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FOREWORD

The author of this report, Dr William McEwen, is Professor of

Mathematics and Chairman of the Division of Mathematics and Science

at the University of Minnesota, Duluthj, Minnesota; and a Conr atant

to the Directorate of Rosearch Analyses$ Air Force Office of Scientific

Research.

The study was conducted during the period June through August 1961.

The work supports Project 5101, System Sytthesls and Analysis, s9nd

represents the mathematical treatment zf problems of general military

interest.
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ABSTRACT

This paper derives optimum methouc of attacking and defending targets

with missiles under certain assumptions as to the number of miasiles,

antimiss'2:s, and targets. Both probablity and game theory are used in

the deriva~ionsp and the results obtained by both methods are shown tW be

substantially the same.

This report is appr .'3d for publication.

ASH. BITT'ER[ colonel, USAF
Director, Research Analyses Directorate
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THE ATTACK AND DEFENSE OF TARCETS BY MISS1125

±. INTRODUCTION

Tils paper will consider the problem in which a total of t targets

are attawked by N missiles and defended by M antimissiles. Let the

ith target be attacked by ni missiles, ni = 0, 1, 2, ... n, and

defended by mi antimissiles, mi = 0, 1, 2, ... m, and where

t t
V ,Mi = M and ' n =N
i-r ii

The probability that an antimissile destroys a missile is taken as unity.

That is, the ith target survives if mi a ' c , aCi is destroyed if

mi < ni

II. ASSI'KPTIONS

N = total number of offensive missiles

M = total number of defensive antimissiles

t = total number of targets

2M 2Nm = t n = t

m and n r-e integers.

III. CONCLUSIONS

The offense should attack any vingle target with either

k, k + 1, k -r 2, . . . , or (n - k) missiles,

and the defense should defend the same target with either

1, 1 + 1, 1 + 2, . . . , or (m - 1) antimisoles.



The offense should choose to attack with exactly k + i missiles with

a frequency of qi, where

n-2k

Z qi = 1 and qi = qn-2k-i

0

Similarly, the defense should choose to defend with exactly A + i

antimissiles with a frequeapy of Pi, where

Z Pi and Pi = Pm-21-'.

The values of k and A are determined by the relationship between

the total number of missiles available to the offense and defense.

If m =n then k = 1 0

If m n then k = 0

m -n

or
m-n-l

n-m

If m < n theL k={ or

n -m-

If i a n the probability that a tPret is destroyed is

1 n

2 m+1 '

while if m < n the probability is

1 2n-m
2 n + I

I2



These results show that an attempt to defend targets by destroying

the attacking missiles will be ineffective unless the number of antimir&iles

avaiiole t the defense greatly excee . the number of missiles available

to the offense. They strongly sulggest additional defensive measures.

IV. STATISTICAL THEORY

It is possible to attack this problem witn statistical or game theory

methods. Slightly dif+erent assumptions are necessary in each case, but

the results; using either method, are in substantial agreement. The

statistical resvlts t:ia± bp developed first, and the followiLg assumptions

are made:

a) The ni missiles with which the offense attacks the ith target
2N 7do not exceed -

0 ni i n wbere n =
1

b) If qk is the probabiity that n =k , then qk n +

k = 0, 1, 2, ... n.

2M
c) 0 5 mi _ m where m = 2M

1

d) If pk is the probability that mi = k , then pk

k = C . 2,... m

e) m and n are integers. M k t , N - t

f, N is not the total number of wissiles available to the offense,

but tia nurRher that can be fired in a sin'-le- sal-- at the +. targets.

M ic the number of antimissiles available to defend agaiast this single

salvo. The absolute total of missiles and antimissiles is assumed great

enough for several salvos.

3



SOPIP discussion if tr, ,eozs for the preceding assumptioxf is perhaps

Ii crder. The re aonir wlJ. b stated in terms of the offense, but

a'~p1 i~ equa aJly well to the defense.

. the d,-..a ts vx×act knowledge as to the number of missiles

w*!L.!L .Ittck ',c :i,':' t. . It can then prepare a perfect

efer,se ,rp -I the t m: i u rez of antimissiles is insufficient, abandon

t .e t.tia . ordaz tc 'ef:. , otheri' ore efficientiy. Therefore, the

offese. ALt; t , ot chf eouin the number of missiles with

wh.&1 to att"k a "z'.c2.' taxgel which will make it iL".ossible for

the defense to predict this number with certainty.

A-so, since ozL'y N missiles zxe available in all the system uis%
guarait ee that

t
n i 9 N

and for maximum effect the equal sign must hold. Assumptions a) and b)

dafine such a system for Lhe cffense.

There are, of cour3e, many other system which would accomplish the same

objective, azd we will consider some of them in the course of this

paper.

We No x f our bttantion on a single target and determine theproba-

b!. ity thaz it will be dentwjyed. Since the offense can cons'lt of

', 1, 2 ... n Mi baSi ths: defense of 0, 1, 2# ... a antimrssiless

there ae (z + 1) (n + 1) equally l.kely a. es tc, 1- considered. Ths

is mot crtei,tAently di.Le by i1wan of the (n + .1) X'(m + 1) mtrix which

fo1cJ'L. A .x iU a cdll :cpresevits a case In which the target survives;

a one raies . a c.'e in which the target is destroyed.

4



Number of Antimissile$ Used by Defense

0 1 2 3 a

1 Fo 0 0

1 10 0 00 2 1 1 0 0 ... 0

03 3 1 1 1 0 . .. 0

0 a . . .

,.0

Lz ,he case where m < n there are I ones in the jth row for

p0, 1, 2p ... a and (a + 1) ons in the remaining n - a rows.



£ I J: rrobabili t.. :t I,-, .ar:p is d(,1strcjy(.p and p
r. .r, b: f'1'.:it s' .rv .v , .s ,r:

q + 4 13 ... + r + (n - +) (m * 1)
(n +) (m + .)

i (m + 1) + (n - m) (n +

(n + 1) (1 -f

1 . n+

2) p . -- 2
2 n+1

dhen m_> n there are i ones in the Iph row i O, i, 2, n. n

ad
q I +24+3+... 'rn

q +

(n + 1) (m + 1)

1 n

4) p • _1 n -+, I
2 +l1



The caseo in which = n ar2 particularly intestng. Here we

I n+2
nl

m n

n

,- n+l

"inc. it has bonn assjrcti that * t N , n ic alwaya 2 or iore and
I

t!ii 'ini,u. v lue q:" iz - occurring when n = 2 . For n a , 3, 4, 53

wc have o 1 2 As n Increaser. q tends to 1
.1

ven 1th q u - , the .mnni.,m value, if the cffense Is able to ;.ount
3

a sories of atacIks of *.he type described above, the probability of survival

, % a tar!t iecreasee rapidly. If p(k) is the probability that a targct

surviver a scri:s of ',, attacksp then,

p (k) - \ I

For 2: 2 the cmance of survival is less than 1/2 , I: a 4 less than

1/5 and k6 less tnan 1/10.

If m n we can write formiaa 2) !-) in the form

5) 2 2[n )I- m n

6) nt 2 l - P2(i- p) n

I/



Flire I is a graph of thcse equations for selected values of .

Since N t( ) and M = t( ), the r.io - Ve

relationship between .anti.nissiles and missiles to achieve the desired

probabi] lty of survival or destruction of a target.

A more convenient form for equations 1) and 3) is obtained by

setting m = n -k > 0 . This yilds

7) q TM I f-k 0< k n
~1 77 12 n+!

) q n
2 n-k+l

These ar,. plotted in Figure 2 for various values of the parameter k

Let us now modify our original assumptions to read as follows:

) en; n - n 2N
t

b) If (I is the probability that n k. q

1, 2,.. n -

2 ) l < , i <  1 2N

.) P "p 1  k - 1, 2, ,.. (m - 1)

This is the case in which every target is attacked by a, least one :issile,

and defended by at least one antimissile.
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Under these conditions equations 1) through 8) become

1) q' 1 2 n -m -2

2 n- 1

2') p I mJ

2 n-i

3') q' 1 n -2

2 rn-I

7) = 2 n-2 rnn

6' 2m-) n -

4') p 1 2nri-2 Ok. I

- 2 pn -i2

8') 1 n -2 k SO
2 n- k-i1

These result- have not been plotted separately, since they may be

obtained f'rom Figures 1 and 2 by increasing the indicatead valset, o.C :a

and n by 2.

TJ' m < n + 1, then q < q' and p > p', and if m > n + I, then

q > q' and p < p' . That is, it is to th:2 advantage of' the side with

the most weapons, if both sides use tha

i, 2, ... (m- 1) or (n - 1)



strategy. It can also be shown that if m < n, and the offense uses th.s

strategy, the defense suffcrs The same losses using either the

1, 2, ... m - 1 or the

0, 1, 2, ... m

strategy. However, this and other results, will be shown by the con-

sideration of the next problem.

We will now consider a iore general p-oblem of which th liz jC

were special ca6es.

As s Linpt rons

a) k<ni< n k n 2

) i=k, k +l, ... (n-k)

c) £ _<,'n. _<., -

n i 2, + ,

i m-2Z+l e)

i. e., it is equally likely that a target be attaP_,t by

or k + 1 or k + 2 ... or n - k

missiles, and it is also equally likely to be defended by

I or I + 1 or I + 2 .... or mn-

antimissiles.

12



Let p be the probability that a target survive and q be the

probability that it is destroyed, p + q = 1. The offense would like

to choose k so as to have q a maxiwa 4hile the defense would like

to choose A so that q is a minimum (p a maximum).

We will consider two cases; one in which the offense dominates,

n > x, and one in which the defense dominates., m > n

Case 1. n >ap k > J# n- k >m- 

Let k - I = r > 0 and again consider the (n- 2k + 1)X (m-2 + 1)

equalJy likely cases by maezs of a rectangular matrix

Number of Antimissiles

j+1A t,! ... M-A

k ak. . ak, J+ i ak, J+R ... ak,ap.1

k + 1 ak+1,j ak+1,J- 'k+1,J+2 *.. ak+1,S

k + 2 ak+2, AI ak.,,J4 k+, j4* .+2 "+
0

n - k at., A an.k, j+ an..kA + • an..km-j

where ai j 0 0 i J

1 i>

A zero represents a case m which the target survives, . one a case

in which it is destroy3d.

13



Since k- j = r

The first row contains r ones and (a - 01 + 1 - r) - zeros

ThL second row contains (r + 1) ones and (m - 21 + 1 - r - 1) - zeros

The third roi cuntains (r + 2) ones and (a- 2A + I - r- 2) - zer.zs

T".e number of zeros decreases by urity from row to row and there will

be a row with one zero because an-k, M-J = 1 since n - k>m - A

Therefore,

1 + t 3+. • . + (m - 2j - r + 1)
p = (n -2k + 1) (m- 2* + 1)

1 (a-2j-r+1) (m-2-r+2)

2 (n-2k+1) (a-2i+1)

1 (1 -,-k+1) (m-A-k+2)

2 (n-2k + 1) (m- 2 + 1)

Taking (±og p) we obtain

1 2p 112

p j -- k + 1 a-- J -k 2 a-2- + 1

1 .1
Now -- if k j + 1

m- A- k + 2 m- 2J+1

or k>A

1 1 1
and. - > --

m - k + 1 m- - k + 2 m - 2J+ 1

14



Therefore is negative and the maximum value of p for I > 0

occurs when £ = 0 . Simllarl

i 1 + 2
p k m- - k +1 m- -k + 2 n- 2k +1

Now . > 1
k-+-k 2 -n-2k+1

if n - 2k + I m - k + 2

n-k~m- £+

and

I 1 > 1
m- -k+1 m- -k+2- n-2k+1

Therefore 9 is also negative and since I< k< n- m +* the

minimum valut of p occurs when k = n - m - 1 .

We have proved, then, that if the offense dominates the defense the

best strategy for the defense is to uae

0, 1, 2, • * . m

antimissiles with equal probability, while the offense should use the

k +1, . . n - k

equal probability strategy with

k=n- -1 .

15



Case 2. Defense dominates the offense,

.r> n, > k, m- 2>n k.

If we again examine our probability matrix, we find

lst row contains all zeros

2nd row contains al-. zeros

th
r row contains all zeros

(r + 1)st row ontainc 1 one

(r + 2) nd row contains 2 ones

[r + (n - 2k + 1 - r)] row contains (n - 2X - r + 1) ones.

The last row actually contain6 exactly n - k - r ones si.e

an-k,- = 0 because n - k < m- •

1 +2 . .+(n-2k-r+l)
Therefore q = -

(n - 2k + 1) (' - 29 + i)

- (n - k - r + l) (n- k - r+ )

2 (.-2k+1) (m -2+1)

q 1 (n - k - r, + 1) (n - ., - A + 2),

2 (n-2k+1) (m-21 61)

Proceeding as in Case 1, it is easy to show that and are both

negative and therefore the maximum value of q for k _ 0 occurs when

k =0 , and the minimnm value of q for k < I m - n + k occurs when

m- n -il



This completes the proof that the side with the greater nmuiber of

missiles should choose the

k, k + 1, rn -k

m-k

strategy with k = m - n - , while tne opponents should choose

the
m

0,1,2 .. .

strategy.

I i=0 and k = n -m - are substituted in the expression

1 (n-'a k+l)(m-I-k+2) n>m
2 (n -2k + 1) (m - 21 + 1)

it reduces to

1 2m-n+&

2 m+:

If I = 0 und k a n - n are substitued in the some expressions

it reduces to the sae value. The reason is that if k is considered as

a continuous variable the actul minimu" -ccurc between

k = n-rn-I and k- =n-m

and the values of p for the integers on either side of' the actual mini-

mum turn out to be identical.

I7



A similar statement applies to q , n< m . That is j = m- n -1

and k = 0 , and = m- n and k= 0 y':!ds the same value of q,

namely,

12; -m+2

2 n+l

Therefore the side which dominates in the number of weapons may choove

k . in 1 rrIa-m

and achieve the same results.

Now let us change the assumption that Pi ana qi are constant over

the range of permissible values for i , and instead assume that

Pi " Pm-i and u = -i

We will go back to our original assumption that

o:SM i <5 M M a 2-

o< ni 5_ n n m 2 N

The previous problems are special cases of tkhib ,wre vitn particular

values, for the p's and q's.

The probability that a target is defended by i antimissiles and

attacked by J missiles is pi q3 . The probability it is destroyed

in this case is

aiJ Pi qj



where ai = 0 if i ij

= 1 if i<J

Then the probability, q, that a target is destroyed may be expressed

a n

isO J=O

S n

let us first consider the case where m < n . Then

n n U n

a) q z 0 Z q1  + p, Z q, + + +L Z qi + ""+p Z q1
1 a k+U

If we a use of the fact 7 q:u = we may re-vrite the

expression a)

/ o 1 a

b) q,p () qi)+ Z qi) + p' q)

0 0 0

a.

+ ... + qi)

0

F we reverse the order of the terms in a) and use the fact that

Pk "Pbi-k "

c) q = p0  + ,  q" + p + 04 + p" q -i

19



Because qk = %.-k e) can be written

n-ra-i n-m n-m+l n-i

d) q = P0  q + p  q + P2 7 qi " Pm qi

o o 0

adding b) and d) we obtain

i-f-i n-m n-m+1 n-1
2q - po 1+ q4 ,+p 1 ll+ + + + .. + +

1 2 S"

ri-M-i n-m-i n-m-i n-m-i

1+ 0  q+Pi7 q + p2  q qi2 **

1 1 1 1

m n-m-i
= - [.'+ 7 pj qjj 1  f

j=o j=i

1

It is interesting to nc - that when qk= i.e., the

ofT.:nse uses the equal probability strategy of 0, 1, 2; ... n mlasiles

then q reduces to

q = r+ -n i

1 2 n - m
2 n+l

.0



This is identical with expression 1) and again demonstrates that if

the offense has more missiles than the defense, and chooses to use the

equal probability strategy of 0, 1, 2, ... n missiles, the defense can

do no better than adopt the same strateGy. It is true of course *hat

other strategies for the defense will do as well. In fact, in this case any

strategy by the defense in which Pk = Pm-k will yield the same value of

q.

If m n the probability, q , t!v.* a target is destroyed is

qn

,j~o .tno

Here if Pk =  + q becomes

IF -n l 1 n nm = - - - m~n- - '

which is identical with expression 3).

The expressions for q when m < n and m _ n show that if the

3ide .i, the greater number of mipailes chooses to adopt an equ-tJ, proba-

bility strat.gy, then the opponent can do no better than adopt the sane

strategy.

I ever, if the side with the lesser number of missiles siopts the

equal probability strategy, the opponent can obtain a better value for q

than those given in 1) or 3).

21



Le uts prove this for the case where the defense has more weapons

than the offense (m > n) and the offense c1",oses to attack with the

0, 1, 2, • . • n

equal probability strategy

i.e. qk 1 k w Op,1,2,p• n
n+1

Then
n M-P

1 1 7 -q = -Pj+i

J=o i=o

m-n n
1 " Pj+

L n-L
i=o juo

Now, the deferase can choose

PCpi P =  " . Pm-n- = 0

PmA-n = Pm-n-' - = n 2,--j +..

S= P = . • .= p = 0

n7
Then PJ+i = 1 i = 0,,2,... m-n

3=o



A: ... m-nt+l "1 '
and q 2 n+ j

1 2n-m
- - lf>n

2 n+1

while if

= k = 0 1, 2 . . . m

1 n
q = - -- m>n•q 2 mnl m

Now

2 n-m n

whenever m > n, which proves our statement. The choice of

I k a m - n, m - n +l1 . . . n
Pk2n-m+

is sufficient but not necessary since any choice which will mnae

n

PJ+i = 1 i 1=,, 2, . .. m n

j=o

will serve the same purpose.

The soluLions tu the preceding problems make it evident that the

defense is in an unenviable position. Even under the ;st ortilst~c

23



assumptions, i.e., every antimissile will destroy a missile., the number

of antimissiles exceeds the number of missiles, the probability that a

particular target is destroyed is

1 nq =
2 m+l

so that unless A is much greater than n (which appears unlikely) there

will be considerable destruction of targets on each salvo.

As an examplep suppose that + 1 =3 ni, then qu-
6

In this case 4 salvos would destroy orc 50 percent of tde ! Li;

It seems obvious that the defense of the targets must consist of more

than an attempt to destroy the attacking missiles.

V. GAME THEORY

To apply game theory to the problem, it is necessary to change our

assumptions slightly.

Let us consider a simple case first, namely one in which there are a

total of n targets, n missilesp and n antimissiles, and that the

strategies available to both off,.nse and defense are the following:
1

The offense may attack all the targets with one missile, ,

the targets witl 2 missiles, 1 with 3 missiles, and so on.

The defenze will defeud with a similar strategy.

A target will survive if - t is defended by at -iat am many ati-

missiles as the number of attacklng missiles and is destroyed otherwipie.
1

Now supp, the offense attacks - n targets with k missiles eachI
and the defense defends I n targets with j missiles each. If the

targets to be attacked and those to be defended are chosen at random. then

the k missiles will destroy 1 n targets if k >j but only 1 (- n

24



targets if k s A, where (1 - n is the number of undefended targets.
1 (1 1

Since and -(1 represent the fraction of the targets destroyed

we will call them the payoff to the c.. f!',zse in each case. The matrix which

follows gives this payoff for the various combinations of strategies aval-

able to the offense and defense.

Let Sk' indicate the strategy of attacking (or defending) targets

with k missiles, and let pk be +he probability the defense uses the

strtegy Sk' and qk t-he probability for the offense,

Now the defanae would like to choose the j?' s so that the payc,'f is

a minimum while the offense will choose q bs so as to make it a zzxinum.

Lrt us assume th t+ there is zs.me number v which represents boi' aa

minvLmum payff the defense can acbievc, and the maximum payoff &:%vLable to

the offense.



Defense

S1 1 R 521 961 SO

S 0 1 2 ,--

1 1 k-I

1 1 2 k-i

Sk' I i 1 k-I

PI Pa Ps Pk

Sk' indicates the strategy of attacking (ox- defending) targets

with k missiles.

Pk ivrobability defense uses the strategy Sk'

qk probability offense uses the strategy Sk

26



If there is such a number, the following equations must be satisfied:

1 2 k

Op 1 + p2 +3P 3 + • + t Pk-+ 9 - V

... k+ ...

Pi + -IP " 1P +  ""' + I k----!Pk+k k k k
P +P + +  '" + +Pk+ . .v

0, + I 1 q+. -

p kP + 3 +  k' +  kkk+ 9-9 V

,+P 2 + 99q ++ " ' ' + " " k + v

i i 1

k-q + k +. q2+ q3.. + - qk , + I q +

2 1 2 k ( V
3 k -7

k-i kIc - a 1-ick- 1 Ic- 1 .
-'Ic 2  +L ~ 3--q + ' (1c--- 1c k-1 + -c3  4k •••-

ql + q2 + q+ . . + + .. =
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In thp set of enuations for the p's multiply the first equation

by one. the second by 2, the kth  by k , etc. Then subtract the

(k - 1,st equation from the kth, the (k -2)41
S from the (k - I)st '

etc. to obtain

pX +O+ O+ . .. +0+ . . my

00 +P2 + 0 + + 0+ .  . V•

0 + 0 + 1  0

0 + 0 + 0 + 0 -- I k- 1 0 + • v

A formal solution is then:

PI ' V) P2 = 2 ' " . k-i (k- ) v

vith pk Aig Ueteriiiacd f'romi th1e NUhst uqutJ.cn. However, th3 restoric-

tion that all the p's are non-negative, combined with the first equation

renuiras that k = 2, and

p1 = V p, = 2 v



1
Since P1 + P2 = 1 4.he value of the game v = - . Therefore, if

the defense adopts the S,' strategy with a probability of 3 and the2
S21 strategy with a probability of 2 , the payoff to the offense can

1
be limited to - of the targets. This is in exact agreement with the

3
results under probability theory when m = n = 2 j as it should L

since the strategies in both cases are identical.

The q's can be determined in a similar manner, but a direct
examination of the payoff matrix shows that if the offense adopts the

S11 and S' strategies with probabilities of 1 and , p respectively,
13it can achieve a payoff of 3, and no better, for none of the payoff

values in the first two columns? other than the first W -svr., -xceee.

Now consider the case where both the defense and offense have k n
missiles and both use the strategies Si sk+.. sk+jP where k+i8k~i~ * k j n heretswt
indicates the strategy of attacking (or defending) k + n targets with

(k + i) missiles. Let Pi and qi be the probabiities that the defense

and offense, respectively, use the strategy 
k

Again let us assume that there is some .Amber v which represents
the smallest payoff that can be managed by the defense, and the largest

payoff available to the offense.

If v exists, the equations which follow the payoff matrix must be
satisfied.
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S1 2O o + FTTiP1+ 'TI 2+ "*

+ - +
+- 2_- 1+

(k + 2)2 k + 1 k + A ,

k k 2k

p P2 +

;+ I o (k + )j P1 +  (k 1)(k+2)P2

k ( 2)+ + k

(k + 1)(k + A -2; ( + )(k + )-) (+

Ic k 2k
-+2Po + Pjp1 Pp+ + • +
k+2 k + I (k + 2)2

_(A- 2) + + P- + ik V)+)
(k + 2)(k + A- 2) (k + 2)(k. + - ) (k + )(k +

PO * k Pl +  P2 +

k+ A -2 k+ 2  k + 2

+ (, .e.2 p1-2 + -(., :t + kI.,
(k +. 2)2 (k+ - 2)(k+ A-'1) (k+A-2)(k+A)
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k k k

+ + i

k+1 P-I -  k+ - k + i

k + I P 2 +  g .- )2 p '  (k + 1) - )(k' + j) p

PO +  k P +  k P2 +

kk k +.

k ~ + ke
+ JPt-2 +  + P, = • v

ko +  +  " + =

O qO + k + k
0 + Iq + --- q2 +k+2

q +  -- k +

k + k + - + + q 2 + * -

k k k
k + ) q + .. q + "---q q, a v

( + 2  + + 1

-c -+32

32



2k 2k 2k

kk + 2) (k + 1)(k + 2) (k + 2) 2

+ k qj.- + k q k
k + I -2 k + A- I k+-

6 0 0 0S 0 0 0 0 0 0 0 0 0 0 0 0 0

(I - 2)k C + (I. - 2)k . .... (A 2)k q +
k(k +I - 2) (k + 1"( + A -2) (k + 2)(k + A 2)

2, - )k , j _ k , .+ ,(k +-+ + -- 2) " v

(A - 1)k ICO (A, - k q,+ (I- I)k q
(k + A - 1) qo"(k + 1)(k + A" -I) q + (k + 2) (k + 1- 1) m ''

(A - Qk ql2+ (I- It)k .q +k q
(k + -2)(k - i-) (k +  -1)

Ak kAk qk
k(k + 1) (k + 1)(k( ++) (k 2 +  ")

+ ik - - qj ,, A -q ,+ Ik q
(k +I - 2)(k + (k +A - 1)(k + 1) (k + j)2

%o+ql+q2 + t o o +q,. ).

33



In the set of equations for the pis multiply the first by k , the

second by k + 1 , etc. Then subtract the Ith from the (0 + 1) s t

the (.e - i) from the th, etc. This will yield values for

P , Py " " " PP-1

while the value of pi can be obtained by substituting in the first equation

I

k- k+ iPi

The values obtained for the p's are

k+i
a -- v km-O,i, 2, 3 ••.(-

Substituting in 1) we have

I) v+ P ,

2 k2 k+ I

p = -- I-
I2k2

Since p, _ 0 , A (L - 1) < 2k2 . io that £ is the largest integer which

satisfies the above inequality.

3



To determine v ie make use of the fact that

I

i-o

k k+ i -k+ 0 -L - mV+ &LA v,,k2 2k

v 2k.e
a2 + 2kA + 12 + I

When the equations for the q's are solved the following re lts are

obtained

q i a - ' - -- " - i n l 2 p .

kI

where I in this case is not restricted.

Since q, 1 e have

m~o

kV k+--i1 -
ve k. + k .+ i

L~k'i-i

or v 
2

2k2 + 2kj 2 +
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Now the offense would like to choose I so that v is a maximum.

Since - = 2k2 -

d k 2TT12 +

will yield the maximum, and it would appear that in some casesp at least,

the offense would choose a value of A at least one greater than that

chosen by the defense. However, a direct examination of the payoff matrix
shows that if the defenae adopts -strategies k . k

S "i-j+l " * k+j

with A being the largest integer such ths j A (i - i) s 2k2  a-, r. w

strategy k+ has a payoff of exactly

k

k+A+l

k + j+

and k <

k+ I+1 2k + 2k5+ 2 + j

whe---ver j (I + 1) > 2k2 P which is true since the defense has chosen A

as the largest integer for which

Therefore, the value of J which yelds a maximum v to the offense is

the same as that which minimizes v f)r the defe.v

k
The strat. gies Sk+ in which a target i attacked (or defended) by

kn
-c +l are probAbly riot very realiLiu.. fur values of k other

than unity. As something which more warl.y approximates an actuas. situatin,

-j6



let us consider the case where an average of k missiles (or antimissiles)

is available per target ana let the strategies be as follows:

t- targets are attacked (or defended) by k + I missiles
2t + 1 t

ttargets are attacked (or defended) by k + A - 1 missiles

21 + 1t_ *. . ***. tages *eatace (o *eed by k * is* *le

t targets are attacked (or defended) by a - j + 1 missiles
21 + I

- targets are attacked (or defended) by k - j missiles

37



The payoff matrix for the offense in this case becoms:

Defense

P1  P2 P P4 . . P

Pi 2 3 A
5 3 7 21 + 1

12 1 .

P3 3 1

5 5 5 7 2+ I

P4  7 7 7 7 2 + I

t 21 + 1 2+12 + 1 2 + 1 2 + 1

The value of the gam w the offense is 2 1 which will be a

Xi~lmurA whien I = k . Then

kV =
2k+l

S 2€ k missiesitth eqal probailty, thi efLd wl h O, 1, 2,

. . . 2k missiles with equal probability, this is another instaice which,

3(.



* shows that if the defense and offense have equral numbers of missiles,

neither- can do better than to adopt this strategy. Setting k = 11 , v

reduces to v - - h exr-?ssion drvdfrqudrpoaIiiythoy
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