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THE MATHEMATICAL THEORY OF EQUILIBRIUM CRACKS FORMED
IN BRITTLE FRACTURE

By G.N. Barenblatt (Moscow)

This article gives an account, from a single general point of
view, of the bas’c problem formulations in the theory of equilibrium
cracks and of the results obtained in this theory.

The theory of cracks is a rather new field of mechanics and,
as a result, there are no monographs containing surveys of this
problem. Consequently, it seemed advisable to present the principles
of this theory in greater detail.

The first and second sectlions of this article consistute an
introduction to and a brief outline of the development of the theory
of' equilibrium cracks. The third section considers the structure
of the edge of the equlilibrium crack 1n a brittle solid. The fourth
section presents the baslc hypotheses and glves a general formula-
tlon of the problem of equllibrium cracks; experimental confirma-
tions of this theory of cracking are conslidered. The fifth section
deals with a number of specific problems of the theory of equilibrium
cracks; problems of resistance to crackling are considered. Finally,
the sixth sectlon deals with the problem of wedging, which 1s im-
portant for the theory of cracks, and briefly considers the results
obtained which have a bearing on the dynamics of cracking.

In writing this article, the author has attempted to avoid
repetition of avallable surveys of varlous aspects of brittle frac-
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ture. By 1ts nature, thls survey properly touches on the theory

of cracking, which is the mathematical theory of brittle fracture.
In thls connectlon, the voluminous avallable experlilmental reports
are cited only Insofar as they are necessary for confirmation of
the theory advanced and for determlning its limits of appllcabllity.
In contrast to the mathematlcal theory, experimental studies of
brittle fracture arc not once considered in the appropriate surveys
and monographs. In additlon, these sources lgnore or hardly treat
at all of problems related only to mathematlcal techniques for
solving problems of eclasticity theory. Nor do they deal with the
formation of cracks. In attempting to assemble all accounts from

a unified point of view. the author has occasionally permitted
deviation from the original trecatises In clting isolated specific
results obtalned by other Ilnvestlgators.

The author is indebted to Ya.V. Zel'dovich and Yu.N. Rabotnov
(Academy of Scicnces USSR) and S.S5. Grigoryan of the MGU (Moscow
State University) for their unflagging interest and attentlion to
his work on cracks and for a number of valuable suggestions. He

remembers with gratitude his helpful discussions with S.A. Khristiano-
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vich (Academy of Sciences USSR). The author considers 1t hls duty
to express his thanks to Professor G. Kyurt', the editor-in-chief

of" the publication Advances in Applied Mechanics, and Professor

G.G. Chernyy (MGU) for thelr obliglng assistance in writling thls
article. The author also notes with gratitude the help of I.A.

Markuzon in complling the blbllography for the present survey.

1. Introduction

The subject matter of the theory of equilibrlum cracks 1ls the
study of equillibrium in solids containing cracks.
Let us conslider a solld which contains cracks (Flg. 1) and
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which 1s In equilibrium under the

actlion of some system of loads.
The sclid is considered to be

capable of withstanding any finite

stresses and to be 1deally brittle,

i.e., to retain the property of
linear elasticity to the fracture
polnt; the feasibillty of using an ideally brittle solid as a model
for a real material will be considered below.

The spread of the crack (the distance between the opposing
crack surfaces) 1is always much less than the length of the crack.
Consequently, cracks can be regarded as surfaces at which disrup-
tion of the continuity of the material occurs, i.e., surfaces at
which discontinuities of the shear vector occur.

Unless otherwise noted, we shall deal below with the two-
dimensional normal-tensile-fracture cracks, 1.e., portions of a
plane which are bounded by closed curves (the boundaries of the
cracks) and are subject to fracture only along the normal components
of the shear vector. We may deal with the case where fracture oc-
curs along the tangential slip components on the fracture surfaces
of an 1deally brittle body in the same fashion as for normal-
rupture cracks.

It might be supposed that research on the equilibrium of elas-
tic bodies containling cracks could be carried out by the general
methods of elastliclty theory, as is done for bodies containing
cavities (Fig. 2). However, there 1s a basic difference between
these two problems. Even when the loads acting on the body are
varied considerably, the shape of the cavitlies changes only slightly.

At the same time. cracks whose surfaces also form a section of
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the boundary of the solid can be widened sharply with even a small
increase in the load acting on the body (see Figs. 1 and 2, where

the broken lines denote the additional loads and the corresponding
positions of the boundaries of the body).

Thus, one of the bacic premises of the classical linear theory
of elastlicity is not satlsfied for problems in the theory of crack-
ing, namely the assumption that the change in the boundaries of
the body under load is small, which makes it possible to assume that
the boundary conditlons are observed on the surfaces of a nonde-
formed bedy. This makes the problem of equlilibrium in a body con-
taining cracks essentlally nonlinear, in contrast to the traditional
prcblems of elasticity theory. In problems of crack theory, 1t is
necessary to determine from the equilibrium conditlons not only the
distribution of stresses and strains but also the limits of the
reglon for which the equilibrium equaticns can be solved.

As we know, nonlinear problems of this type ("problems with
unknown limits") have already long been encountered in various
branches of mathematical physics. It 1is sufficient to note the
theory of the Jjet and the theory of finite-amplitude waves in
hydrodynamics, the theory of flow past a body in the presence of
shock waves in gas dynamics, Stefan's law of freezing in the theory
of heat transfer, etc. The principal difficulty in these problems
1s assocliated with finding the limits of the region in which the
solution is sought. The location of the crack surfaces for a given
applied load presents exactly the same basic problem in the theory
of' equilibrium cracks.

The differential equilibrium equations and the usual boundary
condltions of elastlcity theory are fundamentally unable to provide

solutions to these problems without consideration of additional
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factors. This may be seen from the fact that it is formally possible
to set up a solution for the equations which would satisfy the

usual boundary conditions without even specifying the crack sur-
faces. Analysis of the formal solutions obtained in this case shows
that, generally speaking, the tensile stresses ¢ normal to the
surface of a crack are infinite on the circumference of the crack
according to these solutions. More precisely, near an arbitrary

spot on the cilrcumference of the crack

i

o==§% + a finlte quantity. (1.1)
Here s 1s the distance of a point of the body lying in the
plane of the crack from the circumference of the crack; N 1s the
"coefflcient of stress Intensity," whose magnitude depends on the
applied loads, the shape of the crack outline, and the coordinates
of' the point of this outline being considered, but is independent
of 5. Here the form of the normal section of the deformed surface

of the crack near 1ts edge is unnaturally rounded (as in Fig. 3

or somewhat differently; see detalled discussion below).

Flg. 2. Fig. 3. 1) r. Pig. 4.

Generally speaking, however, there exist exceptional crack
contours for which the stresses at the edges of the cracks are
finite (N = O) with a given load and the opposing surfaces of the
cracks unite smoothly at the boundaries, so that the shape of the
sectlon of the crack surfaces near the edge is of the form shown
in Fig. 4. It 1is possible to show that for such contours (and only
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for such contours) the energy llberated with a small change In the
contour of the crack in the vlcinlty of a given point equals zero,.
Hence it follows that equilibrium cracks can be bounded only by
such contours.

Thus, 1f all the loads actlng on a body are given, the problem
of the theory of equillbrium cracks is formulated in the followling
fashion. For a glven dlstrlibution of the original cracks and a
given system of forces acting on the body, it is necessary to deter-
mine the stresses, deformations, and crack contours for the elastic
body under consideration so as to satisfy the differentlal equilib-
rium equations and boundary conditions, and to ensure that the
stresses are finite or. which is the same thing, that the opposing
banks of the crack outllne unite smoothly. If the location of the
Initial cracks is not specified, the problem presented has a multi-
valued solution, since by virtue of the model adopted, the body
can withstand any finite stresses. This is natural, since one and
the same load on the same body may produce no cracks at all, one
crack, two cracks, etc.

In the general case of curved cracks, their form is deter-
mined not only by the locad exlsting at the moment In question, but
also by the history of the process by whlch the body was loaded.
However, although the symmetry of the body and the monotonically
increasing applied loads ensure the develcpment of surface cracks,
the contours of these cracks wlll be determined solely by the load
acting at the time. All results avallable in crack theory at the
present time correspond to particulér cases of this simplified
statement of the problem.

Generally speaking, 1t 1is necessary to lnclude more than simply

the load applied to a body in the system of forces acting on the
e 16




body. This 18 shown by the following example, Let us attempt to
determine the contour of an equilibrium crack in the case of the
load deplcted in Fig. 1. If, in accordance with the usual methods
of elasticity theory, we assume the surface of the crack to be
free of stress, as is the case for the surface shown in Fig. 2, we
obtain a paradoxlcal result; however we select the contour of the
crack, the tensile stress at 1ts edge is always Infinitely large.
Consequently, there are no equilibrium cracks: at as small a frac-
ture stress as you please, a body having a crack breaks 1r two!
This obvious conflict with reality can be explained very simply.
Having primitively used a model of an elastic body, we did not
study all the forces acting on the body. In order to construct an
adequate theory of cracking, it has proven necessary — and this is
one of the maln differences between the problems of the theory of
cracklng and the traditional problems of elasticity theory — to
consider the molecular cohesive forces acting in the vicinity of
the crack contour where the distance between the opposing races
of the crack 1is small and they attract one another powerfully.
Although, in principle, conslderation of coheslve forces
solves the problem, it seriously complicates research. The dif-
ficulty lies In the fact that nelther the distribution of cohesive
forces over the surface of a crack nor even the dependence of the
intensity of these forces on the distance between the opposing
faces of the crack is known. In addition, the distribution of
cohesive forceg depends in general on the loals applied. However,
if the cracks are not too small, there is a way out ol this dif-
ficulty. The fact is that the Intensity of the coheslve forces
very rapidly reaches a hlgh maximum approximating Young's modulus
when the distance between the opposing faces of the cracks is in-
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creased and then rapidly decreases after passing this maximum. Con-
sequently, we can adopt two simplifylng hypotheses.

The first of these 1s that the area of the section of the
crack surface on which the cohesive forces act can be assumed
negligibly small in comparison with the total area of the crack
surface.

According to our second hypothesis, the shape of the crack
surface (and consequently, the local distribution of cohesive forces)
in the vicinity of the points on the contour of the crack at which
the cohesive forces are at maximum Intensity does not depend on
the applied load.*

For example, the coheslve forces are at their maximum possible
Intensity for a given material under a given set of condltions at
all polints on the contour of a crack formed in the primary fracture
of the material while the load 1s increased. For the majority of
real materials under ordinary conditions, cracking is irreversible.
If an irreversible crack is formed with the help of an artificial
notch and without subsequent expansion or 1if it is produced on a
reduction in the load from a crack that existed under a heavy load,
the Intensity of the cohesive forces at the contour of the crack
will be less than the maxlmum possible value. The cohesive forces
acting on the surface of a crack compensate applied fracture loads
and ensure finite stresses and a smooth junction between the faces
of the crack. With increasing fracture loads, the cohesive forces
increase, adapting themselves 1n thls sense to the lnereasing ten-
slle stresses. In this case, the crack does not widen further until
the maximum possible intenslty of coheslve forces at the contour
of the crack is achleved. Only when the maxlmum possible intenslty

of the cohesive forces 1s achleved at its contour does the crack
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begin to develop.*

The gradual development of the edge of a crack as the tensile
load 1s increased 1s shown schematlcally in Fig. 5.

it we use the first of the
hypotheses given above, the mole-

cular cohesive forces enter the

plcture under the conditions deter-

mining the position of the contours

Bls 5

of the cracks only in the form of

the 1Integral

o
A0
A =§_“/l' (1.2)

Here G(t) 1s the intensity of the coheslve forces acting in
the vicinity of the crack margins, t 1s the distance along the sur-
face of the crack, reckoned along the normal to lts contour, and
d 1s the width of the region in which the cohesive forces act. For
points on the contour to which the second hypothesis is applicable,
this integral is, for a given set of conditions (temperature, com-
position and pressure of surrounding atmosphere, etc.), a constant
for a given material and determines its resistance to the forma-
tion of cracks. It can be shows that the value of K is simply re-
lated to the surface tension To of the material, the modulus of
elasticlty E, and Poisson's ratio Vv:

Jt o AET,

T (1.3}
Further, for all points on the contour of a crack at which
the intensity of cohesive forces is at a maximum, the coefficient
of stress intensity N, which occurs in (1.1) and is calculated
without considering cohesive forces. equals K/m.

For all points on the contour of a crack at which the intensity
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of coheslve forces has not reached tne maximum, the coefficlent
of stress Intensity without considering the cohesive forces is
less than K/m.

The considerations cited above clarify the manner in which
coheslve forces manifest themselves in thls problem enough for us
to formulate the baslc problem of the theory of equilibrium cracks.*
When the symmetry ot the body, the Initial cracks and the monotonic-
ally increasing applied loads ensure development of a system of
plane cracks, this problem 1s stated in the following form.

Let the original cracks in the body have a certaln system of
contours. It is necessary to find the stress and shear field cor-
responding to the load in question, and the system of contours of
the surface cracks which surround the contours of the Initial cracks
(and perhaps are coincident with the original cracks to some extent).

Mathematically, the problem reduces to the synthesis of a
system of contours in which the intensity coefficlent N of the
fracture stress calculated without considering the cohesive forces
at all points on the contours not lylng on the contours of the
original cracks equals K/m and does not exceed K/m at all points
on the contours lying on the contours of the 1nitial cracks.

The proposed formulation of the problem eliminates direct con-
sideration of the molecular cohesive forces (they enter the problem
only through the constant K). Consequently, the stress and deforma-
tion field defined by the solution to this prcblem will not cor-
respond to actuality when we are dealing with a rather small region
around the contours of the cracks.

It is obvious that when the cracks are reversible or when the
applied load is sufficiently large that the contours of all cracks
lie outside the contours of the initial cracks, the form of the
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latter ceases to have significance.

The equllibrium state which corresponds to the maximum possible
Intensity of the cohesive forces, even at only one polnt on the
contour of the crack, may be stzcble or unstable. Depending on this,
further growth of the crack under Increased loads may proceed by
various methods. When the equilibrium is stable, a slow 1lncrease
in stress causes a slow, quasistatic transition of the crack from
one equilibrlium state to another. If equilibrium is unstable, the
crack begins rapid dynamic growth at the slightest increase in the
load over the equilibrium value. In some cases, when there are no
neighboring stable equilibrium states, this leads to complete frac-
ture of the body. The development of the theory of cracks was such
that, until recently, the chief considerations were problems of
precisely the latter type and, consequently, the beginning of crack
growth was occaslionally identified with complete fracture of the
body. It is necessary to realize clearly that the situation in which
this actually obtains 1s a particular case and its practical value
must not be exaggerated.

After a briel sketch of the development of the mathematical
theory of cracks, we shall set forth below the general foundations
of the theory of equilibrium cracks and the results of solving the
most characteristic speciflc problems of this theory that have been
dealt with up to the present time. At the end of the article, we
shall consilder briefly the dynamic problems of the theory of crack-

ing.

II. Outline of Development of Theory of Equilibrium Cracks

Research in the area of the theory of cracks was begun nearly

fifty years ago with the work of Inglis [1]. Within the framework
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of the classical theory of elasticity, this work solved the problem
of the equlilibrium of an infinite body with an isolated elliptlecal
cavity (in particular, with a rectilinear slit) in a homogeneous
stress field. The work of N.I. Muskhelishvill [2], which was also
within the framework of classical elasticity theory, provided a
simpler and more effective solution to the problem of equilibrium

of an infinite body with an elliptical cavity in an arbitrary stress
fililelldl

However, despite the great value of References [1] and [2] for
subsequent research, they still did not set up a true theory of
cracks. The solutlions obtained by these works had two properties
which it is difflicult to explain.

First of all, the length of a crack at a given load was found
to be indeterminate; a solution could be constructed using any
value of this parameter. At the same time, everyday experience
suggested that the size of cracks appearing in a body was somehow
related to the tenclle loads appllied to the body. when the load is
increased, cracks already 1in the body do not begin to widen at
first, as the load was small; when a certain stress was reached,
they begin to widen, and to do so in different ways depending on
the method by which the load ls applied. In some cases, the cracks
grow rapidly until sufficient to fracturc the body while the load
was maintained constant, while In other cases the cracks grew slowly
and ceased to widen as soon as the load stopped increasing. Further,
since the gcpread of the crack is generally small in comparlison
with its length, it is natural to represent the crack in the form

of a slit. Thus, in this case, the tensile stresses at the ends of

the crack prove to be infinitely great in Inglis' problem; generally

speaking, thls was also true of the problem considered by N.I.
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Muskhelishvlli. It 1s clear that solutlons in which infinitely
great tensile stresscs are obtained at the edge of the crack are
unsuitable for any physically correct model of a brittle body.

Thus, the direct application of the classical system of elas-
ticity theory to the problem of cracks led to a statement of the
problem which was lncomplete and gave physically inapplicable solu-
tions,

The work of Griffiths [3, 4] is corrcctly regarded as basic
for the theory of cracks in brittle fracture. These introduced for
the first time the important 1dea that to develop an adequate
theory of cracks, it would be necessary to perfect a suitable model
of the brittle body by introducing the molecular cohesive forces
acting in the neighborhood of the edge of the crack.

Griffiths investigated the following problem. In an infinite
brittle body under tenslion at infinity by a uniform stress PO’ ket
there be & rectilinear crack of definite size 21. It 1S neeessary
to determine the critieal value PO of the stress at which the crack
will begin to widen.

Griffiths dealt with the molecular cohesive forces as forces
of surface tension which were forces interior to the glven body;
he disregarded thelr action on the stress deformation fleld.

With this condition, the change AF in free energy ("the total
potential energy" according to Griffiths' terminology) of a
brittle body containing a erack in comparison with the same body
subject to the same loads but without a crack equals the difference
between the surface energy U of the crack and the decrease W in
the elastic energy of the body caused by the formation of the crack.
In order for this crack to grow, 1t is necessary that an increase
in the size 21 of the crack not cause an increase in the body's

v 3=




free-energy change AF. Thus, the parameters of the critical, equi:

librium state are found from the condition
A=W b (2.1)

However, the surface energy U of the crack equals the product
of the surface area of the crack by the energy TO consumed in the

formation of a unit area of the crack. The magnitude of T the

0’
surface tension, may then be assumed constant for a given material
under a given set of conditlions when certalin rather general assump-
Tions are made. Consequently, Griffiths' determination of the criti-
cal load reduces to finding the magnitude of oW/0l ("the rate of
liberation of elastic energy"). For the simplest case as studled

by him, Griffiths calculated thils value using the results of

Ingllis [1] and obtalned expressions for the critical values of

the fracture stress in the form

-

" Sl ~ /S OET,
PRV NP VAL (2.2)

PN
f'or conditions df plane deformation and a plane stressed state,
respectively.

In the theoretical part of thls work, Griffiths also obtained
results with a bearing on research on the structure of a crack near
its ends. Griffiths conducted this research on the basis of the
classical solution of elasticity theory, which was arrived at with-
out considering cohesive forces. In this case, 1t 1is natural that
1f the crack 1s regarded as a slit, the tensile stresses at the
ends of the crack will be infinitely large. In order to eliminate
this infinite tensile stress at the ends of the crack, Griffiths
made an attempt to improve his description o1 the crack, consider-
ing it to have an elliptical cavity with a finite radius of curva-

ture p at its end (Flg. 3). However, according to his estimates,
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the radius of curvature at the end of the crack was of the order
of the interatomic distances, and this obviously proved the incor-
rectness of the approach: 1n any investigation based on the con-
cept of a continuous medium, distances of the order of interatomic
distances cannot be considered finite,

This sectlon of Griffiths' work 1s flawed by the following:
despite the fact that for definite equllibrium sizes of the crack
it 1s possible to neglect the effect of molecular cohesive forces
on the fleld of stresses and deformations, it 1s impossible to do
so in research on the structure of a crack in the vicinity of 1its
ends. The order of distances at which cchesive forces have an ef-
fect compares with the distances over which the shape of the crack
essentially varies. To a conslderable degree, therefore, Griffiths'
analysls of the structure of the crack edges cannot be acknowledged
as correct. In particular, as will be shown in detail, Griffiths!'
conclusion regarding the rounded form of a crack near 1ts end is
HICEREECIE .

This aspect of the matter, which is obviously of baslc impor-
tance, has remained unclear until recently and in many cases, has
led to incorrect interprepation of Griffiths' results [5].

In addition to the basic deficiency noted here, there are
several Inaccuracles in the calculations 1n the theoretical sec-
tions of Reference [3]. Soon after the publication of this work,
Smekal [6] published a detalled commentary on it which also con-
talned a very interesting general discussion of the problem of
brittle fracture and corrected the aforementioned inaccuracies. The
later work of Wolf [7] gave a clearer and simpler account of Grif-
fiths' results and also carried out analogous calculations for

somewhat different (but also homogeneous) stressed states. Reference




[7] also dealt with the connection between Griffiths' theory of
fracture and theories of gtrength which had been proposed pre-
viously.

The report by L.V. Obreimov [8) in connection with his ex-
periments on the cleavage of mica, investigates the tearing away
of a thin chip from a body by a splitting wedge slipplng along its
surface and touching the chip at one point. Using the approximate
methods of the theory of thin beams, and referring to the analo-
gous work of Griffiths on the energy approach, I.V. Obreimov formu-
lated an expression which related the shape parameters of the crack
to the surface tension. Reference [8] was later supplemented by
many researchers [9-12].

The determination of the rate of llberatlion of elastic energy
OW/0l for tensile-stress fields more complex than the homogeneous
field or for other crack configurations encountered considerable
mathematical difflculties. Research by Westergaard [13], Sneddon
[14, 15], Snedden and Elliot [16], and Williams [17) ascertained
the distribution of stresses and strains in the vicinity of shear-
ing-fracture surfaces. In additlion to the classical works by Musk-
helishvili [2, 18, 19], the research of Westergaard and Snedden
constituted a mathematical basis for subsequent work on the theory
of cracks. However, no equilibrium conditions for new particular
cases, not to mention any general case of loading, were derived
in these studies.

The works of Sack [20], Willmore [21], and Bowle [22] gave
the equilibrium conditions f{or certaln new particular cases of
loading and crack location. The direct application of the energy
method in these works required surmounting considerable difficulties

in calculation. Because the equilibrium states in the problems con-
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sidered in References [20-22] were unstable and unique, the equilib-
rium conditions for them colncide with the conditions for total
fracture of the body.

An important step for the theory of cracks was the work done
by Irwin [23] and Orowan [24)] in which the concept of quasibrittle
T'racture was developed. Irwin and Orowan drew attention to the
fact that a number of materiais which showed high plasiticity in
standard tensile tests fractured according to a "quasibrittle" mech-
anism when cracks were formed. This meant that the developing plas-
tic deformation was concentrated in a very narrow layer in the
vicinity of the surface of the cracks. As Irwin and Orowan showed,
i pesstiibilke Rtionus em G Blsil Stheory ol bRittitile) Braetiure bin
these cases, replacing the surface tension by the effective surface-
energy density. In addition to the specific work of fracturing
internal bonds (surface tension) this quantity includes the specific
work expended on plastic deformation In the layer of the crack near
the surface, which occasionally exceeds the surface tenslion by
severall orders!.

The introduction of quasibrittle fracture considerably broadened
the area of application of the theory of brittle fracture, and with-
out doubt served for a while as one of the baslc reasons for the
recent revival of interest in this problem. Irwin, Orowan, and
other authors published a number of papers [23-32] devoted to the
development ¢f a generalized theory of brittle fracture, research
on the limits of 1ts applicability, and analysis of experimental
data from the viewpoint of thls theory. It is necessary to mention
the article by Bueckner [33], in which a very general energy analy-
cis of brittle and quasibrittle fracture was given on the basis of
the theoretical system of Griffiths, Irwin, and Orowan.
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In all the enumerated works, there remained unexplained the
problem of the structure of a crack in the vicinity of its contour.
In a very interesting study [34] devoted to physicochemical analy-
sls of the deformation process, P.A. Rebinder for the first time
expressed the idea of the wedge-shaped form of the crack ends and
the necessity for a corresponding improvement of Griffiths! theory.
In analyzing crack shapes, Elliot [35], Mott [36], and Ya.I. Frankel!
[5] proceeded from the notion of a crack of infinite length between
two unbroken blocks of the material being fractured, ceparated by
the normal interatomic distance before the crack is formed.

In Reference [35], the blocks were regarded as semi-infinite.
Proceeding from the classical solution to the problem of elasticity
theory for rectilinear [1] and discoid [20] cracks of size 2c in a
uniform fracture Stress field P, [35] gives calculations Tor the
distribution o!f normal stresses oy and the transverse shears v
of points on planes lying at a distance of one half the normal inter-
atomic distance from the crack surfaces. The function oy (2v),
which contains p and c¢ as parameters, was identified with the ex-
pressioinn for the molecular cohesive forces as a function of dis-
tance; integration of this function gave the surface stress, which
is thus related to p and f. The author identif'ied the relation
obtained with the fracture condition; this condltion naturally
differed from that of Griffiths. The distribution found for the
transverse shears was identified with the form of the crack.

This approach was unsatisfactory for the followlng reasons.
The formal use of the apparatus of classical elasticlty theory in
the determination of stress and strain near the margin of a crack
in work [35] 1s not Justifiable, since, in using this apparatus,

all distances — even those which are assumed to be small — must be
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large 1n comparison with the Interatomic dlstances. In addition,
it 1s necessary t o conslder that the cohesive forces act not only
within a body but also on sections of the surface of the crack. As
wlll be shown 1in detall below, conslideration of this clrcumstance
glves a pointed shape to the ends of the crack rather than a rounded
shape, with no infinite concentration of stresses at the ends of
the crack. Thus, the dilstributions of stresses and shears near the
edge of the crack surface differ substantially from the correspond-
ing distributlions obtalned 1ln accordance with the solutions pro-
posed by Inglis [1]) and Sack [20], in which the surface of the
crack was assumed to be free of stress. Let us note that the drop
observed in the curve oy (2v) with Increasing Vv is considered in
work [35] as occurring very slowly, far more slowly than the natural
rate of drop in the intensity of the cohesive forces.

Ya.I. Frankel'! [5] dealt with the problem of a crack of in-
finite length which passes longitudinally along a thin band. The
use of the approximate theory of thin beams, which is useless for
investigation of the form of a crack near its ends, did not allow
him to obtain adequate results. We may note in passing that the i
critique of Griffiths!' theory contained in this work by Ya.I.
Frankel' likewise cannot be consildered correct to any substantial
degree. Ya.I. Frankel' questions Griffliths' statement that equililb-
rium 1s unstable in the case of a rectilinear crack in a uniform L
tensile-stress fleld as consldered by the latter, relating this
Instability to the incorrect assumption on the part of Griffiths
as to the form of the ends ot the crack. Thls was wrong: the struc-
ture assumed for the crack at its ends has no bearing on the
stabllity or instability of the crack equilibrium. As will be
shown below, crack Instablility in a homogeneous fleld also takes
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place on considering the smooth union of the cracks at thelir ends;
1t corresponds fully to the essence of the matter. Ya.I. Frankel's
conclusion that, in addition to an unstable state, a stable equilib-
rium state also exists in this case was brought about by his in-
correct substitution of another stressed state for the homogeneous
stressed state.*

The work by A.R. Rzhanitsyn [37] made an attempt to solve the
problem of a circular crack in a body subject to a uniform tensile
stress with consideration of molecular cohesive forces distributed
along the surfaces of the crack and a smooth union of the crack at
its edge. Unfortunately, the use of inadequate methods based on the
averaging of stresses and strains made it impossible for the author
to obtaln the correct edquilibrium conditilons for the crack.

The idea first introduced by S.A. Khristianovich [38] is of
basic importance for understanding the structure of cracks in the
vicinity of the ends. In connectlion with the theory of the so-called
hydraulic fracture of an oll-bearing geological stratum, S.A.
Khristianovich dealt with an 1solated crack in an infinite body
compressed at infinity by a constant hydrostatic stress; the crack
was supported by the uniformly distributed pressure of a fluid
enclosed within the crack. The problem was studied in a quasistatic
formulation. In its solution, S.A. Khristianovich was balked by the
indeterminate length of the crack. However, he drew attention to
the following circumstance. If we assume that the liquid fills the
crack completely, the fracture stress at the end of the crack is
always infinitely large, whatever the size of the crack. But if we

ssume that the liquid does not fill the crack completely, so that
there is a free section of the surface of the crack which 1s not
wetted by the 1liquid, the fracture stresses at the ends of the crack
- 20 -




will be finlte at one exceptional value of the crack length. For
this crack length (and only for this length) it was found that the
opposing faces of the crack unite smoothly at its ends. S.A.
Khristianovich advanced the hypothesis of finlte stress, or, what
Is the same thing, smooth uniting of the opposing faces of fhe
crack at lts ends, as a baslc condltion determining the size of

the crack. Use of thls hypothesls has made it possible to solve

a number of problems In Lhe formation and growth of cracks in rocks
[38-43]. However, nonec of these works consldered the molecular co-
heslve forces directly. In dealing with cracks in rock masses, 1t
1s qulte permissible to neglect the coheslve forces, as was shown
by the evaluatlons, since the pressure of the surrounding rock mass
is manifected here much more strongly than the molecular cohesive
force, especlally If we consider the naturally broken-up nature of
the rocks. Under other conditions (in particular, in many cases
where laboratory models of rock masslifs are used), the coheslve
forces play an important role and their consideration ls of sub-
stantial importance for analysls of equilibrium conditions and the
development of cracks.

In connection with this research, we should note the very
interesting earlier work of Westergaard [44] (see also [13]). This
work, on the basis of an analogy with the contact problem noted by
the author, affirms the absence of stress concentratlon at the end
of a crack ln a concrete-like brittle material. Reference [44]
also glves formulas which correctly describe the stresses and strains
in the vicinity of the ends of the equillbrium cracks formed in
brittle fracture in the absence of cohesive forces. However, Wester-
gaard did not relate the flnlite-stress condition to the determina-
tion of the length of the crack, which he assumed to be glven.
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The studies by Irwin [45, 46] (see also [47, 48, 49, 33]) es-
tablished an important formula which related the rate of elastic
energy liberation to the coefficlient of stress intensity in the
vicinity of the ends of the crack In the problem of the classical
elasticlity theory. The rate of elastic-energy liberation and the
fracture conditions for several new cases of loading and crack posi-
tion were determined on the basis of this formula [47, 50, 32, 51,
52].

Beginning with Griffiths, the majority of theoretical research
has dealt with problems of one type, in which the equilibrium state
in which the intensity of the cohesive forces at the edge of the
craft 1s maximal is unstable and the condition necessary for the
development of a crack to begln was ldentical with the condition
necessary for complete fracture to begin. Consequently, some works
identified the condition for initiation of crack development with
the condltion of rapid crack propogation and fracture for all cracks.
Generally speaklng, this is not so; actually, cracks can be stable,
so that the start of the crack development is not at all necessarily
associated with fracture of the body. We must not treat this matter
as though stable cracks were a rarity not encountered in practlce
and difficult to generate experimentally. As the experimental research
carried out by various authors, beginning with I.V. Obreimov [8],
has shown, 1n many cases the development of cracks proceeds stably
during considerable portions of the fracture process. Thus, Wells
[30] obtalned cracks in steel plates which were stable over a cer-
tain tensile-stress range to Lhe combined action of external ten-
gile stresses and internal stresses set up by welded seams. Roesler
[53] and Benbow [54] investigated stable conical cracks in glass
and quartz. Benbow and Roesler [9] obtained stable cracks by in-
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serting wedges in strips of organic glass. Recently, Romualdi and
Sanders [52] obtained cracks that were stable within definite stress
ranges by elongating a plate reinforced by riveted-on stiffening
ribs, References to other rescarch in which stable cracks were ob-
tained and studled can be found in the monograph by B.A. Drozdov-
skily and Ya.B. Fridman [55]. All these works definitely confirm the
feasibility of applying the concept of brittle and quasibrittle
fracture to stable cracks.

Conslderation of stable cracks greatly broadens problem formu-
lation in the theory of equilibrium cracks. Actually, only deter-
mination of the load at which the crack begins to widen 1s of in-
terest for unstable cracks, since the process of crack development
before this stress 1iIs reached becomes dynamic. For stable cracks,
there also arises the problem of 1nvestigating the quaslstétlc
development of cracks with varying loads.

In connection with the foregolng consideratlions, References
[56-61] clarify and supplement formulation of problems in the theory
of equilibrium cracks formed in brittle fracture. These works pro-
posed a new approach to the problems of crack theory based on the
general presentation of the problem of elastic equllibrium in a
body containing cracks as formulated in [40]. The material which
follows 1s based on this approach, so that we shall not dwell on
its characteristics here. A number of new problems of the theory of
cracks have been formulated and solved on the basis of the proposed

approach.

IITI. Structure of Ends of Egquilibrium Crack in a Brittle Body

1. Stresses and stralns in the vicinity of the end of an arbi-

trary normal-shearing-fracture surface. As was shown earlier, it

is possible to construct a formal sclution to the differentlal equa-
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tlons of elasticlty theory which satlsfles the boundary conditilons
corresponding to the load applied to the body by arbitrary assign-
ment of the shearing-fracture surface. This section is a study of
the behavior of solutions of the elasticlity-theory equations in the
vicinlity of the edge of a shearing-fracture surface. For simplicity
of dlscussion, we shall 1limit ourselves here to normal-shearing-
fracture surfaces which are sections of a surface bounded by closed
contours.

Let us take a neighborhood in the vicinity of an arbitrary point
0 on the boundary of such a surface whose characteristic dimension
is small in comparison with the radius of curvature of the boundary
at point 0. The deformation in this region can be assumed two-dimen-
slonal and to correspond to an infinite rectilinear slit in an
infinite body being acted upon by a certain system of symmetrical
loads (Fig. 6; the plane of deformatlion is the plane normal to the
contour of the fracture surface at polnt 0, and the 1line of the
slit 1s the intersection of this plane with the fracture surface).
Loads can be applied to the surfaces of the slit and within the body;
loads applied to the surfaces of the slit may be regarded as normal
without loss of generality in subsequent analysls. Let us consider
this configuration in greater detail.

The field of stresses and shears can be presented as the sum
of two fields (Fig. 6), the first of which corresponds to a con-
tinuous body acted upon by a stress appllied from within the body,
while the second corresponds to a body contalning a slit and acted
upon by symmetrical loads applled only to the surfaces of the slit.
The shape of the deformed surface of the slit is determined by the
second stressed state, since the normal shears at the site of the
slit in the first streéssed state are, according to symmetry, zero.¥
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Analysis of the first stressed state is carried out by the usual
methods of elasticlty theory and is of no basic interest; we will
consider this stressed state to be known. Let us assume that the

line of the slit corresponds to the positive x-semlaxlis; the normal

e, B

stresses g(x) applied to the surface of the slit in the second
stressed state are equal to the difference between the stresses
applied to the surface of the slit in the resultant field G(x) and
the stresses at the slit p(x) which correspond to the first stressed
state.

Using Muskhelishvili's method [18] for analysis of the second
stressed state, we have relationships determining the stresses and

shears in the form

2x® 4 g, = 4 Re b (2) (31)

Gy'S) — i;_w\'-‘) D (2) L Q(2) + (8 — ) W' (z) (3.2)
S (@ e e @) = ng (2) — 0 (5)—(z—z)m (z)

n=3—4hv (3.3)

Hexe z = x # iy, cX(Q), oy(2) and oxy(Q) are the components

of the stress tensor for the second stressed state; u(2) and v(2)
are the shear components along the x and y axes corresponding to
the second stressed state; w = E/2(1 + v) is the shear modulus,

E is Young's modulus, and Vv 1ls Poilsson's ratlon. The analytical
functions @, ®w, &, and Q are expressed by the formulas
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At the slit (x > O, y = 0) and 1ts extension (x < 0, y = 0),

the expressions

S g = 2Re® (2), 50 =0, v = =) 100 (3.6)
are satlsfied.

From this and from the known formulas for the limlting values
of a Cauchy integral at the ends of the contour [19], an expression
1s obtained for the normal tensile stresses in the vicinity of the
end of the slit on its extension:

>

oy = — b\ £OL g 0) 2 0(1/5) (217

a¥s 3 Ve
[

where 89 1s the short distance from the point being considered to
the end of the slit. Similarly, in order to determine the normal
displacement for points on the slit surfaces 1in the vicinity of its

end, we obtailn

A1 — ~3) /‘_')o;,'(l)l/[ , T
ST An I 5.'%_1.“"'7‘0\32") (3,8)

()

where Sy is the distance from tﬁe point on the slit surface being
considered to its end, while the plus and minus signs correspond to
the upper and lower faces of the slit.

The research which has been conducted has completely clarified
the distribution of normal tensile stresses and normal shears in
the vicinity of the boundary of an arbitrary normal fracture sur-

face. Specifically, the formulas

3y = = G(0) - O(Vs,), v %—“{:1%£15~%0@?) (3.9)

follow directly from Expressions (3.7) and (3.8). Here, oy is the

tensile stress at a point on the body lying at & short distance 51
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from the boundary of the fracture surface and on a plane contiguous
to the contour of the fracture surtace passed at polnt O0; N is the
"coefficient of stress intenslty", whose value depends on the loads
acting, the conflguratlion of the body and lts fracture surface, and
the coordinates of the point 0 on the contour being considered;
G(0) is the magnitude of the normal stress applled to the fracture
surface at the polnt on the contour of thls surface being con-
sidered (Fig. 6); 5o is the short dlstance between the point on

the fracture surface and i1ts contour. Generally speaking, there are
three possibilities, depending on the sign of N.

If N> O, an inflnite tenslile stress acts at polnt O on the
boundary of the fracture surface. The shape of the deformed fracture
surface and the distribution of the normal stresses cy In the vicinity
of point O have the form shown 1n Flg. 7a.

If N< 0, an infinite compressive stress acts at point O on
the boundary; the shape of the deformed fracture surface and the
distribution of stresses oy in the vicinity of point O have the
form shown in Fig. 7b. As may be seen, 1In this case the opposing
faces of the crack enter cne another and, as 1t were, merge; it 1is
obvious that this case 1is physically imposslble.

Flnally, if N = O, the stress acting in the vicinity of' the
boundary is limlted and as we approach point O, it tends toward the
normal stress applied to the surface at thls spot on the boundary,
so that there is a continuity of the stresses oy at the boundary
and a smooth unlon of the opposlng faces of the fracture surface at
its boundary (Fig. Tc).

Research on the dlistribution of stresses and strains in the
vicinity of the edge of a normal fracture surface was begun by
Westergaard [44, 13] and Sneddon [14, 15] and subsequently continued
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by the author [40], Willlams [17], and Irwin [45-47). Due to the
nature of the stressed states considered in works [14, 15] and

f45-47], results were obtained which had a bearing only on the

case N > O,

Plg. 7.

2. Stresses and strains 1n the vicinlty of the edge of an equilibrium
crack. The results obtained in the preceding section pertain to an
arbitrary normal slip-fracture surface. Let us prove that, for an
equilibrium crack, N = O at all points on its boundary.

Let us consider the possible state of an elastic system which
differs from the actual equilibrium state only by a certaln varla-
tion in the form of the contour of the crack iIn a small area around
an arbitrary point O on it (Fig. 8). The new contour ls a certaln
curve surrounding point O in the plane of the crack. This curve is
in contact with the previous boundary of the crack. This curve is
in contact with the previous boundary of the crack at points A and
D near O; at all other points, the contours of all cracks remain
unchanged. Because of the proximity of the points of contact A and
B to point O, the 1lnltial contour of the crack contour can be as-
sumed rectilinear on segment AB. According to the foregoing, the
distribution of normal shears for points on the new crack surface
and the distribution of tenslile stresses at these points before
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the formation of the new crack sur-

face have, to within small quantities,

the followlng form:

A — N
l——i-/(‘ V) V/‘_'/: Gu-"—'W—‘ (3.10)

Pies €. Here N 1is the coefficient of
stress Intensity at point O.
The energy liberated in the formatlon of the new crack surface,
which 1s equal to the work required to close this new surface is ob-
viously equal to

h
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where &S is the area of the projection of the new crack surface onto
its plane.

It follows from the equilibrium conditlions of the crack that
A should revert to zero, from which and (3.11) it follows that

N = 0.

Thus, a very important statement characterizing the structure
of the cracks in the vicinity of thelr contours is valid.

1. The tensile stresses at the boundary of the crack are finite.

2. The opposite banks of a crack unite smoothly at its boundary.

Thus it hac been shown that, in contrast to Griffiths' ideas,
the form of the crack in the vicinity of the edge 1s as that deplicted
in Fig. 4. Since the only forces which act upon the surface of the
crack in the vicinity of 1its boundary are cohesive forces, it follows
from Eq. (3.9) that the tenslile stress at Line boundary of the crack
equals the cohesive force intensity at the boundary.

In particular, 1f there are no cohesive forces, the tensile
stress at the boundary of the crack will equal O,
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The condition of finlte stress and smcuth union of the op-
posing faces at the ends of a crack was first suggested in hypo-
thetical form by S.A. Khristianovich [38] as the basic condition
which determines the position of the end of the crack. The proof
given above rof this condition follows basically from [60]. Formula
(3.11) for plane deformation was first indicated without relation to

finite stress and smooth unlion 1n
the work of Irwin [45,46] (see also
the survey by Irwin [47] and the
paper by Bueckner [33]). The earlier
work by Westergaard [44] affirmed the
absence of stress concentration at
Fig. 9. the end of the crack in a brittle
material of the concerete type, although the finite-stress condition
was not associated in this work with determlnation of the size of
the crack.

We are considering here cracks involved in normal fracture
solely for simpliclity of description. The entire foregoing discus-
sion and, in particular, the demonstration of the finlite magnitude
of the stresses at the end of a crack can be extended without any
substantial change to the general case in which the surfaces of
the crack undergo fracture and are cubject to tangentlal slip com-
ponents.,

3. Determination of the boundaries of equilibrium cracks. The
condition of finite stress and smooth union of a crack at 1its
boundary makes it possible, for a glven system of forces acting on
a body, to formulate the problem of the theory of equilibrium cracks.
This problem consists in the followling. For a glven arrangement of
initial cracks and a given system of forces actling on a body, it
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18 necessary to find the stress, def&%mation, and crack boundaries
in the elastic body under conslderation so as to satisfy the dif-
ferential equations of equllibrium and the boundary condltions and
to ensure finlite stresses and smooth union of the opposing faces
at the boundaries of the crack.

Let us analyze the solution of thls problem on an elementary
model of an isolated rectllinear crack 1n an infinite elastic solid
which 1s compressed at inflnity by a nondirectional stress q. The
crack 1s subject to the concentrated forces T, which are applied
at opposing points on its surface (Fig. 9).

We can use the method of N.I. Muskhelishvili [18] to obtain
a solution for the equllibrium equations which satisfy the boundary
conditions for an arbitrary crack length 21. In this case the stresses
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