UNCLASSIFIED

W 2171708

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED




NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
vige as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




277709

ABERDEEN PROVING GROUND MARYLAND

bhil.

MEMORANDUM REPORT NO. 1404
MAY (962

CONFIDENCE INTERVALS FOR THE RELIABILITY OF
MULTI-COMPONENT SYSTEMS

if)f‘—uzf:mlczg‘
UL 16 1962 '“

John K. Abraham i@\ Nl A=
It




ASTIA AVAILABILITY NOTICE

Qualified requestors may obtain copies of this report from ASTIA.

The findings in this report are not to be construed
as an official Department of the Army position.




BALLISTIC RESEARCH LARQCRATORIES

MEMORANDUM REPORT NO. 1404

MAY 1962

CONFIDENCE INTERVALS FOR THE RELIABILITY OF MULTI-COMPONENT SYSTEMS

John K. Abraham

Weapon Systems Leboratory

ABERDEEN PROVING GROUND, MARYLAND




BALLIOSTIC RESEARCH LABORATORIES

MEMORANDUM REPORT NO. 1404

JKAbreham/rg
Aberdeen Proving Ground, Md.
May 1962

CONFTDENCE INTERVALS FOR THE RELIABILITY OF MULTI-COMPONENT SYSTEMS

ABSTRACT

A procedure for finding & confidence interval for the relisbility,
P, of' a multi-component device is presented which utilizes Bernoulli
tect data pertaining to the component parts.

In particular, n, Bernoulll trials are carried out for the 1th
pert of a system built up from k different parts. On the basis of the
number of observed failures Xi (i=1,...,k) an interval estimate of
the reliability (or probability of functioning) of the system is con-
structed.

In the series case, with k parts, ibe minimum and maximum of P
(as & functlon of qi's) is found given the condition thac L n,q = £,
9y denoting the probability of the ith part failing in & single trial,
The bounds are thus functions of &. Since & Xi has expectation & and

is closely approxiweted by well-known, simple distributions, a confidence

interval for &, and hence for the bounds of P, and thus for P, can be
found.

In the general case, that is, for a system having a mixture of
series and parallel. .onnected parts, parametric minime and mexima for
P are found using several approaches, and independent confidence
intervals are used to construct an interval for P, A comparison of
the results using this approach with the results of other procedures
is made for some numerical examples.
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INTRODUCTION

The reliabllity, P, of a device may be definel simply as the
probability Lhat it functions correctly wnder specified conditions.

For many devices an interval estimate of this number P 1is desired. It
is sometimes impractical, if not impossible, to test many assembled
devices, and the suggestion has been made that parts be tested sepa-
rately, and the results combined to form un interval estimate. The
present report indicates a means of constructing an interval for P with
any desired confidence coefficient, preferably, however, greater than
.90, As is the case with all non-Neyman-shortest confidence intervals
based on discrete varisbles, the actual probability of coverage will
generally be somewhat higher then the selected céefficient.

For any given device with k distinct parts, P may be written in
terms of Ayreees where 4 denotes the probabiiity of the ith part
failing., The parts are assumed to function independently of one another
within the device in the same way and under the same conditions as
when tegted separately., The problex considered here is that of finding
a confidence interval for P, given that n1 Bernoulll triasls have been
th part (i=1,,..,k) and that X, failures have been
observed in the n, trials.

i -
The approach of this report 1s (0 solve the problem first for the

conducted on the i

simple series cese, aad then extend the results to the general case.
For a simple series device consisting of k parts, P (expressed
in terms of the qi) can be minimized and maximized under the restriction
% nq, = €. Thus P will be bounded on either side by funciions of €.
fince X = Z:Xi has expectation ¢ and is approsimately Poisson (or bino-
nially) distributed, one can easily find a confidence interval for &
based on X, and by eppropriaste computations, for the two bounding functiwr:
of ¢, and hence for P,
The extension from the simple series to the more complicated
devices follows from factoring P into its series and non-series parts.




Both parts can be parametrically bounded, the series part as outlined
above and the non-series part using several approaches. From these
bounds one can write upper and lower bounds for P, and by using several
indeperdent confidence intervals, a confidence intervel for P may be
obtained.

Numerical examples are given which illustrate the procedure and
provide comparisons with the results of some other currently used
methods.,

The reader who wishes to apply the results must be willing to
perform some numerical computations. Situations undoubtedly exist for
which the present approach is of little use, and in many other cases
the experimenter's supply of ingenuity mey be heavily taxed to provide
shortcuts peculiar to the problem at hand. The present discussion is
designed to suggesi several soluticas to the problem, and to urge the
reader to choose the best one available, Most likely this choice cannot
be made without first performing -rial and error calculations.




PARAMETRIC BOUNDS FOR P IN THE SIMPLE SERIES CASE

A very simple case is & device consisting of k different parts
connected in series, Assuming that the parts function independently,
the reliability P equals TT(l-qi) where qi equals the probability
of the 1 th part failing, We can find (for reasons which may not yet
be obvious) the range of pussible values that TT(l-qi) can assume
given that Xn

equals &, where the n, are posiiive integers, and

1%
£ is o positive fixed nwuber,

i

The problem of f'inding the range of P given & can be solved several
ways, perhaps most easily by simple trial and error calculations. For
known ny and fixed &, the min.um ¢4 maximum values of P, expressed in
terms of tunctions of & and the n,, may be found by numerical trial and
error ot various values of the qi. When P is near one (say greater than
one half), it is clear from the algebraic expansion of TT(l-qi) that
1-Z qi will dominate, and it follows that the minimum and maximum
of P {at worst, approximately) will be attained when z qi, subject to
Z naq, = €, is respectively maximized and minimized.

5-300, E=1.5, the condition
is 500ql + 250q2 + BOOq5 a 1,5, and ql + 4, + q5 is minimized when

q = 1.5/500, Y =a, = 0, end maximized when q, = a4y = 0, q = 1.5/250.
A little arithmetic shows that P 13 indeed maxim!zed and minimized,
respectively, at these points, Similar results easily may be seen to

For example, if k=3, nl-500, n2-250, n

nold for all values of & less then 250, Hence for any fixed value of &
in this range,
1-8/250<P<1-8/500
and P may assume any velue in this interval, which has width §/500.
The genernl form of the bounds for P can be somewhat complicated,
depending un the values of the n, given, However, the following two

general cases are of greatest interest!

A, Ifn =T= Znt/k for i=1,...,k,

then 1-6/m<P<(L- /A"

9




B, If0< Ln, - kminn, and 0 < ¢ < min (min n

. in ny " Zni-kminni),

i i

’ where i=l,o e ,ko

then 1-6&mnn SPLL-8/maxn,
i

i
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SAMPLING AND USE OF THE BOUNDS

Suppose that the results of ni Bernoulli trials are known for the
ith part of a simple series device, If x1 denotes the number of

failures observed, X1 ie tinomially distributed with parameters n, and

i
q;. The veriable X = 5 X, does not follow & dlstribution having a
simple form, but 1t is easy to verify that the expectation and variance

of Xere & and § - Ln,q° respectively., Using the method of

q
Lagrange multipllers, ii is also easily shown that given & = z niqi,
z niqi? attains 1ts minimun velue when q, = t/% n, for all i, and
hence the variance is largest when all the qi's are equal. But under
the latter circumstances, X is bincmially distributed with parameters
z n, and £/2 n,. If X were Pois:on distributed with parameter &,
then the variance would also be . Writing the variance of X uader the
above binomial assumptions as Vmax(x)’ and the variance of X under
Poisson assumptions as VP(X), the following inequality holds for all
values of ni and qi, i=1,400,ke

V(x) < vm(x) < vP(x) or

< g -tfTn <t

£ -5 n,q,

Thus referring X to either the Poisson or the appropriate binomial
distribution, one should not be surprised to find greater probabilities
for the extreme tail values then under the true distribution, If so,
when using vinomisl or Poisson confidence intervals with X, one may
expect them to be conservative in the sense that the probability of
containing the unknown perameter & will be at least as high as the
confidence coefficient of the binomiel or Pouisson intervals. In the
next section, compariscns will be presented concerning these proba-
bilities.

For the present, assuming that in referrirg X to the Poisson or
binomial confidence intervals cne will not be led estray, it is a

* Were each Xi Poisson, X would also be Poisson distributed.
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simple matter tc look up one or two-sided confidence limits for P,

once the appropriete parametric bounds hove been chosen. For example,
if the a-level two-sided Poisson or binomial confidence limits for &
based on X turn oul to be tl, tz, then whenever tl 5 £ S tz, it is also
true that (using the case of ni =T here)

J.-tg/HSl-é/ﬂf_Ps(l-g/ﬁk)ks(l-tl/m{)k

and the resulting confidence interval covers P with probavility at
least l1-x, There will be & growth in actual confidence coefficient in
addition to that due to "too-conservative" intervals because P is &
fixed number tetween two functions of £, and the ccnfidence interval
covers both of these functions.

In many cases, the qi will be known to be close to zero, and the
values of n, will be such that & may be safely assumed to be within the
range of ca;e B of the previous section, or preferably, case A. There is
a way of converting all cases into the equal sample size case, which
unfortunately throws away part of the available information ard subjects
the confidence interval for P to additional fluctuation. This will be
discussed further in the section on complex systems.

12




THE BINOMIAL AND POISSON APFROXIMATIONS

In this section the distribution of X = E:Xi is in specific
cases compared to the distribution of X when referred to the Poisson
or appropriate binomial distribution discussed above. A comparison
of the confidence coefficients for £ under these circumstances is
also made.,

For the following cases, the density of X has been computed to

tive decimals:

(1) n, =n, =15 n,q, +ny9, = 5 for g, =0, .01, .05, .1 and
.2 and the Poisson density with parsmeter 3.
(2) n, =5, n, = 15, D4y + Ny, = 3 for g, = 0, .03, .15, .30

and .60,
TABLE I
Density of X, + X, when X : B(ni, qi); ny =n, = 15,
= = 2 -
may +mya, =5 (4= 02 - q)
Binomial
Assumptions

*
X ql=0 or .2 ql=.Ol or .19 ql=.05 or .15 ql=.1 Poisson density

0 L0351R8 L03646 Noleliyi .04239 04979
1 J131¢h .13380 .13908 14130 14550
2 +23090 230k 22848 22760 22404
3 «25C1h 247l 23952 .2%609 22404
4 18760 Llusk2 «17949 .17707 L1680%
5 .10715 .10207 .10248 . 10230 .10082
5 04299 L33y U35 LOLT36 .05041
7 .01382 LO1408 .01705 .01804 02160
8 003405 .00390 .00520 00576 ,00810
9 L0000T 00085 00133 ,00150 .00270
10 .00010 +0001Y 00029 00036 ,00081
11 00001 L00002 00005 .00C07 ,00022
12 .00001 .00001 00000
13 .00001.

* This columr. applies to Table IT also, but is not listed there.
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TABIE II

Density of X, + X2 when Xi: B(ni, qi); , =5, ny = 15,

n.q. +n = 3
7 % g e
Assumptions
X ql=o, q2=02 ql=;0§, q2=sl9 ql=q2=015 ql=.5’ q2=.l ql=o6, q2=0
0 .03518 .03640 .0%876 ,03460 010204
1 .13194 13371 .13680 .13183 L0T680
2 +23090 23047 22934 23200 ,23040
3 .25014 24753 24283 .25089 34560
I L8760 < 18554 18212 .18711 125920
5 ,10318 +10300 .10285 .10240 07716
£ .0k299 L0u386 JOU53T Lok272
T ,01382 ,01463 .01601 L0130,
8 00346 ,00388 .00459 +J0362
9 .00067 .00083 .00108 .00075
10 .00010 .0001k .00021 .00013
11 00001 ,00002 00004 00002

In the two tables, n.q, + nyq, is always three, and the frequency
functions wey be compared directly with the approximating binomial and
Poisson frequency functions, In Table I, the meximal variance of X
occurs vhern ql = .1, and in Table II, when 9 = .léﬁ It will be noted
in both tables that for the extreme tail values of X, the approximating
binomial and Poisson probebilities are too large. It is algg apparent
that since the probability that X equals x is a continuous fénction ot
ql, that for all veliues of ql (and hence qe) in both tables, the binomial
and Poisson probebilities will be too large in bvoth tails, and for more
values of X in the upper than in the lower tail, Also, in the tebler,
the binomial and Poisson tail probabilities are greater than the corre-
sponding true probabilities for nearly the same values of X (ditfering
at most by one point), regardless of the value of Q. The actual prob-
abilitizes in both tails inerease as q and 9, approach equality, althourh
they are always less than the corresponding Polsson probabillitieg,
suggesting that for arbitrary k, the distribution of X when all the

* This is for ‘he true distribution of X = Kl + Ya.
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qi's are equai is "closer" to the corresponding Poisson distflbution
than when twc qi's differ., This is not surprising, for in case the qi's
are all equal, X is binomially distributed with psrameters L B,y ¢/Z ny,
and if & :s small relative to & n, the Poisson approximation to the
binomial is known ‘o be very good.

In this optimum case, wherein X is binomially distributed, one may
eas1ly compare the tabled binomiel and Poisson densities. For a single
binomial varieble X baving parameters n, E = &/n, the tail probabilities
have been compared with the corresponding tall probabilities of the
Poisson distribution (parameter nf = &) in the following cases:

(1) nf=1;  n=5, E=.2; n=10, E=.1; n=100, ¥=,01

(2) nE=10; n=50, £=.2; n=100, E=.1;  n=10C0, E=.01
(») nt=50; n=100, E=.5; =n=500, E=,1; n=1000, ¥=.05

In all cases, exactly the same remarks as made for the sum of two
binomial variables apply, with the obvious edditional observation that
as L increases, the tail probabilities of the binomial distribvution
approach the corresponding Poisson probabilities. Both the binomial
and Poisson distributions ere asympiotically normally distributed
(that 1s, as n and &, respectively, i;crease) and hence if X is large,
one may expect the difference hetween the two sets of counfidence limits
to be relatively smaltl,

In any particular problem, the preceding indicates that one will
achieve narrower confidance bounds for § and hence for P, by using the
binomial rather than Poisson limits. When ¢ is small and X ny is
relatively large, the difference between the two approximating dis-
tributions becomes quite small., When X ny is large and X turns out
t0 be small, the binomial confidence limits are easily and quite
accurately approximated by the Poisson limits. 1In the following tables
and remarks, comparisons aie pade of the Poisson and binomial intervals
for certain smell velues of n = L ny, and X < 50, For large

15
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values of n, the Pcisson limits will be much closer %o the binomial
limits than for those values tabled.
These tables have been drawn from three widely available sources:
Tables III and VI are from the binomial graphe and Poisson
confidence limit tables in 3ioretrika Tables for Statlstleians,

Volume I, edited by E. S, Pearson and H. O, Hartley. They are based on
the equal-tails approach, which chooses, for a given value of X (say ¢)
the values of a Polsson parsmeter A, such that, in the two-sided case,

™Mo

o
Ted Ai/il =af2= Le

N 5i/q
i=c 1=0 N

]

where (A, ) is to be the a-level confidence intervel. The two-sided
intervals are tabled for Poisson X = 0{1)30(5)50, a = ,10, .05, .02,
.01, +007, and binemial X < n, for n < 1000, a = .05, .0L.
Tables IV and VII are based on tatles published by Crow and Gardner
in Biometrika, as follows:
7 (1) Crow, E, L, Confidence Intervals for a Proportion, Biometrika,
Volume 43 (1956), pages 423-435. (For binomial X < n,
n = 1{1)30, o = ..l0, .05, .01)
(2) Crow, E. L. and Gardner, R. S. Confldence Intervals for the
Expectation of a Poisson Variable, Biometrika, Volume 46
(1959), pages 441-453, (For X = 0(1)300, a = .20, .10, .05,
.0l, .001.) The system used, described in detail in (1), is
optimum in a geometrical sense and generally yields bounds of
less width than does the equal-teils method.
Tables V and VIII are based on tables published by Blyth and
Hutchinson in Biometrika, as follows:
(1) Tables of Neyman-Shortest Unbiased Confidence Intervsls for
the Binomial Parameter, Biometrika, Volume 47 (1960), pages
381-%91. (For X <n, n = 2(1)24(2)50, a = .05, .01)
(2) Tables of Neyman-Shortest Unbiased Confidence Intervels
for the Polsson Parameter, Biometrika, Volume 48 (1961),

16
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pages 191-194, (For X = 0(1)2%0, a = .05, ,01)

The optimum property of these intervels may be described as
foliows: Among ail unbiased a-level confidence intervals, the tabled
intorvals uniformly minimize the probability of covering false values,
An unbiased interval A is defired such that if P9 denotes probability
when the distribution parameter is 0, that PG(GEA) £1-qaforallg,
and Pe(e'eA) < PG(GGA) for all €, o',

In the binomial portions of each table, the entries are ne,, ne,,
5 are the tabled q-level, two-sided confidence limits for p.
When using the Neyman-shortest tables, it is necessary to choose

where ¢, ¢

3 random number between zero and one and add it to X and then read the

appropriate entry.
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TABLE TII
*
Two-sided Poisson +nd Binnmial Confidence Limits:
Equal Tails, a = .05

X n=10 n=20 n=3%0 Polsson
0 .00 3,1 .00 3.k .00 3,5 .000 3.69
1 .02 bl .02 5.0 .06 5,2 .0253% 5,57
2 25 5.6 .25 6,3 .22 6.6 22 7.22
5 LR 6545 .65 745 .63 8.0 619 8.77
i 1.2 7.4 1.2 8.7 1.1 9.3 1.09 10.2h
5 1.9 8.1 1.7 9.8 1.7 10.h 1.62 11.67
U 2.6 8.8 2.4 10,8 2,3 11.6 2,20 13,06
7 3,5 9.% 3,0 11.8 3,0 12.7 2.01 1h, b2
8 I 9.8 3,8 12.8 3.6 13.7 3.5 15,76
9 5.6 10.0 L6 15.7 bob 14,8 4,12 17.08
10 6.9 10.0 5.4 14,6 5,2 15,8 4,80 18,39
11 6.3 15,k 5.9 5.8 5.49 19.68
12 7.2 16.2 6.8 17.8 6.20 20.9%
13 8.2 17.0 7.6 18.8 6.92 22,23
14 9,2 17.6 8.4 19,6 [ 405 23,49
15 10.2 18.3 9.4 20.6 8,40 24,7k
l() 1103 1808 10.16 21.6 9.15 25.‘/~
1/ 12.5 19.b 11.2 22,4 9.90 27.22
18 13.7 19,8 12,2 27,2 10,67 28,45
19 15.0 20,0 15,2 24,1 11,44 29,67
20 15.6 20.0 14,2 24,8 12,22 30.89
21 15,2 25,6 13,00 32,10
22 10.3 20,4 13.79 23,31
23 17.3 27.0 14,58 3,51
2h 18.4 277 15,38 35, TL
25 19.6 28,3 16,18 36,90
20 20.7 28.9 16,98 38,10
27 22.0 29.4 17.79 39,28
28 23,4 29.% 18.61 40 k7
29 24,8 29,9 1lo.k2 41.65
30 26.5 30,0 20.24 42,83

4 The above binomial confidence limits are for np.
18




TABLE IV
*
Two-5ided Limits: Crow and Gardner, @ = .05

X n=5 n=10 n=20 n=3%0 Poisson
0 .000 2.5 009 2.67 000 2,86 000 3,00 0 3,285
1 .050 3.28 ,05 3,97 .06 Lo by 06 k4,89 051 5,323
2 380 L0637 6.03 W36 5.86 36 6.15 355 6,686
3 945 L,62 87 5,19 RN 7.02 .84 7432 818 8,102
bo1.72  k,95 1.50 T7+33  l.42 8.22 1.4 B.76  1.%366 9,598
5 2,50 5.00 £.22 7.78 2,08 9.3k 2,04 9.72 1.970 1l.177
5 2.07 B.50 2,30 10.7 2,75 10.9 2,613 12,817
7 3,81 9,13 2,86 11.8 3,00 12,1 3,285 13,765
8 3,97 2,63 4,18 13,0 3,95 13,2 3,285 14,921
9 6.03 9.95 4.44 1k, 4,89 1k4.3 4. 460 16,768
10 7.33 10,0  5.86 1k 5,25  15.7 5.%23 17.633
11 5.86  15.5 4,15 16,8 5,323 19.050
12 7.02 15,3 7.00 Te5 5,686 20.%35
13 8,22 17.1 7.32  19.1 6.686 21,364
1k 9.5  17.2 8,76 20.3 8,102 22,945
X 10.7 17.9 9,72 20.3 8,102 23,762
16 11,8 18,5 9,72 21,2 9,598 25,400
7 13,0 19,2 10.9 22,7 9.598 26,306
18 14,1 19.6 12,1 20,9 11.177 27.735
19 15.6 19, 13,2 25,0  1L.i(f 28.9%6
20 17,1 20,0 14.3 24,8 12,817 30.017
21 15.7 25,1 12.0817 31.67v
22 16.8 20,1 13,765 3%2.277
2% 17.9 27.0 14,921 34,0L8
24 19,1 27.% 14,921 34,665
25 20,3 28,0 16,768 36.03%0
26 21,2 28,6 16,77 37.67
27 22.7 29,2 17.63 38,16
28 23,8 29,6 19,05 39,76
29 25,1 29,9 19,05 40,94
30 27.0 30,0 20.3% L4l.75

¥ The above binomial confidence limits are for np.
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The above binomial confidence limits are for np.
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TABLE VI
*
Two-Sided Fqual-Tails Limits: o = .01

X n=10 n=20 n=50

0 .00 4,1 .00 4,7 .00 4,9
1 .00 5.4 0C 6.2 .00 6,5
2 .12 645 W12 7.8 .08 8.2
3 AT 7.4 L0 8.9 .38 9.6
I ST 8.1 JTh 10.1 15 10.9
5 1.3 8.7 1.1 11.2 1.1 12,2
) 109 902 loT 12,2 106 1503
7 2.6 9.6 2.3 13.1 2.5 4,4
g 3.5 9.9 2.9 4.0 2.3 15,4
9 4.6 10.0 3.6 14,8 3.h 16,5
10 5.9 10.0 hob 15.7 4.1 17.5
11 5.2 16.4 4,7 18.4
12 6.0 i7.l 5.6 19.4
1% 6.9 77 6.3 20,2
1% 7.8 18.3 7.1 21,2
15 8.8 18.9 8.0 22,1
16 9.9 19,3 8.8 22,9
17 1.1 19,6 9.8 23.7
18 12,2 19.9 10.6 24 4
19 13.8 20.0 11.6 25.3
20 15.3 20,0 12,5 25,9
2l 13,5 26,6
ae 4.6 27.2
2% 15,4 27.4
21 16.7 28,4
25 17.8 28.9
26 19.1 29,2
27 20.h4 29,6
28 21.8 29.9
29 23,4 30.0
%0 25.1 30,0

* The above binomial confidence limits are for np.
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Poisson

.000 5430
.00501 7,43
+10% 9.27
%38 10.98
072 12,59
1.08 1.1y
1.5k 15,66
2,04 17.13
2.57 18,58
3.13 20,00
3.72 21,40
4,32 22,78
4,04 24,14
5.58 25.50
6.23 26,84
6.89 28.16
7457 29,48
8.25 30,79
8,904 32.09
9,6L 35.;8
12,35 3k,07
1L.07 55495
11,79 37.22
12,52 38,48
13,25 39,74
14,00 41.0C
4.7k 42,25
15,49 43,50
16,24 Lh,7h
17.00 45,98
17.77 ht.21




TABLE VII *
Two-Sided Limits: Crow and Gardner, a = ,0L

X n=5 n=10 n=20 n=30 Poisson

0 .000 3,01 00  3.12 00 4,18 00 U4.53 .000 k4,771
1,010 3.89 Ol 5,12 02 5,86 .00 6.18 010  6.91k
2 L165 k.47 A6 6.2k A6 7.50 15 7.68 L149 8,727
3 .5%0 4,84 L8 7.0% A6 8,48 A457 9,30 436 10.473
L 1,11 4,99 .93 1.8 .88 10.0 B4 0.4 823 12.347
5 1.99 5.00 1,50 08,50 1,38 11,5 1.35" 11.6  1.279 13.79%
6 2.18 9.07 1,96 12,0 1.89 12.9 1.785 15.277
7 2,97 9.52 2,58 12,7 2,49 14,1 2,330 16,601
8 3,76 9,84 3,26 14,1 3,12 15.2 2,906 18.3%62
9 4L.88  9.99 4.00 14.5 3,81 16,1 3,507 19.L462
10 6.24 10.0 4,18 15.8 he55 17.1 4,130 20.676
11 5.48 16,0 4,53 18.4 L,771 22.042
12 5.86 16.7 5.94 19.6  L.771 23.765
13 T.26 17.4 6.18 20.1 5.829 24,925
1k 7.98 18.0 7.47 20.8 6.668 25,992
15 8.48 18,4  7.68 2z.3 6.9k 27,718
16 10,0 19,1 9.24 22,5 756 28.852
1 1.5 19.5 9,87 23,8 727 29,900
18 12.5° 19.8 10.4 24,1 8,727 31.8%9
19 k.1 20,0 11.6 25,5 1C.009 32.547
20 15,8 20,0 12.9 25.5 10.473 34.18%
21 13,9 26,2 11,242 35,204
22 14,8 26,9 12,347 36,54k
2% 15.9 27.5 12.347 37.819
2h 17.1  28.1  13.79% 38.9%9
25 18,4 28.6 13.79% 140,373
26 19.6 29,2 15.28 4l1.39
27 20,7 29,6 15.28 42.85
28 22,5 29.8 16.80 45,01
29 23.8 30.0 16.80 45,26
%0 25.5 30,0 18.%6 46.50

* The above binomial confidence limits are for np.
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TABLE VIII

Two-Silded Neyman~Shortest Linita:

*

as= ,0l
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* The above blnomial confidence limits are for np.
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TABLE VIII

Two=-Sided Neyman-Shortest Limits:

as= 01

(Continued)

n=20 n=30 Poisson

n=10

n=5

X+Y
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9.8
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15.4

16
17
18
19
20

21
22

a3
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It is apparent from visually comparing the Polsson limits with
the corresponding binominl limits, ihat except for a few cases (e total
of 16), when @ = .05 or ,01, the former completely cover the binomial
limits for n = 10, 20, 30 and in four of the tables, for n = 5, In
Tables TIT und VI the only disrrepancies occur for X < 2, where the
graphed values, multiplied by n, may be necessarily touv lmprecise to
compare meaningfully with the Poisson readings., In Tables IV and VIII,
for the discrepencies occurring when X < 2, again impreciseness of the
binomial tables may be responcible. For the larger values of X the
behavior of both intervals is somewhat erratic, and this plus the fact
ihat both the tabled Poisson and binomial intervals generally cover
the unkuown parameters with probebility greater than .95 or .99,
indicates that an occasional slight non-inclusion for & particular
value of X 1is not serious. Tue procedure of referring to the binomial
or Poisson limits will still be expected to yield confidence coefficient
very near to, if not greater than 1 - a.

In all the tables, as n increases, the end-points uniformly expand
towards the corresponding values in the Polsson case, Fora = .05 or
0L, the fit generally seems to be closer for thc Neymon-shortest
intervals, which 12 not surprising since it is the only one of the
three methods thut exactly attains its confidence coefficient {ur all
parameter values,

For values of ¥ and n cothor thas. those tabled, several approximations
t¢ the binomial and Poisson distributions exist, a few of which appear
in Blometrike Tables for Statlstliclens.

As a check on the inclusion properties of the tinamial and Polsson
approximations one may for specific examples, invelving known parameters,
compute the true probebilitles of covering F using the appropriate
binomial or Poisson confidence limits (a-level), If the Poisson limits
include the binomial limits, which in turn are "too wide" for P, then
one would expect in most coses that the Poisson intervals would have
the highest conlldence coefficient, followed by the "binomial"
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confidence coefficient, both of which would be expected to e greater
than 1 - . Caleulations, based on the distribution of X under the
various values of 9 appearing in Tables I and II, were made to
cbtain the provabilities thet tha Polsson limits and the mppropriste
bincmial limits (ct-level) cover 0,Q) + 050, These probabilities
are given in Tables IX and X.




Probablility

Interval

Equal-Tails
Crow and Gardner
Neyman-Shortest

Interval

Equal-Teils
Crow and Gardner
Neyman-Shortest

Interval

Equal-Tails
Crow and Gardner
Neyman-~Shortest

Interval
Equal-Tails
Crovw and Gardner
Neyman-Shor.est

TABIE IX

of the Polsson Limits Covering nlql + 0y, = 9
ny=n,=15 a=.05
3 =0 g, =.01 gq =.05
+99575 +99509 +99312
.98193 98041 97607
.970 .969 964
nl = n2 = 15 Q= ool
9 = 0 ql = ,01 ql = ,05
.99921  ,99899 99832
299921 .99899 99822
«994 <994 4993
nl = 5, n2 = 15 a = 005
q] = 0 ql = 003 ql = 015
95915 .9951h <9408
98193 .98051 97807
.970 .969 966
n, =5 n,=15 a=.01
9 = 0 g, = ,03 q = .15
+99921 +99902 99867
«99921  .99902 . 99867
+994 + 99k <99k

q, = +10

499221
JOTLLT
.961

q = ,10

99T
9NI7
+99%2

ql = 550
99549
96155
971

Poisson

196649
952 (.95)

Foisson

199619
.99619
<990 (.99)

q = .60

1.00000

1,00000
<994




TABLE X

Probabilily of rhe Binomial Limits Covering n,q, +nyq, = 3

Interval

Equal-Tails
Crow and Gardner
Neyman-Shortest

interval

Equal-Tails
Crow and Gardner
Neyman-Shortest

Interval

Equal-Tails
Crow and Gardner
Neyman-Shortest

Taterval
Equal-Tails

Crovw and Gardner
Neyman-Shortest

nl=n2=lfi a = ,05

ql =0 ql = 01 ql = 005
099575 .99509 .99312
«99575 +99509 «99312
962 960 <95k

n, = n2 =15 a=,01

q = 0 9; - 01 q = «05
«99921  ,99899 +99832
«99575 99503 «99312
#9963 «993 +991

n, = 2, n, = 15 a=.,05

ql = O ql = ‘G?" q.l = '15
99575 +9951k4 99408
96057 «9o874 «95532
956 953 «949(.95)
n, =5 mn,=15 a=.01

e = 0 ql = ’05 ql = '15
«99921  ,99902 99867
J99575 . 9951k4 «99408
~99L «591 +990(.99)
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ql = 010

,99221
« 99221

«951 (.95)

ql = .10

«99797

99221

«990 (.99)

4 = 30 gy = .60
« 99549 1.00000
+ 95089 .98976
«956 «992

ql = 030 ql = 060
«99911 1.00000
299549 1,00000
.991 .998




Again, one may notice that the smallest probabilities occur when
q, = 9 = +1 and 9 =9 = «15, where the variance of X is largest,
Also, the Neyman-shortest intervals have the smallest probebilities
of all three systems, in most cases, which is due mainly to the exact-
ness of these intervals. Owing to the number of significent decimals
published in tables of the latter intervals, the probabilities of
coverage may be in error by 4 few pluces in the last decimal, For
example, in the Poisson case, for @ = ,05, o, = n, = 15, the computed
probability using linear interpolation turns out to be .952 whereas
the true probability is exactly .95. The corresponding probebility
when @ = .01 is correct to three decimals.

When confronted with a value of X resulting from lengthy
experimental testing, the procedure adopted might be to select from
the availasble tables the limits which are narrowest for the particulsr
value of X observed, and not to choose the bounds with respect to
any optimal mathematicel property. Such a procedure defines a kind
of composite interval about which little may confidently be said
concerning the probability of coverage. Preferably, & singl: type of
interval will ve decided upon in advance of the experiment, or else
the results using different limits will be presented,
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EXTENSIOS TO COMPLEX SYSTEMS

Unfortunately, the case of a system consisting solely of non-
identical parts in series is relatively rare. More often one is
interested in systems having a mixture of series and parallel-connected
parts. The following diagrams illustrate some of the possibllities:
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The squares conteining numbers denote parts of the ith Lype,

and natural subd:ivislions within systems may be called components., For
example, the first figure represents a system of three parts in series
and one component of twu identical parts connected in parallel.

In the following examples the methods used are those suggested
for use in more general models,

In the first illusitration, suppose that for the ith part, an trisls
Lave been conducted. Then from the section on perametric bounds,

3 " 3
P = [ (1-q,)(1-q,°), t =Zn,q,, and
=1 T 4 =1 +1

(1-9,7)(1-t/n) S P < (1-4/30)°(1-q)0).

Assuming that the numbers xi are available, 1t is easy to find
two-sided a-level bounds for &, and 3-level bounds for 9, based on
kl + X2 + X5
events, say ¢, JE< c,s dl < q, < d2 independently occur with proba-

bilities 1~ and 1-B respectively. But if both occur at the same time,

and Xu respectively., These bounds are such that the

p ? 2 2
l-ce/n < ;Eg\l-qi) < (l-cl/Bn)3, and 1-d.° < 1-9° < 1-4;

and hence
P 3, . 2
(1-4, )(l‘cg/n) <P< (l'cl/5n) (l'Ql )
with probsbility (1-0X1-B). If B is chosen small enough, then
2 2
(1-4,%)(1-cp/n), (1-c)/30)>(1-a,%)

w»ill form a confidence interval for P with coefficient. very ncarly
1. Asﬁﬁ approaches zero, the interval dl' d2 will of course widen,
But i-dl‘, l-d22 will change by a relatively small amount. Hence one
way choose B very near to zero, und the resulting confiderce interval
for P will not bve appreciably widened.

It may Ye noced that one may also luwer a a bit in order not to
make the bounds so wide, at the 2xpense of a slight widening of the
entire interval, Lu ensure the desired confidence coeffic.ent. One is

really free to choose & and B just so long as (1-0X1l-3) attains the




desired number. 1In this example, the width will be found to suffer
least if o 1s lovered as little as possible, and P is made nearly zero.
If (1-0X1-8) 1s slightly below the desired coefficient, the proba-
vility of coverage will quite likely be higher, due to the raising of
the actual confidence coefficient noted previously.

For the second illustratiom,

P-Tur’l )(1-,") (1-q,2
AT

2
Y.
Since q2h will generally be very smell, one may be willing to ignore it
altogether and consider
- 2,2
P = T](-g,)(2-q,%)%,
i=3
in which case the parametric bounds are
(l-qlz)a(l-g/min ni) <P < (1-8/mex ni)(l-qlp')2
1=3,)" 1-3)1‘

(assuming n, obsecrvations for the i’c’h pert have been taken, and say,

E<hn

A - 2min n, and min n,, vhere § = Bgly + nhqu).

1=3,4 1 a3 bt
If e, N wnd dl, d2 are @ and PB-level two-sided confidence limits
for £ and Q; respectively, then

2,2 ’ 2,2
(lud2 ) (l-cz/min n,): \l-cl/max ni)(l-dl )

1
are two-gided confidence limits for P with coefficient greater than
or equal to (1-cL-8). If one wishes to take account of 4,, then
7-level limits bl, b2 for % lead to

2]

2,2 . 2 1
(1-\921*)(1-@2 ) (1-c2/min ni), (l-cl/mm ni)(l—dle) (1.151 )

us the limits for P, with confidence coefficient at least (L<vil-8\1-7),
where 7 is chosen to be very nearly zero.
Tn the third illustration,

P = (1.9 (1mg,) (1 [ (1-95)(1-0,) ).

In this cese there are several directions in which one can proceed,




some of which are listed below:

A, One can use the rather primitive inequality

(1-0))%(1-0,7) (1m0, (1-9,) < P < (1-0)%(1-0,7) (1-9,7) (1-g)
ok find fuur independent confidente limits at low enough levels so
that the product of the four confidence coefficients equals l-«x. The
limits will vary considerably in width according to the size of the
Xi’ 3y and the levels sclected, If the qi happen to be very closa
to zero, this may provide narrow limits.

B, If for example

1-£/nin n, < (1-q,)(1-q;) € 1- E/max n,, that is
..251 9% ) ,31'

0<t <min (min n, } n - 2min n, ), vhere & = Bydy + B0,
1=2 3 -2,9

then it follows that

(1-ql) (l-qh)(l [§/min n, ] ) <P < (1-[8/max n ] )(l-ql) (l-qu)

2,3 122,31
Using three independent confidence limite, one will in general be
able to arrive st narrower confideance bounds for P than by using
procedure A.
Cs If one is willing to ignore terms in the expansion of P which

Lnvolve produets of three or more qi, then or~ may write

] 2 . 2

P=Ll- (qu+qh) tq +2n,q, -9 - 2q2q3 -

and hence
2 2 A
1= (29)49)) - (aptas)” S P <L - (2q)49,) + q)" + Pqyq.

With arbltrary n, one will have difficulty finding confidence limits
for (2q1+qh) and (q2+q5). However in the special case that n, = 2n)
and n, = g, the prohlem can be given a simple solution, For in this

~

case one may refer Xl + xh and X2 + X5 to the binomial or Poisson

confidence intervals, using the following argument: Xl ie distrivuted

; . . 2
binomially with parameters n, and 9 and variance nlql - 0,9, . It
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one refers Xl to the binomial distr;gution wlth pargmeters nl/a and

SqL, which has variance nlql - inql < nlql - nlql', one will be
meking & conservative uvpproximation in the sense that (as in the case

of the Poisson and binomial approximations to ° the tail prohabilitles
will really be smaller than under the approximation. Tbus a conficence
interval for 2ql based on the approximation will be expected to be

too wide. X, + X) may be referred to as binomial (parameters nl/z +1,,
§/[nl/2 + n2] ) or Poisson (parameter & = (“1/2)(2q1) + n2q2) for a
confidence interval for £, But ny = 2nu means thei from any confidence
interval for & one also derives one for 2ql +q since § = nh(aql + qk)
and one may divide the end points through by ny, . Similarly for 9 + q3,
one may derive any level confidence interval desired. If ey, ¢, are
two-sided a-level bounds for 2ql + q, and dl’ d2 are two-sided P-level
bounds for q2 + q5, then tre event

~
¢y < 2q,+q), < ¢, and dl < q,2+q3 < d2

implies
2 2 2 2 2

'(Qg*qﬁ) > “d2 v 9 +EQfQu < (quqh) /2 < ¢y /2, end

, l-c2

and thus

< 1-(29;+q;) < L-c),

1-cy=d,” S P < lecy

occurs with probebility greater than or equal to (1-af1-8). This
procedure also will generally yield shorter intervals than procedure A,

+c22/2

As an illustration of how B(nl,ql) compares with B(nl/2, qu),
the following frequencies have been tabled:

X B(100, .02) B(50, .Ok) X B(100, .02) B{50, .Ok)
0 .13262 +12989 6 01142 .01080
1 27065 27059 7 .00313 .00283
2 27342 07623 8 .000T7L +00063
3 .18227 18416 9 .00016 .00013
L 09021 04016 10 00002 00002
H 102939 034506 11 00001 .00000

A
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Ds Using the condition
Zn i =5
i= l
one can find the minimum and maximum values of P. These will be func-
tions of &, wnd using X one can find confidence limits for these func-
tions, and hence for P,

Unfortunately, there are several reasons why this procedure is
ansatisfactory: First, the bounds sre not simple to derive in many
cases; and second, their form depends upon the particular range of
values within which % happens to lie, and in instances thic may be
quite unceriain; and third, the resultant parametric interval is wider
than under alternative procedures,

In generel, one can often find bounds for P which are almost as
narrov, und in many cases narrower, by considering groups of functions
of the a4 such as illustrated in procedure B sbove, which are easier
to derive, Terms of the form TT(l-ql) are often the main contributors
W ihe vulue of P, while the remaining terms may be roughly bounded
with little cost in terms of width of the conflidence interval. As to
which of' two or more groups of parameters deserve the smallest confi-
dence level, trial and error calculations may best provide the answer,

One can see that wilh computation, values of n, may be chosen to
minimize the length of the interval, If one also knows the approxi-

ate size of the 9, @ better choice of testing procedure may be made.

In the fourth illustratien,

L
= TT(-q) (10505 (1-q. ).
i=1,4
]
Usually q)4 will be so small as Lo be entirely negligible, and P may
be taken to be
ﬂ(l'q )(l-ng )
i=1,4

If ore tries to minimize and maximize the entire expression,

subject to the restraint, the result, even when all the ng are equal

to W, iu in meny citoations unaaticfactory. The bounds for one range of
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values of & = n,q; +n,q, are t/ti, 1, which, if T is large relative
to &, is much too wide to be of any practical value, In the general
case, hcwever, one can often use the bounds for (l-ql)(l-qu) and %45

Lo provide bounds for P. For eavmple, it F = N9+,

§ = nya, + nsay,

(1- l/rﬁrll L‘ni)(1-2’22/!men5) <P < (1-F)/max n
=&y

)
L=l,b *

is valid when
T.< min (izi’hni-ifi?uni, ?ig,hni)’ and T, <mtn (n,, n3).

X; + X, gives bounds for El and X, + X glves bounds for Eé,
where the product of the two confidence coefficients is 1l-@. In this
case a narrower interval will result if the confidence coefficient
for El is taken much closer to 1< than the coefficient for Eé.

In summary, to find a confidence interval for the reliability of
a given system, the following approaches are suggested. Some numerical
trial and error may be necessary to selech the most promising parametric
interval,

(1) The upper and lower bounds for P are found under the restric-
tion L n,q = t. The upper bouud for one range of values of & will
be the solutiors ot the equations BP/aq1 = M, (1=1,.44,k), A # 0, and
tE =2 n,q,. The bounds for other ranges of § may be found from trial
and error of various numericel quantitles in P, The lower and upper
bounds will both be functions of & and the known constants. A confi-
dence interval for £ based on L X1 can by appropriate algebraic
manipulation determine the confidence interval for P.

(2) Alternatively, P is separated into products of simpler

funetions, such as
[ T-a)) [ T,
i J

and the parametric bounds for each product found, as in illustrations
% and 4, Then by trial and error the confidence coefficients of limits
tor the bounds of each product are determined so that the probability

N
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of covering P will be at least l«, and the interval will have small,
if not minimum width, If there exists prior luformation that certain
qi's are small, then one may be willing to neglect powers of q1 greater
than two, simplifying the computetions. With & small amount of trial
and error and even & vague idea about the size of the qi, one may
determine the various confidence coefficients in the product.

(3) 1If voth {1) and (2) are unsatisfactory approaches, one may
expand P in terms of the 4> vwhich may then be divided into homogeneous
polynomials of ascending dimension. The first group will be a linear
combination of the 9 the second will be a quadratic form, etc. Often
the q; may be felt to be so small that forms of higher order can safely
te neglected. At any rate, the linear group will contribute most to
the value of P, and by the device illustrated in method C of the third
illustration, one may obtain bounds for this group, and “ougher tbounds
for the other groups, and hence for P, In this case one must have at
least some of the n, in certain known rativs to each other, If the
experiment has already been conducted and this is not the case, one may
pick & new :et of n: such that the n: are properly related t: each
other and ny < n, for all i, Then if one randomly selects n, obser-
vetions from the n, Bernoulli observations previously obtained using a
table of random numbers, the new total number of failures in n:, say

Xi’ will be distributed binomially with parameters n and 9. One

may then proceed as before, using the approach of meinod C, illustration
5, having thrown away some of the avilleble information, however. This
method is & variation of an approach to the confidence interval problem,
due to Dr. D. H. Evans of Bell Telepluune Laburalurie., appearlig in
Relerence 2,

(4) If none of the previous attempts succeeds, one may search for
weaker bounds for P and use independent confidence intervals, such as
described in method A of the third illustration.

Prior investigation into the desirable sizes of the ny in general

will often simplify computations, in addition to giving a narrower

38




All the remarks and examples given above alsc
The lover

confidence interval,
apply to the case in which one-sided intervels are desired.

parametric bound of P is usually easy to determiue from & swall

awount of numerical trial and error.
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NUMERICAL EXAMPLES

In the following compuiutions the Poisson confidence limits
were used in preference to the nurrower binomial intervuls for the
following reasons: (1) For sample sizes as large as in the
exemples, there is little difference botween the two; (2) The
binomial limits are not easy to cowmpute, it being necessary 10 use
approximating formulas for the incomplete beta furction in some
cases; and (3) The Poisson limits are immediately availabls.

In problems where the sample size is, say, less than 50, it is
advisable to use binomial limits,

Consider the first illustration in the preceding section, and

suppose ihat ny =n, =Ny = = 500, and the numbers of failures

observed are Xl = 3, X2 =1, x:5 = 10, and Xh = 2, and hence the sum
over all X, equals 16, If one fixes
I
%
£ =% n,a,
121 1'%
for verious values and investigates tbe behavior of P, it mey be seen

that for & < 500,
1-£/5C0 < P < l-(§/500)2, where P = f%(l—qi)(l-qhe).
i=1

In thic case, the ,05-level two-sided Poisson confidence bounds for
5008 are 9.598, 2,.400 (Crow and Gardner). Accordingly, the confi-
dence boundas for P ave 9492, .999%6.

Alternatively, one may make use of the inequality

(1-q,2)(1-8/500) < P < (1-£/1509)°(1-q,%)

t = 5a

i=1
The ,0%-level two-sided confidence bounds for & are 8,102, 22,945
(Crow and Gardner) and the .Ohl-level two-sided interval for q,

where

193

{equal~*ails Poisson, using the 12 distribution as tabled in
Riometriks Tahlea far ftatiaticians) 4a (.056, .0%45). The resulting

Lo




.05-1level interval for P Lz (.9530, .9839), appreciably narrower than
before.

A third procedure in this illustration involves expanding P
in terms of the qi and ignoring the non-quadratic and linear parts.
The result is that

" 2
P=1-t+ Laqaq, -q°,
1<y 143 l
and meximizing

% q = £,

L q,q, subject to 500
1% i=1

1<)
one arrives at the inequaiity

1-§/soo-qf <P< 1-£/5004£2/3(500)%.

In this procedure the one-sided .ohl-level upper bound for q), may
be used with the two-sided ,05-level bounds for €. The bounds for &
are agaln 8,102, 22,945, and the upper bourd for 4, 1s +0335 (using
Lhe xe tables agalr' Performing the calculations, the .05-level
bounds for P unde * the above assumptions are .9529, .9845.

From this exampi., it is agein shown that the method of minimizing
the entire expression P(ql,...,qk) subject to z niqi = £ does not
necessarily result in the shortest confidence intervals, For a
perticular set of Dy values it will be advantageous Lo gain aa idea
ot how wide the resulting parametric interval will e under more than
one of the approuaches suggested. There is nothing "illegal" about
picking the method which yields the .orrowesl parsmetiric interval for
a particular problem.

There have been various procedures suggested for finding con-
fidence intervels for P, two of which have sppeared in Reference 2.
The first method described in the report depends on the Tchebycheff
Inequality, and for the prcvious values of Xi, Lo vields two-sided
.05-level bounds of .9593, 1.0000., Assuming that the mode equals
the mesn, the interval becomes .950%, .99%0. The second method, due
to D, H, Evans, depends on & randomizetion procedure and in the

hi




above iliustration necessitates using only 250 cbservations for each

of the first three comporenits. The number of faiiures Y out of 250
complete systems constructed ranges between O and 16. For a few of
the values of Y (the expected value of Y 1s approximetely 7) the
intervals are as follows:

Interval Bounds

Y (Poisson; Crow and Gardner)
a = .05 3 +966 997

1 o 3785

15 +905 .968

In comparing these results with the previous Polsson limits, it is

to be noted that the randomization approach guffers from the disadvan-
tage of being unable to utilize all the information available in the
samples, On the other hand, if n) =n, = n5 = 500 and n, = 1000, one
may obtain s more meaningful comparison of the results of the two
procedures. In this case, Y may vary from 10 to 15, and gives the

follawing tuble of intervala:

TABIE XI
Confidence Interval

Y P(Y) (Poisson; Crow and Gardner) Length

11 »0000

12 »002k 9593 - 9866 +0273
o = .05 13 .0808 U505 + S000 0293

L .9158 .9541 .9838 0297

15 L0009 .9525 ,9838 U313

Expected Length .0297

The previous Poisson limits, using the hounds
z 2
(1-q,°)(1-6/500) < P < (1-£/1500)°(1-q,%)

give tbe .05-level interval (.9538, .9839), with length .030l. While
the randomization procedure almost always yields a slightly shorter
interval (with probability .9991), the Poisson interval is for any
glven date o« fixed interval, Culy the intervel corresponding to the

L2




most probable value of Y 15 completely included in the Polsson interval

in this example,

For more complicated models it becomes difficulr to calculate
the probabiliity density of Y even when the most favorable sample size
relations are attained, and hence to compare the resultant limits with
the Poisson limits. However the mean and variance of Y may be computed
and confidence intervals for values of Y reasonably near EY may be
compared to the Poisson limits with respect to width and centering,
It appears that when information must be thrown away to use the random-
ization approach, the Poisson interval based on parametric bounds may
be appreciably shorter. In the optimum case for the randomization
method, the interval seems to be sligh“ly shorter on the average than
the corresponding Polsson interval, at the price, however, of an
increased variability.

If in the same illustration, n, = 500, n, = 250, n3 = 500, n, = 500,

and Xl = X2 =X, = Xh = o) then for

3
3
<L n, - 3min n,, that is, £, < 300,
1=1 1 121,2,3

one can use
1-2'1/2550 <P< 1.-(1'1/500)2 or

(2-F,/250) (1-q,%) < B < (1E,/500)(2-q,%),

where
L

[N )
=3

=Z‘hﬂ ?E- q,:
e,y -
1=l 1% 2 1=1 i*
It & ,025-level lower bound for P is desired, one cun use the upper

bound in the Polsson equal-tails .05 confidence limits for El’ E..

¥
°1

Por all Xi = 0, the lower bounds for P turn out to be (ucing the .Oul
upper Poisson bound for qh) .9852 and 9847 respectively. In this
system, the first inequality will provide lower limits whza Xh = 0,

and the second, when Xh is positive. As remarked before, 1t is
undesireble to select the confidence bounds on the basis of the partic-

ulnr gample point observed, and hence the grcater lower parametric

HS)




bound attained by the seconi interval (for g, < «7) seems to make
it prefersble.

ACKNOWLEDGMENT

The author is indebted to Mr. James R. Kniss of the
Surveillance Branch, Weapon Systems Laboratory, who suggested
a problem leesding to the present results, and to Professor
Jerzy Neyman of the University of California at Berkeley for
a suggestion made at the Seventh Conference on Decign of
Experiwents in Army Research Development and Testing, October

1501,
6?04‘znr 4 624L“4L""‘

JCHN K. ABRAHAM

b




REFERENCES

1, Cram€r, H., Mathematical Methods of Statistics, Princeton
University Press, 1940,

2. De Cicco, H., The Reliabllity of Weapon Systems Estimated
from Component Test Dala Alone, Ordnance Special Weapons-
Amounition Command, Technical Note No. 1, December, 1959.




WL st T WU

DISTRIBUTION LIST

No. of
Copies Organizetion
10 Comnender

n

Armed Services Technical
Information Agency

ATTN: TIPCR

Arlington Hall Station

Arlington 12, Virglhiia

Director of Defente Research
and Engineering

The Pentagon

Washington 25, D, C.

Chief of Ordnence
ATIN: ORDIB
Mr. Seymour Lorber -
Industrial Division
Department of the Army
Weshington 25, D. C.

Commanding General

Frankford Arsenal

ATTN: Mr. N.J. Miller (6130)
Blig 235-1

— —
o o
A PRt RS o o0 e s e [ ,’_"
No. of C
Copies or aiution
1l Connnanding Officer

Library Brench, 0270, Bldg 40

Philadelphis 37, Pennsylvania

Commanding Officer
Roek Island Arsenal
ATTN: R&D Division
Rock Island, Illinois

Commanding Officer

Diamond Ordnance Fuze Laboruiories
ATTN: Technical Information Office, 1

Branch 012
Washington 25, D. C,

Commanding General

Ordnance Ammunition Command
ATTN: ORDLY-AR-V

Joliet, Illinois

k7

(=

Yune '!Qa'& station

Chemi“éil eorpa, U. 8. Aroy
Fort ﬁtﬁek » Maryland

Enginnring Statistics Unit

Chemiéal ‘Corps Engineering
Ageney

ATIN:. MWé: T.M, Vining, Chief

Army Chemical Center, Maryland

Director for Quality Assurance

U. 8« Arw Chemical Center &
Chemical Corps Material
Command

ATTN: Asst. for Quelity
Evaluation

Army Chemical Center » Maryland

Comnanding Officer

LDugway Proving Ground

ATTN: Richard Janssen -
Material Testing (TDdA)

Dugway, Utah

Director

Evens Signal Laboratory, SCEL
Physieal Research Branch
ATTN: Mr, Joseph Weinstein
Belmar, New Jersey

A R AN £ R PR b



DISTRIBUTION LIST

No. of No. of
Copies Organization Coples
1 Conmanding Officer 1
Army Research Office {Durham)
Doz CM, Duke Station
Durham, North Carolina

1 Army Research Office

ATIN: Dr, I.R. Hershner, Jr, 1
Physiecal Science Division
Arlington Hall Station

Arlington, Virginia

Office, Asst. Seeretary of 1
Defense (S&LL)
Inspection & Quality Control
Division
ATTH: Hr. Lrving B, Altman
Mr. John J, Riordan
Washington 75, D, C. 1

Chief of Naval Operat.ons

ATTN: OP-0%EG

Department of the Navy

Washington 25, D, C. 1

Office of Naval Research

ATIN: Mrs. Dorothy Gilford, Hecad
Logistics & Mathematien)
Statistles Branch 1
Cole L%h

veparunent, of the Navy

Washiunwion 2,, b, C,

ne

Chiel, Dureau ui Havul Weapons
AT Ads
Code ReUi-,
W. 3. Koontz (QeF)
Quality Control Division (QCC)
br. W. R, Pabot, Jr, 1
Leparuent of the Navy
Weehingwon 25, D, C,

Cowraaviirg Off iecer

U. %, laval Ammunition bepot (QFL)
Concord, Calilurnia

hé

pgfggnization

Comnending Officer

U.S. Neval Ammunition
Depot (QEL)

Navy No. 66, FPO

San Francisco, California

Commending Officer

U, S Navael Ammunition
Depot (QEL)

Crane, Indiens

Commending Officer

U. 5, Naval Ammunicion
Depot (QEL)

St. Jullens Creek

Portsmouth, Virginia

Commanding Officer

U. S, Naval Ammunition Depot,
Banger (QEL)

Bremerton, Washington

Commending Officer

U. 3, Naval Ammunition &
Net Depot (QEL)

Seal Beach, Califvrnia

Comuander

Naval Ordnance Laboratory
Surveillence Department MED
Coronu, California

Commander

Navel Ordnanrce Laboratory

White Oek,

Silver Spring 19, Maryland

Commander

U. 3, Naval Ordnance Test
Swation

ATTN: Tectiulcali Library

China Leke, California




DISTRIBUTION LIST

ST A gl ke f g

U. 8. Naval Propellsnt Plant (QS)
indian Head, Marylend

No. of No, of
Copies Orgenization Coples Organization
1 Commending Officer Director

Natlonal Aeronsutics &
Space Administretion
ATIN: ‘‘echnical Library

1 Officer-in-Charge Ames Research Center
Y. 5. Navy Central Torpedo Moffett Fiecld, Californie
Office (QEL)
Newport, Rhode Island Director
Netional Bureau of Standards
1 Cowna..ding Cfficer ATIN: Chief, Statistical
U. 8. T'avy Torpedo Station Engineering Laboratory
ATTN: [lechnical Library 232 Dynamcmeter Building
Quality Evaluation Weshington 25, D, C.
Laboratory
Keypurt, Washington U, 8. Atonic Energy Commission
Los Alsmos Scientific Laboratory
L Commanding Officer ATTN: Report Library
U. $. Naval Weapons Station (QEL) P. 0, Box 1663
Yorctown, Virginia Los Alamos, New Mexico
1 Conmander The RAND Corporation
U, €, Naval Weapons Leboratory ATTN: Library
ATTN: 'Tecknicel Library 1700 Main Street
Dehlgren, Virginia Santa Monice, Californis
1 Commander University of Californis
Air Proving Ground Center Statistical Library
ATTN: PGO Berkeley 4, California
Eglin Air Force Base, Florida
University of Celifornia
1 Commender Numerieal Analysis Research
Rome Air Force Depot ATTN: Librarian
ATTN: Directorate of Supply & Los Angeles 24, Califorsia
Services
Griffiss Alr Force Base Princeton University
Rome, New York Institute for Defense Analysis
Communications Research Division
1 Commander ATIN: Library

Air Force Logistics Command

Von ideumann Hall

ATIN: Quality Control Office, MCQ
Wright-Patterson Air Force Base, Ohio

Princeton, New Jersey




Rvreto

No: or
Coglen

4
Y

10

ARIBUTION LIST

Oreanirat lon

Hew York University
Baylucering Statistices Grou
Resesrch Division

New Ycrk 53, New York

Commander

British Army Stafr

British Defence fitaff (W)

ATTN: Reports Officer

%100 Massachusetts Avenue, N. W.
Washingten 8, D, C,

Defence Lesearch Member
Canedien Joint Staff

2450 Massachusetis Avenue, N, W,
Washington 8, D, C.

Professor Robert £. Bechhiofer
Industrial Engineering Department
Correll University

Tthacu, New York




W T I S e

Nt MONSWTER TR~ el e AN TSR B et TP

Pp—

-sagowcrdde Tetaaas Fursn pumog

WIB 4 .0 WHIXGE PUS PWiuiR Sjrysmmresd fgqaed pajosuuod-tarrersd puw satais JO

AMIXTW B BUTAWY M54 W 103 ST 3803 9590 (RIS ) UL  CPOW ST e ..:w 3o
Bo130uMZ ¥ 89} d JO BONIXEW DU WMGUTE Iq3 ‘s1aed i qiIe ‘aswd sataas Yy uy

‘PAIONIISUCD 8T Wske N jo (Fupuoriouny jo

£7179wq01d 20) A3TTIQUTTSE Sq1 JO FFWUI9 [UAIRUT T¥ (X -* “T=T) Ty samying

PIAIIENC JO JaqunR 3, JO STSW HqY GO “siaed juaa: rITp % woxl dn 4TIng wagsds
B 3o 3aed ¥ T2 403 INO PITLIW 338 STEIII JTTMOLI Tu cramogiaed ug

*s3amd juauocdmos a3 O3

Bujuymaad wIwp 3593 TLTNOGIAY $IZLTIIN HOTHA PIuIsasd ST 90TAID JUINOAWOD~T3TIM
® JO ‘d ‘KAPLTAPITAI g3 <OF TRAINUT 3IUSPTIJUCD ® Futpury Xoj ampadoxd v

3today QATATSSYIONN

296T AW nORT -on 3aodsy wmpusIouws| e

eIy ¥ ujor

SHRELSZS L EMOINGO- 1L TN

40 AITIGVITIH S, 404 STVANALEY SORBILINGO

Ay ‘881309R10QW] QOIWISIHY D31STTTSE

*ON UOFSLHOOY av

81slrBNe TEOTISTAMIE
sysdreus
TOTIWRYISH - £33T19«1T98

AITSISSYIONN

]

-gatpecsdde Teasaas Bujsn punod

e ¢ J0] SNIXWE pue WWIuim Sjajamered <sjaed pajosunco-~rorressd pus sapeac 1o

ICRXTW @ Jutaug Wagels @ J0) ‘ST INY3 “e8Ed TuIAURS INT UT  -pUTCl ST Am.ww 3c

uoIFIUNg ' £3) 4 JO WNNTXWR DUR WMIUIW a1 ‘siaed X yIa ased sajxes AL ul i
*Pa3anNaIsuUcd ST WeisAs Ayl Jo (Buyuoiisunmg jo

KLy37Iq89q0ad X0) LITTIQOYIAL AYY JO A3WITISD TRAINUL Ue (A" “1=1) .f. S3I°11I87

PIASIEQ0 JO JoQENU Ay JO STEwQ aqd up -sjasd quaxaIITc ¥ wory dn 3rrnc wegsds

w 30 jaud na« IMYI JCJ N0 PIATAIID IW STHIIF TUIMOGLIT «: “xernoylaed uy !

*g3a9d susuodmon 8yl <L ¢

Sururized w3EP 3833 TTINOWIAE $921ITIIN QOIyA pajuasaad €1 adTAIp judtcdwoo-Time

B JO ‘g ‘fITTIQUITAZ AT J0J TRAIIIC] 2DUaPIJuUcd ® Jujput Joj ampad:ad y |
woday (AT 118 IGNS

Z9ET LA qONT - N Izodsy WnpuBIcmE THE |

TeRIGYy X THOS |
mﬁpmumaﬁmgao-gai
“

sIsATRUB TRCIISTICNS
s1skyeun
TeOTIWTuIng - LiTTiqertay 40 ALTTiLMITEM SBL J03 STVAMEINI IINFCTINCO
Ot “8II10IBIOQY] HOIBISIY DI IITER |
sciu ssacoy o’

CGITAISSVIOND

*gsagoucadds Telaaas Hursn punog

83 J J0J BEOINGW puR wiuix oyajeteted ‘sqawd pagosuuco-tayiwrwd pue satass jo

STINIW § BuraTy WoyshS B JOF ‘ST 3oL ‘ased Tasus¥ sy ul  Cpunoy ST An.uv Jo
HOT3oUMY B 8®) d j¢ TOWMIXEW PUB IMUWTUIH 343 “siged x Qife. ‘98w sotsas ayy ul

“PIIONIYSVOD 5§ WasAe Yy JO (Buyuoyjouny Jc

4371Iq8ccad 20) £ITTIQEITHI 943 JO SIBWILES TRAINIUT Uw (N*°*“1-1) Ty sampyes

TAALSSQC Jo 1aqunU 393 JO $¥EWQ Y LD -$3led JUAASIFIP ¥ W0 dn 313nq wyysks
g Jo ja8d nuﬂ a3 4CT INO PITIIND am gIIAL TINOUIIN Ta faemoizavd uy

+s3aed quoucdmon sy o3

BuTUIEIAaC TI2P 3893 [TROWIG SSTITIAN UOTQe paiuasaud ST 30FAIP Juauodmos-13Tnm
T Jo 4 ‘AITTICUTIST af3 I0F TELISRUT 20UIP™ Jucd ® BuUIpul} Jof aumpasc.d v

3x0dsd (THIJISSYIONA

2061 LeK  HOnT oy 3zodoy wnpwitoway g

mEeay Y ugop

SHELEXS TRINOINOD-TITINN

40 AIIIIGVITTHY 3FHL YOJ STVAHEINT FONIALINOD

SOV ‘SPTI03BI0qUT UNMUSSIK 01ISTTTEd
“Off UOTSSIIOY ay

134876t e TROIRSTIMG
s1sAysus
TeoFsvmagysy - ASITIMETToY

EILITRSYTIINN

U0, 3NMI B SB) d JO UNWIXEW pue UNMRUTS o3 ‘s3uaed i giim ‘ases sejass sy uj

rsagosoxdde TeXzAds Juisr guwn~:
a2 d J0J BUIXWE PUR IR UM Stajawerad ‘sqawd pajosuucs-yorTssed TUR $5748T IC
smaxim v Butaey woshs ¥ 03 ‘ST ABYL FOS8Y TRISUSH ayy Ul cpwicd Sy Am.u, h el

“pajonaysuco sT WossSs ag: Jo (Burnoiiowmy Ic i

AATTIqRIed 46) A3ITIQILET O3 JO DISWIISS TRAIASUT W (N€--¢T=1) 'K $a.0TTed
PIAIDSQC JO I23TMU Y3 JO $1%G 331 UG *siaed quasgivp % woug dn I1Iry wattis
B Jo jaud qyn AYI JOJ N0 PITIIES BB ST{FIY TITNOMIe LN ‘aenoiiaed Iy
*sqaed juaucdmos &h1 o3 '
Bututwissd 939D 3503 (T{MONIA SIZITIIN YOIUA pIazussazd L7 a57Adp ~usucduco- ritnu |
® J0 ‘g ‘A3TTICVTOL Ay J0) [BAIIIUT SJVAPIJUCO B Fuifuls Jo; sampescad Y !
nicdoy QELITESYISNN |
26T Lo 4ONT “oN fioddy TMPUBICHSH THY
wegsIqy ¥ unog
SHHISIS CRINCAWOO- 1S \
40 ALSTIEVINE JRL H0d STVAREINI ZOREQZaNeD 1
DAY ‘821a01I0QFT YOINBSSY OTASIITLE )
“ON uCIssavOY Qd.__

stsATeue TRO" 35¥3WIT
syuAreae
Ter1IemoIsH - A31(TQeTiay

QRIAISSYIONN




