
UNCLASSIFIED 

AD 277744 

luf, the 

ARMED SERVICES TECHMCAL INFORMATION AGENCY 
ARLINGTON HALL STATION 
ARLINGTON 12, VIRGINIA 

UNCLASSIFIED 



NOTICE:    When government or other drawings,   speci- 
fications or other data are used for any purpose 
other than in connection with a definitely related 
government procurement operation,   the U.   S. 
Government thereby incurs no responsibility,  nor any 
obligation whatsoever; and the fact that the Govern- 
ment may have formulated,   furnished,  or in any way 
supplied the  said drawings,   specifications,  or other 
data is not to be regarded by implication or other- 
wise as in any manner licensing the holder or any 
other person or corporation,   or conveying any rights 
or permission to manufacture,   use  or sell any 
patented invention that may in any way be related 
thereto. 



4/- U &■ -* ¥■-■ sZy 

mtnniam '    '''""■■■ 

■«coo 

Technical Report No.   7 

DISPERSION  ON A SPHERE:     RAYLEIGH'S AND FISHER'S 
SOLUTIONS AND WATSON'S TEST FOR RANDOMNESS 

"by 

M.   A.   Stephens 

Research Triangle Institute and University of Toronto 

Research sponsored by the  Office of Naval Research under 
Contract No.   Nonr-3^23(00) with the Research Triangle Institute 

July 2,   1962 
fi ■■■■■..    ... : 

5ilJLlS|9§2   f 

■ > 

Reproduction in whole or in part  is permitted 
for  any purpose of the United States Government. 



DISPERSION ON A SPHERE: RAYLEIGH'S AND 

FISHER'S SOLUTIONS AND WATSON'S TEST FOR RANDOMNESS 

by 

M. A. Stephens 

Research Triangle Institute and University of Toronto 

Summary 

The distribution of R,  the size of the resultant of N unit vectors 

randomly oriented in three dimensions, was solved by Rayleigh [6 ] and In a quite 

different form by Fisher [k].     These forms are proved equivalent.  An improved 

significance table Is given for a test for randomness, proposed by Watson [9], 

and based on this distribution.  An approximate test is suggested and compared 

with the exact test.  The power of the exact test against a given alternative 

distribution, suggested by Fisher, is used to calculate a table of sample sizes. 

1.  Introduction 

1.1 The exact distribution of R, the size of the resultant of N unit 

vectors randomly oriented in three dimensions, has received much attention. 

It can be stated in two ways which are not readily seen to be equivalent. 

Rayleigh [6] gave a solution, in which he used the technique of Kluyver, who 

had first solved the problem In two dimensions.  Rayleigh's density function is 

f(R) = ^R 
v    it /' N-l 

sin Rx (sin x) dx (1) 

*This work was done while the author was partially supported by the Office of 

Naval Research. 
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anä he gave a method for deriving a polynomial expression for f(R).  This 

takes different forms for the successive intervals N > R > N-2, N-2 > R > N-4, 

and so on until the last interval, which is 1 > R > 0 if N is odd and 

2 > R > 0 if N is even.  Rayleigh comments on the tedlousness of his 

procedure. 

1.2 Fisher [k]  found the distribution from another point of view.  Using a 

geometrical argument, he first found the distribution of X, the component 

of R on a chosen polar axis.  For three dimensions it then happens that the 

distribution of R can be found very quickly. Fisher's solution for the 

density function is, using F(R) to distinguish from Rayleigh1 s form, 

F(R) = 
2N_1(N-2): 

N/2 

{> ■if <  N 2s> 
N-2 

s=o 

in which the notation <x> means <x> = x if x > 0 

<x> =0 if x < 0 

(2) 

(3) 

Equation (2) is in effect a more compact way of stating the polynomials 

which arise in Rayleigh's solution:  F(R) will be called Fisher's form of 

the density function.  It forms the basis of an exact test of randomness 

discussed in Section 3.  It is easy to use to calculate the significance 

points and, with an electronic computer, is very fast. 

1.3 A proof that Rayleigh's Integral could be integrated in the form of 

(2) was given by Quenouille [5] in I9J4.7; a method of induction is used and 

in fact the more general problem of steps of different lengths is solved. 

A proof also appears In van der Pol and Bremmer [8 ].  This is an interesting 

example of modern methods, since it is based on the two-sided Laplace integral 

in 3 dimensions; to a reader unfamiliar with the technique or the notation, 

however, the proof may be somewhat difficult.  It might be intereRting to 
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prove the equivalence by following and extending Raylelgh's method; this has 

"been done in Section 2. © 

l.k    Limiting form as N becomes large. 

The asymptotic distribution as N becomes large has many applications 

Rayleigh gave this distribution as 

_ R2   -2 

■'/* N372 
f (R)^£- Ä. e-3R /2N w 

using the limiting form of Equation (l).  This distribution is re-derived 

from a statistical point of view in Section 14-, where it is used for an 

approximate test for randomness when N becomes large.  Rayleigh"s method, 

and other techniques for random walk problems will be found in a very 

complete paper by Chandrasekhar [2 ], 

2.  Proof of the equivalence of Rayleigh's and Fisher's forms of the 

distribution function of R. 

äd-tfcafc ^4^- -' ^4^- where f(R), F(R) are Rayleigh's 2.1 It will be proved ...,.,.. R   -  R 
and Fisher's forms, respecoively defined in equations (l), (2).  The proof 

will be given for N even.  It is required to prove: 

2 r89 (sin x)N sin Rx 
2
N
-
1
(N-2): LA8/ 

R-2s>W-2. (5) 

The proof will follow the following lines, after several introductory 

results: 

(a) The (N-3)-derivative of ^   '     is shown to be equal to 

the (N-3)-derivative of F(R) 
R 
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(b) Successive integrations are performed, until the two forms are separately- 

built up and shown to be equal. 

2.2 Preliminary results. 

It is of advantage to state two preliminary results. 

(a) It may easily be shown that, for N even, 

sinNx = ^~ [2 cos Nx - (^) 2 cos (N-2)x ... +(|) (-l)N/2 cos(N-N)x: 

(-1)N/2 

JV-1 I1 
^8=0 

[cos(N-2s)x](-l)S (I) ^Uf • 

(6) 

(b) Expansion of (l-l) gives, for N even: 

I 0 (-1)' 

N 
N 

s=o 

(7) 

2.3 Two Lemmas. 

Consider the functions 

!^," J" ? 
and 

H2(R) 

CO 

= J   7 

sm Rx sm x dx 

cos Rx sin x dx 

\     h1(x, 

J     h2(^ 

R)dx 

r)dx 

where H is Ein even integer, p is an integer such that 2 < p < N, and the variable 

R takes values in the interval 0 < R < N. 
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Lemma 1. H (R) and H2(R) maybe integrated with respect to R by 

changing the order of integration. 

A set of sufficient conditions for changing the order of integration, 

and the formal conclusion, are stated below, applied to H^R).  (See, e.g., 

Titchmarsh [7] pp. k9-5l). 

If (a) h..(x, R) is continuous in the intervals 

C < x < 00 

0 < R < N , 

and (b) /     h (x,   r) dR    is uniformly convergent to    ILCR)    in the 

interval    0<R<N,  then   P   dx J     h^x,  R) dR = y      ^(R) dR. 

00 o 

These conditions will now be examined. 

Condition (a). 

If 0<R<N,  condition (a) is easily seen to be satisfied for both 

h, (x, R) and h2(x, R), because for N> p,  lin  -— sin Rx and 

-. N sin x 
lim —   cos Rx both exist. 
x —■>o x 
Condition (b). 

Consider the integral 

sin x 

>:—>o    x15 

M (p,   N) 

This can be written as 

sin x 

x^ 
dx    for    p    an integer such that 2 < p < N. 

/I  . N 

~r' äx 
o o 

/■ 

. N 
sin x 

x5 
dx. 

4 N sin x 
The first integral converges since lim   exists. 

X—^o  X5 
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The second integral converges, since it is dominated by 

converges for p> 1.  Thus M(p, K)  is convergent, 

of E  (R)  satisfies the inequality 

dx, which 

The integrand 

sin Rx   , N 
sin x 

x5 

. N 
< Sln x for o < x < », 

Thus by the Weierstrass M-test,  H-^R)  is uniformly convergent, since 

M(p, K) is convergent.  A similar proof holds for H2(R).  It follows that 

H (R)  and H (R) are continuous functions of R. 

Lemma 2. 

sin Nx / .   vH-   rs    ■ x. ■       ^J   (sin x) dx = 0 if p is odd. 

o 

/,T\   r" cos Nx / .   vK-   r.     -x. .„(N) = /  (sm x) dx = 0 if p 
J        x*1 

(8) 

is even. (9) 

This may be shown by starting with a result of Stormer quoted in Bromwich 

[1], p. 518. This is 

sin Rx ,   ,       vH,   fl    JJ, „ ^ « 
—.„,-: ■ (sin x) dx = r if R > N. 
x 

(sinnx) 
If the integrand is compared, to the function  "J ■.,.-. > the integral J may 

be proved uniformly convergent by the M-test.       It is thus continuous, 

and satisfies the requirements for differentiation under the integral sign 

(Titchmarsh [7], p. 59)-  Hence 

dJ 
dR r cos Rx  / .    \N^    _  j ,. D -. n  ^— (sm x) dx = 0 if R > W. 

The equality    R = N    is  included because of the continuity of this  integral 

already established.     Further differentiation gives the results of equations 

(8),   (9)  above. 
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N-3 N-3 
2.k   To prove; 

(dR|     R    " KäR\ R 

Proceeding formally, the left hand side of equation (10) is 

(10) 

(11) 

already proved uniformly convergent, and the right hand side is 

s=o 

Writing (ll) more precisely, and substituting (6) gives 

m*"m 
s=o 

'   '  2^ n  a->o »/   x 

Rx dx. (13) 

A typical term In the first  integral is,   omitting the numerical factor, 

I =    lim 
a—> o 

=    lim 
.   a—>o 

cos  Rx cos   (N-2s)x 
2 

a 

r 1    rn .   2fti+B.-2s\ .   2/N-R-2sO 

y ?!   sin ~— "sin '~^~o (i4) 

The integre.: ral  lim   f 
a—>o ^ 

sin ex dx = /2jcj  £ind is uniformly convergent 

for all c. 

Hence (l^) becomes 

=    lim      J    i^ dx - 72 p 
a—Nn     av '- 

N+R-2S   :_._    N-R- 

-^o    a    x 

R-2s1 
2       J (15) 
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if 0 < 2s < N- -R 

and 
( 
S,« 

I = lim 
a- ">0 vJ 

N+R-2s  N-R-2s 

a 

if N - R < 2s < N. 

Using (l6), equation (13) becomes 

(Ä) ,,"3 M) ■ ^ 2       n      a 

P7N/2 \ 

hi c-28'«-1'8o 
s=o 

N/2 

.N-l  L (-1)2 (> 

s=s,+l 

- (i) ^ -  I 2 a —$> o     KJ 

cos Rx dx 

N-R 
where  s1   is the greatest integer less than or equal to    — 

The first and last terms of  (17)  are,  using  (7) 

(-i)N/2- \n 
jt-i lim 

a —> o 

1 - cos Rx (-1)N/2      (I)     2R 
55     „N-l \2/       2 

2"    it 

Using (?) the  summation terms in  (17)  can be condensed to 

s' 8" .,/~    /N 

- ^I I    <—H-1'8 's) * i I    "'-D8 's' 2N 2 
R  . 

s=o s=o 

(16) 

(17) 

(18) 

* (19) 
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Thus  (17) becomes 

rjN N-3   ^   . kii f    (N.2s   - R)(.1)S  O ip;     \RJ   2N-I ^ s 

s=o 

which equals the right hand side of (12). 

Thus using the < > notation; 
N/2 

(_i)N/2| co^x    sirNx ^ = _^_  ^     (.1)S(^)<N-R .2s> (20) 

that is, 
^d^11"3   f(R)  Yär\ 

s=o 

H-3 F(Rl 

2.5    It is now possible to prove the main result: 

f(R)  _ F(R)     . 
R R 

Integrate equation (19) with respect to R from R' to N: 

KN N/2 

(-if/2 I co^Rx    sinNx dx äR = ^ .S/Nv 

R'        S=0 

\     (-l)ö(p<N-R-2s>   dR 

Applying Lemma 1 to the left-hand side to  change the order of integration: 

.   N 
cos Rx dR  =— dx 

N/2 

■^ Y (-1) (N) 
NN     <N-R'-2S> 

2 

o      R' s=o 

When the R-integration is performed,   and the upper limit inserted,  the left-hand 

side vanishes by Lemma 2.    Thus 
N/2  2 ^1 r slnR,s n^^.^n-^o 

Hs     . x s=o 

N\   <N'R' -2s^ 
2 

(21) 

Dropping the dash on R,  one may Integrate again with respect to R between R'  and 

Nj and this process is continued until N-3 integrations have been performed, giving: 
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t     VM/2 2  /,  sin 
^■i■,   Ä J   N-l 

'  sin x dx = 
1  N/2 

s=o 

N-2 

(22) 

that is: 

f(R)    MM 
R  ~ R  * 

Thus the identity of the Rayleigh and Fisher forms is established.  For 
N 

N an odd integer, the proof is modified for the expansion of sin x but 

follows the same lines as that above. 

3.  An Exact Test for Randomness. 

3.1 Since f(R)  is known (Fisher's form will be used), one can calculate 

the probability that R > R , 

Pr (R>R0) = /** 
)dR =a (23) 

and use this as a test for randomness. 

Watson [9^ gave this test, and included significance points Ro for 

a = 5^, and a = 1^, N = 5 to 20. The values of Ro can be calculated 

by inverse interpolation using the expression, which can be obtained from 

(23), 
Pr(R>Ro)  =  ao(Bo)   -  a^)  + a^)   -  ...     , (21t) 

where 
N R    -  2s 

-2 ? 

N  •-  R    -  2s o 

N-l v 
/NRo+N-Ro-2s| 

7     (     0N(N-1)    J 
N-l 

>      [NRO+N-RO-2SS  . (25) 
" si(N-s): N 

The table has been recomputed, using an IBM 65O computer at the University 

of Toronto Computation Centre, and the values for four values of a are 

given in Table 1. 
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3.2 Exact Test for Randomness. 

The null hypothesis is that the N given vectors are randomly 

distributed in 3 dimensions. 

(a) Find R, the size of the vector resultant of the N vectors. 

fb) Find R  from Table 1 for appropriate N and significance v '       o 
level a. 

(c) If R> H ,  reject the hypothesis at significance level a 
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Table 1 

a* 10 5 2 1 

N 3 

h 2.848 
® 

3.103 3.351 3.^90 

5 3-186 3-501 3.827 4.023 

6 3-^97 3.853 4.239 4.480 

7 3.784 4.178 4.611 4.888 

8 4.050 4.480 4.955 5.263 

9 4.299 4.762 5.276 5.612 

10 4.535 5.028 5.579 3.9hO 

11 4.760 5.281 5.867 6.252 

12 4.97^ 5.523 6.140 6.5U8 

13 5.179 5.754 6.402 6.832 

ill 5.376 5.976 6.653 7.103 

15 5.567 6.190 6.896 7.365 

16 5.751 6.397 7.130 7.618 

IT 5.929 6.598        0     7.356 7.863 

18 6.103 6.793 7.576 8.100 

19 6.271 6.982 7.790 8.330 

20 6.435 7.166 7.998 8.554 

21 6.595 7.3*5 8.200 8.773 

22 6.751 7.521 8.398 8.986 

23 6.904 7.692 8.591 9.194 

2k 7.053 7.860 8.78O 9.397 

25 7.199 8.023 8.965 9-597 
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k.       An Approximate Test for Randomness. 

k.l    Watson, in the same paper, also observed that Rayleigh's approximation 

(Section 1. If) for the density of R when M is large shows that ^— is 

distributed as X   and hence suggested the test In this section.  It might 

be interesting to derive this result from a more statistical viewpoint, which 

can be extended to the corresponding test in 2 dimensions (see, e.g. Curray 

[3]) and in fact to a similar problem in higher dimensions. 

Let x., y., z. be the components of the 1  vector, in a rectangular 

system whose origin is the centre of the sphere.  Using polar coordinates, 

z = cos e, x = sin 0 cos jo,  y =  sin 9 sin jb.     The distribution of z  has 

mean 0 and variance 

E(z.2) rr cos 8 sin 9 dO d« 
1 
3 

By symmetry the distributions  of    y    and     z    are the  same,   though they are 

not mutually Independent. 
As    N    becomes large,  an application of the Central Limit Theorem gives 

N 

the result that X 
■ / 

1=1 

x  will tend to a distribution which is N(0, y) and 
1 -3 

similarly for Y, Z,    and these distributions will approach independence. 
0 2 9 2^2 2 

Thus as N —> »,  the distribution of |X , |-Y , ^Z are each X1 

and are independent. 

Thus IR
2
 = J (X2 + Y2  + Z2) X 2 

The approximate test is now given. 

approximately. (26) 

k.2    Approximate Test for Randomness. 

The test is of the same null hypothesis of Section 3.2 

(a) Find R as in Section 3-2. 

(b)  Find R  from the equation R |x 2(a)    where    X 2(a)     is the 

^significance .level of the    X 2    distribution,  upper tail. 
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4.3 Merits of the Approximate Test. 

The true significance levels, ol,    of values of R  calculated as in 
o 

Section h,  have been calculated using {2h}.     In Tatle 2 are given the correct 

values of R , the values of R  using the approximation (called R ' )* and 

the true level a',  for several values of N. 

It can "be seen that the approximation gives R  too large, and thus 

Cü' ^ 05  as N becomes larger, however, ol—^ a. 

Table 2 

Q!=   10^ a= % a = 2^ 

N Ro R   ' 
0 

cefy R 
0 

R  ' 
0 

Ofjo R 
0 

R  ' 
0 

cci 

h 2.81+8 2.887 9.09 3.103 3.228 3.279 3.551 3.662 0.4 

10 ^•535 k.%k 9.63 5.028 5.10^ \M 5-579 5.726 1.5 

25 7.200 7.217 9.859 8.623 8.070 1+.79 8.961+ 9.05^ 1.82 

5.  Power of test for rELndomness 

Suppose the test for randomness is used when the vectors in fact come 

from the distribution suggested by Fisher Qy in his paper, and used in 

examining paleomagnetic data (see, e.g. Watson and Irving (lOj.)  In this 

distribution the density function of the spherical polar cooidinates 6, (Z5 

o;f  he vectors is 

s(e, jö) = 

The distribution of R is now 

J5-_ 
2 sinh K. exp (K. cos e} sin ©. 

K.     ^sinh Y^) ^R    v ) (27) 

omee When fV= 0,  the distribution is random:  f^ (R),  from (27) then bee 

f(R). 

The hypothesis of randomness will now be rejected with a probability 

X(N, ^, a)  given by 
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X(N, K,, a) = J  fu 
R   I* 

(R) dR (28) 

where R  is the appropriate significance point for the test of size a.'  for 

the value of N,  from Table 1. This gives the power of the test against the 

above •.-Iternative, and can be regarded as "detecting" fa   with probability 

\(N, M,, a).  A practical question is to ask what N is needed to detect a 

given K   with a probability X, when the test used has size a.  This has 

been calculated by finding the value of X    from (28),  and is presented in 

Table 3. The size of the randomness test being applied is given first (a), 

then the IV it is desired to detect and the Table gives the N  required for 

several values of X.  For large values of N,  Rayleigh's approximation (k) 

has been used in (28), both for Ro and for f^):     this gives X slightly 

too small.  Thus in the higher values of the table, it is possible that any 

N-value is 1 too large, a conservative error. 

ACKNOWLEDGMENT:  I acknowledge with thanks the assistance of Professor J.H.H. 

Chalk of this University in.preparing the final form of the 

proof of Section 2, and the general supervision of Professor 

G.S. Watson. 
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Number N,  in sample, needed to detect a value of ft/» with probability X., 

when applying Watson's test for randomness.  The table is presented for k 

values of a,  the size of the test of randomness; and for k-    values of X. 

Note:  The table does not include values of N greater than 70. 

Size of test Detection prob. Size of test Detection prob. 

a 

xt 

a R. 

^ 

^ 90 95 98 99 90 95 98 99 

1C$ 1.0 38 ^7 58 66 5^ 1+6 56 67 

1.2 28 3^ l+l Vf 33 1+0 1+8 5^ 

l.lj- 21 26 31 35 25 30 36 41 

1.6 17 20 25 28 20 2i+ 30 33 

1.8 Ik 17 20 23 17 20 21+ 27 

2.0 12 ii+ 17 20 ii+ 17 20 22 

2.2 10 12 15 17 12 11+ 17 19 

2.k 9 11 13 15 11 13 15 17 

2.6 8 10 12 13 10 11 13 15 

2.8 7 9 10 12 9 10 12 13 

3-0 7 8 9 11 8 9 11 12 

3-2 7 7 9 10 8 9 10 11 

3-^ 6 7 8 9 7 8 10 10 

3-6 6 7 8 8 7 8 9 10 

3.8 5 6 7 8 6 7 8 9 

l+.O 5 6 7 8 - ■ 6 7 8 9 

^.2 5 6 6 7 6 7 8 8 

k.k 5' 5 6 7 6 6 7 8 

k.6 5 5 6 7 5 6 7 8 

k.Q ^ 5 6 6 5 6 7 7 

5-0 H 5 6 5 6 6 7 
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Size of test Dete ction prob, j Size of test Detection prob. 

S 
a 

xt 

a fu 90 95 98 99 k 90 95 98 99 

^ 1.0 56 66 1* 63 

1.2 to 1+8 56 63 k6 53 62 69 

lA 30 36 ^3 1+8 35 1+1 1+8 52 

1.6 21+ 29- 36 38 27 32    38 1+2 

1.8 20 23 29 31 23 26 31 3^ 

2.0 17 20 23 26 20 22 26 30 

2.2 15 17 20 22 17 19 22 26 

2.14- 13 15 18 20 15 17 20 22 

2.6 12 ll+ 16 17 13 15 17 19 

2.8 11 12 ll+ 16 12 ll+ 16 17 

3-0 10 11 13 ll+ 11 13 li+ 16 

• 3.2 9 10 12 13 10 12 13 15 
:- 3A 9 10 11 12 10 11 12 13 

3-6 8 9 10 ll 9 10 12 13 

3-8 8 9 10 11 9 10 11 li 
k.O 7 8 9 10 8 9 10 ii 

k.2 7 8 9 10 8 9 10 ii 

k.k 7 7 8 9 7 8 9 10 

k.6 6 7 8 9 7 8 9 10 

k.e 6 7 8 8 7 8 9 9 

5.0 6 7 8 8 7 7 8 9 
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