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Qb ¢ Introduction

Let there be prescribed an integer n and a continuous function
f defined on the interval [-1,1] . Among all the polynomials of de-

gree not exceeding n there exists one, P , for which the deviation

max | £(x) - P(x) |
-1<x<1
is an absolute minimum. 1In other words, under the 'uniform' metric the
minimum distance between the function f and the set of all polynomials
having degree <n is achieved by an appropriate polynomial, P ,; (as a
matter of fact, P is unique.) We may denote this minimum distance by

E(n,f) ,

Now a great deal is known about P and about E(n,f) ., For example,
a theorem of Tchebycheff characterizes P by a certain property of equi-
oscillation about f ., By the Weierstrass theorem, we know that E(n,f ){O
as n*<n . Theorems by Jackson [4] tell us how the smoothness of f influ-
ences the rapidity with which E(n,f)}y O . On the other hand, in any but
the most elementary cases, an exact determination of the polynomial P of
best approximation involves the solution of systems of non-linear algebraic
equations which must be attacked using iterative techniques. For practical
reasons, refuge is therefore taken in the following device. A finite subset
Y of ([-1,1) is selected. Assume that Y contains at least n+1 points,
Then again there will exist exactly one polynomial Q of degree < n for
which the expression

max | f(y) - Q(y) |
yey




is a minimum. If the set Y in some sense "fills out" the interval
[-1,1] then with some confidence Q is taken as a substitute for P ,

Some grounds for this confidence will be developed below,

Most of the results that we ':eve in mind remain true in a more
general setting., Whenever possible, then, we shall state the most general
case, followed by one or more similar theorems worked out in greater detail
for the case of algebraic polynomials, The generalized setting will be as
follows. Instead of algebraic poclynomials of degree n , which are formed

as linear combinations of the functions

we shall consider 'generalized polynomials'", which are formed as linear

combinations of some other prescribed set of functions
80) gl""’ gn

which are assumed to be continuous on the interval [-1,1], and which in

addition have the property that for any selection of n + 1 points

- <
1< X, < Xy < ... x <1

the determinant Det gi(xj) is not zero. A set of functions having these

two properties is said to be a Tchebycheff system. The non-vanishing of

Vandermonde's determinant




; 2 :
implies that [1, XX (el ola, ) x"} is a Tchebycheff system. Our restriction

to the interval [-1,1] is a matter of convenience rather than necessity.

Now corresponding to a Tchebycheff system {go. eoisl |y gn] we define

a function which we call the joint modulus of continuity:

Q(d) = max max Igi(x) - g. (I
0<i<n |x-y|56 .

It is clearly the maximum of the moduli of continuity of the functions gy -

It will be convenient to introduce some other notations. We define

Nell = max | £(x) |
-1<x<1
Il £ ”Y= max | £(3)1
yeY
| Y| = max min |x - y|

-1<x<1 ye¥Y

X -1 ~1
| Y |n= max min |cos "x - cos "yl .
-1<x<1 ye¥X
The latter two expressions give us measures for how nearly a set Y '"fills

out" the interval [-1,1] .

For a Tchebycheff system [go, b 1o gn] the generalized polynomial
of best approximation to a prescribed continuous function is necessarily

unique, This is also proved here in Lemma 5 in stronger form,

vt
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2% Some Lemmas

We collect here a number of preliminary results which are used

later.

Lemma 1 Let [go, oo o gn} be a Tchebycheff system for
[-1,1] and Y a finite subset of [-1,1] containing at

least n + 1 points., Then there is a constant a such that
IPll < allplly

for all generalized polynomials P . Furthermore a =1 as

Y| -o.

Proof The constant 1/a may be taken to be the éinimum of the positive
continuous functional ||P||Y over the compact set defined by ||P|l =1 .
To complete the proof, let B denote the minimum of the positive con-
tinuous functional ||P ”Y on the compact set defined by T |Ai| =1,
where P = I kigi . Now let P be fixed, Let x be a point where | P(x)|

is a maximum. Select ye Y as close as possible to x . Then el =

PG| < [P(x) - P()| + [P < T In ] lg (x) - g, (D] + [P <

Ty + el 5%

as 6 - 0, this completes the proof.

A

adrh ||P||Y+ IIPlly. Since (&) - 0

Lemma 2 For algebraic polynomials of degree n , we have

Pl < -———‘%;—-—- ||P||Y when |[Y| < e
1-n°]71}|
1l

1 =
fpll < I—:—;T—yT- ||P||Y when lYln< n
n

e ll

IA

1 A,
'E-'é' F llP "Y when | Y L<<./§ n 1.
1 -:Sn IY -
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Proof Markov's inequality states that ||P' || < 2= lIPll . Taking x
and y as before, we have |[P|| = | P(x)] < | P(x) - P(y)| + | P(y)| =

| P lx - y| + [Py} < IRl ]Y] +IPlly . Solving for |IP||

gives us

1
el < —=— lplly .
1 -n"]Y|

Bernstein's inequality [1,3] states that |T'(8)| < n.max |T(O)| ,

o<e<ean
when T is any trigonometric polynomial of degree <n , Taking x and
y as before, put & = cos-lx and ¥ = cos_ly . Then |IP|| = |P(x)]| <
< |P(cos &) - P(cos ¥ )| + |P(y)| = Ié% P(cos ©)| |8 - %] + |P(y)| <
1
< ! i
<n |lp|l.l Y|,t + “P!.Y . Solving for |[P|l we get ||P || 51—_—n—rﬂ-n||P“Y .

We include this argument because of its simplicity; it can be improved by the

following trick of Bernstein. [2].

Define T(®) = P(cos®). Define ¢ and ¢ as before., Then T'($)=0,

Using Bernstein's inequality, we have |[T'(8)| = |T'(8) - T'(8)]| =

i

IT"(eg)| le - &l < a® liTll le - ¢

$ 2 2
< Iyl + 0 |IPl| [P 1o - #)ae < IB(»| + n° [Pl B (8 - $)°< e lly +
) v
+ %nz HP||.|Y|2 . Solving again, we have |[|P]] < L e il .
n ' = 2 2 T
1 - %n | Y|
n
Remark The degree to which Y fills out the interval [-1,1] can be

measured by means of any monotone function ¢ by defining

To make comparisons meaningful we may require |&(1)

| Y |4> = max min |&(x) - &(y)| .
-1<x<1 ye¥Y

$(-1)| = 2 . For
-1

!

example, we have already used &(x) = x and &(x) = % cos “x. It would

be nice to know whether any such function ¢ exists which permits a

3
Thus ||P |l = [T(8)] = |T(¥) + [ T(0) d6| <

Il e
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significant improvement in the preceding lemma.

Lemma 3 Let {go, D0 ) gn] be a Tchebycheff system for
(-1,1] . Then there is a constant P such that for any con-
tinuous f with modulus of continuity w , and for any gener-

alized polynomial P ,

he-pllcll e-Pll,+wdy+plleliadyl) .

Proof Let x be a point where | f - P | is a maximum, Let y be

a point of Y as close as possible to x . Let 1/B be the minimum of
the positive continuous functional |[|[P || on the compact set defined by

pX Ixil =1, where P=ZA g . Then e -Pll = [£(x) - P(x)| <

< H£(x) - £y + 1£(y) - P(y)| + |P(y) - P(x)| <

A

wl(lY]) + Il £ - PIIY + Z|Kilﬂ (1 Y]) . The proof is completed by noting

that E A ] <plipll .

Lemma 4 In the case of algebraic polynomials, the two last
terms in the inequality of Lemma 3 may be replaced by

2
oY D) « n"llPI.I Yl or w(yD) +nllpll.lYl

Lemma S Let {go, 200 .8n} be a Tchebycheff system for
[(-1,1] and let f be a continuous function on [-1,1] .
Then there is a consta£t Y > O such that

Ne-Qll 2le-Pll +vllp-all
where P and Q are generalized polynomials, Q being

arbitrary and P being the best approximation to f ,

Proof By the Tchebycheff-Bernstein theorem there exist points x, € (-1,1]

—

“



(i = 0,..., n+1) and signs o5 such that P(xi) - f(xi) = 0, He-rfl.

For each xe [-1,1] define an (n + 1l)-tuple x = (go(x),gl(x),..., gn(x)).

By a theorem of [6]}, the origin in (n + 1)-space lies in the convex hull

of the points o ?ci . Thus an equation O = I}, o, ;{i holds true, with

}\i >0 and I )\i =1 . From the definition of a Tchebycheff system,

)‘i >0. Let R=2ZX cj gj be any generalized polynomial of norm 1 . Then
\

O=ZXc,A. o0,8.{x,) =Z A, 0, R(x,) . Not all the numbers o, R(x,) can
351195 Y R The | i i i

ii
be zero since ||R || = 1 , and since >‘i > 0 , we conclude that at least one
of them is positive and one negative. Thus the number vy = min max o, R(xi) !

HRrRIl=1 i

is positive, being the minimum of a positive continuous functional on a

compact set, Now let Q be an arbitrary generalized polynomial. If Q=P

(P-Q)/ llp-Qll.

Then select i so that o, R(xi) > y . We have he-Qll > o, [f(xi) —P(xi)}

the inequality to be proved is trivial. Otherwise put R

1

—

vo, [ P(x)) -Qx)} = he-Pll+ llP-Qllo R 21l £-PIl +vilP-all.

This lemma tells us that the function A (c cn) =l £ - Zci 8; Il has

0reee
a graph which comes to a sharp point at its minimum. This is not true for

the least-squares norm,

Lemma 6 |Y|n§n~/%|Y|

Proof It will suffice to prove |cos—lx - cos—ly| <mn «/% |x - y| .

There is no loss of generality in supposing that cos_lx > cos—ly . Put

cos x = a + B and cos-1y=u-B ,where 0 <a +pPp<n. Thus

0<p< #n and |x - y|= 2sina sinf . The inequality to be proved now
reads 4p° < n°lsinasinp| . If B is fixed, then B<a <n - B and
consequently the minimum value of sina is sinB . It therefore will

2

suffice to prove hBZ <mn .=.;in2 B, or 28 < nsinf | but this last inequality
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follows immediately from the fact that sinp is a concave function on

the interval [O, #u] .

= The Two Approximations Related

\

The first type of result to establish is that the error || £ - Q]|
is approximately the same for a discrete approximation Q as for the
best approximation on the interval., Thus the discrete approximation is
a safe substitute for the more-~difficult~to-obtain approximation on the

interval,

Theérem 1 Let [go, cee 2 By } bea Tchebycheff system for
[(-1,1] and P the generalized polynomial of best approximation
to a continuous function £ having modulus of continuity w .
Let Q be the generalized polynomial of best approximation to

f on a discrete set Y ., Then

le-Qll<llt-Pl+uwdlY])+2apliellQcie]) .

Proof It is clear that || f-Qlly<lle-Ply<lit-PIll <llt-all.
By Lemma 3, the first and last terms of this inequality will approach each
otheras [Y| =0 . Thus [l f-Qll -llf-Pll<le-Qll -lIe-Qlly<

<w(lYP) +BlHINAQC Y]) . To complete the proof, use Lemma 1 :

ey <lla=tlig+ el <2lisll , and therefore HQII< 2allsll .
Theorem 2 For algebraic polynomials the inequality of Theorem 1
-1
may be written, as long as | Y |n <n " ,

le-Qll<le-pll +aiyD) «+bnlicl.lul_.

n

¥




The next theorem shows that, & |Y| —= 0, the discrete approxi-

mation converges uniformly to the best approximation on the interval,

Theorem 3 Let {go, 5o0 g gn] be a Tchebycheff system on
[-1,1] and f a continuous finction with modulus of continuity
w . As |Y]| = O , the generalized polynomial Q of best
approximation to f on Y converges uniformly to the generalized

polynomial P of best approximation to f on [-1,1] . Specifi-

cally

lQ-Pll <y lrw()T}]) +2ap Il £l QCIYI)]

where a, B, and Yy are positive constants defined earlier,

Proof From Lemma 5 , vy | Q-Pll <l f-Qll -l £f-P|l . The proof

is completed by applying Theorem 1 to this inequality.

Theorem 4 For algebraic polynomials, we have the estimate

le-Pll sy Cw( YD) +snlicll 1Yl ]

as long as | Y ln <1/n .

We turn finally to the situation which is presented when the infinite

sequence of monomials

1, x, x2, x3, EIe (1)
is replaced by another infinite sequence of continuous functions

8or 81+ Bos s . (2)

Such a system is termed a Markov System if every initial segment

80' 81’ s> gn
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is a Tchebycheff system. We assume further that system (2) is fundamental
in C{-1,1] . This means that the linear combinations of the functions 8;
form a dense set in C[-1,1] . Thus, given feC[-1,1] and € > O , there

must exist an index n and coefficients Ao,..., An such that

n
Il £ -ifo ag ll < e

The Weierstrass theorem guarantees, of course, that system (1) is funda-

mental in C[-1,1] . The following theorem results from Theorem 1 ,

Theorem 5 Let [go, Bys ono } be a fundamental Markov system
on ([-1,1] . Then it is possible to prescribe a system of finite
point sets YO’ Yl' .«. 1in such a way that the generalized poly-
nomials n

Z \Ng
1=0 i°~i

of best approximation to a continuous function f on Yn con-

verge uniformly to f as n - o .,

A result like Theorem 5 was first given by Curtis (for the case of

algebraic polynomials) , [5]. A simple consequence of his result is the

following.

Theorem 6 Let Yl,... be a sequence of point sets in

YO,
[-1,1] such that IYn|n <1/n ., Let Qn denote the best poly-

nomial approximation of degree < n to a continuous function f

on the set Yn . Then || Qn -f]] -0.

Procf From Lemma 2, if |Y ln <1/n then |IP|l<2]|lP ”1 . Now let
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Pn denote the best approximation of degree n to f on ([-1,1] . Then

e, - £l <l -p I+ 1l B - £l

A

2 llQ, - Pnll,(n + e, - £l

IA

flly +2allr-p Iy + Ilp - £l
n n

2 liq,

5“Pn'f” "'Ov

IA

by Weierstrass theorem,

The theorem concerning converéence of approximating polynomials on
finite point sets was first given by Motzkin and Walsh in a paper entitled
"The Least p~th Power Polynomials on a Finite Point Set", Trans. Am. Math,
Soc, 83 (1956) 371-396 (Theorem ?7.1) . The theorem was extended to general
n-parameter families by Curtis in a paper entitled "N-Parameter Families
arid Best Approximation", Pac. J. Math, 9 (1959) 1013-1027. Their proofs

are different from that given here.
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