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A RELATIONSHIP BEWEEN DENSITY FUNCTIONS 

Section I.    General Remarks 

Let    f(x)    be a density function defined over    0 < x < «. , having 

moments 

00 

mn -    i x
nf(x)dx 

0 

and let    ^ ,    n = 0,1,2,...    be a probability distribution.     Then 

»      n 
g(x) = f(x)  y — irn 

n=0 mn 

is also a density function defined over 0 < x < oo . It is easy to see that 

the n   moment of g(x) is 

eo 
m. i+n „ 

00 

I 
1=0 mi 

By virtue of Taylor's expansion of the function h(x) = g(x)/f(x) , we 

obtain also 

üa   h(n)(0) 

EXAMPLE 1.  If 

Pq 
f (x) e-px x^"1 

r(q) 



then 

nin = p 
.n r(n + <i) 

rU) 

With Poisson probabilities 

e-^n 

n n; 

for the discrete ingredient, we find 

,  ,        4    -px   ,-1    -X ^-l[^^)1/gl 

where I ^  is the (q-l)s  order modified Bessel function of the First Kind. 

Beseel function distributions occur in various contexts, the most important 

of which is the distribution of Mahalanobis "D" statistic. Various refer- 

ences to this and other applications will be found in Reference [j ], and a 

complete theoretical treatment of Bessel function distributions in Reference [6 ] . 

EXAMPLE 2.  If we retain the Pearson Type III distribution with parameters 

p and q for f(x) , but let the discrete ingredient have a geometric 

distribution 

7rn = (1 - TOTv11 

then 

g(X). p-d - *)e-p^-^r(q: ^ ^ 
ru - i) 
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where the numerator denotes the Incomplete Gamma Function In the usual 

notation.    Distributions of this form are also fairly common,  especially in 

the theory of traffic flow,   (see Reference   [5]). 

EXAMPLE 5«     Setting    q = 1    in the last formula, we see that the combination 

of negative exponential with parameter    p    and geometric with parameter    ^ 

leads to negative exponential with parameter    p(l - A)  . 

Section II.     The Distribution of Spread 

By far the most important example of the relationship between    f (x)    and 

g(x)    arises in the  special case    TI^ = 1 , W  /.  = 0  .     Then 

/-, \ /   \      xf(x) (1) g(x) -      * / 

where    m    is the mean value of    f (x)   . 

Oliver and Jewell'-'^ refer to    g    as the spread distribution of    f , 

because of the fact that    g    represents the distribution of length of segment 

about an arbitrarily chosen point on a line, when the line is divided into 

contiguous segments with lengths distributed according to the density    f(x)   . 

This  interpretation also occurs in a paper of Breiman, *■   ■' and was apparently 

[2 1 
also known to Dynkln. L •' 

Halght and Mosher ^ •'refer to g(x) as the time distribution of velocities 

and to f (x) as the corresponding space distribution of velocities of a 

collection of vehicles, and show that a road tape in a fixed place will com- 

pile g(x) while an aerial photograph will record f (x) . 

The latter interpretation is of some practical significance, for the road 

tape is commonly used by traffic engineers to determ-'.ne speed distributions, 

while the aerial photograph gives, in theory at least, the "true" distribution 



of speeds. Therefore, in passing from quantities computed by means of g(x) 

to those computed by means of f(x) , we are essentially correcting for an 

experimental bias. 

EXAMPLE k.    Apart from the Pearson Type III, the most plausible distribution 

for speed measurements is the lognormal. Therefore, let 

x ■ speed measured in space 

X = log x (normally distributed with mean [i    and variance o ) 

y = speed measured In time 

Y = log y 

By hypothesis, the density for X is 

C exp 
(X - |X)* 

2a" 
oo < X < oo 

where 

C(27ia2)l/2 = 1 

Using the transformation X = log x , we find the density function of x 

to be 

f(x) = C - exp 
(log x - |j,)' 

2a 
,  0 < x< 

with mean value 

/ 1 2N m = exp(M, + •= a ) 



Using (l), we obtain the distribution of y 

C exp 
(log y - p.) 

o < y < 

and therefore that of Y = log y is 

C exp 
(Y - H - a2)' 

2a2 
«< y< 

which Is normal with mean |j, + o^ and variance cr . Hence, if data supports 

the hypothesis of lognormality, the correction for time measurements consists 

simply in subtracting the variance from the mean to obtain the new mean, after 

the variables are subjected to the logarithmic transformation. 

Section III. Discussion of Tables 

In the following tables, we give values based on the assumption of 

Type III distributions, which will enable the traffic engineer to obtain 

quickly three different properties of the ture velocity distribution from the 

mean and variance of the observed velocity distribution. If the time mean and 

variance are M and V , and the space mean and variance are m and v , then 

it is easy to see that 

M2 

m = 
M 

l^V - V2 

Table I, Table II and Table III give values of these formulas for various 

plausible velocities. 



I 
Another quantity of seme interest is the proportion of cars going more 

slowly than a fixed speed, for example the speed limit. If L is the fixed 

speed, then the proportion can te expressed in the two cases as 

L 
r 

0 
=    /    g(x)dx (observed, or time measured proportion) 

or else 

L 
R=     /    f(x)dx (true,   or space measured proportion)       . 

0 

Substituting from Equation  (l) and integrating by parts, we obtain 

r - - —  L^1e-pL + R      . 
(4 -  D.' 

Replacing    p    and    q   by their values     M/v    and   IT/V    respectively,  the 

value of    R    can be found by adding to    r    a correction term which is given 

in Tables IV (L • 5 m.p.h.) - XVII     (L - 70 m.p.h.). 

In Tables XVIII - XX we give,  finally,   the 85      percentile (in both space 

and time) as a function of the observed (time measured) mean and variance. 

The 85      percentile Is often used by traffic engineers as the proper speed 

limit. 

I wish to thank Mr. Walter W.  Mosher,   of the Institute  of Transportation 

and Traffic Engineering,  Los Angeles,   for his work in programming the formulas 

for numerical evaluation. 
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