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ABSTRACT 

At ;i siiipli! frequency, ;i linear, aource-free, time invariant n-port N 

is completely characterized by the n x n normalized scattering matrix S. The work 

of Mason1, Deschamps2, and Schaug-Retterson and Tönning , has revealed the very 

striking connection between the basic performance properties of 2-ports and their in¬ 

variants under lossless reciprocal embeddings leaving the number of ports unchanged. 

In general, the embedding of an n-port N in a 2n-port M results in a new n-port N 

whose scattering matrix W is a matrix bilinear transform of S. One of this paper's 

main objectives is to show that lossless, reciprocal M induces transformations that 

are strict analogues of those Mdbius mappings of the ordinary complex plane which 

leave the unit circle invariant. The observation serves as the starting point for al¬ 

most all the investigations reported herein. 
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THE ANALYTIC FOUNDATIONS OF THE "SPOT" FREQUENCY THEORY 
_OF LINEARi TIME INVARIANT N-PORTS_ 

I. INTRODUCTION 

At a single frequency, a linear, source-free, time invari¬ 

ant n-port N is completely characterized by the n x n normalized 

1 2 
scattering matrix S. The work of Mason , Deschamps , and Schaug- 

Petterson and Tonning, has revealed the very striking connection 

between the basic performance properties of 2-ports and their in¬ 

variants under lossless reciprocal embeddings leaving the number of 

ports unchanged. In general, the embedding of an n-port N in a 

A 
2n-port M results in a new n-port N whose scattering matrix W is a 

matrix bilinear transform of S. One of this paper’s main objectives 

is to show that lossless, reciprocal M induces transformations that 

are strict analogues of those Mobius mappings of the ordinary com¬ 

plex plane which leave the unit circle invariant. The observation 

serves as the starting point for almost all the investigations re¬ 

ported herein. 

Embedding can also be done so that the number of ports is 

not an invariant. When the number of ports at the input is less 

than the number of ports at the output, a rectangular transfer ma¬ 

lí 

trix may be formulated. The consideration of this type of em¬ 

bedding leads to results quite similar to 2n-port embedding in many 

aspects. 



II. NOTATION AND PRELIMINARY RESULTS 

Let A be on arbitrary matrix. Then A', Ã, A*, A 1 and 

d(A) stand for the transpose, the complex conjugate, the complex con 

jugate transpose, the inverse of A (vnenever it exists) and the de¬ 

terminant of A, respectively. A diagonal n x n matrix A with dia¬ 

gonal elements u1, u?, ..., ^ is written A = diaglu^ u2, ..., 1¾]. 

For a hermitian matrix A = A*, A > 0 means that A is the matrix of a 

semi-positive definite quadratic form; A > 0 means that the form is 

positive definite; a, b, v, I, etc., represent column vectors; 0n 

and ln are the n x n zero and identity matrices. If A^, A2, ..., Ak 

are k square matrices, the square matrix 

Al 

h. 

is denoted by A = A^ + A2 + ..., + A^, a "direct sum of matrices. 

When the dimension of a rectangular matrix is to be dis¬ 

played explicitly, it will be done by Ain,n. 

Figure la is the schematic of a 2n-port M, and figure lb 

is that of a N-port M. From this point on it must be clearly 

understood that T is normalized to some set of 2n or N non-zero 

real part port numbers. Let: 
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and: 

bi = (bi, bg, ..bn) 

^2 = ^n+l» Vz» Vk* 

V • 
= (ap a^, • • •> ani 

X* 

Ï2 = ^n+l» an+2> Bn+k; 

denote the normlited refleeted and incident wave mplltudea on 

the input and output sides of M respectively. In the 2n-port 

n + k = 2n. By definition: 

i 

+ -1 = -1 = ^1' V2’ Vn^ 

*1 - -1 = -l* I2' In) 

-? + -2 = -2 = ^n+l' Vn+Z’ * ^ Vn+k^ 

a- - ^2 = -2 = ^n+l' In+2, ‘ ' In+k^ 
(1) 

Of course, the vector port voltages vp v? and currents 

l2 are also normalized. The transfer scattering matrix T relates 

reflected and incident amplitudes at the input to incident and re¬ 

flected "iplitudes at the output. Thus: 

b 
--1 

-1 

= T 
b 
-2 

(2) 

where the ha.l i brackets indicate column matrices (vectors). 



Setting: 

’a B1 . c D J 
k k 

and substituting in (3) gives: 

-i * ^ -2 + B -2 

= C a2 + D b2 

(3) 

(4) 

For the 2n-port embedding the output n-ports of M are ter¬ 

minated in an n-port N possessing the normalized scattering matrix S. 

Then: 

Î2 ' S Sj 

From (4): 

^ = (AS + B) b2 

ax = (CS + D) b2 

^ = (AS + B) (CS + D)"1 ax 

In other words, the scattering matrix W 

n-port N (Fig. 2) is: 

W = (AS + B) (CS + Df1 = T(S) 

a matrix bilinear transform of S. 

of the resultant 

(5) 
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For the rectonßulm* trensfer »etrix the following holds: 

a = S bn 
—2 ~~c 

W ai - AG b? + B b? 

W(CS br + B b^) - AG b?j + B b„ 

W(CG + D) = (AG + B) 

Define; 

(Cn,l ;k,k + Dn,k 
) (CS + T))^n 

Thus; 
W = (AS + B) (CS + D^M-1 (5' ) 

In equation (5') the inverse of a rectangular matrix 

(CS + D) is calculated explicitly and shown to be 

(CS + D)* [(CS + D) (CS + d)']"1 

This may indicated formally by 

(CS + d)-1 , 



where it is understood that a rectangular matrix has only a left 

or a right inverse. It is assumed that the rank of the rectangular 

matrix is its maximum value, else no inverse exists. This state¬ 

ment follows from the result that the rank of the product of ma¬ 

trices cannot exceed the rank of any of the factors. In order 

to emphasize the distinction between inverses of square and rec¬ 

tangular matrices in this paper, the superscript notation ''-l" 

will not be used for rectangular matrices. In cases where the 

explicit left or right inverse is not shown, the inverse property 

will be stated explicitly, as in 

If the matrix is square, the left inverse equals the 

right inverse and is simply called the inverse, if it exists. 

In such a case equation (5') will reduce to equation 5. 

To translate the conditions of losslessness and reciprocity 

onto T in a compact manner, the two matrices: 

(6) 
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and: 

(7) 

are indispensable. They are very closely related to the generalized 

spin operators of quantum mechanics. The next two criteria are de¬ 

rived and fully discussed in reference 5: 

a) 'Hie 2n-port; M, is lossless if and only if for all real 

frequencies : 

Ta2 T* = o-2 - (0) 

Indulging in an abuse of language, T is said to be loss¬ 

less". 

b) M is reciprocal, if and only if for all real frequencies: 

T CT^ T* = CT^ . (9) 

Such a T is said to be ’reciprocal". 'Then T is a real 

meromorphic matrix function of the complex frequency variable p, 

(8) and (9) can be written in the alternative forms: 

a.±) T(p) cr2 T*(-p) = (10) 

b!) T(p) (J! T'(p) = Oi (n) 

in which guise they are valid in the entire p-plane. Note that: 
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CT 
(12) 

-I 
(13) 

CT - CT 

-l 

(HO 
CT. CT, 

It is pasy to si low that matrices satisfyinß either (8) 

(9), or both, form n croup under matrix multiplication. Gince0the 

multiplication of transfer scattering matrices corresponds to the 

cascading of their representative networks, the above statement is 

also obvious on physical grounds. Furthermore, if T is reciprocal, 

(lossless), T'- is reciprocal (lossless). A proof is most simple. 

From T ct^ T' = CTp it follows by multiplication on the right with 

ct^ T that: 

r CTi T = cr1 

Q.E.D. The lossless case is treated similarly. 

For the rectangular transfer matrix the conditions for 

reciprocity and lossless are respectively; 

T' = CT 
1 
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mmmmm 

The rectangular transfer matrix cannot be formulated if the 

number of ports at the input is larger than the numbers at the out¬ 

put^ and thus T1 does not represent a network. In addition, the 

form T' a T will have rank if at most n which is less than k; 

hence, T' <r T cannot equal a . 

A 2n-port M with transfer scattering matrix: 

n n 

T = 
U 0r 

L°n V 

(14a) 

is called a lossless all-pass when U and V are both unitary. If 

V Ü, it is a non-reciprocal all-pass. Using (5)* it is easily 

seen that: 

W = t(s) = USV* . (14b) 

When V = Û, # 

W = USU' . (l4c) 

The reciprocal all-pass network must be a 2n-port. 

O 

III. PROPERTIES OF TRANSFER SCATTERING MATRICES 

Theorem 1: Let 

T = 
A I B 

C I D 

n 

n 

n n 



and suppose that T represents a reciprocal 2n-port M, i.e.: 

T ¢7^ T* «* (7^ • 

Then: 

d(T) =+1 • 

Proof: See reference 11, p. 240, Theorem 2Ö.1. 

Theorem 2: Let: 

T T* = 

Then, the eißenvalues of T occur in reciprocal pairs, i.e., 

X and X‘l are both eicenvalues of T if either one is an 
€ 

eigenvalue. 

Proof: By hypothesis: 

Tcri T* = ^ 

a T' a - 1 = T'1 
1 1 

Thus T and T-1 possess the some eigenvalues. But those of T ^ are 

the reciprocals of those of T, Q.E.D. 

Corollary: If T is reciprocal, the eigenvalues +1 and -1 are 

of even multiplicity. 
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Proof: From Theorem 1, it is known that d(T) = +1. Now d(T) is 

also the product of its eigenvalues. Invoking Theorem 2: 

d(T) = (-ïf= + 1 » 

,, beinr. the multiplicity of the eigenvalues -1. Hence, = on even 

integer. All the eigenvalues X for which |X| / 1, occur together 

uith a distinct reciprocal X -1. The total number, p, of eigen¬ 

values included in these pairs must, of course, be even. Pince the 

multiplicity, u, of the eigenvalue +.1 is ?n - p - P, p is also even, 

Q.K.D. 

'hoorom Txt the 2n x "n matrix T represent a lossless 

Then, its eigenvalues occur in complex conjugate 

pairs, i.e., X and l/T are both eigenvalues if 

is an eigenvalue. 

£n-port M. 

reciprocal 

cither one 

Proof: By hypothesis, T cr2 T* = Cp. 

Hence : 

a T* (7 _1 = T'1 
2 2 

which means T- and T*1 possess the same eigenvalues. But those of 

T* and T-1 are the complex conjugates and reciprocals of those be¬ 

longing to T respectively, Q.K.D. 



, ~ ■ . ■ ■ 

Corollary: Suppose T is both lossless and reciprocal and that 

X is on eißenvalue not lying on the unit circle fl X | ^1). 

rrhen T possesses the four distinct eigenvalues: 

X X-1 r t-1 

o 
Proof: Theorems 1, 2, 3- 

For tlie rectangular matrix the concept of eigenvalues is 

not pertinent. Hence, the first three theorems do not have analogues 

for the rectangular transfer matrix. From the conditions involving 

losslessness and reciprocity it is seen that the rank oí a transfer 

matrix representing a lossless or a reciprocal network is n. 

Theorem h: The ?.n x 2n matrix T is the transfer scattering matrix 

of a lossless reciprocal 2n-port M if and only if at real 

frequencies it possesses the parametric representation: 

where, 

1. U and V are two arbitrary unitary n x n matrices 

2. X is an n x n diagonal matrix whose diagonal ele¬ 

ments P2.» • • • » Un are rcal> 

> 

3. • C • j 

X = diagtp!, p2, ..., 1½] 

pr real, (r = 1, 2, ..., n) (18) 
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o 

The matrices coshX and sinhX are defined by: 

coshX = diar.fcosh nj, ..., cosh nn] 

sinhX - diiv'tainh Up ..., sinh iin] , 

and are also diagonal. 

O 

Proof: Hee reference 6. 

Corollary: The 2n >• 2k matrix T is the transfer matrix of a 

lossless reciprocal m-port if and only if at real frequencies 

it possesses the parametric representation: 

U 

0 

0 

0 
o 
V 

(17') 

U is the n x n unitary matrix and V is a k x k unitary matrix. 

A A A 
T is a 2n x 2k matrix such that T T“ is the 2n x 2n matrix: 

cosh X sinli X 

sinhX coshX 

Proof: Gee reference 4. 

Physically speakinn, (l?) is equivalent to saying that at 

real frequencies any lossless, reciprocal 2n-port M can be considered 

to be the cascade of three networks (T - T T, T ), the end ones 
c b u" 

being lossless, reciprocal all-passes and the middle one a trans¬ 

former bank of n uncoupled ideal two-port transformers (Fig. 3d)* 

© 



. 
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Relation (17') io different only in tlie fact that transformer coup¬ 

ling to not accomplished in the manner of n separate two-ports, but 
o 

as shown in Fig. 3^• 

Another useful interpretation is that any lossless reciprocal 

embedding of an n-port N with scattering matrix H can be realized by 

performing three special such embeddings in sequence: 

a) ÜQ = TQ(y) = VW, V unitary; 
(19) 

-1 
b) S - Tb(r; ) = [ (cosh X ) i;a + sinhX ][(sinhX ) f,a + eoshX ] , 

X = diagíuj, • • •> (‘ul > 

real, (r - 1, •••/ **) > 
(20) 

It is noted that în the rectangular case 'J'b is a rectangular 

transfer matrix and (i'0) is modified to the form of (^'i* 

c) W = Tc(Sb) = U:'bU\ » unitary. (21) 

These characteristics will prove extremely useful in the 

later discussion on (umoriic forms. 

IV. homogknou:.; COOUDLIATi:;; 

As it stands, the bilinear matrix mapping T(s), as expressed 

In (5) (non-homogenous coordinates), is too cumbersome to woik with. 



co- 

tÊKÊÊÊÈÊtHËÊÊIIÊÊlÊHÊÊili 

It cnn be made more tractable by tlio introduction oí homogenous 

ordinates. 

The two n X n matrices X, Y, nre said to be the homogenous 

coordinates of the n x n matri.c o il 

'I'his correspondence is indicated symbolically by. 

:•> = (X, Y) (23) 

•filen X is sin/.uiar, the "point at infinity". Obviously: 

implies that: 

- (X, Y) 

= (CiX, QY) 

for any non-singular n x n matrix 4. 

Theorem Let Q be any k x n matrix of rani:-n and suppose that: 

S = (X, Y) , d(X) / 0 , 

W - (U, V) , d(u) / o . 

Then, (';) is equivalent to: 

[X I Y] = Q[U I V] T , 

where : 

(24) 
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© 

1 'roof : Expandir; (‘<:h ) : 

X = Q(UA + VC) , 

Y = (¿(UB + VD) , (24a) 

i/lifiiiCG : 

X'1 Y = -S - (Q(UA + VC)]'1 [Q(UB + VD)] 

In a En port, Q is square. 

-S = (A - WC)'1 (B - IVD) , 

(A - WC) n - WD - B 
0 

W(CC + D) = AÜ + B , (25) 

mid : 

W = (AT. + B) (CS + D) 1 (26) 

If Q is not square the proof proceeds as follows: 

-S = [QD(A - WC)] 1 [QU(B - WD)] 

QU(WD - B) =-- QI»(A - WC) fi 

QU[WD B - (A WC)S] = 0 

WD - B - AG + WCG 

W = (A3 + B) (CG + D)’ M 1 Q.E.D. (26’) 

0 

© 



! 
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o 

Conversely, (26) implies (25) and setting X = Q(UA + VC), 

Q non-singular and arbitrary, (2H) is recovered. Similarly (26») 

implies (24). 

The transformations (26) and (26') are uniquely determined by 

T and is independent of Q as long as the rank of Q is n. Actually 

(?4) is slightly more general than (26) because it continues- to make 

sense even when (CS + D) or M is singular. The "point at infinity" 

is, in homogenous coordinates, the collection of all pairs (X, Y) 

such that d(X) - 0. Thus (?6) is defined only for those n x n ma 

trices S for which d(CS + D) or d(M) / 0, i.e., T maps the space of 

all n x n matrices (punctured at the "point" S defined by d(CS + D) = 0) 
« 

onto itself in a one-one manner. However, when viewed as a transfer 

mation on the space of all pairs of n x n matrices, there is no excep¬ 

tional "point", the puncture having been eliminated by the introduc¬ 

tion of two "coordinates". Hence, if: 

[X I Y] = Q[U I V] T 

For the ?n port: 

[U I V] = Q'1 [X I Y] T'1 

For thr rectangular transfer matrix 

[U I V] = Q[X I Y] T 

Where 

A 
0 

1 
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and 
A 

T T = 1. 

Lemma 1 : Let 

and: 

Then : 

S = (X, Y) 

S' = (Xv 

[X I Y] cr, [X ^Y^' = On 

In particular, if S is symmetric, 

and : 

q _ c • o-o f 

[X I Y] (Tj [X I Y]’ = 0n 

Explicitly: 

X Y| Y X| = 0n , 

X Y' - Y X' = 0 

Proof: Observe that: 

S = -X"1 Y , 

S' = -X-1 Yx . 

Y'ixT1 =x-1y 
1 1 

X Y' - Y X| = On 

(27) 

(28) 

(27a) 

(28a) 

Q.E.D. 



■ 
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Lemma 2: Let: 

and: 

Then : 

S ¿ (X, Y) 

(S*)"1 = (Xp 

[X I Y] a? [X1 I Y1)* = On 

In particular, if S is unitary, i.e., 5* S - ln, 

[X I Y] o-^ [X I Y]» = On 

Kxplicitly: 

X x; - Y y; = on 

XX* - Y Y* = 0,, 

Proof : From: 

and : 

it follows that: 

X 1 Y 

(g*)'1 = -x;1 Y, , 

XG = -Y, Xx (G*)'1 - -Y! 

Xx X* -Y] Y* = 0 , , 

Q.K.D. 

(29) 

(30) 

(29a) 

(30a) 

V. PROPERTIES 0F MATRIX BILINEAR TRANSFORMATIONS 

The bilinear transformation (r6) or its homogenous equiva¬ 

lent (24) induces a matrix Mobius mapping of the space of n x n 
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matrices S into itself. The transformation (26') maps the space of 

k X k matrices onto the space of n x n matrices. The purpose of this 
«* V- '• 

section is to study its structure. 

Lemma 3: Suppose that the embedding network is reciprocal, i.e., 

ïo- T' = Then if T(s) * w> T(s') " W'- 

Proof : Let: 

S 1 (X, Y) 

S' ¿ (Xp 

W ¿ (U, V) 

T(S') = (Up V1) * • 

From Lemma 1, Eq. (27): 

[XlY]^ [XjY^' = 0n , (3D 

and from Eq. (2U): 

[X |Y] = QitU I V]T (32) 

[Xl I Yi) - QgíUi I VX]T . (33) 

Thus, 

0n. [x|ï]CTl txjïj’ = ^[u I v]T Oi r 

= 41[U|V]<x1 [UjlV^'QJ 

Since Oil and Q2 have rank n: 

[u|v] C71 [uL I V^]' = on 
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That is to say: 

(See Lemma l), Q.E.D. 

T(S') = W* 

Lemma 4: Suppose that the embedding network is lossless, i.e., 

T <7, T* = CTg. Then if T(S) = W, and d(S) 

t(s*-1) = (w*)-i. 

Proof: Let 

S = (X, Y) , 

(S*)'1 = (XL, Yx) , 

W = (U, V) 

t(s#1 ) = (Up v1) 

Prom Lemma 2, Eq. (29): 

[X|Y] [\ UJ* = 0n , 

and from Eqs. (32) and (33): 

°n = QX[U I V] Tct2 I Q* 

= QjJU I V] a2 [U], I V1] 

As before: 

On = [U I V] o-2 [Ux I V^* , 

that is to say: 

Tts*"1) = (W*)'1 

0 

(see T.> ’iima 2), Q.E.D. 
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A corollary of the above lemma is that unitary S go to unitary 

W. Phrased differently, lossless n-ports remain lossless under loss¬ 

less embeddings, which of course is as it should be. 

A less trivial translation of Lemma 4 is available, however. 

In the space of all k x k matrices ii, the "boundary" of the "unit" 

circle, H, is defined to be the collection of all k x k unitary ma¬ 

trices. Two "points" and ¡;^ are unid to be inverse with respect 

to H if ii* ¡>„ - 1,. 'Hie \uiit circle, f! is defined similarly for the 

space of all n x n matrices. Thus Lemma 4 states, in effect, tlrnt 

lossless embeddings leave the boundary of the unit circle invariant 

and send inverse points (with respect to II) into inverse points (with 

respect to H). The interior l(ll), /uid exterior, E(ll) ore, respectively, 

the set of matrices satisfying: 

r(H): in o 

e(h) : in - r, r;* < o 

A A 
Gimilar definitions hold for l(ll) and E(ll). 

Does T map l(ll) into l(ll)? 'ibis is the subject of Lemma 5* 

A 
For 2n-port embedding 11 = H. 

Lemma 5: Let T be lossless, i.e., Ter,, T* = cr^. Then, l(H^ maps 

into 1(H). 

Proof: Expansion of T cr„ TK = cr^ yields : 



(34a) 

(34b) 

(34c) 

A A* * B B* = ln 

A C* - B D* = On 

C C* - D D* = -In 

Ass,™c- that If a in-port d(CS + D) - 0, or, in the arbitrary caae, 

the rank of (CT, + D) < n. Then, there exists a non-trlvlal n- 

vector b such that: 

b»(cn + D) Oh 

b" CO = 0 

r>x C* b - -IV b 

b» COO" C* b - b* OB* b 

Usino (34c): 

0 < b* C(lk GS") C" b = b*(CC" DP* ) b - -b* b < 0 

A contradiction. Thus d(C0 + D) / 0 or d[(CO + D)(C0 + D)'] / 0 

for all S belonging to the interior of H. Consequently, If T(S) 

= w = y), d(U) / 0. Hie proof con now be brought to a quick 

conclusion. Let: 

S = (X, Y) , 

d(X) t 0 , 

W - (U, V) 

According to what has transpired above, d(U) / 0. Clearly: 
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x(l - GH*)X* = XX* - YY* = [X I Y] <T [X | Y]* 

= Q[U I V)T<r2 T*[U I V]*Q» 

= Q(UU* - W*)Q* ' . 

A 4 A 
ini* . VV» = 4X(lk - nG*)X*Q* 

a a 
where = iUl(^ ^ ^ 

Glnce d(U) / 0, 

1 - 'A" = U'VlJH'' - VV) iM > 0 , Q.E.D. 
n 

The reader in no do'ibt, wornlorlnf, why so nuch energy has 

been expended in provint', the apparently obvious fact tiiat lossless 
A 

embeddinr, of a passive network tl yields a passive n-port N. The 

reason is that this "obviousness 1 is illusory because it is based 

on the implicit and undemonstrated assumption that T a? T" = cr 
* 

implies the existence of a physical Pn-port H, composed of lossless 

elements alone, which possesses the transfer scattering matrix T. 

Nevertheless, such a synthesis procedure is feasible by first 

noting, as above, that T o-2 T\= cro implies d(D) / 0, and then 

finding the scattering matrix f>T corresponding to T. Thus, after 

some elementary manipulations: 



Zb 

where 
* Ow l.e., % is unitary. 

For the rectangular transfer mntrix the (n t k) * (n + k) 

unitary scattering »atrik af is found by equation (35) if the in¬ 

verse is interpreted as that of a rectangular matrix. 

Finally, the technique described In reference 7 realizes M as a loss¬ 

less ün-port composed of ideal capacitors, Inductors, gyrators and 

transformers. 

VI. MÖBIUS MAPPINGS OF THF, COMPLEX s-PLANE 

At this point it is perhaps advisable in order to motivate 

the definition of "cross-ratio'' matrix, to give a brief review of 

the properties of the group of Mobius mappings of the complex s- 

plane. Generically, 

w(s) = 
as + b 

cs + d 

(36) 

(36a) 
where : 

1 = ad - be 
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The quantities w, s, a, b, c and d are complex scalars. 

If w(s) j constant, (S^a) entails no loss of generality. Let: 

’• h;| • 
a ? X 2 matrix. Then it is immediate that T T' = in which: 

is also a 2 X 2 matrix (n = 1). 'JTius any lossless mappinr, of the 

•¿ pi iuie J s reciprocal. 

A^ain, suppose that under (3' )> 

si -> Wl 

So ^ Wo 
L* 

• 

s3 ^ w3 

si, —> wi, 

From (36) and (3^a); 

sr 
wr - wk = 

(csr + d)(csk + d) 
, (r, k=l, 2, 3, M 

(37) 

Introducing the abbreviations: 

(cs^ + d)(cs., + dHcs^ + d ) ( '' ®|, + d ) 
(38) 

(37) and (38) yield: 



(39) 

(40) 

(41) 

Tlio rlßht-luuid side of (39) is called the cross-ratio of 

the four points s^, By, s-^ sj, and is denoted by H(s^, By, b^, sj,). 

Equation (39) may be rewritten as: 

^( ^] > Vyf ^^)() _ d(s^j Spj GJ| ) > 

and its content expressed by saying that tiic cross-ratio of »uiy 

i'onr points is on invariant under every Mobiws trajisfonuation. 

The most general, bilinear Lrruisformation mapping the unit 
0 

circle and its interior |s! <1 onto itself ('w¡ < l) is given by : 

i = /-1 • (43) 

X real, | a | < 1 

(v^ - w,;)(v-j - = V (s1 - s2)(s2 - 8^) 

(wj - w3)(w2 - w1() (s1 - s3)(s2 - s^) 

Dividing (39) by (40) gives: 

(wj - ¥;.)(«, - W3)'1 (w3 - wjt)(wj> - wj() 1 

= (s^ - S2)(s1 - S3)'i (s3 - 8,()(s2 - Sj,) 1 

After normalization to unity determinant (1)3) appears as: 
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V = 
as + b 
cs + d 

in which: 

a = - 
i iX/2 
k e 

, b - — e 
ai iX/? 

c = . _ e Jr/ -l XA: d _ _L. e 
» u " k 

•1 X/2 

k - (i -1 « r )1//? > o 

The reader iß invited to show i'or himself that: 

n b 

r (1 

1 0 

0 -1 

a h 

c d 

I 0 

0 -1 

i.c. : 

T = 
a b 

c d 

is lossless. In short the Möbius mappini'8 described in Equation (Ii3) 

are the two-dimensional analogues of those 2!n-port emboddintfs T 

which are both lossless and reciprocal. It is not difficult to 

find the necessary and sufficient conditions for the existence of 

a mapping T of the type (*0) which transforms two given points 8-^, 

s-,, into two given points w^, w^, i.e., w^ = 'J’i8!)» w2 = 'J'(s2'* 

First, unless | sn | ^- 1 implies | wn | ^- .1, (n = 1, 2), no solution 

is possible. Second, the points inverse to s^, So, w-^, w^, with 



rosped to the unit circle are in the same order: 

sl > t v1 f (Fití.'O 

'y 
iieuaiiKC inverse points map into inverse points , the de¬ 

sired transformation T, if it exists, must set up the correspondence: 

Vj - T(sl) 

w., - T(s.,) 

Wo'1 -- T(s; ' ‘ ) 

) 

Invokinp, tiie invuriiuu •< oi' the cross-ratio (eq. M): 

Wo 
(. 

<>r, after clearinp, fractions: 

(w1 - w^Jil 

n (s, - 5.-,)(1 

WjW.,) 1 (Wj w ) ( I - W| w,,) 

1 (s,* s. )(1 •• ¿,8.,) 

More simply: 

e 
W1 - w2 

1 - w,w., 
L c 

(41.) 

(45) 

Equation (45) is a necessary condition for the existence 
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of a Mobius mapping of type (1*3) which images s2, into vlf w2. 

It is also sufficient because (1*5) implies that: 

vi - v2 10 8! - s2 
- = e - , 0 real , (46) 

1 " 
1 - s1s2 

a form which strongly suggests that the required mapping is: 

W - Wo 

1 - w w^ 

10 ß - S-> 

1-8 S.j 
(47) 

That (47) meets all requirements is almost obvious by inspection. 

One unfortunate circumstance prevents the immediate general¬ 

ization of the above results to arbitrary n. Uumely, a scalar s 

is necessarily a symmetric 1 x 1 matrix whereas the n x n matrices 

S of importance in the theory of invariants under lossless, reci- 

procal embeddings are non-symmetric! As a matter of fact, a symmetric 

S does not possess invariants of a non-arithmetic nature, lb ap¬ 

preciate this remark in the scalar case (n » 1), it.is sufficient 

to note that any s0 in the unit circle can he mapped into s * 0 by 

the lossless, reciprocal transformation: 

(48) 

Similarly, any s0 lying outside the unit circle can be mapped into 

s = oo by the lossless, reciprocal transformation: 



Theorem 5 extends the 
result to arbitrary n x n symmetric matrices. 

Theorem 

W 

Proof : 

5: Let S be an arbitrary symmetric n x n matrix and suppose 

that ln - SS* possesses r^ positive eigenvalues, rg zero 

eigenvalues, and n - (rx + r2) negative eigenvalues. Then, 

by lossless reciprocal 2n-port embedding, S can be trans¬ 

formed into 

rl 

T(S) = diag[o, o, 

r?. 
n——r 

n-(ri+ rg) 

00 • 00 i • ~£) 

(50) 

Thus, the resultant n-port N is nothing more than n un¬ 

coupled 2-terminal impedances, in which the first rx are 

equal to the corresponding port normalization numbers, 

(a match!), the next r2 are open-circuits and the last 

n - (rl + r2) are the negative of the associated port 

numbers (see fig. 5b). For the embedding in the lossless 

reciprocal network with a rectangular transfer matrix, Tm>n 

A ^ 
(m < n), the resultant m-port M is of the same form as N. 

However, no statements can be made about invariants under 

this transformation.» 

There exists10 an n x n unitary matrix V such that 

Wa = VGV = diag[ € p * • ■> € (51) 
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■ ■ «»I 

the € ’s being the non-negative square roots of the eigenvalues of 

SS*. By hypothesis: 

cr <1, (r = 1, 2, ..., rL) , 

= 1, (r = rx + 1, r2) 

< r > 1» (r ^ 1» rl + r2^ 

The n-port Na corresponding to Wn is obtained by embedding N (with 

scattering matrix i>) in the lossless, reciprocal Tn-port ^ having 

the transfer scattering matrix: 

is a reciprocal all-pass. The impedance, zrc, seen looking into 

A 

nort r of Na is: • 

‘ra 

1 + € 

1 - € . 

> 1, (r = 1, ri> 9 

=oo, (r = r¿ + 1, ..., ri + r2) > 

1 + € . 

1 - 
- 1, (r ^ 1, 2, ..., r^ + Tg) 

A 
For the 2n-port case place in the rth port of NQ an ideal 

2rport transformer with transformer ratio :1 (see fig. 5a) 

® 

where : 
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nr = - 1/2 ln zra> (r * X> Tz) ’ 

= 0, (r = r-L + 1, ..., + rz) > 

= - 1/2 ln I zrQ I , (r / 1> ?> •••> rl + r2^ 

This new n-port N has all the desired properties 

zr = t 1, (r = 1, 2, ..., ri) t 

= ao, (r = rx + 1, ..., rx + r2) , 

!., (r / 1> 2, ..., rx + r.¿) 

The 
embeddinc 2n-port M has the transfer scatterinß matrix: 

T = 
(cosh X) V 

(sinh X) V 

(sinh X ) V 

(cosh X) V ] 
where : 

X = diaß[nx, •••, hr)} 

For the reetanpilar transfer nrntrlx, « is the same as 

for the Sn-port. There are many possible-coupllnes since there Is 

no longer a one-to-on# correspondence between Input and output 

in the transformer bank. Considering two impedances at the output 

which map into a single input impedance, there are six arrangements 

of positive and negative resistances and open circuits at the out 

put. The input Is dependent on the load Impedances but in some 

the sign or the finiteness of the input impedance is known, 
cases 
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and it is clear that all the positive numbers can be made +1 and 

the negative numbers can be made -1. This means the equivalent 

circuit of fig. (5b) is valid. 

Definition 1: Two n-ports N and N are said to be LRE equivalent 

if one can be derived from the other by lossless reciprocal 2n- 

port embedding. 

The next two corollaries are immediate deductions from 

Theorem 5: 

A 
Corollary 1: Two reciprocal n-ports N and N with symmetric 

matrices S and W, respectively, are LRE equivalent if and 

only if the two associated "energy" matrices ln - SS* and 

1 - WW* have the same ranks and signatures. Recall that 
■‘■n 

the signature of a square matrix is the difference between 

its positive and negative eigenvalues. 

Corollary 2: The only LRE invariants of a reciprocal n-port 

N possessing the symmetric scattering matrix S are the rank 

and signature of ln - S5* and these are both arithmetic in 

nature. 

According to Corollary 2, the search for algebraic in¬ 

variants must be restricted to non-reciprocal n-ports. 

For embedding networks with rectangular transfer matrices 

the concept of LRE invariants ir, not applicable. In addition to 
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the formal difficulty, there are no Invariante elnce the number 

of eigenvalues at the Input Is different from the number at the 

output^ hence, there Is no »ay of forming a unique one-to-one 

relation. It Is easily seen that an n-port can be mapped Into 

t»o different m-ports (m < n) and 1¾ vhlch are not I1Œ. Also 

conversely 1¾ can arise from tiro n-ports Hy and N2 which are 

not LREs 

VII. THE CROSS-RATIO MATRIX 

Equation (U) Inspires the following definition for the 

cross-ratio-matrix 8(¾. S2, Sj,' S,,). of four arbitrary n x n matrices 

Si» Sg» S3, S^: 

R(S i' 
S2, S3, S4) = (S1-S3•)(S2-S3,)'1(S2-S4,)(S1-S4,) 

(52) 

In general, R exists only if the matrices S2 - S3* and S1 - S4' 

are non-singular. 

Theorem 6: The cross-ratio R^, S2, S3» S4) matrix undergoes a 

similarity transformation whenever Sp S2, S3, S4, are sub¬ 

jected to the same reciprocal mapping by A 2n-port. 

Proof: What has to be shown is that if (see Eq. 5)- 

I 
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V], = ^ 

w2 = t(s2) 

w3 = t(s3) 

\ = 

o 

and: 

T T' = cr1 t 

then: 

r(s^, s2, s3# S4) = L R(Wi» w2> w3, w4)l (53) 

for some non-singular matrix L. 

The most expeditious way to proceed is to express R in 

homogenous coordinates. Let: 

s1 = \) 

S2 = Y2^ 

53 ¿ (x3, y3) 

54 ¿ (X4, y4) , 

and note that: 

S1 - V = I -¾1 al lln I -¾1 ' 

= [ln I Xf1 ïj] Oi [1JX3-1 y3]' 

® 

= ¾1 [X1|Y1]o-1 [X3|Y3P (X3')-1 

= X^1 < Si, s3 > (xy)'1 , (5^) 
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where : 

< Sp S3 > ® I lx3 I * Í55) 

Thus: 

8(^,82,83,8,,) = X-1 03,8^ <S2,S3>‘1 <S2,S4> «pS^-1 *3 , 

(56) 

and therefore, in homogenous coordinates: 

X1R(S1,S2,S3,S1+)X^1 * ^2,3^ 1 <S2,SU> ^,3^ 1 

(57) 

Let: 

. Wx * TÍSi) ¿ (UpVi) 

W2 = T(s2) ¿ (U2,v2) 

w3 = T(s3) = (u3,v3) 

W4 = t(s4) ¿ (u4,v4) 

Using Eq. (24): 

tx1 I ïj) = QjtUj I VjlT 

(X21 Xj) > %[U21 v2)t 

[X3 I Ï3I = «3(83 I v3)T 

tx4 I x4) = $,(1¾ I V4]T 

Moreover, by (55): 

<S1,S3> = I V1]T ax T' [U3 I V3]’Q* 
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Since TT1 = ^ by hypothesis, it is immediate that: 

X1R(S1,S2,S3,S4)X¡1 = <w2,w4> ¡ -1 -1^-1 

i.e. : 

R(Si,S2,S3,S4) = L^RfWi^g, W3,W4)L , (58) 

where : 

L = U^1 Q^1 Xx , (59) 

Q.E.D. 

In non-homogenous coordinates: 

L = A - W,C 
(60) 

as 
is easily verified by referring to (?4a). Theorem 6 is the key 

result of the entire theory and goes to the very heart of the matter. 

In the case when the embedding is accomplished by a network 

with a rectangular transfer matrix, the cross-ratio matrix may be 

defined for both the input and the output termination. However, 

there is no result that is similar to Theorem 6. 

Theorem 7: Let N be an n-port possessing the scattering matrix S. 

Then, the "characteristic" cross-ratio matrix: 

R(S) = (S-S')(l ^sKs-S'Mln-3'3)"1 > (6l) 

undergoes a similarity transformation whenever N is subjected 

to any 2n-port embedding of the lossless, reciprocal type. 
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Proof: Let W = T(s), in which T is LRE. 

and Theorem 6 

W = T(S') 

(W*)"1 = TÍS*'1) 

Invoking Lemmas 3 and 

P 

and 

RiSSS-^SSS-1) = L-1 RiWSW-^WSW-1)!. 

Thus: 

n(S) = (S,-S)(3'1-S)'1(S"l-3* 1)(S,-S*'1)'1 

, (S-S'ldn-S'Si^IS^ifVS'sr1 

0 

is similar to R(w), Q.E.D. 

(62) 

The validity of the above theorem hinges solely on the non¬ 

singularity of (ln-S*S). 

Again It Is noted Tor the non 2n-port embedding R(S) can 

be defined at both Input and output,but the Interrelation Is not en- 

lightening. 

Corollary 1: The eigenvalues and elementary divisors of R(s) 

are preserved under matrix bilineer mappings of the LRE type. 

Proof: RÍE) and R(w) are similar, Q.E.D. 

Corollary 2: The quantity: 

, d(R) , , , (63) 

I d(l-S*S) I 

is invariant under LRE transformations. 

V 



For n = 2, (63) reduces to Mason's invariant^. The in- 

12 
variant (63) has also been obtained by Dasher and Meadows in an 

entirely different manner. 

The two matrices: 

I = S - S’ = - 2 , 

and: 

E = (ln-S*S)-1 = E* 
n 

are skew-symmetric and hermitian respectively. From (62): 

R(S) = ZË Z Ë * ÏE ÏE‘ - (^) 

The eigenvalues of R(s) are determined by either of the two equi¬ 

valent determinant equations: 

d( £ F Z E' - \ln) = 0 * 0 (65) 

d[. Ze Z- X(E')'1] =0 (66) 

llieorem 8: The eigenvalues of R(g) have the following properties: 

a) X and X are both eigenvalues of R(s) if either one 

. is an eigenvalue; 

b) For n even, all the eigenvalues of R(s) are of even 

multiplicity. For n odd, all the non-zero eigenvalues 

aro of even multiplicity; 



Theorem B: Continued 

c) IT- I! iß definite (either positive or negative), the 

eigenvalues of K(g) are oil non-positive and real. 

Proof: For any square matrix F, d(F) = 0 implies dÍF-) = 0. Hence, 

(66), 5] = - £ und l\ = ÎÎ* yield: 

‘H I KÏ - X (F')"1 )=0 , 

i.e., X is also tin eigenvalue of R(g) and part a) is proved. As 

regards part c), note first that Z K Z is hermition. Let X be 

any eigenvalue of F?(;'>) and b a eorresponding eigenvector of the 

matrix Z K Z - X(K') P.y (< ' ) and definition: 

b'( Z F Z )b • X b<(K,)'1b 

Gince E is definite, (E')"^ is definite and b* (E' )"'*b ^ 0. There- 
_ - • 

fore: 

bx ( Z E Z )b X* E X 

bx(E')"1b b*(E*) ^b 
(67) 

where x ■ Z b. 

But the numerator and denominator of (67) are real and have the 

same signs. Thus, X < 0, Q.K.I). All that remains is part b). 

Suppose first timt n is even and d(E ) / 0. 'fhen ((¾) can be 

rewritten as: 
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dOt 1 V - x2'l)-o 
(60) 

Now, the matrix E 2 E' - X S'1 it okew-symmetric for 

sc alare X , and by a well-known result, its determina,.t is a per¬ 

fect square, i.e., each eiBe.,value Is of even multiplicity. If 

d( V ) > 0, it is possible to find a skcw symmetric matrix fi = (o>rt) 

such tliat d( ) > d( 2 +fl ) # 0, a..d max nsrk|<« where e is 

arbitrarily small. Thus: 

d( Z€ E Z F.' - X in) - e2( X i € ) 

G( \ € ) being a polynomial in X In the limit: 

f( X ) = d( Z E Z E’ - X ln) = limit 6?’(X i € ) 

= ß?{ X ; 0) , 

where : 

c( X ; o) = limit e( X ; € ) > 

e —^0 « 

and exists for reasons of continuity. Thus the method used when 

d( z ) / o will work and there will be a zero eigenvalue of even 
multiplicity. If n is odd, any skew-symmetric matrix will have 

a zero determinant. Hence the methods for even n must be modified 

and one considers a (n + H-port wher? the "new ' port is uncoupled 

from the other ports and has no internal reflection (on+i, n+1 - 0). 

This (n + 1)-port is handled by the previous method; all its eigenvalues 



are of even multiplicity. However, all the cißenvalues except one 

tliat is zero are also associated with the original n-port. Hence, 

all non-zero eigenvalues are of even multiplicity, while the zero 

eigenvalue is of odd multiplicity. Q-H.D. 

VIII.. GENERAL ALL-PARC EMBEDDING 

Por the tuo-port the reciprocity condition is ad - be = 1. 

If this is not the case, one divides a, b, c, and d, by vJad - be (¢0) 

and these new £, b, £, and d, represent a reciprocal network that 

lias the same bilinear transformation as the original network in one 

direction. Eor a lossy two-port the unit circle is not invariant, 

but two points which are inverse with respect to the unit circle 

will be transformed into two points inverse with respect to the 

image of the unit circle. For the En-port, the losslessness and 

reciprocity conditions ore complicated and it is difficult to obtain 

results for a general embedding. The special case where the embedding 

network is an all-pass is amenable to analysis. 

The transfer matrix of the all-pass is, 

Hence: 

T0-1 T' = cr. 
rM. o I r»- c-1 

1 L 0 AD'J L 0 DA’J 

I 



Similarly : 

matrix, 

AA* 

0 

Of course the additional matrices will be 

if the all-pass is lossless and reciprocal. 

T<t2 T* = Cg 
AA* 0 

0 DD* 

0 

DD*_ 

the identity 

Theorem 9: If the embedding 2n-port M is an all-pass, and T(S) = W, 

then 

T(S») 

Proof: Let 

S = (X, Y) 

S' = (X1# Yx) 

W =• (U, V) 

T(S') ¿ (Up V1) 

From I-emna 1, Eq. (27): 

[X, Y] ^ [Xp Y{] = 0n 

and from Eq. (24): 

[X I Y] = QJU I V]T 

[Xi 1¾] - IVilT 

Thus: 
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0„ - [X I ï] O'! Uilïi!' " «ilulVlTO-iT- (UjlV!)'^ 

’da' o 
= ^[U I V] 

0 AD' 
IW'«; 

Since Ql nnd Q2 are non-singular 

[U I 
DA' 0 

0 AD' 
IW = °n 

Tliat is to say: 

W = 
DA' 0 

0 AD' 
T(S') 

T(S') = 
DA' 0 

0 AD' 

-1 

Q.F.D. 

Theorem 10: If the ?n-port embedding is all-pass, and T(s) = W, 

and d(r>) ^ 0, then, 

AAV 0 

T(S*']) 
0 DD" 

-1 

W' 

Proof: This parallels lemma H exactly as Theorem 9 paralleled I^mma 3- 
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CONCLUSIUNS 

The principal object of this research is to obtain 

canonical fomis for the ti'ansfonnution of scattering matrices 

through lossless reciprocal networks. II’ the number of ports 

at the input of the device is the same as at the output of the 

device, the device is called a '.in-port, represented by a square 

transfer scattering matrix. Otherwise the device is repre¬ 

sented by a rectangular transfer scattering matrix. Interesting 

results accrue from the search for canonical forms. It is shown 

that lossless and reciprocal transfomations will transfonr. S 

intoW, S' into W, and S»"1 intoW*"1. Quite similar re¬ 

sults hold for a non-lonnlcss or non-rcciprocal transformation 

if the transforming network is an all-pass. The lossless map¬ 

pings transform the unit circle (i.e., unitary matrices) into 

itself, and passive networks (l-BS' positive definite) into 

other passive networks. 

If the embedded network is reciprocal, then the canoni¬ 

cal form consists of n uncoupled one-ports which are matched* 

loads, negatives of matched loads and open circuits. These cor¬ 

respond to the dissipative, active, and lossless eigenvalues in 

the embedded network. In the case for the rectangular transfer 

matrix, the coallescing of the number of eigenvalues leaves no 

invariant, but the circuit form is the same as that for the square 

transfer matrix. 
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A cross-ratio matrix can be formulated and it is shown 

that it undergoes u similar.!ty transformation in 2n-port em¬ 

bedding. The special choice of matrices in the cross ratio leads 

to the "characteristic" cross ratio matrix K(S). This supplies 

the generalization of the Mason invariant for arbitrary n. Cor¬ 

responding properties of the eigenvalues of R(S) are obtained. 

It is hoped that in succeeding research canonical forms 

will be obtained for the embedded non-reciprocal network. Some 

partial results have been obtained, but are stated elsewhere. 
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