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P- 5, line 9,

pr. 8, line 15,

p. 11, line 2,
p- 16, line 2,
p- 19, line 7,

p. 0, line 20,

line 22,
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P. 27, line 9,
line 14,

P- 30, line 16,

p- 33, line 8,

P- 36’ Eq. (9-3-19): Replace

list of Exrcta

Replace "coveriont™ by "covariant."

Replace "... system. This system ..."
by " ... system, which ..."

Replace "gollowing" by "following."
The symbol on this line is "Be . "

Replace "dynamical®™ by “canonicol."

Replace "Let us concider ..." by

"Let us therefore consider..."

Replace "It will be shown ..."

by "The Uncertainty Principle then states..."
Sentence beginning at bottom of page should be
changed to read "It will then be shown to hold also
for the system S and by judicious choice of appara-
tuses 3:1(1 :ouplings, may therefore be extended to
cll physical systems," ™

The tilde "~" should be inserted in Eqs. (9.2.29)
and (9.2.30).

Replace "mathe -" by “"mathe g".

Replace "physics" by "formalism."

Replace "true null eigenvectors" by

"true eigenvectors cogresponding to zero eigenvolues."
Replace "true null eigenvectors" by "truc eigen-

vectors corresponding to zero eigenvalues.”

ﬂbg_tﬂ by llbg ."

p. 40, Eq- (9.3.37), Replace "3,," by BpA."
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L2, Eq. (9.3.ho),
43, line 15,
L6,

47, 1line 2,.

48, line 1k,

4o, lines 3 and 4,
Eq.(9-3.60),

50, line 5,

52, Eq- (9-4.7),
53, Eq. (9-4.9),

Eq. (9.4.10),

line 8,
55, Eq. (9.4.17),
57,

58, line 8

line 19,
63, line 4,
6!")

Replace " by

L] n "
'5(A,B) 5e(A,B)'
ees the chopter." by "... Part I."

Sentence beginning at bottom of page should be changed

Replace

to reod "In Section T the extension of the method to
ih6 Dully relativistic situation in which the gravite-
tional field itself is given dynomical propert.i_es will
be discussed."
Cmit "only." e L ]

Insert, "d" ofter "l-column array."

Replace ..an.‘v‘ " by "G'I“'v'."

Insert "T" ofter integral sign in first line.
Equation number should read "(9.3..62)."

Replace "m" by "m'l." . |

Replace all "=" signs by "=" signs. All x!s should
be boldface: ':ac/'\' |
Incert " <" sign in front of the lower Poisson bracket
in this equation. ®

Replace "g(t = t*)" by.q "8(t - t.').". .

Replace /J\(J"f by n:'}:ls.

Lines 19 and 20 should run together, with no new para-
groph at b.ot.t.on of puge.

Replace "... dot. (Note ..." by " ... dot (not ..."
Replace final "(" by & comma.

Replace "=8(T - )" by "-8(7 - Tt)."

Eq. (9.4.81) should read
1
"8S = -j:n(-ia) < xpd()'c“tSt) -fmb"r ar,"
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p. 67, line 11, Replace "one" by "once."

p. 68, line 12, Replace "u" by ;'11‘.'"
pP- 0, Insert " =" sign in Eq. (9.5.7)-
p- 71, line 2, Replace "&w" by “aw:“
Eq. (9.5. 16), Replace "=" sign .‘by " =" sign. .
T2, Eqe 9.5¢g3) should read ~ "F = (£, H),"

v

p- 73 Eq. (9.5.26)y BBeee “(® iy Lront of second line of this equatfon and
®rocket @econg ond thixd Aipes together with a lorge

curly @racket. The subseripts "J'" in the fourth

®
& lige shoud be replace& ®y "j*® and the first x 51
*, ° ° ®
4 shoul@ be dotted.
b & L J . .
2 line T, Replafe Oogt - t99® oy “(t@ to) "
[ 2
¥, . ®
s g Pe 75 line 12, Replace "o@tuad" ¥y Sromegptorye®
-..,‘. ° s
{.. line llf-. . Replace 'fx; > 2 .<x9.
® S Pe 18' lac Ll-.. geala‘ "i‘ha" by %’.‘ ‘.
®
. 10 R "e .
. el nolee M° W
s * R R ] S e o2 The sc@pn@ of Eqse $9-%e%9) is miscing o "1" in the
P @ p [ L ]
® ..--" i T n ato?,
s .o " g =
o9 ., . p- SOy line g Insery comma ofte® "in fact.” L
Eq. (9.5.58), Replace " i—- g by " %c— o
o, @ . £ s @
p. 82, line 1, Replace " (9.5.58)" by "(9.5.60)."
™
. p. 83, lines 9 and 10, Replace "strictly local considerations” by "use of
® .
local rest frames."
p. 84, line 1k, Insert comma after "functions."
p. 86, Eq. (9-5-76) should read
S .
n HWT=  -2\2 (¢ LoV o0 oK L K A abed
c (~x<) - EP"P < P 0X 0% b ,cxp,dc
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86, line 11,

88, line 2,

Replace "(9.%2 )" by "(9-4.25)."

Replace. "(9:5.52)“ by "(9.3.52)."

lines 7 ond 8, Replace "... the following section,” by "... Part 1I,"

I-iv,; Third line below Eq. (A.l1l): Replace "EZJVA’

" vy "PiA,‘ QiA."

Q
1A
e A

Fox‘:rth line below Eq.(A.11l): Replace "PiA, A:I.A" by "P:I. y Q:LA'"

I-vi, Eq. (A.18),

I-vii o,

I-viii,

I-ix,

I-x,
89, line 14,
90, line 11,

96, line 1,
line 4,
98, line 1,

Eq. (9-6.u44),

L2

Factors following ”%F" in integrend of second line of
this equation should be enclosed in square brackets.

The quantities " cnd "t 1t J"" in the square

"ll
,&' J
matrix should be interchanged.
The lover right hand element of the matrix in the
third line of Eq. (A.31) should read
"By Qup + P Qg 5 "
.~ A a2 A :
i.e., with a "+" sign instead of a "-" sign. This
equation should be inserted after Eq. (A.30) at the
bottom of p. I-vii.
Eq. (A.34) should be renumbered "(A.33)."™ A square dbrac-
kat okould be inserted at the end of the third line
of this equntionb'
Eqs. (A.35) to (A.38) should be renumberecd from "(A.34)"

to "(A.37) consecutively.

Eq. (A.39) should be renumbered "(A.38)."
Replace "every thing" by "everything."
Replace "qunatities"™ by "quantities."

1re tee
Replace "F€ ' " 1y "Fae gt »
Replace "FmJ.. " by "FwJ.."

Insert "T" after "subseripts.”

|
First term on right should read "¢%7 "
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100, line 10,

102, line 10,

Replace

BReplace

103, Third line from bottom:

106, Second line from bottom:

109, linc 8,

117, Eq. (9.7.18),
line 18,

118, Eq- (9.7.21),
121, Eq‘. (977~l‘1):

. 122, Eq. (9.7.42),

last lint?,
125, Eqs. (9+7.60),
. )
127, line 17,
128, lixm 16,
30 813ne §, )

1338Yine 26, e
N

dast 1gpe, L
' °

135, nc 17,
138, .o

Replace

"considerable® by "considerably."™

"varifies" by "verifies."

Replace "Eq." by "Egs."
Replace "conditiona" by "conditions."

"I£" by "It."

First term on right of Eq. (9.7-4) should read

Terms following the " -

lines of

brackets.

"R ' 8z
apy8-e |
" in the second and third

o=

this equation should be enclosed in square

lasert “for" after "pi."

Indices on "R" sho&d begin lower position.

= nww T
Insert "i® after % ‘

"D" should be dotted. ®

Replx;ce i) - ,(\EZ ko)" by "(k"‘- (ko,AB.'

Bracket these equations to%ether with a large curly

bracket. ®

Replagce "x%eaxis" by "xl-a.xis.“ @

Replace "elastic moduli b d" by "internol stresses.™
Replace "nust® by "must." L

Replace "empmphosized™ by “emphasizdi.™

Repl.ace *"measure® by "measured."

Replace ®"magnitued™ by "magnitude."

Sentence

“read "At

beginning on line 17 should be changed to
the beginning of the interval T, 1nstea.d of

'ad.justing the internal stresses so as to :Lu..»urc

stroin rigidity we "simply. let the elastic moduli all

fall abruptly to zero."

5




Pe

Pe

P-

143,

146, line 1l

149, line 2,

150, Egs. (9..8.61+) ,

152, line 15,

164, line 10,

169, 1ine 8,

171, line 12,

Eq. (9.8.44) should read

" -1 " . "

oz, = mo(p," - Py,t) At

Replace "im" by "in."

Reploce "strain tensor" by "strecs-energy density.”
”n 1II n "

Replace A‘If(o) by AT(O)1 .

Replace "displacement” ty displacements.”

. There is no page numbered 163..

Insert “of" after "(D.15)."
. & .
Replace "region, will in virtue ..." by "region will,

in virtue ..." hd

Reploce "is a theory" by "is basicolly a theory." °

173, Second line from bottom: Replo.ce.'.'.... opproach, For, 91.1-..."

II-11, Eq.

II-iv, Eq.
II-vi, Eq.

Eq.

(B..lo),

(B.23),
®s.33), *

(B'Bl"),

p. II-vii, Eqo (B.35),

Last 1line,

p. II-ix, Eqs. (C.13),

by "... approoch, for oa ..."
Last term should read “naw''v'8J."
The symbols "d" hove been omitted from the. Jocobian
in the bottom element of the column matrix. ®
Lost term of second line of this equation should
read "Gt75€, ¢ ®
Quantities " F_.o " ond "FP . " in the first
colurm of first matrix should be replaced by
"Fa7, " ana "FP ”t " recpectively. First matrix
should be preceded by a square bracket.
First foctor on right should be "y*" instead of "o
Replace "p" by "ooo"

Replace final factor "(T - 7)" by "(7 - t*)."




p. II-xii, Eq. (D.5),

"21 J“ should be dotted.

p. II-xiii, Eq. (D-8), Replace "5(5“5.7)/51" in thé fourth line of this

®

p. 180, line 1,

" H "
equation by "3, . (8 5.7)/{}: . si@ify‘.}n'g the co-
variant proper time derivative of 8"6.
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CHAPTER 9

THE QUANTIZATION OF GEOMETRY

Bryce S. DeWitt

(9.1) Introduction.

'I‘he development of ﬁmda.mental concepts in theoretical physics |
since l900 has been very much a story of the epistemological analysis of
space and time on the one hand and, within the framework of quentum
mathematics, of the notions of observation, measurement, and indetermin-

.
<sm on the other. These two acpects of physicgl theory have always re-
mained sharply distinguished, in spite of the profound influer’:e that
each has exerted on the other and the deep connection which undgubtedly
®..ists between them. This chapter is an attempt to indicate the nature
of and ideas involved in the problem of removing tuis division in physics
.in a manner which goes beyond the already familiar superposition of the
ideas of special relativity upon a quantum framework.

In a restricted technical sense the problem under considergticn
is referred to ad®"the quantization of the gravitational field." It
should be stated at the outset that there is no experimental motivf.tion
for the inveotigation of this prol:lem whatsoever. The inescapable lessons
which Nature has been teaching in the laboratory during the past sixty
yea.r.,, concerning her f‘undamental symetries and the group theoretical .
propcrtieg of ‘the ma.thema.tical formlei.,ms which describe her, have fallen
short. of providing a complete synthesis of the observational viewpoint in

physics. The motivation for "quuntizing the gravitational field" therefcre




consists solely in the fact that the program is utterly loglcal. It
demanas no new hy'potheSes.‘. It résts cc.umbletély on the general theory of
relaetivity and on conventignal q,ua.ntum theory, of which the latter has
beenoestablished as correct beyond a.ll doubt while the former, although
lacking as firm an expe*imenta.l foundatlon, has, because of its beauty
and powerful viewpoint, deeply influenced better established ma.reas of

physics. ®
One should, of course, not fall to mention certaln speculations
which have been made from time to time (Pauli, 1956; Klein, 1955, 1957;
Landau, 1955; Deser, 1957) concerning the possibility thg.t a quantum-
.fluctuating graaritational field may remove the divergences in conventional
relativistic quantum field theories, by providing a natural "cut-off."
We shall have occasion later to discuss such a natural limit. However,
there exists as yet absolutely no concrete mathematical evidence either
to support or.to .deny these speculatlons. A l-ng program of formalism
building end calculation is an unavoidable prerequisite. We shall there-
fore dismiss this problem from discussign and turn to the fundamental
considerations which will detern;ine the character of the formalism itself.
The problem of constructing a formalism for quantum gravidynamics
has been under gtudy for at .least; the past dozen years and has proved to
be & particularly vexing one. No attempt will be made here to give an
pistorical survey of the work that has been done, although lessons learned
from it wi]:l co;zstitute an important factor in controlling our method of
.procedure. The bibliography at the end of the chapter contains a fairly

complete list of references to work appearing after 1955. For references

to earlier work the reader should consult the article by Bergmamn 1n the




proceedings of "The Jubilee of Relativity Theory" (Bergmenn, 1956).

The problem may be approached from either of two viewpoints, loosely
described as the "flat space-time approach" and "the geometrical approach”. In
the flat space-time approach, which has been investigated by several authors
(Feynman, 1957; Thirring, 1959; Gupta,1952, 1957; Belinfante, 1957; Birkhoff,
194k; Moshinsky, 1950; Rosenfeld, 1930) the gravitational field is regarded
as just one of several known physical fields, describable within the Lorentz-
jnvariant framework of a flat space~-time. Its couplings with the other fields
are largely determined by experiment together with considerations of simplicity
involving the mathematics of spin-2 fields. These couplings lead to & contrac-
tion or elongation of “"rigid" rods and a retardation or advancement of "standard"
clocks, which are independent of the individual characteristics of these lustru-
ments, in the proximity of gravitating matter as well as in regions containing
strong gravitational radiation,

In the geometrical approach to quantization, on the other hand (which owes
so much to the work of Bergmann---see bibliog:raphy), the theory of gravitation
is regarded in classical Einsteinian terms as & theory of the geometry of
space-time, in which rigid rods and standard clocks are themselves regarded
as providing the local definition of invariant intervals. Both the geometri-
cal and flat space-time points of vievw have the sane real physical content.,
However, it has been argued that the flat space-time approach provides more
jmmediate access to the concepts of conventional quantum field theory and
allows the techniques of the latter theory to be directly applied to gravita-.
tion. While there is merit in this argument, too strong an insistence upon
it would constitute a failure to have learnmed the lessons which special
relativity has itself already taught. Just as it is now universally recog-

pized as inconvenient (although Essible) to derive the Lorentz-Fitzgerald



contraction from relativistic modifications in the force laws between atomws,

so it will almost certainly prove inconvenient at some stage to approach
space-time geometry, even in the quantum domain, in terms of fluctuations
in standard intervals which are the same for all physical devices and hence
unobservable, In both cases it is the existence of an underlying invariance
group which really controls the interpret;a.tion of the for@lism. In this chap-
ter the geometrical a.pproa.ch will be firmly adhered to and the inv&riance group ’
will be placed as much as possible in the foreground K .
Unfortunately it is precisely the existence of the coordinate invaeriance

group of general relativity which is responsible for most of the difficulties

:vhich have been encountered in attempts to quantize geometry. It may be shown

by quit:a general arguments (Utiyama,1959) that the exlistence of such a group

alvays gives rise to constraints which must be satisfied by the "initial data"”

° ee charaagerizing indieidual solutions of the dynamical equations. Although »

grea.'t‘ concentration of effort has been brought to bear on the problem of cone
. straints, no one has yet found a way to formalize the problem without introducing
the canonical mnda.menta.ls.of a Ha.miltonisn or quasi-HAmiltonian theory (Dirac,
1958, 1959, Arnowitt Deser and Misper, 1959, 1960; Anderson, 1958, 1959; Berg=
mann, 1956,1958). The cannnical approach, however, treats space and time asym-
metrically and does not fit comfortably with the invariance group. In certain ™
respects it* represents a retreat back to the flat space-time viewpoint--- par-
ticularly when a.symptotically Minxsowskian coordinate conditions at infinity are
imposed. Mgreover, the overriding need to discover a “re:med Hamiltonian",
which the constra.int problem imposes, has sometimes led to the extravagant .
claim that the canonical formallsm is essential to the quantization progra.m. )

The ca.nonical viewpoint represents an endeavor to maintain close contact with .

familiar parts of qnantm theory by casting quantum gravidynamics into

N
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conventisnal language. However, the resulting formalism becomes quite com-
plicated already at an elementsry level, Furthermore, it is found to be
rather removed from immediate and locel invariant physical conceptss The
possibility must therefore be considered that the conventional lang!.xage either
a.sl.:s fﬁe wrong questions or else boses them 1ncerrectly.

' At this point opinion divides. Some workers feel that however dzrbitrary

' the d.istinction betWeen spa.@e a.nd time ma.y be - the conventional language 15

both necessary a.nd a.ppropria.te. Others, including the present author, feel
that a language which is manifestly coveriant at every stage is not only desir-
able but attainable. In the following sections a possible way to develop such
a la.ngua.ggy will be indicated. In this development Hamiltonian ideas are dis-
pensed with entirely and space-time is treated in a completely homogeneous
'ashion.

A basic tool in what follows is a definition of the classical Poisson brac-
ket by means of Green®s functions, which is independent of any definitiors of
pairs of conjugate varia.’ble.s and which is, in effect, a straightforward exten-
sion of a definition originally proposed by Peierls (1952). The point of view
will be adopted that Poisson brackets (1.e., commutators) should be defined only
between invariants, i.e., quantities vhich are invariant not only undex the
group of coordinate transformations but also under any other infinite dimen-
sional transformation groups possessed by the dynamical systems under consider-
a.tion. This automatically elimina.tes the peed for subsidiary conditions, which
have always to be specia.lly tailored to each individual system and which have

proved so often bothersome' Ln the past. . Furthermore, this a.pproach ‘is in

accord with the foundations of the quantum theory as expressed in tHe genera.i

theory of mea.surement. Real physical measurements can be performed only on

group invariant quantities, and the interference between two measurements
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which, via the Uncertainty Principle, defines the commutator, is most immed-
jately described not in terms of ;:az-xon:'lcally conjugated variables at a given
instant, -‘b\;t in térﬁs. of, tk;e .Gx:’een's-ﬁm'ctions vhich express the laws of
propagation of qgailﬂdisturpagceéiéhg,ﬁpicg’s;tisfy certain fundamental recip-
rocal relations. o '

In quantum electrodynamics this role of the Green's functions was demon-
strated at a very early date in the clas;sic paper of Bohr and Rosenfeld (1953) 5
which made no use of subsidiary conditions, and to which the author of the
present chepter is heavily indebted as will be immediately apparent in the
sections to ?t‘ollow. This indebtedness may seem in one respect surprising, not,
to be sure, kecause of any present-day diminution in the importance of this
clagsic work, but because its coaent, as Bohr and Rosenfeld have themselves
repeatedly indicated, was guided in every way by the existence of an alreedy

developed formalism, whereas here we are trying to "put the cart before the

ahorse"---to develop the formalism itself with the aid of the ideas of the
. .

theory of measurability. The reason for this, however, lies in the very
nature of the general theory of relativity and of its extremely close kinship
in point of view with the conceptual foundations of the quantum theory.2
Furthermore, having the work of Bohr and Rosenfeld already before us is some-
thing quite different from doing the same. thing, in ignorance of it, for
another, more complicated, system.

licw, there are certain immediate obstacles to carrying out a program along
the above lines. The first consists in the fact that in the theory of the
pure gravitational field the invariants which come easily to mind (e.g.,

space-time integrals of scalar densities formed out of the metric and its

derivatives) have not so far proved to be useful objects with which to test

| om— (e _ prmm—




the theory through"Gedankenmessungen.” No one has yet found a way of using
these objects to obtain detailed information on the internal dynsmics of
the field. At the present stage of the theory what appears to be needed, if

one insists on meinteining manifest covariance, is a means of constructing

local inveriants. A possible procedure is to introduce four indeperdent
scalars CA , A=0,1,2,3, formed out of the metric tensor and its deriva-

tives and then to use these to deline an intrinsic coordinate system. To use

such a coordinate system for the purpose of comnstructing local invariants one
picks a set of four numbers 'qA and looks at the coordinate mesh defined by
the §A at the point where ;A = 'qA (which will be unique if one is lucky).
Any local geometrical quantity referred to the local mesh at this point will

then provide a set of one or more local invariants. A sample set 1s

B :
TAB(n) = f% gx% %ﬁ-}%— Tuv(x) 8(n - {(x)) a%x , (9.1.1)

where Tuv is any mized tensor formed out of the metric and its derivativese.
The &¢B/dxV are the gradients of the CA , 8nd  d(¢)/(x) end o/ dth are
respectively the determinant and the components of the inverse of the matrix
formed from these gradients. The TAB are the components of the Tuv in
the intrinsic system, taken at the point where the scalars §A have the
values nA respectively. More complicated geometrical objects may be handled
in a similar fashlon.

Invariants constructed in this manner have been studied by Komar (1958).
(See also Bergmann and Komar, 1960). As scalars he has used the four
"eigenvalues" of the Riemann tensor (see Géhéniau and Debever, 1956; Pirani,
1957). The use of these scalars, however, and indeed of almost any conceivalle

scalars built out of the metric tensor and its derivatives, has a serious
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defect. Such sealars are functionally independent only in regions of space-
time possessing a degree of inhomogeneity and asymmetry sufficient to rule
out the spplicability there of any of the known exact solutions of Einstein's
equations as well as any more general solution satisfying “pure radiation”
conditions. The situation is precisely analogous to one which occurs in
hydrodynemicel theory (see Courant and Friedrichs, 19&8) in ;Jnich in the

case of one dimensional isentropic flow, for example, certain functions of

the density and velocity, known as Riemann invariants, can be used to define
n "intrinsic" coordinate system, the mesh of which is formed by the "char-
acteristic lines." The intrinsic system can be used to identify space-time
points, however, only in complicated flow situations involving interacting
waves; it becomes degenerate in precisely the cases of constant flow and
so-calle "simple waves."

In order to avoid difficulties of this kind we shall introduce directly
jnto the discussion an additional physical system. This system will serve
to furnish us with a reascunably fool-proof set of intrinsic coordinates
while at the same time forming a cambined physical system with the gravita-
tional field. In principle, any additional system which provides a "useful”
set of four scalars will do. Actually, we shall ckwose the most intuitively
obvious system possible, namely, & stiff elastic medium carrying a framevork
of clocks. Sections 5 and 6 are devoted to the description of this system,
which proves to Ye readily amenable to covariant mathematical analysis.
Naturall.y the physical constitution of the medium as well as of the clocks.is

not dealt with on an atomic level but only phenomenologicalily. The limita~

®
tions which this imposes on the conclusions of the present chs.pter will be

discussed later o
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It might be supposed that the elastic medium with its clocks has merely

a technical utility, constituting en otherwise foreign element in the dis-
cussion. Such is by no means the case. 'I'he role played by the medium in

prorvid.ing a physical coordinate system proves to 'be a fundamental one, as

"the measurement theoretical analysis will reveal with particular clarity,

’ and servee to bring the conceptual fmmdations of both the general theory

of relativity a.nd the quantum theory into sharp focus. A clock carrying
medium of some kind is needed it only in limited regions of interest, in
order to give an cperational meaning to the concept of “space-time geometry"
in the first place. One mey, to be sure, hope that the introduction of a
purely phenomenological medium is only an interim measure, which will be
superseded eventually by a comprehensive unified theory of elementary part-
icles gnd fields; containing its own theory of measurement as well as its own
interpretation. It has, in fact, been suggested that such a comprehensive ’
theory might already be achievable wvithin the framework of geometry alone
(Misner and Wheeler, 1957). Suffice it to say, bowever, that present formu-
lations oOf gravitation theory are very poorly suited indeed to the task of
ylelding such an ocutcome.

In the following section (Qa) the possibility of bypassing the canonical
language is proved through a demonstration of the role of the Uncertainty
Principle and the ‘tﬁeory of.neaeureinent in the definition of the Poisson
bracket for an arbitrary system. It is shown in & quite general manner that
the qua.ntization of a given system implies also the quantization of- any other

system to vhich it can be coupled. By & principle of induction, therefore,

_the quantum theory must immediately be extended to all physical systems,

including the gravitational field. Moreover, the pricise form of the




commutator between any two observables is uniquely specified. The properties

of the C;reen's functions which enter naturelly into this specification,
through their ability to describe the propagation of small disturbances,

are studieq in Section 3. The existence of infinite dimensiona2l invariance
groupa. 1:5 easily takxsn into ac.count, and the consistency of the Poisson
bracket definition is established. Althougb not essential to the quantization
program, nor eyen to the specification of quantum states, the generator of
infinitesimal space-time displacements is derived as an 1llustration of the
general methods. In Section 4 these methods are applied to the free particle,
as a familiar example, and to the relativistic clock, which is a basic tool in
the theory of the measurement of space-time geometry, as has been emphasized
by Wigner (1957) (see also Salecker, 1957, and Mgller, 1955) and as will be
evident in the present work. After further application of these methods to
the elastic medium in Section 5, and to its interaction with the gravitational
field and clock framework in Section 6, the gravitational field itself is
studied in some detail in Section 7. The problem of finding the generator of
infinitesimal displacements with respect to the intrinsic coordinate system
provided by the elastic medium together with its clock framework is posed

in terms of variations in the action functional, and the difficulties

involved in solving the problem are explicitly shown. The significance and
range of validity of the "weak-field" approximation is examined and the
importance of the Riemann tersor as an approximate invariant is emphasized.
Graviton spin and polarization states are defined in terms of the Fouriex
decomposition of the linearized Riemann tensor, and the commtators of

the weak-field theory are given. Section 8 is devoted to a study of

10




the question of the actual measurability of the gravitational field in the
quantum domain, gollowing closely the arguments of Bohr and Rosenfeld for
the electromagnetic field. The measurebility is verified to lowest order of
perturbation theory, and the statistical predictions of the weak-field theory
are confirmed, provided conceptual test bodies of "Bohrian" delicacy are
permitted. The analysis, however, must be extended to include an exami-
nation of the stresses in the test bodies, as well as in the various
compensation mechanisms and momentum-measuring projectiles (photons)

vwhich are used, problems which Bohr and Rosenfeld could ignore. In this
extension the fundamental length of gquantum gravidynamics (see below)

makes a repeated appearance as 8 lower bound on the size of allowable
measurement domains, from which it is necessary to draw the conclusion

that the very concept of "ficld strength" can have no objective classical
meaning for domains smaller than this, even if any meaning is in fact

left to it at such a microscopic level after the limitations imposed by

the observed scheme of knnwn elementary particles are taken into considerw-.
ation. Finally, in Section g, the author expresses his views on the
outlook for the future of the quantum theory of geometry.

The whole chapter is divided into two parts, each having technical
appendices at the end. Units are employed for which # =c = 161G =1,
where G is the gravitation constant. All quantities are thereby reduced
to dimensionless numbers. In thesc units the masses of the familiar
elementary particles lie in the numerical range 10722 ¢o ].0'l8 vhile
the units of length and time are egual to 1.l x 10732 cm. and
3.82 x 10"'*3 sec. respectively. Attention should be celled to the

following points of notation: The signature of space-time will be taken




ag - +++. The Riemann and Ricci tensors will be taken in the forms

T T T P T [} T
Rw = Tovou~Tou,v*TovTow - Tow Tov 2 (9-1-2)
o = b .
RBiv = Ry 0 . R R (.9'1'3).

. where Puvc is the affinity and the comma’ denotes the ordinary derivative,

-The “covariant derivative will be indicated by a dot.

fe
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(9.2) The role of the Uncertainty Principle and the theory of measurement

in the definition of the Poisson bracket.

We begin by considering a general physical system describable i:y
a _set ‘of loc;a.lized real dynamical variables ¢i' . These variables will
be functions of one or more continuous parameters, or "coordim tes." For
definiteness we may regard them as functions of four space-time coordi-
nates xu . Everything we say, however, will be equally applicable to
systems with either more or fewer parameters, in particular to systems
having only a finite number of degrees of freedom, with "time" as the
single peorameter. Different points of space-time will be distinguished

Yy meons of primes: X, x', x", etc. For compactness -the point at which

a given variable, such as 4>i s is evaluated will be indicated by affixing

"
primes to the index appearing on the variable: e«g., @i . For economy

in the use of primes the symbol z will also sometimes be used in place
(]

of x to designate a point in space-time. Lower case Latin indices from
the beginning of the alghabet (a, b, ¢ ves) will always be associated
“rith the symbol z , while those from the middle of the alphabet (i, 3, vee)
will be associated with the @ymbol X .

The dynamical properties of the system will be specii.‘icd by an

action functional S . For our purposes this functional may be regarded

as a purely formal expression, to be used to fix the form of the dynami-
cal equations and to determine their transformation properties. For
systems with "localized action™ 5 aoppears as an integral, over all

space-tinme, of any one¢ of & mmber of equivalent functions of the oi

13




(and their derivatives up to same finite order) which differ from one
another by total divergences. Questions of the convergence or divergence
of this integral are __1rreleva.nt3 (although they are not irrelcvant for
its \.ra.'rio.tions) and the dynamical equations themselves may without am-

biguity be written in the form

s,i = O ’ (9-2-1)

where the corma followed by an index is here used to denote the veriational

or functional derivative with respect to oi at a point. Furthermore,

it docs not generally matter how many variables oi are used to describe
the system, as long as all descriptions are equivalent. Some of the oi

may, through the dynamicel equations, be expressible in terms of deriva-

tives of others, for example.

Even vhen the minimum possible number of variables is chosen in
the action functional, it does not necessarily follow that any one of
then is physically measurable when taken by itself. It will oftcn happen
that a continuous range of values for the oi corresponds to one and
the same physical situation and hence thet these values cannot be physi-
cally distinguishcd. Chenges from one set of values to anothcr in the
given renge are brought about by a set of transformations forming an in-
variance group for the system, which expresses certain symmetry properties
possessed by the system. In the cese of infinite dimensicnal invariance
groups, which will be our main concera here, sn infinitesimal transfor-
mation belonging to the group produces a variation in the oi heving the

L

general fornm

ot =fRiL. sgL d!*x' » (9.2.2)
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vhere the 6(1‘ are arbitrary infinitesimal functions known as group

parameters. Here, capital latin indices from the middle of the alphadbet

(L, M, Ne..) will be associated with the symbol x , vhile those from the

beginning of the alphabet (A, B, Cees) Will be associated with the symbol z.
The representation of the group which the variables 01 provide, through

Eq. (9.2.2), need not be linear but may be guite general. The only restric-

tion on it is the identity

T " ’
j(RibJ,RJ B © RiB,,J,Rd'A)dux' = jRiL,cL AB'dux’ " (9.2.3)

where the c:I‘A gt ore the structure constants of the group, which in turn

satisfy the identity

' M

L L L
.[ (°LAM'°M sec" * °LB|m°M cat Ccme ¢ ape jakxr = o . (9-2.4)

Typically RiL, will be a "differential operator” --- that is, a linear combi-

pation of the delta function and its derivatives with coefficiefits involving
the 01 and their derivatives up to some finite order.

The invariance of the physical situation under the transformation (9.2, 2)
is assured if the action functional remains invariant under it. A group in-

variant I 18 evidently characterized by the condition

j I,iRiA dux = (0] Iy (9.2-5)

The action S , in particular, must satisfy this condition independently of
the dynamical equat.i.ona.5 This means that the dynamical equations themselves
are not all independent of ¢re another. As has been mentioned in the Intro-
duction such a situation is always associated, in the canonical formalism,

with the problem of constraints. It should be pointed out, however, that a

functional relationship between the dynamical equations exists only in the

15




case of infinite dimensional groups. .In the case of finite dimensional

groups the integral is eliminated from Eq. (9.2.2), and the 34> cennot
generally be made to vanish in remote regions. Therefore the integration
by parts which always enters in the derivation o.f Eq. (9.2.5) cannot be
performed, and & totel divergence must be added to the integrand of this
equation. Instead of encountering a constraint protlem, one 1is thereby
led to a conservation law which holds when the dynemical equations are
satisfied (Noether, 1918). Beyond this the effect of finite dimensional
inveariance groups i limited to insuring covariance of the dynamical
equations, that is, their invariance in form under the transformations of
the group.

By teking the variational derivative of Eq. (9.2.5), with I
replaced by S, it is easy to show that under the group transformation
(9-2.2) the dynamical equations (9-2-1) are replaced W linear combinations

of themselves. We have

?
.ofdx' sziJ,RJAﬁgA
L 3 A
[d x* [d72 8, ’3t R 4 86 - (9.2.6)
[ [ ]

Since this relation must hold Independently of the particular solution of
the dynemical equations which :s involved, the change (9.2.2) in the
dymemical variables is physically unobservable, at least within the frame-
work of the system S itself. The change can become observable only as

a result of coup:.ing with en additional "external" system which destroys
the invariance property in question. If the additional system maintains the

invariance property, on the other hand, the change will remain unobserva.'ble.

————  p— - p——
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- It is precisely thrb’ugh & study of coupling with additional
systems that one is led to & definition of the Poisson bracket which is
valid under the most gener'a.i éii‘cuxﬁétéhces. The introduction of an addi-
tionai aystéﬁ' is, of course,' expressed by :a. change iq the ;act'ion functional.

We shall begin by considering ‘the simplest possible change:

S -» S+ e 5 (9.2.7)

where A 1is an invariant of the original system and where the effect of
the original system on the added system is neglected, the pertinent
dynamical quantities of the latter being lumped into the "constant" €,
which will be regarded as small. The change (9.2..7) will induce a change
in the dyna:mica.l variables oi » the precise nature of which depends on
the boundary conditions selected. For exa.mple,. we may adopt advanced
boundary conditions in which the dynmamical states6~ of the system before
and after the change are taken to coincide in the remote future, or re-
tarded ‘boundary conditions in which the dynapical states are taken to
coincic}e in the remote past, or a set of boundary conditions intermediate
tetween these two. It-is ’to be noted that the co;uceptls of "past" and
"puture" require a hyperbolic character for the dynamical equations, but
nothing uore. Ev:zn if the "metric" which determines this hyperbolic
character is itself a dynamical variable these concepts retain their
validity.

The changes in the <>i corresponding to advanced and retarded

+ 1

boundury conditions will be denoted by SA ¢ and SA'oi respectively.

The subscript A will sometimes be omitted where no ambiguity can arise,

but for the present we keep it. The changes SAtoi are, ot course, not

uniquely determined if the system possesses an invariance group, but are

17
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defined only modulo an unobservable transformotion (9.2.2). The changes

+
5A°B

fB:i &A* ot at + o(€?) , (9.2.8)

in any group invariant B , however, are well defined in virtue of the
invariance condition (9.2.5). It will be convenient to introduce the

quantity

o, B 3 (9.2.9)

DB = "

lim 1 . -
A €0 €

The choice of the retarded boundary condition here, rather than the
advanced, anticipates the "one way" character of the measurement process
in the description of which this quantity will presently be used.

In the 1limit of very small € the b Aiol satisfy the equation

LI
fs’i'j, 5" o) At = -, (9+2.10)

in which the quantities S;ij' and A;i are evaluated using the original
values of the dynamical variables. With the "inhomogeneous term" on the
right hand side amitted, (9.2.10) becomes the equation which describes
the propagation of small disturbances in the system. From its linearity,
which permits the appligation of the superposition principle, the follow-

ing identities, involving group invariants A, B, C, may be readily

inferred:
D(B+C) = D, B+D, C " (9.2.11)
D(A+B) C = D, C+DyC R (9.2.12)
Djg C = BD C+AD,C . (9.2.13)

18




Furthermore, if c¢ is a numerical coefficient or a variable referring

to another system not dynamically coupled to S , then

DB = DB (9-2.14)

The Poisson bracket of two invarients A and B will, for all

physical systems, be defined by
(A, B) = D, B-DgA . (9.2:15)

In the case of systcms possessing no dynanical constraints this definition
has been shown by Peierls (1952) to reduce to the conventional one. The
extension of the definition to the génera.l case will here be made by
appealing to the theory of measurement. It will be noted immediately

that the usual identities

(A, B) = = (B, A) 5 (9.2.16)
(A, B+C) = (A, B) + (A, c) , (9.2.17)
(A, B¢) = (4, B)C + B(a, C) (R 2.18)

are satisfied. The verification of the Poisson-Jacobi id.ent,ity., however,
requires an examination of the laws of propagation of disturbances, and

will be postponed to the next scction.

The system S 1is formaelly gquantized by relating the cermulator

to the Poisson bracket in the familiar manner 5
(A, B] = i(a, B) , (9-2.19)
which lcads immediately to the Uncertainty Principle

0A 0B ~ |<(A, B)>| ) (9.2.20)
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where AA and AB are, for example, the root mean square deviations

of A and B respectively from their average values <A> ard <B> in
the quantum state in question, and vhere "~ " means "no smaller in
order of magnitude then." We shall devote the remainder of this section
to showing that if the Uncertainty Principle holds for one system in the
form (9.2.20), with the Poisson bracket given by (9.2.15), then it .mt.{st
.hold. in th.aLt foim for all sy.stems. if a Q.escription.of Nature' is demand-
ed which avoids the use of ."hidden w}arie.'bles," therefore, the commutator
must in all Gages BE given by Eqs. (9.2.19) and (9.2.15).

The Uncertainty Principle is a statement about the fundamental
limitations imposed by the quantum theory on the relation between measurc-
ments and the possibilities of making predictions expressed :.n classical
language. Suppose the observable A has been measured with an accuracy
AA ; what does this imply in the way c..f restrictions on the accuracy of

predictions concerning the outcome of subsequent measurcments? Before

giving a complete answer to this question let us first take note of the ® e
fact that the mcasurement of a given observable will, dn general, occupy

a finite interval of time, which may itself be involved in the definition
of the observable, although in many simple cases this interval mz;y be
effectively r.egardea as vanishingly small. Let us consider the case in
which the interval associated with the observable B 1is subsequent to
that associated with A . It will be shown that as a result of the un-
controllable disturbance in the system produced by the measurement of .
A, the use of a classical value for B in meking predictions about the

outcome of subsequent measurements of quantities which depend on B is

limitcd to the extent of an uncertainty' AB which is given by Eq. (9.2.20).
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The "classical value" to be uscd for B in this case is its average

value <B> in the quantum statc resulting from (or "nrepared" by) the
measurcment of A . For simplicity in the subsequent discussion,
however, the brackets <> will be omitted whenever it is clear from
the context that the "clt;.ssica.l value" is meant.

The relation between A and B 1is a completely reciprocal one,
and because of -the time reversibllity of quéntum mechanics the above
situation may equally well be described in terms of a limitation AA On

retrodictions conditioned by a meesurement of B with accuracy AB in

the future. This reciprocity is reve8led with particular keenness in
the casc in which the time intervals associated with A and, B overlap.
The simp.licity of the Previous .description, in which the measurcments

of A and B could ‘be.ordered in temporal sequence, is missing in this
case, a..nd the state of the system must here be regarded as conditioned
simultaneo.usly by the results of both measurements, together with their
mutual interference. It is the remarkable property of the qdantum theory
that its formalism consistently mirrors these various cases in such a
simple ond beautiful way. Furthermore, the generality of this correspon-
dence betWeen formalism and Nature is in complete harmony with the

principle of rclativity.

Measurcments are performed on & system S through coupling with
a sccond systenm Sa. s usually called thc apparatus. In principle, any
group invariant can be measured through suitable choice of apparatus and
coupling. We shall assume that the Uncertainty Principle (9.2.20) holds

for the apparatus. It will then follow that it holds also for the

system S and, by judicious choice' of apperatuses and couplings (those,




in fact, by which all physical discoveries have to date been madc), may
therefore be extended to all (known) physicael systens.

We shall begin by considcering the measurcment of a singlc obscrvable
A . The coupling which is suitable for this measurement is onc which
brings about a change in the action functional for the combinecd system of

the form

s+s, - S+ gxXA + Sy . (9.2.21)

Here g is an adjustablc “ooupling constant" and x 1is some “convenient®
apparatus variable. For example, in the Stern-Gerlach experiment, where
A is an atomic spin, x may be token as a finite time integral of the
z-component of the position of the atom in a megnctic ficld which is in-
homogeneous in the z-direction, the strength of the ficld and thc magni-
tude of the atomic magnetic moment being described by g . Likewisc, in
s ficld mecasurement, where A 1s an average of the field over somC spacc-
time domain, x may be & similar time integral of the position of the
center of an appropriate test body, the "charge" on the test body being
contained in g . Thc only abstract differcncc between these two cxamples
is the fact that the eigenvalues of the obscrvable in question come in
one case from a discrete sct and in the other case from & continuum.
Since we arc, in this chapter, mainly intercsted in the latter case wC
confinc our attention to it.

The mecasurement of A 1is carricd out by determining the deviation
in the value of some other suitable apparatus variable =« , as & result
of the coupling, from the value it would have had in thc abscnce of the

coupling. The suitability of the variable =« is conditioned by the
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requirements

D x =0 R (x, 1) = D = $ 0 . (9.2.22)

Thot is, n describes & dynamical state of affairs subsequent to the
eoupling process, s0 that although x has a retarded effect on n, =x
has no rctarded effeet on x . For example, in the Stern-Gerlach experi-
ment 1w might be the position of the point at which the atom strikes

a photographic plate after having passed through the magnetic field,
while in a ficld measurement s may be the momentunn of the test body

at thc end of the time interval involved in the coupling term gxA , &s
observed Xié the Doppler shift of photons, for example. Of course, it

is in thc analysis of the final observation, performed upon the apparatus
variable n , that the source of many of the polemies concerning the
conceptusl foundations of the quantum theory lies. But the resolution

of the difficulfics inherent in this analysis, :heth;r in tcrms of a
discontin&gus "eollapsible" behavior of wave functions, as dé%anded by
the Copenhagen sehool (see Heiscnberg, 1955), or by insistence cn an
isomorphism Yetwecn the real wérld and cn infinitely “branehigg" univer-
sal wave funetion (see BEverctt, 1957, and Whecler, 1957), or with the aid
of ﬁpmc other viewpoint, is laré;ly’a metaphysical problemn, irrelevant

to the prescnt diseussion. 3 *

The analysis of the measurcment of A iteelf reduces to simplest
form when the eoupling term gxA ean be regarded as smcll in comparison
with that rortion of the apparatus aetion sa whieh eorresponds to the

7

time interval involved in gxA . By checosing a suffieiently macroseopie

(i.e., Wolassical®™) apperatus this ean always be arranged. The ehange

a3




in the apparatus variable = as & rcsult of the coupling may then be

approximatcd by

8 n = EAD_n ’ (9.2.23)

where the factor Dxu may be ev?luatcd gs if the epparatus wcre uncoppled
to the system S . Actually, Eq. (9.2.23) is not yct sufficiently
accurate for our purposes. Fcr, in order to analyze the measurcnent
process in thc truly quantum domain it is necessary to take into account
small deviations in A from the "classical velue" which appcars in
(9.2.23), in particular, the deviation which is duc to thec measurement

proccss itself. The latter is given to lowest order by
L]

5 A = exD, A, (9.2.24)
[ J % .

and this is thep to be inserted into the improved formula
.

. S n = g(A + 6- A)DX b1 ’ (902-25)

which gives,the deviatigu in 1 now corrcct to sccond order. Herc again,
[ ]
[

the factor DAA is to be evaluated in the ebsence of coupling.

Solving Eq. (9.2.25) we obtain the *formula

j\_=_6_.lt_.__sxDA

A 2
g Dxu

(9.2.26)

which cxpresscs A in terms of the "experimental data," ond from which

..

it follows that the accuracy in the measurcment. of - A will be given by

oa s gD Alax (9.2.27)
gD x|
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where AnA and Ax are the uncertainties in the valucs of n and X
in the original apparatus state. Since the Uncertainty Principle is

assumed to hold for the apparatus, we have
ax o~ (x| = |Dxn| . (9.2.28)

whence

1
DA =t c|DyAlax s (9.2.29)

which, upon minimization with respect to Ax , reduces to
1
2
oA |D,Al . (9.2.30)

In those cases in which the time interval associated with A may
L2
be taken vanishingly small (e.g., irmpulsive measurcrcnts in nonrelativistic

particle dynaudcs) the quantity DAA will usually be cqual to zero, and

the obscrvable A is then measurable with unliéited accuracy. Unlimited
.
accuracy, however, should be a&tainable in the measuremcnt of any single
observable, and this seens to be contradicted by Eq. (9.2.30) which at
first sight implies that there is an absolute 1imit to the accuracy with
which observables associated with finite time intcervals can be measured.
The way out of this difficuity was found by Bohr and Rosenicld (1933),
who showed that the measuring arrungement can be slightly alterced, by
means of a "compensation mechanism," in euch & way that the correct re-
sult is obtained. The compensation mechanism appropriate fcr the measure-

ment of A is represented by the addition of a term -% g2 x2 DAA to

the coupling, so that the change in the action now becones

1 2 2
S + Sa > S+Exh->3¢ X DAA + Sa . (9.2.31)
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Equation (9.2.24) again holds to first order in g . But Eq. (9.2.25)

takes the foxm

8x = g(A+ 5 A -gxDA)Dn = EADx G (9.2.32)
correct to second order in g , whence
A o= 2 oA~ X . (9-2.33)
gD = ) glD_x
X o X

Now, the valuc of D,A (or, more properly, of <DAA>) »is generally in-
sensitive to the quantum fluctuations of the system S , being primarily
determined by the geometry and parameters of the measuring arrangenment
and only sccondarily, if at all, by the "olassical™ or "average" values
of the system observables. Therefore a compensation devicc which is
adequate for tusting the predictions of the gquantum theory (c.g., in the
case of field ncasurcments, a set of mechaniccl springs connecting the
test body to a stiff coordinate framework) can be set up in advance of
the measurcrent of A  on the basis of conly a rough prior knowledgz of
the systcm obscrvables. The accurate determinotion of A mnay therefore
be made on the basis of Eq. (9.2.33) with o preeision whieh is limited
only by the accuracy with which = may be deterunincd. By choosing the
appoarctus sufficicently macroscopic the latter accuracy may ke nade very
high indced witbout, at the same tine, rendering Ax unduly larges

The analysis of the mcasurcment of two obscrvetles, A amd B,
procceds in a quite similar fashion. Here it is necessory to introduce
variables X, M and X5 5 Ty from cach of two indcependent cpporatuscs,

S and 5, , sotisfying the conditions (9.2.22). The systems S
1 2 1




and SD‘2 may be regarded as forming, together, a single apparatus, for
which the Uncertainty Principle will agoin be assumed to hold. As before,
compensation mechanisms will be introduced, i:ut in this case the rutual
interference of the two mecasurcments will prevent the complete cancella-
tion of uncertainties. The greatest possible rmutual accuracy is attain-

ed by means of couplings which preduce o change in the total action of

the form ) . o

1 2 2_A 1
S + g XA+ &%,B - 5 8 X Dy, -3 e,lgexlxe(DAB + DBA)

2 2
&, X, DBB + sal + sa2 . (9.2.34)

1
hv R o

-~ s

The teims in x12 and x22 arc compensotion terms, while the tcrm in
X)Xy is a corrclation term (e.g., in the case of field measurenents,

resulting from the effect of appropriate mechanical springs connecting

the two test bodies involved). As o result of the couplings we have, to

first order,

&5 A €%, DA + £5%, Dph , (9.2.35)

8B = gx DB+ X, DB, (9.2.36)

and, to cecond oruer,

s}

]

: 2 L
g [A+®7A - g X DA - -Asze(DAB + DBA)]D n

st 1A ) x "1

1 N .
g (A - 5 6 %,(D;B - DBA)]Dxlnl v (9.2.37)

[
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5n, = ge[B +8B-3 8% (DB + DBA)- e;axanBB]D n

X 2
= g,(B+ 35 ex(DB- DI T (9-2.38)
2
whence
6-“1. 1 :
A B gi—D;l‘,q + 3 €,%,(A,B) ’ _ (9.2.39)
) : '
6-“2 1
B s ogpw 2 ant® o (9-2-40)
2
leading to thc sirmltaneous accuracy cstimates
AA."'l + % g 1(aB) ] T (9.2.41)
stz el PR s
' o - i +ielaB) (9.2-42)
56 l(AB) oy, 9.2

8%,

the product of which, upon ninimization with respect to the product

Axlaxa F rcduces to

asB =~ |(A,B)] ’ (9.2-43)

thus verifying the Uncertainty Principle for the system S .

We may with confidence therefore take the commutator in the form

(9.2.19) - (9-2.15) in all future work. It is to be emphasizcd that the

arguncnts prescnted here hold with completc generality for all physical

systens, including the gravitational field. It is only nccessary to make

ope additional remark, conccrning the use of the "classical" or "average"

values of the systen obscrvables above. Some of these obscrvables may

occur in products (in quantitics like the slowly varying parts of

28
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DBA, etc., for example) cr may themselves be expressible as products

of other observables. Now, the average value of a product ma.y‘be equated
to the product of the average values only in the limit of high quantum
numbers, and then only in the case of systems possessing a finite number
of degrees of freedom. A ;rigoraus classical description of the quantitics
in question will therefore not be strictly valid, particularly in the
case of quantized fields. Such a flescription peglects a number of
important purely quantum effects, namely, those which give rise to the
phenomena of vacuum polarization and level shifts as well as to methe-
matical infinities in the formalism. However, the technical procedure of
"renormalization" should reinstate the approximate validity (i.e., to
lowest order) of the classical description, grovided the coupling of the
field to its sources is sufficiently weak and/or there exists & funda-
mental invariance group which sufficiently dominates the physics. At
let;st this is the case for quantum electrodynamics, as has been empha-
sized by Bohr and Rosenfeld(1950). The gravitiational field, also, cer-
tainly meects these specifications, although in this case the procedures
for remormalization are still unknown. One hopes to be able to lump at
least some of the infinities together into a renormalization of the
gravitation constant, but this remains to be seen. In the following
sections we shall refer to the use of the classical description for

all quantities occuring in the derivation of a Poisson bracket (except
those, of course, which appear in the primary commutator which the

Poisson bracket evaluetes) as the cemi-classical approximation. In

the derivations of the semi-classical approximation all guantites are
regarded as freely commuteble c-numbers. The problem of their actual non-
commutability will be only briefly considered at appropriat points in the

discussion.

9



(9.3) Green's functions-

The laws of propagation of small disturbances in the system S
are determined by the fundamental structure S,ij' appearing in Egq. (9.2.10).
It is convenient to treat this structure formally as a continuous matrix
although typically it, 1like RiL, , Will actually be a differential
operator, expressible in matrix form as a linear combination of the delta
function and its derivatives up to some finite order (usually first or
second) with coefficients involving the oi and their derivatives up to
some finite order. Becausc variational differentiation is cormutable
S,ij' is a symmetric matrix. It is also a singular matrix whenever the
systenn possesses an infinite dimensional invariance group. This follows

from Eq. (9.2.6), which admits the corollary

js’ij, RJ'A a*t = o (9.3.1)

whenever thie dynamical equations are satisfied. The R* A ? because of

their "locality" (i.e., they vanish except in the immediatc ncighborhood
of z , for cach 2 ), are true null eigenvectcrs.
Because of the singularity of S:ij' the solutions SAioi of

Eq- (9.2.10) (as has already been pointed out) are not well defired but
are determined only up to a group transformation (9\2.2). It is evident
that the general solution of Eg. (9.2.10) is obtained by adding (9.2.2)
to an arbitrary linear combinatior of particular solutions (with coeffi-
cients udding up to unity) determined by appropriatu couclery and supple-

mentary conditicns. The boundary conditiors to te adopted arc already
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implied by the # signs. For the supplementary condition it is neces-

sary to choose an equation of the form

fqm sA‘-‘ ota% = 0o , (9.3-2)
) .

where QiA s 1ike R A ? is & differential operator which may be de-
pendent on the ¢i , but which is sclected in such a way that still

another similar differential operator PiA may be found for which the

matrices
Fij, = 5,13! +f1>iA QJ,A duz 5 (9.3-3)
Fopt = fQiA RiB, dl‘x A (9.3.4)
2 = fRiA p,” at (9.3.5)

are all nonsingular. In the theory of discrete matrices "yectors"

PiA 5 QiA » RlA having these properties are easily found by identify-

ing pertinent subspaces, and considerable flexibility is allowed in their

sclection. The same is true of these quantities in the case of all action

functionals which lead to consistent dynamicel theories. Furthcrmore,

because of the underlying hyperbolic character of the dynamical equations
. Bl )

of thesc theories, the matrices Fij' s Fpps s Fa may be chcsen so

as to possess special properties which allow us to characterize thenm as

wave operators.

A wave operator (let us refer to Fij‘ for definitencss) satisfies
the following two conditiors: (1) it adnits of bounded nonvanishing

solutions 8¢ to the equation




fFiJ' 50‘" a% = o ; (9.3.6) ,

|
and (2) it possesees unique rctarded and advanced Green®s functions Gﬂ"j

satisfying the equations

o "3 b v
j Fow 629 %" = - 5, , (9.3.7a)

fGﬂk" F'k“Ji dh-x“ - 5J|i F (9-3-7b)

and the conditions

—14? ~
¢ 20 for x<x g

: (9.3.8)
G+i'j = 0 for x > x? .

Here the symbol 8i'j' denotes in obvious fashion a product of a Kronecker
delta with a delta function, while "<" is an obbreviation for '"lies to
the past of" and -">" is an abbreviation for "lies to the future of."

In a space-time with hyperbolic metric the definitions of “past" and
“future" may be made with rcspect to an arbitrary space-like hypersurface
through either one or the other of the two points x , x¥ . Bl:cause of
the arbitrarincess of this hypersurface it follows that both Green's
functions vanish simultancously when x and x?! are separated by a
space-like geodetic interval.

It will be seen presently that Egs. (9.3.7a) and (9.3.7b) are not
independent; one f.ol.lows from the other just as in the case of finite ,
matrices. It is only necessary to bear in mind that the use of the latter
equation entails an integration by parts, the admissibility of which must

be checked in com:e)d:.8 It is to be noted, however, that F , unlike

ij?
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a nonsingular finite matrix, does not posscss a unique invcrse; both

.+

- ]
-G 19 and -G

its "inverses."

, a8 well as linear combinations of the two, are

This fact is a direct conseguence of the existence of

bounded solutions to Eq. (9.3.6), which may always ve added to any "in-

verse." On the

other hand, it is to be recognized that bounded solutions

of Eq. (9.3.6) cannot vanish in remote regions of spece-tine cufficiently

rapidily to be ncrmalizable (i.e., quadratically integrable). For if

they did, then

Fij' would possess true pull eigenvectors and have no

inversces at all.

i i
Cecrnsider, now, two arbitrary functicns Q. , ¢2 , which appear

together with the wave operator Fij' in the following corbinatici:

If the functions ¢11 ) 02

i i h iy.0
f(ol Fyq o) -9 Fj,i¢2)dx .

i vanish sufficiently rapidly in remctec re-

tions of space-time, the integral of this exprcasion over 211 x will

vanish by symmetry. Since F

13t ijs a differoutial operator this implies

that the avove integral must be reexpressible in the form

i 3t
f(ol Fy5:%5

where fp.i N J ”"

-0 J'Fd o yalr = fa’*xifdl*x" ?{?F (<bli'f“i.j..<92J )

(5.3.9)

is an eppropriate homogeucous gradratic comvinztion of

delta functions and their derivatives, with coefficicnts involving the

i

propertics of the functions 011 , @

¢ and their derivatives. Since the identity (9.3.9) involves the

i

5 only locelly, it rmst evidently

hold for arbitrary functions °li 3 ¢21 , subject only to the coenditions

which permit integrations by parts.
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With the aid of this identity we may show that the Green's
#3t

functions C have the very important property of being able, in
the combination

' ' T
13 REE LI &

G n (9.3.10)

to express Huygens' principle for a solution 801 of Eq. (9.3.6):

i 4w 13" pt o .
50" = f,_.dzu'fdx fde fpj..q5/ . (9.3.11)

Here the value at an arbitrary point x of the solution 56" ie expressed

in terms of Cauchy data,

1 4
fi“ "a 8% a'z (9.3.12)

on & space-like hypersurface X having directed surfuce element dzu, .
The prooi »i Eq. (9.3.11) is carried out by chap;ing the surfucc integral
into & volume integral with the aid of Causs' thcorcm, ena tiien using

Eq. (9.3-9)s Tor x > I Eq. (9.3.11) becomes

~ future .
i L, b oy, -13° k" -ik" gt
5or = J . a'x fd (6T W - (TR0,
(9.3.13)
while for x < Z 1t becomes
. ,’\Z [} " " 3%
BoT = \j c).hxl\‘/‘dhx“(c*’i‘j Fj,knﬁok - J+ik Fk,,‘j,&bJ ) n
past
(9.3.14)

the validity of both forms followinj immediatcly from Eose. (J.3.6) and
(9.3.-7b). The extension of the domains of integration arvitrarily far

into the future and past respectively is permitted becausc of the "locality"
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of F and the fact that the Green's functions in each case “out-off"

15!
sharply beyond the point x . In the case of x lyingon Z Eq. (9.3.11)
is to be regarded as providing an interpretation of the singularities

of the Gﬂ‘j

and their derivatives, regarded as functions of x', in
the space-like neighborhood of x .

It will be noted that Eq. (9.3.7b) was used in the adsove deriva-
tion, but not Eq. (9.3.7a). If we therefore take Eq. (9.3.7b) as the
defining eguation for the Green's functions we may infer the validity of
Eq. (9.3.7a) through the following considerations: Because the functions
sol satisfy Eq. (9.3.6) and becsuse the Cauchy data (9.3.12) may be
chosen completely arbitrarily on T , it follows from Eq. (9.3.11) that

L
the function Gi‘j , which is known as the propagation function for the

wave operator Fij' , also satisfies Eq. (9.3.6), 1i.e.,

"ae
fpik.. K gk - 0, (9.3.15a)

as well as the equation
"
L[‘Gik Fk"J' dhk" = 0 » (9.3.15b)

which follows immediately from Eqs. (9.3.7b) and (9.3.10). Equation
(9.3.7&) is then obtained by splitting the propagation function appearing
in Eq. (9.3.15a) into its advanced and retarded parts. The kinematics
of these parts insure that it is only the delta function 813' or its
derivatives which can make an appearance on the right hand side, while
dimensional considerations eliminate the latter. The coefficient of the

delta function is determined as -1 from the identity
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Jd"z] atzr g Fopt Gl o gHd (913.16)

°
in wﬁich integration by parts and interchange of orders of integration
is permitted in virtue of the conditions (9.3.8).

Returning now to Eq. (9.2.10), we see that it may be replaced by

28 h
fFiJ' aA* od a'x* = - €A . s (9.3.17)

1

from which one immediately obtains

+ i ¥}y
SA ¢ = e\/ G A,J,

e , (9.3.18)

whenever the supplementary condition (9.2.10) is satisfied. If the

+
supplementary condition is not already satisfied by the BA‘ oi it is

easily imposed by first carrying out a group transformation (9.2.2) for

which the parameters 8§A are given by
N N '
set = thx\/ alrzr G*AB Q, e 5A: o , (9-3.19)

AB?
the G Lcing the Green's functions for the wave operator FAB'

It is important to check, however, that the solutions (9.3.18) in fact

satisfy the supplementary condition which was used to get them in the
first place. This can be done with the aid of an important relation

]
between the Green's functions GtiJ and those belonging to the wave

operator FAB . We note, using Egs. (9.3.1), (9.3.3), (9.3.5) and the

sympmetry of S that

2igt ?

L L
fRJ A Fj,i dl*x' = fFAB Qg dhz' . (9.3.20)




asumeny ~ emwemm s

Therefore

i - i
fdx]dz' AB Q:lB’G fdxjdx' l=‘..1(}ﬂ“1 =-RJA.

(9.3.21)

But also

4 b B .+ C" _J° hh
fd z! dz FA G B R c" = -R A’ (9'3'22)

" ]
where the GtB,C are the Green's functions for F B Now, Egs. (9.3.21)

A
]
and (9.3.22) are both "wave equations"” in FAB , having the same inhomo-

]
geneous term, - R'j . The functions satisfying these equations have
4 A

the same kinematical properties and must therefore be identical. That is,

fq'iA i’ % = fGtAB' RJ'B' atz , (9.3.23)

which is the relation mentioned. Using it we get from Eq. (9.3.18)

immediately

]
J Qm At @i d. X = fd x'fd. z' t RJ B' A,J‘ ,,(903021‘)

which vanishes in virtue of the group invarience of A , thus showing the
complete self-consistency of the supplementary condition.
It is convenient at this point to derive also another relation
similar to (9.3.23). Using Egs. (9.3-1), (9.3.3) and (9.3.4), ve have
v b, [ B T
fFiJ, RV ,dx' = J P," Fpip d'z R (9:3.25)

and hence
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fdhx'fdhz' Gﬂ‘j' PJ,B' jd x'fdx (..ﬂ"1 FJ'k" Rk-A = - RiA

(9.3.26)
But also

i Cc"B! i
fd z.fd z R C" G FB'A '- - R A ? (9'3'27)
from which it may be inferred that
fcﬂJ' P, B ah -fniA GHAB' gty | (9.3.28)

This relation is usqﬁﬁ, in the derivation of an important recipro-

]
city theorem involving tiac Green's functions GﬂJ

i, .'tk"J' ;,j'k" I 4
’ Fiyn (G -G )a x
o - [ By - By )T e
;J'k"

--f ' [d' (0 qy - 2t )6 L (903.29)

We first write

The solution of this equation, taking into account the kinematics of the

Green's functions and using (9.3.28), is

fd x J a zfd ar(Rl,GEB'A GFITKT Rl BN Mg

(9-3.30)
From this it follows, with the aid of Eq. (9.3.18) and the invariance

condition (9.2.5), that if A and B are any two group invariants, then




»

+ ¥ + 1 *F i b
BA"B-SBA -j(B’iaA ¢ 'AniaB ¢7)d x

3! ;Jli
fd xfdx' B,,(G -G )A’J

= 0 . (9-3-31)

That is, the retarded effect of A on B is equal to the advanced

effect of B on A , and vice versa.

This reciprocity theorem allows us to write the Poisson bracket

of A and B in the following simple form:

lim 1
(A,B) = D,B-DA = e_'Oe(zs B-6 “A)
lim 1 + -
c o0 ¢ (0gA=-dgh)
=jdxf ax' A, ! B, 3 ' (9.3-32)

in which the piropagation function appears. It is to be emphasized that
the value of the final expression is independent of variations in the
propagation function arising from varying choices of the somewhat arbi-
trary functions PiA s QiA N RiA « This, of course, is c;bvious from
the original definition of the Poisson bracket, but it can also be proved
directly by studying the transformation properties of the various Green's
functions under allowable transformations of the PiA s Q450 Ri A?
and making use of the invariance properties of A and B . It may be
mentioned that the functions PiA and QiA can in practice usually bde
chosen in such a way that the matrix Fi 3t is symmetric (self-adjoint

wave operator). In this circunstance
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Gd' o gH , (9-3.33)

and the Poisson bracket identities (9.2.16), (9.2.17), (9.2.18) may be
read off immediately from the final expression in (9.3.32).
A more important consequence of the reciprocity theorem is its

significance for the theory of the canonical trancformation group. The

existence of such a group is shown by the following considerations:

Since, in the limit of infinitesimal € ,

d/\siijl(6B+ °J' - SB- °j')dhx, = 0 (9-3.34)

1t follows that the quantities oF + aB+oi - 5B’oi satisfy the dynamical
equations if the oi do. By means of the Poisson bracket, therefore,
invariants may be used to mep solutions of the dynamical equations into
other solutions. For example, the inveriant B defines the infinitesi-

mal mapping

A - T(B)A = A+ €(A,B) , for all A , (9.3-35)

where, in virtue of the reciprocity theorem, the symbol T(B) may be

expressed in the form

17(B)

U

1+ 8y , (9+3+36)
85 B~ % wm = (&P, (9-3-37)

it
o
1

o
o

the symbols bBt being viewed here in their evident role as linear

operators. The mapping (9.3.35) is expressed in terms of its effect on

the class of all invariants, since it is only in terms of invariants

that physically distinct solutions of the dynamical equations may be

&
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characterized. It is easy to sce that such mappings are one-to-one, at
least in the neighborhood of the identity, and therefore generete a group.9
From this fact it follows thet the Poisson bracket (9.2.15) satisfies
not only the identities (9.2.16), (9.2.17), (9.2.18), but also the
Poisson-Jacobi identity as well; for the Poisson brackets may be mapped
into the commutators of the Lie __r_igg,_ associated with the mapping group.
To see how this comes about we first note that the result,
T(A)X , of an infinitesimal mapping T(A) performed on an arbitrary in-
variant X may be regarded in either of two guise;: (l) as an invariant
which daiffers slightly from X , or (2) as the same invariant, but
evaluated with a set of dymamical variables differing slightly --- but
physically --- from the original variables. Therefore, if we consider
the product of tx;o successive infinitesimal mappings, T(A) and T(B) ,

we may write, using the first point of view, simply

T(B) T(A)X = (1 + 38, + 585+ aBaA)x 3 (9.3.38)

Using the second point of view, however, and making the functional
dependence of the invariants A, B, X on the dynamical variables ol

explicit, we may write

o(B{o)) T(Ale]) X[¢]

[}

T(Blo + aAo] - 5AB[o]) x[o + sAo]

(L +8 ) x[o+5Ao]

Blo +8,0) '°aAB[o]

il

T(A) T(B) X -85 , X
A

= (L48, +5,+8,5, - sbAB)x . (9-3-39)




Equating the right hand sides of Eqs. (9.3.38) and (9.3.39), we infer,

from the arbitreriness of X , therefore,

[5A » bB] = 65AB = - B (A,B) » (9-3.100)

and hence

0

[d

o s [y, 8,11+ (8, (8, 8,11+ [Bg, 5y, B,]]

= 8 5 (9.3.41)

€2[(A,(B,C)) + (B’(C)A)) + (C,(A,B))]

which, ia virtue of the fact that &, = O if and only if X = O , implies
(A, (B, C)) + (B,(C, A)) + (C,(a, B)) =0 . (9.3-42)

This identity may also be proved using Eq. (9.3.32), by werking directly
with the Creen's functions (DeWitt, 1961).10

In evaluating Poisson brackets by means of Eg. (9.3.32) a possible
source of ambiguity at first sight appears to exist. Heretofore, in
referring to group invariants, we have always had in mind explicit
functional expressions involving the 01 « Actually, invariants are de-
fined only modulo the dynamical equations. It is straightforward to show,
however, that this freedom leaves the value of the Poisson bracket un-

affected. Let us, for example, replace B by

B' = B +f fi S,i dhx R (9.3.43)

where the fi are arbitrary coefficients. [The group invariance of the

second term follows from Eq. (9-3.1) together with the dymamicel equations. ]

We have




(A, B') = (A, B)+fdxfdx'fdx A, ot s,J.k..fk" ;

(9.3.1k)
in which terms in S’1 have been dropped after the variational differ-
entiations have been performed. In virtue of Egs. (9.3.3), (9.3.15%)

and (9.3.28), however, this becomes

(A, B') = (A, B)-defdxnfdzf uz‘A 1A ABanB. K"

(9:3.145)
which reduces simply to (A, B) in view of the invariance of A .

All of the preceding work has been carried out in the semi-
classical approximation with all quantities being treated as freely
cormutable c-numbers. We may here briefly indicate some of the problems
which arise in the rigorous theory. In the first place, the use of
ouantities which are commutable in lowest approximation restricts the
application of the theory to systems satisfying Bose statistics. In the
semi-classical approximation it is actually not difficult to extend the
theory to include Fermi systems as well. The details of this extension
are outlined in Appendix A at the end of the chapter. It is only neces-
sary to introduce anticommuting as well as commuting "c.pumbers." Beyond
that, however, the prcblems become difficult. The quantities in the
rigorous theory do not exactly commute or anticommute, and the order of
factors must be takgn into detailed account. It is no longer clear to
what extent the formalism is deterﬁiﬁed by phy;ics alone and to what
extent it is determined by purely mathematical exigencies (not that one

expects the two to be separable in the end, of course). The difficulties
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are increased by the fact that the Green's functions are themselves
q-numbers in all except completely trivial linear theories. In the case
of systems possessing infinite dimensional invarience groups the way out
of these difficulties is completely unknown except when the theory is
nearly linear (e.g., quantum electrodynamics). When infinite dimensionel
invariance groups are absent it is possible to give some indication as

to how one may proceed. In this case commutation relations may be written

directly for the @1 themselves, namely

[oi, o"'] = 1 Gi'j' . (9.3.46)

The problem which then arises is that of defining the “operator-propagator"
GiJ' in such a way that it can really b_e a commutator. In particular,
it must be consistent with the Poisson-Jacobi identity as well as with
the dynamical equations. Its consistency with the latter provides a
possible clue. Suppose the dynamical equations S’ i " O have been
written with their factors in some given order. Then by taking the

|
commutator of the dynamical equations with 0" , ve obtain
' k"3 4
0= [s,i.o'j ] = 1fs,ik.. . g a¥ 5 (9.3-47)

where the dot signifies that the propagation function is to be inserted
as a replacement for Sok“ in all the places in which it occurs in the
variation bs, i This then suggests that the Green's functions them-
selves be defined by

Y ] T
fs,ik.. . gt d"‘x" = - 51" . (9-3.48)

It is not obvious, hovever, what conditions the original structure




s, i has to satisfy in order that Green's functions defined in this way

satisfy the necessary reciprocity relations (9.3.33) and, fipally,
that the Poisson-Jacobi identity hold. It may be possible, neverthe-
less to build up a self-consistency scheme, by successive approxima-
tions perhaps, to answer this question. Incidentally, there is no

a priori reason ‘o insist that S_’ i should be the variational deri-
vative of some actual action operator. Its full expression may
require the addition of some small (proportional to ’A2) "non-classical”
terms. Its complete determination may also depend on & number of
other considerations, for example, on the requirement that all
criteria adopted be invariant under transformations which replace the
oi , 88 primary dynamical variables, by arbitrary local functions of
themselves.

When infinite dimensional invariance groups are present it
may be necessary first to introduce some "preferred” invariant
dynamical variables (determined in the case of general relativity,
for example, by an {ntrinsic coordinate system based either on the
geometry of space-time itself or on some additional physical system)
which satisfy a set of invariant dynamical equations and for which a
commutator like (9.3.1&6) can be written. On the other hand, it might
prove possible to deal with the original dynamical variables as if
they satisfied the commutation relation (9. 3.46), as long as all
final expressions involve only group invariants. The commutator of

two invarients A and B would then take the form

L [k 13t
o, B] = 1jd x /d x* A,y + G 3, B,J, ’ (9.3.49)
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the condition for inveriance itself becoming

(9.3.50)
A

{ N
‘jA’i « R d'x = O.
In Eq. (9.3.49) the pair of dots signify that the propagation function
[}
is first to be inserted as a replacement for 503 in all the places in
which it occurs in the variation 5B and that the resulting “product"

is then to be imserted as a replacement for 501 in the variation BA,
or, alternatively, that the process of insertion is first performed

in BA and then in 8B. The equivalence of the two procedures rollows
from femiliar properties of commutator brackets, together with the
assunmption that Gid' is itself actually a commutator. Whether
complete consistency of the quantum theory of geometry, in particular,
can be established along these lines remains to be seen.

We conclude this section by showing how the arguments and
methods thus far introduced can be used to derive the generator of
infinitesimal displacements in space-time. It is convenient for this
purpose to work with an action functional which is formelly inveriant
under the group of general transformations of the coodinates x?, even
though the system in question may not really be invariant under this
group. Such an action functional can always be constructed simply by
starting with a standard "gimplest" form and performing an arbitrary
coordinate traucformation. Metric components guv will then make an
appearance as explicit functions of the ¥'. In this way nonrelati-
vistic and Lorentz invariant theories, as well as generally covariant

theories with fixed gravitational flelds, can all be treated at once.11

It will become apperent in Section 7, furthermore, that the mcthod
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also covers the fully relativistic situation in which the gravitational
£ield itself is given dynamical properties. In this case it is only
necessary to use intrinsic coordivates in place of the :?‘ .

An infinitesimal displacement 8x' of the coordinate mesh
corresponds to the coordinate transformation x““ - - 5x'. Under
this tra.néforma.tion the functional form of the action suffers an

explicit change of amount

R T
& 'F é/T L TV (9.3.51)

where TV is the stress-energy density of the system and bguv is the

change which the mesh displacement induces in the explicit metric suv-:

uv
™ = 2383/t (9-3-52)
5gpv = qu.v + va_u . (9.3.53)

Here the dot denotes the covarient derivative with respect to the
metric guv. In order to insure convergence of the integral (9.3.51),
bx"l will be required to vanish outside of a finite but otherwise
arbitrary region cf space-time.

Since the action functional is formally coordinate invariant
the change (9.3.51) will be exactly cancelled by a variation in the
¢1 corresponding to the same coordinate transformation: x = - 5:?‘ .
This fact is of great importance, since it means that the change
(9-3.51) can also be computed by taking the negative of the variation

i

induccd in S by replacing the ¢~ and their derivatives by their

"3isplaced” values. It is to be noted, however, that when the

L7




.dynamical equétions are satisfied this latter variation vanishes on

account of the stationary action principle. This mca.ns that expression

(9.3.51) itself has vanishing value, and hence

- - v Lo uv b
o &S ‘[‘I’p bxu.v d'x -ﬁ o3 bx"1 a'x , (9.3.54)
which, in view of the arbitrariness of ox , implies

™Y = 0 (9+3+55)

Vv

In spite of the fact that expression (9.3.51) has vanishing value
its explicit form is significent, and can be viewed just as if it
represented a real change in the physical system. The vanishing of
3S simply means that the retarded and advanced effects which it pro-
duces will be identical.

let us consider an arbitrary local tensor quantity construct-
ed out of the 01 and their derivatives, the components of which may
be imagined as arranged in a 1- column array . Let us further
suppose that ¢ is a group invariant of the system. The change in
¢ produced by the change 5S in the action will vanish in regioms

where t‘>xll vanishes and will elsewhere thke the form

\ = B = v JJ-
50 8 © O.uSJ?L +p Vet (9.3-56)

-

@orresponding to the alteration in the coordinate mesh with respect to
which ® is viewed. Here the Duv are generators of the matrix repre-
sentation of the linear group to vhich ¢ corresponds; they satisfy

the commutation relations

-

T [
.’ , 0] = 5.0 -8,D - (9-3-5T7)
o
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We also have, however,

' M ab?! & 85
]
J;.Z dz G '5—°'sr

fd x'fd ZJd z! —5 e(z',.2) Gab‘ 51“ ¢ B 1.0

" 4 (.4 B0 apt a7 V'
-Jd x‘]:s.z dz';)—ae(z,z')c —pT Sxp,.v, »

5%
(9.3.58)
where @(z,2') is the step funciion:

1 when z> 2! .
e(z’z') = * (9-3'59)

O when z< 2! .

Because of the "locality" of ¢ end ™ v the variational derivatives
appearing in (9°3-58) will conmsist of linear combinations of the delta
functions®(x,z) and S(x',z‘) and their derivatives, x being the point
at which ¢ is evaluated. This means that it is almost pernitied to
replace the step functions e(z',z), o(z,z') by e(x',x), o(x,x")
respectively. In fact this replacement cén be made provided extra
terms iavolving the derivatives of the step functiorns are aadcd as
needed in order to account for the effect of the aifieventicted delta
function. Lumping these extra terms collectively into the symbol A ©.
we may therefore write

(®.Lmtme i vt qu,.v,dl*x') + 0

8t ¢ =
(o, Tp e Bx WY eyt dhx') +& (9.3.60)

ast
[ J




where £ is an arbitrary space-like hypersurface through x. Perform-
ing an integration by parts and making use of Eq. (9.3.55), we

finally obtain

o, 58 +DYond = (0,5) +m (9-3.61)
j3 E '\/z?u'v 5x T, (9. +62)

It is seea that an infinitesimal displacement can be effected
on a group invariant ¢ by means of a simple Poisson bracket with an
infinitesimal generatorlﬁ --- which is the nearest thing to a
Hamiltonian appearing in the present formalism --- only if Ad vanishes.
AP will vanish or not depending on the effect of the singularities
possessed by the products oi the propagation function with derivatives
of the step function. Generally speaking, in a theory for which the
dynemical equations are of the second differential order in the ¢1 »
Ad will vanish if ¢ depends only on the ¢i but not on their derivatives.
Thkat &) will not generally vanish when ¢ depends on the derivatives
of oi is then easily seen by taking derivatives of Eq. (0.%.C1) and
rer=mtering that‘S itself depends on x through its denerzc=:> on Z.
Tris, however, in turn implies that &0 may in special cases vanish
for all ¢, namely, if the displacement 5X' can be ckosen in such a
way that }i'becomes irdependent of ;:}2 mIn_§uc§ cases we may speak
of a "true Hamiltonian" for the system. It is to be erphnsi"ed once
again, however, that although its use is often a convenience, the
infiritesimal displacement generator is not essential to the

quantization program.
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(9.4) The free particle and the relativistic clock.

In this section we apply the Green's function techniques to
two simple examples: the nonrelativistic free particle and the
relativistic clock. The first provides a familiar introduction to
method while the second is of fundamental importance in the theory
of measurement of the geometry of space-time.

The action functional of the free particle may be taken in

the standard form

s = %mj 2at (9.14.1)

where m is the mass and x = (xl, X, x3) the position vector of the
<
particle, and vhere the dot denotes differentiation with respect to

the time t. The variational derivatives

8s/bx, = - m %, (9.%.2)

2S 06.

]
5 /bx1 BxJ, = -nm 51J (t-t') , (9+4.3)
lead to the dynamical equations
-mx = O (9.14.%)
[ ]
and to the cquation for the Green's functioms
..t = = = t ] ]

-m G 4 8 B8(t-t') . (9.4.5)

The solutions of Eq. (9.-4.5) are readily found to be

S1




+ -1
¢t. = mT 5, o(tt-t) (t'-t)
1 1 (9.4.6)
= - m 1 _t ¢!
Gm, m biJe(tt)(tt)
e(t-t') being the step function for the present case. From this the ¢
fundamental Poisson bracket immediately follows:
= = - - s o%te
(%45 %g4) Gy 40 o, (t-t') (9-%.7)
leading to the uncertainity relation
-1
» -t?] . .4.8
Axi Ale - m 613 lt t l (9 )

The.. physical interpretation of this uncertainty relation is
immediately apparent. A measurement of xi with accuracy Axi leads a8
to an uncertainty in momentum of order 1/Axi and hence to an un-
certainty in the velocity component iiof order m-l[Axi. This leads
to a subzequent position uncertainty which increases with clapsed
time, namely: AX,, "(m'l/Axi)It-t:H The other components of position
remain unaffected.

The entire quantum theory of the free particle can be based
on the Poisson btracket (9. 7) taken in the form of tiae comrutator.
The development follows completely familiar lines. We confine
ourselves here to the derivation of the generator of infinitesimal
displaccments in time. The essemtial arguments have already been
given at the end of the preceding section. Remembering that the
change in the explicit form of the action which generates the dis-
placement 5t is equal to the negative of the variation in the action

due to the variation in x itself under this displacement we have
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8s = -gi;[iod(g'cbt) = m/ x.kstat = --léu:[:zsasé it (9+1+9)

J
and hence
. od
(x -inf 2 0t oet)
x5t = 8'x = = (x, H) 8t ,  (9+4-10)

1 /‘t.la *1 att
(x, -él?-m%( 5Lt at*)

2

H = X . : (9-4:.11)

V] g
B

The final form is obtained through integration by parts and use of

Eq. (9:4.4). The possible extra term &X [cf. Eq.(9-.3.6C)]) vanishes
- T = ~ o = 3

in the present case since Gij' g(t-t') Gy y¢ 5(t-t*) 0

Furthermore, since the Hamiltounian H is constant in time, the equation

f = (f, H) . (Selyelp)
holds for quite general dynamical variables f.
The theory of the relativistic free particle can be develop-

ed in & quite similar fashion, starting from the action functional
=
s = -J Q-#)2at . (9.4.13)

One obtains the equation for the Green's functions

o +

°*D l D 1 ¢ o
-m(1-x%)"2 [6;, + (1-X > oxx ) Gqr = -5, 4 B(t-t*) , (9-4.1y)

which leads to the Poisson bracket
1l

(x5 X5) = Cyyu = -m(l-g’g_a)-é (8, - iiiJ)(t-t'). (941 +15)

In this form, however, the formalism is unsuitable for extension
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