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ABSTRACT

N

* 'An analysis is presented of the interaction of an electromagnetic
vave with a plasma., T{(n the first part of the paper general equa-
tions are derived for the dielectric constant, propagation function,
and conductivity of & plasma. The second part of the paper deals
with the attepuation and reflection characteristics or a homogenous,
seri-infinite, uniform plasma slab. The analysis includes the

effect of a magnetic field on attenuation and reflection. .




ACCTUNDY G el
INTERACTION OF EILECTROMAGNETIC WAVES

WITH THE PLASMA SURROUNDING A REENTRY VEHICLE

PREFACE

A plasma i8 an ionized gas containing an equal number of positive and
negative charges. The ilonosphere is one exsmple. Another example is the
shesath surrounding a high velocity reentry vehicle. This plasma sheath
occupies the volume enclosed by the shock wave and the vehicle surface.

Being a ponderable medium, it presents an obstacle to the unhindered propa-
gation of electromagnetic radiation. This obstacle can be opaque, translucent
or transparent in nature depending on the plasma’s intrinsic properties sud om
the frequency and intensity of the incldent radiation. Understanding the
nature of the plasma sheath is fundamentai to the solving of two urgent
problems in space exploration and weapons systems design; ie., specifically:

1. The limiting or eliminating of the "reentry blackout';

2. The reduction of effective radar cross sectiaon.

Much theoretical and experimental effort has been devoted to these ends, but
at present, it is difficult to consolidate tke literature into a single com-
prehensive analysis containing both the theoretical background and useful

programmable equations. For this purpose. the following report is proffered.
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PART 1 - INTRODUCTION

A. eneral Wave Kquation

Maxwell's equstions for a plasma are:

%% + j eq. la

curl ﬁ

curl ﬁ eg. 1b

Ao

divD= @ eq. Lo
div B= O eq. 1d

where

il

L1

current density - Sowlomb
y metergseconds

=i
"

electric field strength = newtons
coulomb

dielectric displacement - coulombs
metere

= megnetic induction- newton seconds

ot
]

coulomb meter
magnetic excitation: coulombs
meter seconds
= charge density: coulombs
meter

B
H
¢

where the MKS rationalized system of units 1s employed.

We will investigate the propagation of electromagnetic waves by
ascribing some conductivity, ¢, to the plasma, where O may be a function
ofw, n, v,V , with

electron density (M™3)

n =
t = 8ignal frequency (radisns/s)
v = electron velocity (M/S)

~ = electron collision frequency (collisions/sec) *

The variables, n,\J and v are not freely choosesble as 1s w , but depend on
the mechanical and thermocdynamical state of the reentry vehicle and its
plasma sheath, At any given point in time, we can say that, theoretically

at least, n,‘a and v are determined by the temperature, T, of the environment,

XThis vnit ig oo i leve? rondvalent o radians ver second in all ensuing

cquativc



by the space coordinates, x, y and z, by the composition of air and by the
signal energy. These uantities are generally given indirectly through the
altitude and velocity of the vehicle itself,

Iet us initially make the following assumptions for a preliminary
solution of eqs. 1;

Assume;
1. that the dielectric constant and magnetic permeablility of the plasma are

the same as for free space;

2. a linear relationship between the field quantities; i.e., from 1 ani 2,

D= E,E ed. 28

ol
Il

= P eg. 2b
3. the validity of Ohm's law (in the sbsence of a magnetic field); i.e.,

J:oE eq. 3
Lk, that the effect of the probing wave energy can be neglected;
5. that the earth's magnetic fleld can be neglected,

The ranges of validity of 4 and 5 are discussed in the appendix.
Having accepted 1-5, we can now rewrite eq. la as:

curlﬁ:[e,gi+ O‘JE eq. b
But

curl curlﬁ d —wﬁf-g:()lul_:lﬂ
= -)Ao-g't(umgﬁ) eq. >

Substituting eq. 4 into eq. 5 and employing the vector identity

KK\DA&U\;'—&—VQ—& eq. 6

—He "g_t[&%t" U]E= CX\AAAUJ'E"VQE eq. T

n

curl curl & =V x (Ixa)

yields



Now if we assume that the plasma is a neutral collection of electrons
and ions, i.e., from eq. lc and eq. 2a,
6. For a plasma, Q= OordivE=0,

then we have the following wave equation for the plssma:

—_

Q°E =
}JQEO 5—%_5 +}4°0“g—{;=vat eq.B

If the properties of the plasma are uniform in the plane perpendicular
to the direction of propagation, z, we can find a solution of eq. 8 where
Ex and Ey are uniform in this plane and depend only on z and t directly and

O indirectly.

B. Generalized Dielectric Constant, &

We are interested primerily in the szpatial varietion of the electric
fleld. We can, therefore, choose the sinuscidal time varistlon and represent
the field by

E = E (x,y,z) e , eq. 9

Substituting eq. 9 into the wave equation 8 yields

Va§+(}hﬁaua-jhv%¢)g =0 eq. 10
But
P°£°:%§a eq. 11
Hence,
v“E+(%~—Z-J%%a)E=O eq. 12
But
Q== 20 eq. 13



and we have finally
VE +kaa(l—j%¢.)§ =0 eq, 1l
The free space analog to eq. 14 is the 'w—a.ve eguation
JE +kSE=0 eq. 15
We can therefore define a wave number for the plasma as
k:kpmr =“(\“}L eq. 16
The index of refraction of the plasma is then glven by

Now the first of Maxwell's equations, eq. la, can be written
ennd ﬁ=(€°jw*G)E=Jw(Eo+%))E eq. 18
if both E and H have time dependencies of eJ"’T. Agein, the free space
analog of eq. 18 is
curl H = jw&f eq. 19
Proceeding as before, we can define & generalized dielectric constant
for the plesma &as
€= &0 & e3. 20

and a relative complex dielectric constant by

} 21
2 Ee = o S *q.
£ ..:: [ - OF.
It follows then that
a
gz N = K eq. 22

'Foa

and the wave equstion becomes

VQE" kOQEE:'O eq. 23




It must be remembered that dielectric "constant" is in general a mis-
nomer, Dielectric'function" is much more appropriate, since the conductivity,

0", is usually spatially dependent,

C. The Propagation Function, ¥
Iet the solution of eq. 23 represent a plane wave traveling in the z
direction and polarized in the xy plane; i.e.,
Ev, = Es e.—tz, F,=0 eq, 2h
Substituting eq. 24 into eq. 23 yields

‘6a z - koae ed. 25

Y= jkl€ =at+jg eq. 26

In terms of the conductivity, ¢, we have
y=)ked-g &, eq. 27

where X is the propegation function, & complex number whose real part,x,
represents the attenuation of the field amplitude and whose imaginary
part, (@ , represents the change in phese in traversing the plasma; if we
represent £ by

£=E,1]6 eq. 28
where, for the complex conductivity

o0t 0 eq. 29

we get

n
§

Q. . O
(1 KS_EJ"J 536, eq. 30



We can then express o and B as

lel- € nepers [M eq. 31
2

. L
A= Ko

\
g= kc.’ e+ € rodiars [M eq. 32
b |

or, in terms of G| and ¢} :

|
% - Te\R | o eq. 33
A = K, 'r"(l* EJ—CJ"'\] (l"'gﬁfg)a* (E‘%o\ ]a nepQ\'SIM
A
B=ke (1+ &%) *\[(H’ %‘c. e ( %"&Y\ 2 radians (M
2 eq. 34

If the conductivity, 0", 18 known, theny 1s determined and 1ts sign is
chosen such as o produces an attenuation rather than an amplification.
Similarly, for the field expression of eq. 24, T is determined for a given

signal frequency if Y 8t that frequency i. known.

«

D. Boltzmann's Equation and the Collision Frequency ,\)

The conductlivity of the plasma is due to the motion of electrons and
ions under the influence of the E field.The complex nature of the plasma
makes an exact determination of ¢ imposesible. A simplified model 1s gen-
erally employed, and the test of its effectiveness 1s the ultimate correla-
tion with experimental data. Since the ions are much more magsive than the
electrons, they are usually considered immobile, and hence the conduc-
tivity depends chiefly on electronic motion. The kinetic equation which
deseribes this motion is generally the Boltzmenn equation, which has its

origin in the kinetic theory of ga.ses:h



of a2 SR 4%
&*V-VF’fm[eE* QV"B]'V\.\Cz §t eq. 35

where E is the probing field, B is an externsal magnetic field, =, v and
m are the electronic charge, velocity and mass respectively, %{j is the
time rate of change of f at a fixed point due to electron collisions, and
£ £(7,%,1) is the distribution function for the electrons, with[f(%,¥,t)-
d¥ dv)being the probable number of electrons, which at time, t, have
position coordinates T between T and ¥ + dr and velocity coordinates, ¥,
between ¥V and ¥ * dv.

Iet us now assume that B = O and that E is small and introduces a

small perturbation fj into the unperturbed distribution function fg (i.e.,

approximation L, page 4) then1

£ah+f eq. 36
and

3, d5

St V-V = T eq. 37

Then substituting eg., 36 and eg. 37 into Boltzmann's eq., 35, neglecting
products of the small quantities (E and fl) and letting f{ be independent

of the space coordinates, yields

of | ef, . 48 *a. 3
3t Tt Wi, 7T

J4

Tr can be represented by
g6 S|, L8|, db *a. 39
PR I A L L




where the change in f. is composed of contributions due to electron~atom,

1
electron-ion and electron-electron collislions.

The general expression is

(B)=[[f (ar-ae) gbdbdedva  eu o

representing the change in f; due to collisions of elsctrons (subscript 1)
with other particles dencted by 2 (atoms, ions or electrons). Only binary
encounters are considered, implying that the plasma is of relatively low
density. The probable number of electrons in ar having velocities in the
range Fi, d?i, is £y dﬁi d?; likewise the probzble number of particles

of the second kind (a, i, &) in d; having velocities in the range Vé, dVé,
is £y dﬁé d?; g is the relative velocity of the two particles and is the
seme before and after collision; only its direction 1s changed. T is the
impact parameter, i.e,, the distance of closest approach of the two par-
ticles if they continued to move in straight lines with their initial vel-
ocities and were not acted upon by mutual forces; therefore, b is likewise
the same before and after collision. € specifies thé orientation of the
planes of the two paths.

The average number of collisions undergone by each particle per unit time

is called the collision frequency. Chapman expresses this a.szL
L
C.F = -N-J-"?\‘ = Anna S‘aa 21tk T me B eq. L
T a n, N, ™, Mg
a2 T %
C-F—ll - ._N._'_r = qﬂl S, 'T'Tk eq. )42
n, n, ™M,

The frequency for all collisions is (Njy+Npp + ...)/nq

- 10 -



where ny is the number density of the 1'th particle,

B1p* 2 (s, + s, ) eq. 43
and sy is the diameter of the i'th particle; also

Mg = M = Mo eq. Wb
A direct correlation between the collision frequency and %%%— is difficult
to make, gince the latter represents the net change in f; dve to collisions,
not the totsl number of collisicns, At the present time, there are no
reliasble closed form expressions for eq. 40 which would readily lead to a
solution of the differential equation 38. In fact, since coulomb forces
predominate in & high temperature plasma, Boltzmann's equation itself may
be inaccuarate and multiple particle collisions must be teken into account.
The lack of good experimental date to date necessitates approximations which
in the light of further evidence may prove invalid.

With due consideratior to the above limitations, a derivation of the

plasma conductivity, ¢ , can be attempied.

Derivation of the Plasms Conductivity, O
1. Without a magnetic field,
Golantl reports that, to the accuracy of the mass ratio of the

-

electron and the heavy particle,éi% can be represented by
9

I8 < -9k = - Oea v Ve ea. b5
where
Veo = Mo SeaV ; Vei = 015 Seo V eq. 46
5=J ¢ (1-waedda ed. 7
NaN

- 11 -



Elastic collisions are considered predominant, n, and ngy are the
concentrations of atoms and ions, ¢ is the differential scattering cross
gection; €@ is the scattering asngle; the integration is taken over the
entire scattering angle,

Therefore, eq. 38 becomes

Neglecting electron-electron collisions (weskly ionized plasma)
and defining an effective collision frequency,‘i% s 8averaged over the

velocity distribution by

Veo ¥ :J\Nﬁ\ldc eq. 49
N
where
v{w, dv eq. 50
leads to the following equations from eq. 48:
%fé+c%5é§_§=—\)+ﬁ eg, S1
Multiply by v and integrate over the entire velocity space
- of eE af eq. 52
j\, 5 dv +§V S5 & av = (-vevdy
d o e (Y ]=_ ' eq. 53
at Jvhdv + T el o) fd V¥, du
2

ek

wh
dv ek
—— + R
24}

at COERESAY . eq. 5k
or
dv S —
mar S ebe - wVed eq. 55

for a time varying velocity independent field.



If ‘D is indepandent of v, then'ﬁkfv, and the sclution of eq. 59 is

— . j'wf
v ole
i (V4 w)
Therefore, since
_J. z nev- g E
we have
G’ - V‘\e"l. ‘ ‘
m NARES

Y\ wa‘*\);
st
| 0"'_:'.—‘(\& . G
l YY1 (,):‘?\\)"2
When 33>V
]

(T;'.JG“' S -J [N

3

If Y is proportional to the velocity, i.e.,

V= oV
then
IWGQ’ Gy
0; = - K{ " " ey
ne 2 N

oy = Ky 7w ? G v v

for a Maxwellian distribution where the K's sre given in Table 1,

[

eq.

eq.

eq.

eq.

Q.

€Qe

eq.

eq.

eq.

56

5T

58a

53b

58¢c

59

60

6la

61b



ighly Tonized Weekly lomized
Gas Gas
)
> K K, Ky Kr
0.00 1,51 1.13 L.59 1.95%
0.05 1,50 1.13 4,51 1.92
0.10 1.48 1,12 L,3h 1.86
0.20 1.40 1.03 3.79 1.65
0.50 1.19 1.02 2.30 1.67
1.00 1.07 0.9h 1.4l 0.2
2.00 0.99 0.95 1.05 0.62
k.00 1,00 0.98 0.97 0.73
6,00 1.00 0,99 0.98 0.82
10.0 1.00 1.00 0.99 0.92
35.0 1,00 1.00 1.00 0.99
oo 1.00 1.00 1.00 1.00
TABLE 1
Fang2 expressed the current density, 3} as
= - CEO
J= (rf:"-'-ﬂe'm(Lcﬂm‘t*-I-,Mm't‘\ eq. 62
where *
- D _U\-‘, o
I- 2 e , Vu du eq. 63a
’5\1—1? o Q_,-Qf\)“‘
o —ua Y
I, 2 e, _Ww du eq. 63b
3ﬁ QQQ-A-\)S‘
(o]

and v = velocity of electrons (M/s)
k = Boltzmann's constant = 1.38 x 10723 joules/deg.mole
e = 1.6 x 10" coulombs
m= 9.1 x 1031 kg
N - eollision frequency ( collisions/sec)or radives/see.

[ 2xTs
wr [ 2T

u = Vv

—_—

Vo

1
- Fa -



3

Bachynski~” writes the conductivity as
;B
= —Hdr_ e? v? o 9k 4y
¢ 3w JHjw av eq. 6k

O

Using the "normalized" Maxwell distribution,

- ™M 3 — NN
A N -t axT -
ﬂ‘-: n L'JTT'\T] e eq. 05
eq. 64 reduces to ned g G-‘o"lif oy R
= wm 3T NFrm? woe du
o eq. 66
Comparing eq. 66 with eq. 63, we see that
2
he
GJ‘, = e ° rn Q. 678-
ne >
6=~ W T4 eq. 67b
5

A numerical teble for the integrals I, and I, is given in Dingle et. al.
If“J=Vﬁﬂ is known, the above integrals can be solved. The exact form of
~, however, is generally not known. For air in the range 6000-~12000°K, V
is approximately constant3. Then the above results agree with Golant.1
A recent analysis6 allows for & non-Maxwellian velocity distribution.
For our purposes, though, the expressions for ¢ given in egs. 58 will suffice
for this report;i.e.,\Q is considered constant and the effects of electron-
electron collisions are ignored. In & later report consideration will be

made of collision frequencies eilther proportional to velocity or empirically

determined.

2. Uniform magnetic field

In the presence of a uniform magnetic field, the conductivity, U, becomes




a tensor and Chm's law assumes the form

J=llo| E eq. 68
where
Trx Ty Om
”OW‘ = Gy Oy 07y eq. 69
G'zx T2y Q22

If the magnetic field 1s directed along the z-axis and if the direction

of propagation is unspecified, then

brc j(b—c) 0
Jor| - l«ﬂw bre o 2. g0
0 0 J
® where
d= ne” i * 71a
T T arop T jwhe eq.
= heQ |
2e T <\)a5>8. + jiu.u Wad h, eq. 71lb
=
2p = NE& | .
P m <03>%- + j(w-wg)h, eq. Tlc
and

03]

W= Sx = 1159 710" B (ZHD) = 1759 10"3(0)““\ cadiansfs  eq. 72

o]

We are primarily concerned with the case of parallel propagetion; i.e., a
plane wave polarized in the xy plane and traveling along the z axis., Consider
Fig. 1. The x-component of the field can be represented by the sum of two
rotating vectors in the opposite direction. If the wave is receding, we

designate the clockwise vector as right-handed (+) and the counter-clockwise
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vector as left handed (-). Ohm's law for the rotating vectors can then

be written
= =
'J;: 0‘.{. t‘; Eq_o 7)4‘&
3_= E_Eﬂ eq. Thb

In the absence of s magnetic field, these vectors would rotate at the
signal frequency,w . The electrons, however, rotate also at the gyrofrequency,
Wg, due to the constant magnetic field, The conductivities then assume the
new values

0y (W)= 0 lw- wa) eq. 75a

Ou () * G+ we) eq. 5b
i.e., functions of both frequencies. (If the traveling field possessed a
z~component, it would be unaffected by the magnetic field due to the vector
product form of the force equation. Therefore, the conductivity along the
z-axis remains as before.) It is clear that the right and left-handed
conductivities are different. In fact, as we will see later, for certain
field strengths, the right-handed mode is propagatzd through the plasma
with less attenuation than the left handed, It should &lso be noted that G{
implies the conductivity along the i'th axis due to the field component
direcged along the J'th axis. A component analysis, remembering that a
clockwise rotation is imparted to the electrons due to the magnetic field,

leads to the following expression:
(s (o+w)  ~jala-o0) o '
”G” = %5 (00— T) 3(Gro) 0
O Q -

eq. 76

Substituting the conductivity expressions derived in the last section
for constant collision freguency yields

2 ) eq. TTa

- 18 -
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! ey NE 2 {8y LLJB)'; o4 TP

from egs. 58.
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Part IT - The Homogeneoug Semi-Infinite Uniform Plasma Slab

A, Attenuation Analysis

1. Without a magnetic field

The first and the simplest case we will investigate is the plasma

described in fig, 2; i.e., a plane wave normally incident

A/

P:La_srnaJ E, H“;QJ: N= CQ"\STOU(\T

Free Space, £q, Mo, 720
— [ —— >
2=0 .
EmmJenf /,' E teansm: ﬁQJ EE. ¥

L A

Ecerlected / //

Fig. 2

on the plasme st z = O. Within the plasma, the field is given by

eg. 24 of Part I1:

IL—-"E‘{}Sz eq. 24
The attenuation is therefore,
] =
oA = C—GJ% ["(!*§Q)+J(l+%)a* __q_‘,);l:! nepexs M eq. 33

If we now substitute the conductivity expressions derived in

Part T in the absence of a magnetic field, we get from egs. 58 and 33,

“ —
| il N L
eqg. 718



Let us designate the quantity

2L
ne 2
Wp = E—m) =5 633~ quJ'TT YO\CLOT\SIS eq. 19

as the plasma frequency, where n is given in electrons/cm3.*

In terms of (Jp we can noWw write the attenuation in its final form:

A
2

eq. 80

W W 2 J tp = Ao Jep
A= 4686 Cix AR L Nl I T RPN E) db Jern

where ¢ = 3 X 10lO cm/sec.

Eq. 80 has been programmed on the Philco 2000 digital computer
at Chrysler Corporstion's Missile Division.¥* We have considered the
single frequency of 240 megacycles (1.507 radians/second) in this
report, but the program is capable of computing any of the unknown
qd;ntities on the abscissa or ordinate,

Iet us now consider the behavior of the attenuation in eq. 80

as the variebles get very large or very small, Recsall that

ne® Y
GJr= ™ C\.)a"\J; eq. 58b
ne”, @
g, = - T g ey
eq. 58c
¥~ < J"j((u;—-."'"}wi-_ ToAT R eq. 27

Now if we let w get large with respect to the other variables,

we see that

a . eq 81
Myreen s Men - .
Ty Gr - W+ Gll - O

* As with wg , we choose to depart from MKS units purely from a
practical standpoint.
*¥Program title: Minimum Attenuation, 9-16 - MA.

N -



and conseguently,

o, om0
w-o §7J) T IR eq. 82

i,e., the propagation constant, X » vecomes pure imaginary.

Henace,

L 2

> 0o eq. 83
Therefore, an electromagnetic wave at s high enough frequency
can pasg through the plasme with virtually no attenuation, depending
primarily on the electron density.
If the collision frequency is large compared to the signal frequency,
both the real and imaginary parts of the conductivity vanish as in eq. 81,

au@.'é becomes pure imeginary. Consequently,

I/

yroe A =0 eq. 8L
This low attenuation at high collision frequencies occurs because the
electrons, having a mean free path of smsll duration, do not have enough
time to abstract energy from the incoming wave and convert it into inco=
herent ra.diation.8

If the collision frequency is very small compared to the signal frequency,

we have
/Q;’rd g = - n_'.e.-a
V= J eq. 59
Consequently,
Jinn ) Iﬂé? eq. 85

.
vy ¥ T )¢ =~ awn

™~
ra



Larer N We?
v-»0 Y =)< [- 3= eq. 86

= %pra_wa eq_. 87

If, in eq. 87, CWW20Jp, then Y% 1is eitlher pure imaginary or ldentically

zero., In both cases, the attenuation is zero;

)A-/vf\

Y"’O(‘J\ZO' A‘ w (Jk.)p eq. 88

If, on the other hand, w<w,, N is everywhere real, and
b %636 - eq. 89

NGO AT C 'J UJPaﬁtO“ dbfem | Y W< Wp

Whenc,» w3, the attenuation becomes directly proportional to the

plasma frequency ({m ):

)Q,;,m ~10
N0 A T 2895 410 wp dblw iV w<<wp eq. 90
Grephic representations of sg. 80 appear in the literature 3,8,9,10,11

in normelized form generaslly. In this report the specific ranges of the
variables were dictated by the ranges most likely to be found during
reentry. Graph 1 gives the attenuation at low collision frequencies for
varylng plasma frequencies. Here, (w<wp, and the fact that the attenustion
is almost independent of collision freguency is predicted by eq. 89. For
higher collisicn frequencies, Graph 2, we see that the sttenuation decreases
towards zero for all plasme frequencies, a direct conseguence of eqg. 8l,
Graph 5 is a plot of the attenuation versus plasma frequency for varying
collision frequencies., TIn the viclnity of wpe=w and for we<w , the full
complexity of eg. 80 displsys itself. For large w;, however, the attenuation
becomes directly proportional to Gop for a glven collision frequency, Graph 6.
Increasing ¥V lowers the attenuation; for low vV , the curves converge to the

limiting straight line defined in eq. 90.



2, Uniform longltudinal magnetic field.

If a megnetic field threads the plasma, the conductivity becomes aniso-
tropic &8s discussed earlier. If the incident wave is linearly polerized
’_c,o the left of z = O in Fig. 2, it splits into two circularly rotating
waves upon entering the plasma, one right hand (+), the other left hand (=}

polarized. Therefore,u must be replaced by O+ of Part I, egs. TT.

Hence,
N ne (w7 wa)
ar = gk | <l o BRI (0T waY? = T
eq. 91
4 (62 7 wa) ne?\a 1
ne =
+J -2 s [V r (w3 wg)a] 7 (cam) w23 lwFwed
In terms of GOp , this can be written
I (w +u)c0°Jpa
Ar = 2686 €3 | —1 ¥ @[VP (wFwe”]
L | eq. g2%
a
r wp— Ao (w +u)e\wp

let us now consider the behavior of eq. 92 as the variables gel large
or small. It is eminently obvious that all the conclusions drawn for

eg. 80 apply equally well for eq. 92 for both polarizations if W>»7We ;i.e.,

Lo Looen eq. 93

wg™*0 Az = AT wfwg* ™ A+

a
Furthermore, if (cw = wg) » 3 # (which can occur for either of the

two cases, w» Y ; Or (e ~J ), then

R 2 we”

) Rt SU
J40 s = R.6%6 %jw’“@‘—?"ﬁ&\‘ | dbfcw, f ©(w3wg)?1  eq. 94

*See Footnote**, page 21.
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The attenuation of eq, 94 would show & resonance for the right handed

vave in the vicinity of )= GWg and become imaginary for sz%ﬁiéguhl;‘| or
whenever Ge>w , since this guarantees the preceeding inequality; an
imaginary <A 1s equivalent tc zero attenustion, since the propagation
constant, y , is pure imeginary, as was shown in eq. 88. The left handed
wave would decrease monotonically with increasing w)g for small™ .

Therefore, for both waves we can say that

[N [ o We” eq. 95

N0 R F G @ =0 b Gplorwa
IFV is very large, we have

/Q.val _ /Q'Jv'-\ _ eq. 96

In Graphs 3 and 4, we consider the attenuation in the presence of a
magne;ic field of 569 gauss corresponding to & gyrofrequency of 10lo
radians/sec. For low collision frequencies, Graph 3, we see that the
attenuation has been sizably reduced as predicted by eq. 95. The effect
of the magnetic field on attenuation for the higher collision frequenciles,
Graph h, is very much reduced as expected from eq. 96.

Graphs Ta through Te give the variation of attenuation with gyrofre-
quency, p and NV fixed. Raising or lowering the plasma frequency
raises or lowers the curves but does not greatly alter their form in the
regions of interest. Therefore, we choose the value qu=lO“ to be
representative of the curve shape. For low collision frequencies, 7a, the
resonance gbout =g appears for the right handed wave as expected. The
left handed wave does not resonate but decreases gradually, but would re-

sonate avout an lon U)% if ionic motion were ircluded in the equations.

.25 .



If the greatest reductlon in attemstion is desired, then a maximum
possible 3 4b gain is reallzed 1f the incident wave is right circularly
polarized and if the gyrofrequency is greater than the signal frequency.
This is also true when the collision frequency is not small. For large

o) , however, the difference between the two polarizations becomes
negligihle, As the collision frequency increases, a larger magnetic

field is required for given decreases in attenuation. When V=10" ;s 8
magretic field of 569 gauss (cug= 10" ) reduces the attenuation of the
right hended wave from 28,95 db/em to .0072 db/em if the plasma conteins
3.2 x 1012 electrons/cm3 (a)P=f0”). This is a reduction of 99.98%!: If
N=10%, however, the attenuation is reduced from .736 db/cm to .734 db/em,
&ll remaining factors being equal. Even if the field is increased to

5,690 gauss ( (*)3=[0” ) at this collision frequency, the attenuation

is only reduced to .699 db/em, a decrease of 5%. (Note that in the practi-
cal case of transmitting through the plasma, nature has been quite helpful,
for the magnetic field is most effective in the regions of high attenuation

and least effective where the attenustion is already small).

Reflectlon and Transmission
l. Transmission Line Analogy
Iet us briefly review the governing equations for transmission lines.12

Consider Fig. 3 for the case of the lossless line:

- 96 -



L e - dz —
: e
1> ]I L dz (. I+ _5— dz-
| i Cdz T v
N T 62 dZ.
FIG. 3
We can ilmmediately write
dI
v:La—t+r-?1+c§IcJt eq. 97
V
%2— dz = -| dz T eq. 98a
aI v
dz =-(Cd= St eq. 98
Therefore,
I
%—% =-L %—E eq. 99
BI
Y C eq. 99

Y 3%V
9z3 7 LC c)t:] eq. 100

But IC has the dimensions of 1/v2. Eq. 100, then, has the exact

same form as the free space wave equation, (v = veloelty of propagation)

eqg, - 101




for & wave traveling through free space in the z direction, if we let

1
LC= 27 - pece cq. 102
Now —
fL
ZoELv=4dC eq. 103

is defined as the characteristic impedance of the line, TIf the ter-

minating or load impedance is & ; , then

Veek Bi-Zs (reflection coefficient)

Q- Vine = %y t#a eq, 10ka
Vitan. AAY_ (transmission coefficien
- - ] t

T = Ve = Z*tse ezl. 104v

Iet us consider the sinusoidal variation of voltage and current

in time and space, where the time dependence is always understood to

ve 1T,
—jve , vz
V=V e +V,'e eq. 105a
s ~)vz e
I-= % [\I. e -V'e } eq. 105b
W = wd LG eq. 105c
vhere V, and Vl' are the incident and reflected voltages respectively.
At z = 0, the terminus of the line, we have
Vv Vi+V/
2,21 =¥z, q. 106
Therefore,
.__" ~ AT T
V, - Z4t2.° ¢ eq. 107

as in eq. 10ka, At z =-{,

Z3 oo—ﬁ\,u/Q * ] Zo__,g‘;g{\#)& eq. 108
Zi = 2o waypl +jBe mmyd




Now we want to show that the results of transmission line theory
Toe

hold for reflection from and transmission through a plasgmg slab,
0 in Fig. 2, we have for an electric wave linesrly

—

the left of z =
polsrized in the x-direction:

N _-jkoz ‘ jkbl.
Ex(2)= Ee +f'e eq. 109a
and for the magnetic field in the y-direction:
_L - knl - 1 kn‘L
H,Y= 9 [E e - E'e! ] eqg. lO9b
vwhere E and E' are the incident and reflected amplitudes and
ku - o) ,}An €o eq. 1090
eq. 100d

v g

Therefore the snalogy is complete if egs. 109 and 105 held and if

we define
. E<(2) .
z =x o=l eq. 110
8(z) Hy (2 2
In the general case, if 1 and 2 are two different medis, we see, from
Figo h, that E ’ -1,
0= 5 = 2 eg. 111
| (ta‘-r((,
__ B _Ea
—_— 7

P
f’l
=

F1G. 4

~ 29 -



If there are three medis, Fig. 5, then

Z, =7 :@(-’(3 W ky |+ jTa s ka d eq. 112
b . la Lo Ka &+ JiB A kaX
] ]
and
= ZQI— il
e Z"H’Q eq. 113

21,7 |&ia
(G e

e————— | ————>

~

FIG. 5
Now let us consider the plssma to be a lossy dielectric (or an imperfect

conductor). We have already shown that

. 9 .
£= 1- ] D eq. 20
. W A X eq. 2
yrik=jedi-iwe 7 oo L &
Therefore, eq. 11k
QPalff% - [2 [
and

= :(—%P_ % eg. 115
P QP 1

2. Plasma Reflection and Transmission
a. Without a magnetic field.

Consider the general case of a wave incident on a semi-infinite plasma

at an angle @, Fig. 6.
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Plasma,
* H B
{(f’ Ve
E.x Hyt
¢
©le N
H; - !Bﬁ
1‘] - &
s - (]
Exv Eu = Free Space
Hyi
FIG. 6
From eq. 110, we have
- Exi Exi
%= H;_‘ e - Ae eq. lléa
Z .= Ext eq. 116b
AT Wyt 7 fp MK O
Now
Bi-Zi _ L TRiEL
Q= E,ve, - 17zi/2 eq. 10ke
But 2 o AL O — wad eg. 117
2_{ = p AL = \[E e
and the index of refraction given in Part I requires
a IS _é‘-ﬂag eq. 118
NT= @ 2 €5 - wa®f
Which implies that
eq, 119

W @ JE- awme
Je
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and

- 2
5_7,. [y M 9
‘;I._'v = W{QQ o) eq. 120

The reflectior coefficient, 0, is then,

[-JE- am”g [wad eq. 121

Q: ———— | T

l*\jE—MEG /(,OQ@

B we-Je- anle
e E T o li- Ao eq. 122

For the special case of normal incidence, we have

p=tde
I+J'E— ed. 123

For a further discussion of plasma reflection, seel3:lh,15.

The ratio of reflected to incident power, R, for normal incidence (6= 0)

is given by
a EEE.

R:gfff‘!9l=f,+_ﬁ" eq. 124
But

E=_J KQX:—JTL-«:(O(*'J(Z)\): Ke ™ | Ko eq. 26
Therefore, ( 2 \2

I:_(?’lll(a + (dlKn
R 60T+ (e eq. 125

7= Ko B)7 » x? eq. 126%

(Kot )T+ ™

¥See Footnote**, page 21
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where ot is given by eq. 80 and @ 1is defined by eq. 3k, (3 can also be written

in the form of eq. 32. o
op

a_ 2 2 e D 2 ( — )

B7= AT+ KTl = AT ke I = &y

eq. 127
From the conservation of energy, we know that
T= g:-‘;““: - R eq. 128
Therefore,
and o
T(-db) = 10feg, (Kaf{';‘;é3+qa eq. 130%

We can now investigate the limiting cases of egs. 126 and 129 with the

knowledge of the behavior of « given in Section A.l. To summarize, we

have
LM — /q/uv-« _
w3%0 % = yre = O eq. 83-8k
Lo =0, F s wp .
/QA/W\ |
J»0 = T wp-w? | F we<wp eq. 89
LJWL - 9__-\P eq. 0
o™ T, & we= we e 9
From eq. 127 and the sbove, we get
werw B7 Jrce 7 Ke= T eq. 13la
S = eg. 131b
\)"g ﬁ - —*C'. b.)a’ wpa ; X W > We
QUM eq. 13lc

Vo 370, F w=op

¥See Footnote ¥, page 21



Applying the above limits to eq. 129 yields

,QA/M - /Q-AM
oo 17 Jam T= 1 eq. 1328
Lirenr T - 4 I - wpa/w_i B eq. 132D
Do eq. 132¢
J0 T=1, F w»we
QLNVL
Nee T=20, b wgwg ed. 132d

If w gets very small, it can easily be shown that

L A
OJ_,,OOK‘-:O“ UJ';O(S ed. 133

Consequently,

L . _
-)OT"'O

W) ed. 13}4-

i.e., even though the attenuation is decreasing, we still have g severe
loss problem due to increasing reflection. For this reason, small signal
frequenclies were not discussed in Section A as they would have led to
erronecus conclusions. For large &) or ¥ , however, we see that the trans-
misslon inereases simultaneously with decreasing sttenuation, theresby
greatly enhancing the penetration of the plasms. Similarly, for small™ ’
the transmission increases while the attenuation decreases when Go>wlp .
The plasma becomes more opaque if the converse holds,o < wpe

Graphs 8 and 9 are logarithmic (-db) plots of the transmission. Since
logyg 1 = 0, we see that eq., 132a is verified, since increasing\) pushes
the curves down towards zero. As gets small, the losses increase, logyoTl »-%;
when (Jp>w . VWhen tupsw , the losses drop rapldly towards zero and

become independent of N as can be seen from eg. 132b and c.

* ¥



b. Uniform longitudinal magnetic field,.
When a constant magnetic field laces the plasma, the attenuation
and phase constants are altered due to the change in the conductivity

tensor; i.e.,

Breenstant
oA — 0L X

. ot
3 B ccn:fa - @:

X+ 1s glven by eq. 92 and @: is determined by combining eq. 32

with eq. T7b:

a_ S [,__ we(w 7 we) eq. 135
peim et R T R T ]

The reflection and transmission coefficients for the two waves are then

specified by direct substitution into eqg, 126 and 129;

(Ke =B + o™ eq. 136%
RI = (ko+(_;>_£):1 + O\za

Yk, Bt eq. 137"

T+ = (KQ+(5:)Q+(7\t’(

From Section A.2, recall that »
QJUN‘. /QNW\
0 FE AT (g e Hr eq. 93
Q,AML 9}, (4N
Jaoe T T Jheo =0 eq. 96
’Q‘VW\ zQuM G 2
= ) - —e
NP0 DEF e o A =0, A o (w7 we) © | eq. 95

* See Footnote *x, 5 2}



Lo ot = EJ e _ wet eq. 9
V>0 clolwrwa ™ h ST g

From eq. 135 and the above, we get

Dot IPA YA
Wg »0 Br=6= W fayg ™ 0 SR eq. 138a
JGJJM — J'Luw\ C.J
N SE N> oo (~* < eq. 1360
,Qyw\ IS )
g > (3= < eq. 138c
J&/M bz COJ we we? eq. 1384
~ =0 (34 TJ - uwluwiwe) , o Olw +w@3 < |
Loa ; eq. 138e
o Be= 0. a m@:m@” 4
Applying the above to eq. 137 yields
J N Diren
wg—‘oT T wfwe?® Te=T eq, Ll3%a
QA”‘,\ —
3*;”50 = Jac0T = eq. 13%b
BN -
U)e-’OGTi ‘{ eq. l39c
(LJ &
}A'JM L{I’ w w e C'JG ., w a eq. 139(1
\)*OTI: ll*jl‘u)i,wﬁwsﬁ) LY w LL)-"UJ(*,(I
fovn wp? eq. 139
Q*O Tt:,, 1F ()J((-U:wrss(\(f

. 139f
,Qm.an g __——F‘—-——f > s 139

N> C ! Lolen = wig)




Graph 10 gives the transmission loss for & right hand polarized wave
traveling through & plesma interlaced by & uniform magnetic fleld of 569
gauss along the direction of propagation. For low V ; the inequality
of eq. 13934 is guaranteed since twg>w and T becomes independent of V .

As V+% my T; over the entire range, the loss has been reduced.

Graphs lla - 11f show the effect of the magnetic field on transmission
for fixed wWp 8nd ¥V . The independence of is strikingly demonstrated
by the convergence of T to approximately -4,15 db at 0J6=IO“ for Y running
from 106-* lOlO. As with the attenuation, the right hand polar.ization

ylelds the lower lossges.
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APPENDIX

Earth's Magnetic Fleld.

Approximation 5, page It can be easily justitied by considering the fact that
the magnetic field almost never exceeds 0.3 gauss (unless one happens to
live in the Gulf of Siam, where 3 = 0.k gauss ). An electron in this field
rotates at a gyrofrequency of «g = 5.28x106 radians/sec, Since, for most
frequencies of interest, w> wg , the earth's magnetic field has only

a very small effect on the transmission properties of the plaesma.

Critical Field Strength for Perturbation Approximation!'
The effect of the microwave field on the plasme was assumed to be small in

the derivation of the foregolng equations, The upper limitations can be

estimeted as follows:

The mean electron energy (3 degrees of freedom) is given by

W = 3/2 kT
vhere
T = temperature
k = Boltzmann's constant = 1.38 x 10~ 23 joules/deg. mole

The time rate of change of this energy can be attributed to; 1. fixed

w
fields and other factors, %{ ; 2. the presence of the microwave field, C!T\,’EJ H
3. and to collisions of the electrons, ‘(%’ « Then
oW _ DWW dW  fw
at ~ Dt dt gt eq. A=l

The condition that the microwave field have a small effact on W is that

w
l%il@’%\%} +|D%\:lj eq. A-2

- Lo -




Dw
If D+ 1s neglected, the inequality is still true and eq. A-2 becomes

€
N T 3 e S RVW

vhere
QA = real part of conductivity
- ne®
T e waaV?
Xe = effective energy tranafer coefficieni per collisionm,

Then the field strength limit is given by

ERFEd =z 3%KkTm

e a (v @4V a)
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INDEX

Attenuation,
constant, 8
without magnetic field, 20ff
limiting cases, 22ff
with magnetic Iield, 2Lff
limiting cases, 2LET

Boltzmann,
constant, 1k
equation, 9ff, 12

Charge density, 3, 5
Collision frequency, 3, 6ff, l0ff, 12, 16

Conductivity,
of plasma, 3, 11ff, 13fr
in magnetic field, 15ff

Current density, 3, 16

Dielectric, displacement 3, b
constant, 4, S5£f, 7

Distribution function, 9£f

Electric fields, 3
small, 4, 9, LOff
plane wave, 5, 29

Electron
charge, 14
density, 3, 21
mess, 1k
velocity, 3, 14

Gyrofrequency, 16, 18

Impedence,
Characteristic, 28
input, 28, 30ff
intrinsic, 29ff
load, 28, 30ff

Index of refraction, 6, 31

Magnetic field
attenuation in, 2Lff
conductivity in, 15ff
earth, h, Lo
effect on reflection, (see Reflection)
effect on transmission, (see Transmission)
excitation, 3, 29
gyrofrequency, 16, 18
induction, 3, 9
permeability, 4, 5




Maxwell, 3ff
Ohm's law, b, 16
Phase constant, 8, 33, 35

Plasma,
frequency, 21, 23, 3k
semi-infinite, uniform model, 20ff
attenuation, reflection, etc. (see Attenuvation, Reflection, ete,)

Propagation function, TIff

Reflection coefficient, 28, 30, 32ff
magnetic field effect on, 35T

Signal energy, b
frequency, 3

Transmission coefficient, 28, 33ff
magnetic field effect on, 35ff

Transmission line theory, 26ff

Weve equation,
free space, 6
lossless transmission line, 27
plasma, Wff, 6

Wave number,
free space, 5
plasma, 6ff
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