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THE STATEMENT OF THF PROBLEM OF THE STATIONARY STRUCTURE OF THE
BOUNDARY LAVER OF TH% ALMOSUHERE

by

s L, Laikhtman

The overall problem of the distribution of wind, temperature,
humidity and of the turbulence cvefficient in the boundary layer
of the atmosphere undar astationary conditions is mathematically
formulated in this article,

The resulta of the calculations are compared with experimental
data,

When an alr mass moves above a homogeneous underlying surface as
a result of turbulent mixing, the datermined profiles of temperature,
humidity, wind velocity, and of the turbulence coefficient are astab-
lished, In a ststionary condition all the characterisitca mentioned
ars interrelated, This connection 1s causcd firat of all by processes
on the active surface, as & reasult of which & fixsd quantity of radiant
energy is distributed slong three channels: to the warming of the soil
and alr, and to evaporation and secondly by the mechanism of turbulence
itself which is characterized by the fact that the intensity of turbulent
mixing and the vertical temperature gradients and the wind velocities
condition each other, in s0 far as the turbulent energy influx due to
the energy of Aaverage motion and its expenditure or work against Arche-
imedian forces are determined by the vertical gridients of temperature
and wind velocity. At the snme time, the intensification or weakening
of turbulent mixing exertsa a rapid and a completaly detearmined effact on
the vertical profile of any substance. In this connection, the correct
slatement of the problem of the stationary meteorological regime of the
boundary layer of the atmosphere muet be the common aolution of a ¢artain
aystem of squationas for determining the temperature, humidity, wind

velocity, and turbulence coafficient,
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Only fcur equations are known to find the five unknown functions:
Ty w, v, k, gy where T is the air tempsrature, q is the specific humi~
dity of the air, u, v, are the componenis of the wind velocity, k
is the turbulence coefficlent; they are: two equations of motion, the
equation of heat conductivity, and the aquation for the diffuasion of
vater vapor. In this connection, it was necessary to¢ carry out a
significant number of inveastigations with the assumption that the

cosfficient of turbulence is a known function of height.

Although important results of a purely practical aspect ware
obtained in a series of works, they yielded comparatively little for
theory. An explanation of the variations in the vertical profiles of
meteorological elements by any changes in the intensity of turbulent
exchange, which result from such investigationa, is hardly satisfac~
tory, The phenomena mentionad are connected not as csuse and effect,
but rather are the manifeatation of a single proceas, and, only becnuse
of this, are related to each other., On the mame basis, it is possible
to explain the variations of the temperature profile by the change of
turbulence, and to explain changes in the intensity of turbulent
exchange by changes of the temperature gradients, A conaiderably more
correct statement is the application to the problem of methoda of the
theory of similarity and of an anslysis of the measurements, which
has been made recently in a series of investigations. Under the present
condition of the problem, this method ia completely loglcal and has
already mads it possible to obtain a series of results important
for understanding the mechanlam of the phenomenon, Unfortunately,
with a more or less complate statement of the problem, the results are
indefinite,

The application of the energy balance of turbulence na a amon-
aatiafying equation secema fully expedient to us. One can easnily
understand that those same unknown functlons enter this equation
and it is not the resault of the four mentioned cquations. However
the application of the indicated equation han many difficultisa, Firat

of all, there are difficultism of A principle order that arinc from the
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fact that expresslons for the diffusion of turbulence energy and

for its dissipation into hsat are presently unknown. Important diff-
iculties of a mathematical nature also arise with a correct atate-
ment because the system of aquations i1 the indicated smtatement

hecomes essentially non~linear,

Let us now indicate a certain method which makas it pomssible to
obtain a number of important resulta in the solution of the general
problem. Let us use the fact that it is possible to approximate the

turbulence cosfficient as a function of height as followa:

When there is equilibrium of stratification ¢ = O, during the
steady state ¢ > 0, and during the unateady state ¢ < O.

First let us oxamine the statement of the problem for the
equilibrium state., If one is to conaslider that for sufficiently

small values of z1

where 2 is the modulus of the wind velocity nt height Z)r By is

the roughness of the underlying surfate, than inatead of the unknown
function k(z), only the height of the cleavage h is unknown. In
this connection, we can present the equation of the balance of the
energy of turbulence in integral form, aftrr having integrated it
with reapect to the entirs boundary layor. In such a caams, we can
diaregard, becaume of ita ralative amallness, the component which

takes into account the diffuasion of Lhe mnergy of turbulance,




As to the dissipation of the turbulence ensergy into heat,
we can obtain a eonvenient formula for it by taking advantaga of
cartoin physical considerations of the diassipation mechaniom.
The digsipation of turbulence energy into heat is equal to the
work of the forces of friction, which occurs because the elements
of turbulence move with a velocity that ia different than the

velocity of the surrounding medium,

We shall introduce the following designations: F is the force
of friction, p is the alr dengity, w' is the velocity pulsation,
characteristic for a certain vortex, v is the kinematic viagosity,
£ is the characteriatic dimension of the vortex.
obviously F‘ - F(P. /1 '(U‘, y) - P/)'wJ (l;,).

The work of the force of friction per unit time is Fw', and
the work attributsd to & unit of volume and agual to the dissipation

of the turbulence energy into hesat, can ba axpressed per unit of

time por unit of volume as

(1)

All valuas entering into (1) are averaged. If we taka advantage
of the fact that

ST
and kK w J w!

then

{7 du \? dur \4) o
[)r»{:k \.I:) !'\d(z) ‘f(k )

(2)
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In such a case, the balance of the turbulence energy can be
written in the following form:

Gl Gl G e e )

M is the diffusion of turbulence energy.

Here u, v are the two components of the vector of the aversged
velocity.

Having integrated eguation (3) with respect to the entire

boundary layer, for _.he given condition we will obtain:

H
[l (@) (@ aemomn @
I,

Thus the problem of finding the average profiles of the meteoro-
logical elements and of the coefficient of turbulence in the boumdary
layer of the atmosphere reduces to the Integration of the following

ayatem of equations:

d oo f 7 du , )

dll/ﬁl-(:l /) ‘dl ] i Jo,v =0, (5)
d o z dou i .
dx [k‘/ ( . ) py l Do )= 0 )

d X N\N/dTl \
tl:'k‘Flz,)('d—f' ) "'n)’ I #{2) 0,

(7)
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(9)

(10)
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d . ,
Gy W, =0, (11)

014 iy vt
kb — zf 1

Mo (12)

Here @ is the soll temperature, [ 1s the depth measured from
the surface of the soil, ( 1 = 6 } is the averaged value of the
dissipation factor, H is the height of ths boundary layer.

If we are to consider that the radiant flux is equal to zero
or is given in the form of some interpolated formula, and

‘ (-t V7' forze. a
F II) . I L] :I~|
t { ) for - - 4 (13)

-~

then to find the eight unknowns, u, v, T, q, ky H, h, 6 we obtain
eight squations, the differential equations being linear,

‘e boundary conditions are completely clear: on the surface
layer, it is necessary to fulfill the equation of the heat balance,
and to give the temper:nture continuity and the elaiticity of the
water vapor; at the upper edge of the boundary layer it is nataral
to give the tempernture, the humiditr =2nd valus of the geostrophic
wind, and on the ground it is necessary to give the temperature at
the depths where the annual variation practiocally disappears. These

boundary conditions provide a well~defined sclutiecn for the problem.

We¢ can solve the fecrmulated problem for a more particular, but
sufficiently important case, The question iz the diastribution of
temperature, wind velocity, and of the turbulence coefficient uunder

different conditions of vertical stability. Then the systea ia clomed

by equations (5}, (6), (7), (8), (12) and (13). In such a atmtement,
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the problem is examined in detail in the work of L. R. Orlenke

and G, Kh. Tseitin ( Taeitic, 4. Kh. and L. R, Orlenko. "Stat~
sionarnoe raspredelenie vetra, temperatury i turbulentnogo obmena

v pogranichnom aloe vozdukha pri rasiichnykh sostoianiiakh ustoich-
ivostli" (Stationary distribution of the wind, temperature and ture
bulent exchange in the boundary layer of the air under various
stability conditions), Glavnaia Geofizicheskaia Observatoriia Trud..
No. 941 8-28, 1960 [ AMS~T-R=387+]), The dissipation factor is
determined on the basis of experimental data on the dependence of

cl/U on € .

On the basis of the calculated profile k(z) and o(x) we can
determine the wind streagth by the formula

= g de  de
l/l‘ /lllr k dz
Obvriously, the average perind of the gusts at different heights
can be evaluated by the formula t ~ 1 /(dec/ de.)

Figure 1 gives the results of the calculations of the average
distribontion of wind velocity and direction, and of the characteris-
tios of atrength and of the turbulence coefficient which G. Kh, Tmeitin
and L. R, Orlenko carried out according to the scheme cited above
for reughness 1.8 em. The mean monthly values of the wiand velocity
and direction and of the temperature obtained from observations in
Pavlovak are alac given there, The good agreement between experi-
mental and observed valuem points to the correctness of the aasumed

physical conceptions,
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(n) = wind velocity (m/sec), (b) - wind direction (devistion from the
directior of the wind at level 200 m), (c) air temperature (deviations
from the surface values), (anlid lines are the moosured valuea -
dashmd lines are the calculated values); (d) is the coefficient of
turbulence (m/aec), (e) im the average wind pulsation (m/sec); 1~

ia the steady atate, 2~ is the unstable astates, 3 - im the equilibrium
state.

Flgure 1,
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