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FOREWORD

The author of this report, D William McEwen, is Professor of
Mathematics and Chairman of the Division of Mathematics and Science
at the University of Minnesota, Duluth, Minnesota; and a Cons ltant
to the Directorate of Research Analyses, Air Force Office of Scieatific
Research.

The study was conducted during the period June through August 1961.

The work supports Project 5101, System Symthasis and Analysis, snd
represents the mathematical treatment of problems of general military
interest.
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ABSTRACT

This paper derives optimum methuus of attacking and defending targets
with missiles under certain assumptions as to the number of missiles,
antimissilzs, and targets. Both probabllity and game theory are used in
the derivusions, and the results obtained by both methods are shown to be
substantially the same.

This report is appr. ’2d for publication.
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AN~

THE ATTACK AND DEFENSE OF TARCETS BY MISSILES

1. INTRODUCTION

This paper will consider the problem in which a total of t targei:s

are attacked by N missiles and defended by M antimissiles.
ith target be attacked by ni{ missiles, n{ =0, 1, 2, ... n,
defended by my antimissiles, my =0, 1, 2, ... my &ard where

et
=

and E: ng = N.

t
i=

| od
1]

-
-

Iet the

and

The probability that an antimissile destroys a missile is taken as unity.
That is, the ith iarget survives if my & 's , aud is destroyed if

my <nj .

II. ASSUMPTIONS

N = total number of offensive missiles
= total number of defensive antimissiles
t = total number of targets
M XN
m=—t— n=—t—

m and@ n r- e integers.

III. CONCLUSIONS

The offense should attack auny single target with either
ky k+1, k+2, ..., or {(n=-X) mssiles,
and the defense should defend the same target with either

L, 4+1, £+2, ..., 0r (m=2) antimissiles,




The offense should chocse to attack wi“h exactly k + 1 missiles with

a frequency of qj, where

n-2k
z 4 =1 and i = 9n-2k-i
0

Similerly, the defense should choose to defend with exactly £+ 1

antimissiles with a freguencv of py, where

Z py = 1 and P{ = Pm-2k~. -

The values of k and £ are determined by the relationship between
the total number of missiles available to the offense and defense.

If m=n then k=4=0
If m>n then k=20
rm-n
4= or
lm-n-l
B -m
If m<n then k = or
nemnm-=1
=90

If . & n the probability that & target 1s destroyed is

n
243

+1

ol
8

while if m < n the probability is

2n -~ m
n+1

-
2




»

These results show that an attempt to defend targets by destroying
the attacking missiles will be ineffective unless the number of antimissiles
availiole tu the defense greatly excee’s the number of missiles avallable

to the offense. They strongly suggest additional defensive measures.

IVv. STATISTICAL THEORY

It is possible to attack *this problem with statistical or game theory
methods. Slightly difterent assumptlons are necessary in each case, but
the results, using either method, are in substantisl agreement. The
statistical resuvlts wiil be developed first, and the followlsg assumptions

are made:

e) The ny missiles with which the offense attacks the ith target

do not exceed I oAt is
0§nisn where n=.2£§

b) If qp 1s the probability that n, =k , then qp = = i T

K=O’ l, 2, soe o
ZM
c) Osm sm where m=F
1
d) If py is the probablility that my =k , then p = T

k=’3) LI 2’ see I .

e) m and n ere integers. Mzt , N >+

f, N 1s not the total number of rissiles available to the cfiense,
but t:a number that can he fired in g gingle gelve at the +  targets,

M dic the number of antimissiles availasble toc defend against this single
salvo. Tne absolute total of missiles and antimissiles is assumed great

enough for several salvos.




Some dlscussion of the vecsorg for the preceding assumption is perhaps
ia crdey. The resscning will be stated in terms of the offense, but

anplizs equally well to the delernse.

Fuoncgae the defenge bas exact knovledge as to the number of misalles
waleh wIL sbtack & roellondne tergets Tt can then prepare a perfect
defarpe ory 1F the tobul owher of antimissiles is insufficlent, sbandon
the tacges In ordes to defand others wore efficiently. Therefore, the
offange must edond bowe ggaen of chossing the number of missiles with

whish to abtuck a purnic.l-e target which will make it imuossible for
the defense to predict this number with certainty.

Algn, sirea only ¥ migsiles e available in all, the system musv
guerantes that
|1

}4 111‘“,

i=1

and for maximum effect the equal sign must hold. Assumptions &) and b)
d2fine such & system for the cffense.

There are, of couri32, many other systems which would accomplish the same
otjective, eaud we will consider some of them in the course of this
paper.

We aow Tlx our attaniion on a single target and determine the: proba~
bility thaz At will be desiwyed. Since the offense cav consist of
Oy 1y 2 eoe n miBsilea, the deferse of 0y 1, 2, +.. m antinissiles,
there are (m + 1) (n + 1) equally likely cuses to Lz considered. This
1s most converlently dore by means of the (n + 1) X'(m + 1) matrix which
followse A ' In & cgll ropreseats a& case 1n which the target survives;
& one represer? a cade in whioch the target s destroyed.



Nunber of Antimissiles Used by Defense

’ 0 l 2 3 o o o a
0 0 ) ) o 0
[
§ 1 1 0 0 3 0
&
: 2 1 1 0 0 0
n .
'§ 3 1 1 1 0 0
=]
: . ] ] [ e o @ 3
d
3
&~
]
u [ ] [ ] [ ] L ] [ ] * & o [ ]
‘g l m<n
! n 1 1 1l 1 ¢ o {o man

1. che case vhere m<n there are 1 ones in the i'® row for
1i=0,1, 2 «oom and (m+ 1) ones in the remaining v - m rovs.




Ir 1 is uhe rrobability st Lo targel 18 dastroyud, anc o

tre orabaci'ivy iU survivos, cnen

1*34‘3"'00' +m+(n-m) (m+l)
(n+1) (m+1)

aqs=

% m(m+1)+(n-m(m+1)

(n+1) (n+12)

l 2ne« ]
Vo1ss SFeT
Jineu p = 1=-n P m< n
l m+2
2) T = aeaew
P n+l
y
#hen m 2 n there are 1 oree in the i v 1=20,1,2, e n
and
'1+2+3+oooi'n
(n+1) (m+1)
- . 3 n
Va3 =
nZa
h)ptlan-n+2
m+l




The cases in vhich <= = n ars particularly interesting. lere we

h}an
1
l n+2
r = =
2 n+1
} m=n
. n
LL = - - et
‘ n+ l }
n

“inca it has heen assdared that s L=l n ic alwvays 2 or +ore and
5 [

1 - .
the nindmus value .o oy e 3 occurring when n=2, Tor n=¢d&, 3, 4,5
1 2 9
ve have q = 3 s 2 Pl ) iz + A8 n increasee g ‘cnds o
“

—
DV Lo

Bven with g = % , the nlntmum value, if the cffense is able to :iount
a series of avtacks of ihe type describod above, the probability of survival
¢! a target Gccreases rapidly. If p(k) 1is the probability that a target
survives u seriss of it attacks, then,
EPRRS
P(k)'\'g .
For i = 2 the caance of survival is less than 1/2 , Lk = Jess than

1/5 and k = ¢ less tnan 1/10 .

I7 m#n we can write formulas 2) ¢ . 4) 1in ‘he form

5) m = 2{pn-~(l=p)] ne¢n
6) . 1 n -1 a>n

2(1-0p) =

-~




Ficure 1 is a graph of these cquations for selected values of p .

J§

) and M=t (5 ), the ru.s = § Fives the

e
5
[#]
0
=

"
ot
~~
icis
ol

=1
.

relationship between antinissiles and missiles to achieve the desired

probabil ity of survival or destruction of a target.

A more convenient form for equations 1) and 3) 4is obtained by

setting m=n -k 2 0. This yi2lds

n+tk <
7 a 3 T Ock_ e
a = 1 n k<0
S vy =

These ar? plotted in Figure 2 for various values of the parametcr Kk .

Let us now modify our original assumptions to read as follows:

\

c) l’.:xi’n-l nea

oo
=

b) If 4, is the probability that n, = k. q = 1

1,2, o-cn-l

. na= 28
-.) lS_miS‘n-l o= T
C) Py L L k al, 2, ve0 (m"l)
LS m=-1
This is the case in which every target is attacked by a. least one wuissile, -

and defended by at least ane antimissile.

(&
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Under these conditions equations

1’)  q° =
2°) p" =
3 a =
L)y ot =
£ omo=
6°) n =
Y a° =
8’y ¢ =

These result~ have

obtained from Figures 1

and n by 2.

T m<n+1, then q<q and p>p’y and if a>n + 1, then
q>q and p<D

the most weapons, if both sides use tha

i
2

VR ¥

n

0o -

2n-m-2

1

Z(1-p) |

2
2

[\ol N o

1, 2y voo (m=1)0or (n =1)

n+k=2
ne-1

n-2
n-k-=1

That is, it is to th: asdvantage of the side with

11

L

4

1) through 8) become

n<n

1v

m

nd<n

and 2 by increcasing the indicated valucw o

not been plotted separately, since tihey may uve

an




strategy. It can also be shown that if m < n, and the offense uses this

strategy, the defense suffers the same losses using either the

1, 2, «oem~1 or the

0,1,2, ¢ee m

strategy. However, this and other results, will be shown by the con-

sideration of the next prohlen.

We will now consider a more generud pioblem of which the {ir.c ta.

were special cases.

4dssumptions

2N

a k < <n- = &2
/ n_ni__n k n T

>3
~
1
-
[
)

k, k + l, see (n "k)

I3}
—
’

H
-
u

2, £+ 1, ves (m=g).

i, e., it is equally likely thai a target be attz..ecd by

or K+1 or k+2 ... Or n-Xk

missiles, and it is also equally likely to be defended by

£ or £+1 or 2+2 ,... orm--g
antimissiles.

12




let p be the probability that a target survive and q be the
probability that it 1s destroyed, p + q = 1. The offense would like
to chooge k 80 as to have q & maxim.ui, while the defense would like
to choose £ so that g is & minimm (p & maximum),

We will consider two cases; one in which the offense dominates,
n>wm, and one in vhich the defense dominates, m>n .

Case 1. n>umy k> 4 n-k>n-§

let k= £=r>0 and again consider the (n =2k + 1)X (m =24+ 1)
equally likely cases by mcu=s of a rectangular matrix

Number of Antimisailes

s ""l Tt coe m.‘

. ko] ooy 8, #+1 B, g2 e Sy -4
)
'.g k+1 Bk+1, 4 Byl g Sic+1, g+2 ces 8k +1,m= g
g k+2 a; . &
" S+2, 8 Sc+2, 41 k+2, $+2 soe k42,14
g .

ne= k a'n-k, ‘ aﬂ-k, ‘+1 %‘k, “"2 oo an‘k’m"‘

where ay j = 0 1s
= 1 i>y§ .

A ero represents a case In which the target survives, & one a case
in which it ie destroyad.

13



Since k- g=1r

The first row contains r ones and (m = ?¢ + 1 -~ r) ~ zeros
The second row contains (¢ + 1) ones and (m = 24+ 1 = r = 1) = zeros
The third row cuntains (r + 2) ones and (M= 28 + 1 = r = 2) = zercs

T..e number of zeros decreases by urnity from row to row and there will
be a row with one zero because %k, n~4 = 1 since n«k>n - g.

Therefore,
1+c+v3t . o +(me28=1+1)
Po= (n-2k+1) (m-24+1)
l (m=24=r+1) (m=284=1r+2)
T2 (n=-2k+1) (m=28+1)
p_l meg=k+1) (m=g=k+?2)
2 (ne2+1) (m=28+1)
d
Taking =. (Log p) we obtain
Y
1 ¥ 1 1 2
- - = e s - + I
P o8 Eef=k+1 me -k +2 n=2=4+1
1 i
Now H if kag+l

me f=-k+2 m-24+1

or k> §

and.

>
ne- g~k +1 n~pe~k

+
n

me-28+1

1h




Therefore %P is negative and the maximum value of p for g> 0
2 bl

occurs when £=0. 3im‘lariy
L) B i - + 2 .
p ok meg=-k+1 me g=k+2 ne-2k+1
b
Now = 2 1
me-g=x+2 n-2k+1
if n-22+12m~g~k+2
n-k2m=-g+1
Neko>m=¢
and

Mefok+l megek+27 n-2k+1

Therefore gﬁ is also negative and since g<k<n-m+ g the

minimum value of p occurs wvhen k=sn-m=-1,
We have proved, then, that if the offense dominates the defense the
best strategy for the defense is to use
0,1,2,. ¢+ m
antimissiles with equal probability, while the offense should use the
Ky k+1l, 4. ne=k
equal probability strategy with

k=n-m=-1,

15




Case 2. Defense dominates the offense,
n>n, £>k, m=-42>n k.

If ve again examine our probavility matrix, we find

lst row contains all zeros

2nd row contains all zeros

th

r rov contains all zeros

st

(r +1)°" row containc 1 one

(r + 2)nd row contains 2 ones

[r+(n=-2+1-r)] row contains (n = 2k -~ r + 1) ones.
The last row actually conlains exactly n -k - r ones sine

an-k, -~ = 0 because n~-k<€me-= 2.

1+2 ..-"'(n-a(-l"f'l)
(n-2k+1) (n=-24+1)

Therefore g

(=& =-r+l){n=-k=-r+2)
& +1) (m=-22+1)

I+

—~
-
»

]

[

(n-%k-2+1)(n=X=-2+2) ,
(n-2k+1) (m=-2¢+1)

N

Proceeding as in Case 1, it is easy to show that ? and %? are both
¢

negative end therefore the maximum value of q for Kk 2 O occurs when

k = 0, and the minimun value of q for k<€ g€ m~n +k ocecurs vhen

i

men-1,

£




This completes the proof that the eide with the greater muber of

missiles shculd choose the

n-k

ky kK+1, + o n -k

sirategy with k = { me-n | - 1 , while tnhe opponents should choose
the

0,1,2 « o
strategy.

1f 4=0 and X =n=-m=1 are substituted in the expression

b = 1 (neg-k+1)(m-yg-k+2) a>n
2 (n-2k+1) (m=~2g+1)
1t reduces Lo
l 2nen+ ¢
P = o -
2 m+ 2

If ¢=0 and k=n=-m are substitued in the seme expressions
it reduces Lo the same value., The rcason is that if k 1s considered as
a continuous variable the actusl minimu- ~ocurs between
K=nem-1 and ksne-m

and the values of p for the integers on either side of the actual mini-

mum turn out to be identical.




A simiflar statement applies to ¢, n¢<m. Thatis g=m-n-1
and k=0, and g=m-n and k=0 y':lds the same value of q ,

namely,

Therefore the side which dominates in the number of weapons may choose

k = |n-m}crfjn-m]|=-1

and achieve the same results.

Now let us change the assumption that py ana g3 are constant over

the range of permissible values for 1 , and instead assume that

Py * Py @d g o= oq .

We will go back to our original assumption that

OSmiSm m-gg-‘
2N
Oﬁnifn _n--qt-—.

The previous problems are special cases of this “me witn particular

values, for the p's and q's.

Tue probability that a target is defended by i antimissiles and
attacked by J missiles is Py q.j « The probability it is destroyed

in this case is

83 1 Y

16




whare a,i‘1 = 0 it 1z)

= 1 it 1<)

Then the probability, q, that a target is destroyed may be expressed

n n
cr ) ) oy
ir0 =0
n n
L)
= Py qJ .
1=0 J=141
Let us first consider the case where m<n . Then
n n n n
a) q = po Z qi + » z Q1+.o +& Z Qi"oo +p‘ Z q1
1 ] k+1 b1
n

If we make use of the fact z qy =i we may re=write the
expression a) 1

b) q=po(l- 2: q1>+m<l- Z q1> +Pa<1' 2 <11>
a ) -

we reverse the order of the terms in &) and use the fact that
Py ™ Pouk *

+...+p.<1-

of~1m

W

n

n a ll‘
¢) a=0p, Z q +P Z 9 + Pg Z Qg + o0 + Py Z 9y -
m+) n D) ¢

19



Because q = q . c)} can be written

n-\r_r_l-l n‘:_rp n-%&-l n=1

- ' .. ¥

M a=7p ) y*n 9y tre ot Yho) Y
o o] 0 o]

adding b) and 4d) we obtain

n:?:l . h-= m \ n:etl n—1
2q = 1+ + 9 (1 + ‘1 + ) vee b (; + > '
q pO N L/.qu;// J1 \ . P2 L.q P Lqi
1 2 9
n-mn~1 n-n=1 Nem=1 n-mn-)
Ny Y
= 1+p, _ “Wth quiﬂ'*pazqin o PRy L LUam
1 1 b 1
- m Ne=M=1
e =21+ YV Vg
2 77 L7 Lot
0 b
. m u=-m-1
1 N
= - 1l +
b 2[ o ‘pJqJﬂ] nen
j: i=1
It 1s interesting to nc = that when q = TT i.e., the

n
ofl-use uscs the equal probability strategy of O, 1, 2. ... n mlasiles

then g reduces to

1 [ nem=1 1
1= [t v
« 2 2n-n
2 n+l



This is identical with expression 1) and again demonstrates that if
the offense has more missiles than the defense, and chooses to use tiie
equal probability strategy of 0, 1, 2, ... n missiles, the defense can
do no better than adopt the same strategy. It is true of course :hat
other strategies for the defense will do as well. In fact, in this case any
strategy by the defense in which &y = pp  will yield the same value of

q .

If m2n +the probability, g , thut a target is destroyed is

; men

L% T 1

!l B ; q‘) pJ+iJ m
Jmo =0

v

n .

Here if P = n_iI y q becomes

!-l_n-nfl ]g
i m+

- -

m2n

oL
]
ol

which is identical with expression 3).

The expressions for q when m¢n and m2 n show that if the
side wi.i the greater number of mirsiles chooses to adopt an equul proba-
bility strategy, then the opponent can do no better than adopt the sane

strategy.

vever, if the side with the lesser number of missiles aiopts the
equal probability strategy, the opponent can ovbtain a better value for gq

than those given in 1) or 3).

2l

l %




Let us prove this for the case where the defense has more weapons

than the offense (m > n) and the offense ch~oses to attack with the
o’ l, 2’ L N n

equal probability strategy

i.e. = k = 0,1, 2 e ¢ o
Qe Y ) Ly &
Then P
= 1 vov
- CEN “J"Jﬂ]
J=o i=0
- m-n n
_ 1 1 U©
TEottEvr ) "Jﬂ]
i=0 J=0
Now, the deferse can choose
Po® Pu® e Pppy =0
= = = —--J-—--
Pen Ppenet te noZnemt )
v = Ppp ® ree = pp= 0
n
\
Then pj+i 1l i =0,1,2, «... m=n
J=o

22




1l m=-n+1]
d = - 1l- !
amd 2= 3. n+ 1
= 1 2n n m>n
2 n+l
while if
p, = - k=0,1,2 ... m
k m+ 1 re ' ’
we have shcwn ‘hat
1 n
= m>n -
N 2 n+l -
Now
2ne-nm n
n+1<m+l

whenever m > n, vhich proves our statement. The choice of

1
2nen+1l

P ksmen,m~n+l,...9n

is sufficient but not necessary since any choice which will m&lic

1
-

pJ+i b i=0,1,2, * e e me=n

J=o
will serve the same purpose.
The soluiions Lo the preceding problems make it evider® that the

defense is in an unenviable position. Even under the st ortimlstic

a3




assumptions, i.e., every antimigsile will destroy a missile, the number
of antimissiles exceeds the number of missiles, the probability that a
particular target i3 destroyed is

n

e
[l
OV

n+ ]

8o that unless u is much greater than n (which sppears unlikely) there
will be considerable destruction of targets on each salvo.
h]
As an example, suppose that m+ 1 =3 n, then q ==~ ,
6
In this case U salvos would destroy oves 50 percent of ine *1gzii
It seems obvious that the defense of the targets must consist of more
than an attempt to destroy the attacking missiles.

V.  GAME THEORY

To apply game theory to the problem, it is necessary to change our
assunptions slightly.

Iet us congider a simple case first, namely one in which there are s
total of n targets, n missiles, and n antimissiles, and that the
strategies available to both off.nse and defense are the following:

The offense may attack all the targets with one missile, }g

the targets witl 2 missiles, %— with 3 missiles, and so on.

The defenze will defend with a similar strategy.

A target will survive if it is defended Ly ai Y~asl us many anti-
missiles as the number of attacking missiles and is destroyed otherwise.

Now sup}». the offense attacks i n targets with k missiles each

and the defense defends -l;n tergats with 4 missiles each. If the

targets to be attacked and those to be defended are chosen at random, then

the k missiles will destroy %— n targets if k > 4, but only kl 1- }j) n

2k



targets if k s L, vhere (1 = -) . is the number of undefended targets.
Since T N
we will call them the nayoff to the c.fenee in each case. The matrix which

and 1l - -) repnesent the fraction of the targets destroyed

* x

folicws gives this payoff for the various combingtions of strategies evail-
able to the offerse and defense.

let §,* indicate the strategy of attacking (or defendirg) % targets
with k missiles, and let py be *he probability the defenee uses the
strategy S ' and gy the probacility for the offense.

Now the defazpse would like to choose the ;'s 80 that the payc'? is
a minimim whilz the offense will choose g's 80 as to make it a naximum.
Is% us agsume th~% there ie come number v which represents boiz wae
mirimuz payclf the deferse can achieve, and the maximum paycff zvailable
the offense.




Offense

Skl

U

Defense

811 821 Ssl se0 Skl oo
1 2 Yw)
2 - -
8.0 | © 2 3 by N
1) 1 1 1 k=1
82" | 3 T 3 = e
by 1 }_ g k"l
13 3 & x i
1 1 1 1 k=1
Sk K K k . U
n Pa Ps P

indicates the stretegy of attacking (o1 defending) % targets
with k missiles.

vrobability defense uses the stra‘egy 8!

probability offense uses the strategy 8y*



If there is such a number, the following equations must be satisfied:

1 2 k-1
Opl+-§p2+-3-p3+ PP, J " pk+ e s ¢ ® V
1 1 1 k-1
- + - v‘+-'+ ¢ o @ + + « o 0 = Vv
2P1 up.z. 3p¢ 2k pk
1 1 2 k=1
=Py +=P +'—p+ e 0o s *+ P p"’ s 0o s = V
311 3 2 93 3 K X
1 1 1 1 k -~
-k—pl-fipz +i-‘-pa+ ' e e +]-‘-pk_1+ -—kz-pk+ ¢ o ¢ WV

p1+p2+p3+ « s e ""pk e e o = 1

1 Ll
09.1"";“12*'3"13"' “ o 0 ) '-"lzqk"‘ s s ¢ BV

§q1+uq2+§qe+ e o 0 o o @ +qu+ > o o = Vv
k= 1 k =1 k-1 k-1 X -1
pas—— + cmma—— + + ¢ e o + + s % e e e
X B 2r 2t 3y b (k1) Y= U -v

q1+q2+q3+ o e o +qk+ e v v =1

e7




In the set of eanations for the p's mltiply the first equation
by one, the second by 2, the kth by k , e=tc. Then subtract the
(k - 1)° equation from the k™, the (k - 2)*' from the (k - 1)%%

etc. to obtain

1 2 k -
Op1+§pa+-§p3+... + k pk+... = Vv
p1+0+0+ e o o +0+ .. = Vv

0+';]2‘-p2+0+ D) +0+ooo = VvV

0+0+'J;p3+0 * s 0 +0+ o 0 =V

3

p1= V, p2= 2", « s & Pk-l.(k-l)v

5By being Jdeteruined from the Tirst eyuailou. However, the restrice
tion that all the p's are non-negative, combined with the first equaticn

requires that k = 2, and

P v Pa® 2V o
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Since p; + pp =1 *he value of the game v = -335 + Therefore, if
the defense adopts the 8,% strategy with a protability of % and the
So' strategy with a probability of = ; the payoff to the offense can
be limited to %‘- of the targets. This is in exact agreement with the
results under probabiliiy theory when m=n =2, as it should 2

Wl

since the strategies in both cases are identical.

The q's can be determined in a similar manner, but a direct
examination of the payoff matrix shows that if the offense adopts the
S;! eand Sg' strategies with probabilities of % and % , respectively,
it can achieve a payoff of % s &and no better, for none of the payoff

values in the first two columns, other ihan the first uwo “sim, ~xceed

«wi=

Now conslder the case where both the defense and offense have k n
missiles and both use the strategles S)xt sll:...l o« o 811:4.‘ s Wwhere 811§+1
indicates the strategy of attacking (or defending) fl-‘-;-qi- targets with
(k + 1) niesiles. let p; and qq be the probadbilities that the defense

and offense, respectively, use the strategy stﬂ .

Again let us assume that there is some .umber v which represents
the smallest payoff that can be managed by the defense, and the largest
payoff available to the offense.

It v exists, the equations which follow the payoff matrix must be
satisfied.
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L= e . b1 . 2

—t-2 _4zl ,
(k+g-2) 2 k4g-11 x4

N SENINIE S 2k oy +

+ k(s - 2) + k (g-2)

v

- p_+
(k+l)(k+t-2; -2 (k+1)(k+l~l) L=

k
k+2

P°+ 51 Pat + o

k 2k
k+1 (k + 2)2

k (£=-2) k (g-1)
f (*“'2)(k+z-2)p"2+ (ks 2)(c v g-1) 43

-k X
O* p1+ Pa"’oo.
k+g-2 k+g-2 k+g-2
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e, 2202 Wrg-ake -0t
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S D+ p+ Po + ¢ o
k+£2-1"° k+p-1 x4g-1°2
. - kz-lp . k ¢
k+p-1 20 (e o2t G Dk g
k kK
4 crem——— +ooo
k+g o kK+pTt WigPe
% 8
. P, .+ i Dy = V
kg 20 e g TR T oy e P
PotPit o o. ¥py=
X k
Ot RITu 5Tt e
k k
i m—— gt Qs ¥ Q= vV
K+ g-2 27 Kyl ¥t T
“ k
—— - t——— 1+ q2+ ¢ o =
k(k+1) ©  (x+1)2 kK + 2
k k L
+ - q + e = VvV
kK+g-2 &2 k+z-lq"1 k+lq‘
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2k 2k 2k

S Svs—

e o Grnmea) 2 ket

(2= 2)k (£-2)k (2 -2k
k(k + £ - 2) (k + 1)x + 2~ 2) (k + 2)(k + ¢ = 2}

‘l - Ezk

(x + 2 - 2)2

q +
b2 - K+ 2

B CERY) 3 9 * {2-1)x q, + (g - 1)k Qo t o ¢

Rk + £~ 1) (ke 1)+ £-2) = (k+2)(k+g=1)
i&:l)k qt.g-o- -—‘-L-—'L—lli-—q‘_x-b q‘- v
(x +2-2)x - 2~1) (k + £=-1)2 k+g
—_____lk + ""—k + ::“( * e e s
K+ ) GrDELD D e 2
Lx Lx Lk ,

(x+g-e)(k+z)q"""’+ (k+:-1)(k+z)q"‘+ (k+z)3q£’

q°+ql+q2+ e o o +Q£-l
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In the set of equations for the p's multiply the first by k , the

second by h +1 , etc. Then subtract the z°° from the (¢ +1)5% ,

the (g - l)St from the gth, etc. This will yield values for

) %) Py, Pp o ¢ & Pg_l

while the value of py; can be obtained by substituting in the first equation

The values obtained for the p's are

v k=0,l,2,3 noo(z-l)

L=

v ar z "~
) keVtopey PV
i=1

1el2=-0v, 2 Py = V
2 k2 k+ 2

P 1:_4_.‘3!; ﬂ.(i.-l)-..
te — p l

Since p, 20, ¢ (2 -1)< 2k? ., 90 that ¢ is the largest integer which

satisfies the above inequality.
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To determine v we make use of the fact that

£

< _

LRt

i=0

L1

T ok+d k+ g l(l-l)"

[ Tk [1' 0 =1
i=0

v = 2"15_
k2 + kg + 42 + 2

when the equations for the q's are solved the following results are
obtained

qi.Tfi-l’a,OOQ‘

where 2 in this case is not restricted.

2
Since E. 9 = 1l we have
{=0

-/] '

v ) ' + 1
-, + - —
7 K X ]'l

[
]
[

or v = 2“‘
%2+ 2kg + 42+ 4
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Now the offense would like to chocse £ 80 that v is 2 maximm,

av 2k (2k2 - #2)

ince — = vanae
Sinc as kB + kg + £+ &
k»JE

L
]

will yield the maximum, and it would appear that in some cases, at least,
the offense would choose a value of £ &t least one greater than that
chosen by the defense. However, a direct examination of the peyoff matrix

. k ok k
shows that if the defense adopis iie strategles sai Seer v 0 e Sk+ P
with 4 being the largest integer such thay 4 {(# - 1) s 2k¥ ihs Jrofe.zive

strategy sklf Ay hag a payolt of exactly

k
k+4+1

k < k4
kK+8+1 2XxRP+2kg+ 243

and

wher~ver # (#+ 1) > 2k, which is true since the defense has chosen £
as the largest integer for which

"

8 (8=-1) 5s%2,

Therefore, the value of £ which yields a maximum v to the offenae i;
the same as that which miaimizes v for the defen .

The strat. gies Sﬁ,,i in which a target is atvacked (or defended) by
kn _,

missilec, &
k +1

Probably wol vesy realisiic for values of k other

(1]

than unity. As something which more nearly approximates an actual situatioa,
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let us consider the case where an avarage of k missiles (or antimissiles)
is available per target anc let the strategies be as follows:

-éf'-;-i- targets are attacked {or defended) by k + ¢ missiles

2;+ T targets are attacked (or defended) by k + £ -~ 1 missiles

'272'1' targets are attecked (or defended) by k missiles

a—-}-l- targets are attacked (or defended) by x - £ + 1 missiles
t

targets are attacked (or defended) by k - £ missiles
21+1

7
1




The payoif matrix for the offense in this case becomes:

Defense

pl p2 pg P4 * o o p‘

! 1 2 3 2
pno% 3 5 7 cccgmea

i $ 2 3 4
P23 3 0§ 7 gy
. 2 2 2 3 1
8 ° 5 5 5 71 ""lael

&

R L L 2
R SR S ¢ [ 2g + 1

p —2 L __ 8 L ... _ 2
£2p+) 2p+12p+122+1 2+ 1

The value of the gam« tww the offense is which will be a

L
2£+l’

qaximum when g =k . Then

k

vV = - -
2k +1

- - - - P - - - v .l .
Since reprusents the strategy of attacking {or defending) with O, i, 2,

p
k
+ + « 2k missiles with equal probability, this is another instauce whick




shows that if the defense and offense have equel numbers of missiles,
neither can do better than o adopt this strategy. Setting k = g- s v

reduces to Vv =-324 n—?-'T » the exr—2ssion derived for q under probe=

bility theory.
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