions, but a very large number of special cesa-"i@ needs to be worked
out in order to produce a sufficiently extensive catalog frm‘, wirich deductions of

a general nature can be drawn. As yet, only & rather smsll n"{wmber of examples has
been worked out, so that the results from which one must dm/}' general infersnces
sre rather scanty. Nevertheless, these tend to show thet, otzifer things resmaining
unchanged, the attenusation decresies ss the ionosphere bomdaxif"y becomes sbarper.

Also, for a oonstant collision frequency, the attenuation dem?}”“‘ as the height

of the boundary decreases.
One of the idealizations which reduces greatly the comple:aty of the calcula-

tions is that of a sharply bounded homogeneous ionosphers. c,,l;&culatims uaing

such a model have been made, amorg others, by Spies znd Wait [5 ] under the further

assumption that the quasi-longitidsnal approximation of Booker [\61] may be used.

The ionospheric parameters them snter the analysis in an effoctj, ve conduetivity w,

given by |
(6)

respectively.

Fig. 25 (from [53]) shows the attenuation of the first modejin db/1000 m as a

‘ 0102
function of frequency for various ionosphere heights for a valueof Wp of 2°107.
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It can be seen from these curves that a reduction of height from 75 to 60 km, say,
would result in a reduction of slightly more than 0.2 db/1000 km for a frequency
of 30 ke/s. For a 5,00 km path, the total reduction in attenuation would be about
1.2 db, if the height reduction oocurred uniformly over the whole path. This
attenuation decrsase is the result of a decrease in the grazing angle of the first
mode to the ionosphere. However, this decrease in attenuation is based on a
constant effective conductivity, w,, ao that the collision frequency, v, is assumed
to remain unchanged.

The electron density distributions in the D-region shown in Fig. 26, calculated
by Nicolet and Aiken [36], show no appreciable change in shape at a densiiy of
about 103 em~3 between a quiet sun and a strong flare., Consequently, a solar en-
hancement will cause a given ionization density to appear at a lower level, but
with substanti.lly the same gradient. Hence ore might argue that it is recasonsble
to suppose that a decrease in attenuation as a result of a decrease of 15 km in
reflection height of the smame order as that calculated for the sharply bounded
lonosphere would occur. However, in virtue of the approximately exponential increase
in eritical frequency with such a height decrease, the value of wyy the effective
ionosphere conductivity, would be decreased. On the basis of Kane's [62] measurcment
of collision frequency, a 15 km height decrease would bring about an increase in v of
a factor of 10. Assuming a value of wy, of about 5°106 as a representative value
for the transatlantic path in the measurements with which we are concerned, then the
effective conductivity would decrease by a factor of about 2.3. Thus the qualitative
expectation of an enbanced ionospheric conductivity would not be realized. Instead,
an appreciable decrease in effective conductivity would result.

The above conclusion, it must be emphasized, is, at most, semi-quantitative,

since it is based on the behavior of an idealized sharply bounded ionosphere having
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"average® properties given by the Nicolet and Alken results.

In order to obtain an increased conductivity at the lowered heights due to
the onset of a flare, an increased gradient at these lower heights appears to be
required. In other words, in addition to increasing the ionization densities at
all levels in the D-region, it appears that the flare must increase the sharpness
of the lower boundary. This would result in a decreased penetration of the waves
reflected therefrom, and hence, for a sufficiently sharp boundary, could outweigh
the effect of the increased collision frequency encountered at the lowered reflec-
tion height. Again, it msat be emphasized that this line of argument is only
qualitative, and that an adequate quantitative theory is needed before a firm con-
clusion can be reached.

If we grant, for the time being, that an increased sharpness of the lower
boundary of the D-layer is required to explain the SSE produced by the flare, then
it is necessary to adduce the mechanism which produces this effect. As mentioned
asbove, the electron density distributions ealculated by Nicolet and Aiken, which
are shown in Fig. 26, show no appreciable change in shape at the electron densities

required.

5. CONCLUSIONS
Simultaneous observations of short-wave fade-outs {SWF) of a 13.5-Mc/s

signal and sudden signal enhancements {SSE) of a 31.15-kc/s signal over substantially
the same transatlantic path of approximately 5400 km show no evident correlation
between the magnitudes of the two effects of the SID. This absence of correlation

is understandable on the basis of a two-layer D-region. The lower layer is produced
by cosmic rsys, while the upper layer is due to photoionization of nitric oxide by

Lyman-c radiation. Hard X-rays (in the range 1-10 A) emitted by a solar flare




penetrate to the low levels of the D~region and ionize all constituents (principally
Og and Ng). The relative intensifications of the two D-regions will depend on the
spectral distribution of the X-radiatica. On the assumption that the spectral
t_i:l.atribubicn varies from flare to flare, thes relative increases also can be expected
to vary from flare to flare. Since tha increase in h-f absorption is the sun of
the increases in the two regions, while the v-1-f enhancement is occasioned only

by the changes at the lower level, no correlation should result between the two
effecta.

On the other hand, an adequate explanation of the mechenism of the v-l-f
enhancement is not available on the basis of present knowladge. Phase measuremenis
show that a definite decrease in height of the lower boundary of the D-region is
caused by the flare. This reduced height causes reflection to take place at a
level of higher collision frequency, which should result in a decreese in the effec-
tive conductivity of the layer if the ionization gradient remains the same., Conse-
quently, it appears that an increase in the sharpness of the lower boundary of the
D-region is required during the onset of a solar flare. The mechanism by which

this takes place needs to be determined.
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