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SUMMARY
A 'sf;ﬁble iz métimod is vde»vgl'obe‘d fqi Ealc’ulatidh”bf“the heat
.vfrénsféilf_lfaig tro rity bo\'mc'iax"y"jl;ay’e‘r' érqu'avtion‘s, with arbitrary anria-
tion of fluld prope l k
behind.x rétlécted
in ihe;fnodyh;\mlc_ ‘I:rium Witﬁ Lewis number unity. Explicit iofmulas"
k ;nd réuﬁyxﬂxlt@‘ are ob when the .ﬂuicleprope‘rtie;ar:e p(i)we‘rrs of‘ the enthal‘pyk
@} terﬁpe,.l‘ﬂ““rg. Piandtl n’urmbgrbis cothént. |

 For the end .geometry, an analytical expression for the heat trans-

—

ch can be correlated with exact calculations within

‘For the st

" equations are ob

‘  the momentum la i38 thinner than the energy 'layef, the other pair when it

o

can be

covtrelated with ey olutions to within + 4%. The integral method indicates

parameter and Prandtl number can be combined into

only one parame

this correlation |

The method is applied to the end wall of a shock tube

ina pefféct gas, and to fhe stagnation point for a gaé
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NOTATION

constant of mtegratxon. Eq. (3 20)
specxfxc heat per umt mass

froz.en specxfxc heat per unit mass of gas mtxture

'd1mens1onless stream functxon, Eq. (3 8)

d1mens1onless total enthalpy, Eq {3. 8)

total enthalpy

‘ 1ntegra1 expre,ssion, Eq. (3.25)

Eq. (3.40)
Eq. (3. ,42)

index of dimensionality, = 1 for aXisymmetric'vflo'w
=0 f

or two-dimensional flow

therrnal conduct1v1ty (frozen, in the case of an equilibrium gas)'

d15tance from edge of energy boundary layer, Eq. (3.31)

:-pressure

“heat transfer rate to surface

absolute temperature

‘time

velocity cbmponent parallel to surface

velocity component normal to surface

coordinate parallel to surface
cdo‘rdinrate normal to surface

similarity variable, Eqs. (2.7) and (3. 11)

-y~




non- dxmensxonal temperature, Eq. (2. 8)
* pk/lcp, o | EEREEE
A expo}nentsvin‘ thermal conductivity expression, Eq. (2; 22)
}1 B ‘visco'ksityk | |
P ,:mass densxty
-c‘ , Prandtl number K u/k
'¢1; ¢2 heat flmc potentxals for end wall Eq (2 ll) and stagnatxor;x pomt
‘ Eq. (3 17), respectwely _ ,
‘f,xl, X2 ‘functxons in the defmxtwn of the sumlanty vanable for. end \vall
»Eq (2.5), and stagnanon ‘point, - Eq (3 7), respectwely
W exponent in thermal conductivity e\cpressmn for end wall Eq. (2 17) 3
and’ pk/c e»cpressxon for stagnation pomt Egq. (3 37) .
Subscripts |
c ’breal-c in k Qs T curve
e » edge of boundary .layfer
gdge of momentum layer
g , edge»b_f energy layef |
o reference coﬁditioh’
w s;xrface';é?ndition ’
st stagnation point

-Viif .




e S SEC'ILO\T -

I\IT RODUCTION

Many of tne heat transfer boundary layer problems of mterest in con-
= -nectlon with high-speed missile and space vehicle flight, 3s well'as related i
,_laboratory confxouratxons, involve sx'mlarlt) solutxons of the’ boundary layer .
~equations. E\amples are the stagnation point, the end wall of a shock tube,.
»and the constant pressure flows alonﬂ cones, wedoes, and side walls ‘of shock
" tubes.- Slmxlarxty solutions are also important as the buxldmo blocks of the -
. Mlocal- sxrmlarl.ty method of approximate boundary layer computatxon, wlnch :
R f_has ‘come into’ \nde use in.recent )ears RN S . .

The uselulness of the s1m1larvty equatxons is assoc1ated \nth the fact
that they representa reduction of partial duxerentlal equatlons in two varia- P
~bles to ordlnary differential equations, thus facilitating immensely the numer- "
. ical work needed to'cbtain solutions. Another méthod of performma this '
‘reduction to ordlnary differential equations has long been used in boundary
~layer theory -~ the Karman Pohlhausen method. ln this technique, the par-
tial differential equations are integrated once in'a direction. normal to the = ° -
"“surlace, leavmo ordmary differertial’ equatxons 1nvolv1na mtecrals -of the de—_
pendent vanables such as velocity, temperature, etc. Proflles for these
. quantities are assumed and inserted in the integrals, enabling evaluation of
- the coeff1c1cnts of the ordmary d1fferent1al equatxons. S » '

The 1dea of this paper is to combine the two techmques, treat1no ‘the R
- .ordmary differential equations of sirnilarity theory by'the Pchlhausen mtearal -
' method, and 59 arriving at an expression for the heat transfer rate to the -
" .surface mvolvma only simple quadratures. This apphcatxon of 1ntegral ‘meth-"
- ods to’ ordmary dxfferentxal equations has been used before in some special -
.cases. 'The incompressible momentum equatxon for the" flat plate and the two-'
. dimensional ctagnahon point are discussed in Schlichting's ‘textbook. 1 Bush
uses it on ‘the similar compressible boundary layer equatxons for the case
":where the product of density and viscosity is constant and the Prandtl number -
- is unity. Itis our object here to develop the method for arbltrary fluid prop-"
erty’va riations (with examples worked out for power law variations) with an'
eye toward later apphcatxon to heat transfer problems rnvolvmc dlssoc1ated ,
'and xomzed oases : : <

, The basxs of the method is the representatmn of ‘the temperature (or
, pnrhalpvl profile as a function of the similarity variable by an expression .
which is, s1mple ‘enough to be ‘easily integrable, yet which leads to values for e
_*.the heat transfer which are sufficiently accurate. ."The. profue used here was .
- first suggested by J’epson, 3 who obtained a remarkably accurate formula for -~
"heat transfer to a flat plate at Prandtl number zero, with the thermal con-v"‘
'ductlvtty an arb1trary power of the temperature It was thls work wh1ch




, "stmmlated t1e development: de:crxbed in the pre;ent report

, T\\o caaes w111 be ducus;ed to 11111>trate the method of solutxon

the >1m11ar1ty equatxons ‘The first is the heat-transfer froma perfect gas
“-to the ‘end wall of a shock tube; the second is the heat transfer from a gas .
;iin thermodynamxc equxhbrum with Lewis m,.mber unity to a stayxanon pomt
7 ‘When power law fluid properties are used, ‘the first case leads to a 51mp1e
~algebraic formula for heat transfer rate; and the second leads: to a pair of .

-tranacendental algebraic equat'ons that can be solved ‘much more quxckly
< than’ the sxm1lar1ty differential equatxona, \»hmh reqm re the mtegratxon of

shatwo- pomt boundary \alue problem ' R e s :

There is no treatment in thxs reporu of cases where the energ,r equa L
. tion'is coupled to continuity equatmns for various species’in the gas, as would .
~“be the case in“a dissociating or ionizing ga's which did not fulfill the. condltxons ,
i of thermod', namic equ1hbrmm and Lew1s number unity. HO\vever. ewctensmn f' :
, of the method to thxs s1tuat10n is under 1nve:,t1cvatxon and w111 be the sub_]ect
“of Iuture report:. RN < AR L

TR The author w ou‘d 11\e to acknow ledue the frequent adv1ce a'ld encour- _

“lﬂaaement of Proi. James A. Fa) during the course of the work reported here

B The machine coraputations were carrxed out by Mr. Rxcnard Goodman and
,\hss Patr1C1a Jack:on S




SECTION 2

E\ID \V ALL HEAT TR_-\\'SFER

Bet\veen the end wall of a ahock tube a’xd the reflected shock whlch : o

recedes from it thereis a sampIe of ‘hot gas awhich, neglecting boundary la\er Pt
dxsplacement effect, is stationary. Being in tontact w1t‘1 the cold wall, the e

i'“gas is cooled by a’ temperature ‘boundary layer growing from the wall. Thxs - .
+is a Rayleigh-type problem, .since it can be reoresented by a cold wall sud-co

- denly put in contact with a hot, quiéscent gas sample If the gas were treat= -

ed as mcompressxble we would expect the ‘solution to deuend on'the usual’

B ;becomes

similarity variable of Raylexoh problems, y/ ,/T where y'is distance normal

I ~;to ‘the wall. ‘Because of compressibility, ‘we ‘expect that thxs vanable is oo e
T 5mod1f1ed by the Ho“arth tran:tormatxon to fpd)/,/ L

Let us fxrat con31der a perfect gas with no dlssoc1at1ve or 1omz1no EETE

' effect; There 15 no ‘flow parallel to the w all(vn the x dxrec_txon) nor are there’
~ any deriv atives in this dlrecnon The cont1 n"lty,_v normal momentum and
ene roy equauons are” a o ,

%, .L'_ o‘* '

. vlqj‘_ .

(Lv?_l’.) e ff_ 3&,; o

Yl}}. (ﬂ 1-»’5 5—5-) %(ﬁ 3) DF +Y33'f ‘"}*( ) N (z lc)

et 33 2 K (z 1a)

o The contmuxty equafxon md1cates that den51t) changes lead to velocxtles nor- . .

) mal to the wall. When the usual boundary layer order of mag2 nitude arguments
rare apphed to these equations (2. 1b) tells us that p =.p '+ 0(6¢) where Pe is

~ . the pressure external to the boundary layer, so that the pressure terms in
“(2.1c) can be’ 1gnored The dissipation term in (2 lc) is of order u = 0(62)
.also, and thus also neohcnble - The- boundar, layer enerOy equatlon then ',

RS (3 v2: )-365)

Z3. o

: (,2:.‘2:)';‘ L



‘I’h1s combmed thh the contmmty equanon (2 1a) and an equatxon of state S :
erve to defme t!}e_temperature and flow f1eld The boundary condxtxons ate o

- %:0: T T = constant i i ‘. v : ' (2 3a) g

_ The \LIO\.AtY v can be ehmmated by use of the contmuxty equatxon B
(Z la) Tfus enables us to wrxte the convect’ve denvatwe operator as

\\ e now 1ntroduce the’ surulant; varlable by e L
"L X(ﬂg , I T

' and assume that T and P depend on 'q alone H 1115 t’he’n’v’ ins‘erted into (Z‘.‘«y4‘)" o s
- and (2 Z) the result is " . C S R

foQo d»\ dt X‘ g,,ezog ”(:c,,”_ .

Q(“ ,+:v 33) t () tf g 3) Bj . | (2:7”,“/

CAGSDGARREE e

: wbere the subscrlpt o refnrs to quantxtxes evaluated at 'same reference condx- C

parenthesxs in: the second term equal to umty yleldmc’

(Zt g.,ﬁ /a,,o) /ZX 6‘13

"(2".:’7)\: .

If we further non d1mensxonal1ze T w1th the external temperature T he
fmal equatxon we must solve is : : .

4 (K- de\ . do _O 31——— ) K &
Aq(Kod‘\) "CFJL&L 3 »T ’_. Q

(2 8)

“tion to be chosen later.’ The quantity x) is chosen to ‘make the expressmn in .



- with the boundary conditions

- eze,sT/ "Te_. . Aé'@?) -\ eo r

e The heat transfer rate to the wall can be wntten \nth the help of
(> 7) as - o

? RS (»‘? Z\i)

e \'& e see that a. heat ﬂux potent1a1 °1' may be defmed by '

d'({;' E ;“f ct, 4,““ g '49‘ | S

émK"L

,‘_iv‘suc‘" ‘that the heat trans;er rat‘e fo the wall is g R R T LI

“‘and the denvate of (;31 replaces the der1vat1ve of T for calf‘ulatmg qw

T The mtroductxon of a heat flux potent1a1 is a freqnent dev1ce in heat ST
: ‘;transfer problems, and has been applied to ‘gases in the end wall geometry o0
" 'in Ref. 4. ~How: 2ver, in’ thx., reference convectmn was neglected, “which is S
equivalent to ignoring compress1b111ty. so the densxty factor did not appear
and ¢ became the classical potential f kdT. It would appear that the omis-
e ‘s1on of convecnon casts doubt on the vahdxty of the wor:c presented in Ref 4.

We now propose to solve Eq (2. 8) by an mtegral method To thxs
end we integrate on 5 from n=0to n = co, remcmberma that de/dq—' 0 as
T~ %o, The result is :




‘ 'le':j-:wall whe e i mall

e _1AYWe now choose the q profxle by 1ntegrat1no thxs relatmn to glve o

R Thxs form shows that all we need to fmd qw is an assumptxon for c and 11
. as functions'of ©. Notice that O is now the mdependent variable in the in-"
" tegral, and the range of integration is finite. ‘This fact is of crucial impor-
_ tance in the approximation scheme ~The relatxon between ¢ 'and © {or T) :
-is given by thermodynamics. “The-"¢hief questxon is what to use for n: (f—)) , -
- "For that -ve return to the di tferentlaI equatxon (2 8) and notxce that near the ST

e

d g ;fffé$e' b
d\ d'l e ’(d )w

S ,Thxs is not a hnear relatxon bet\u een q and 9 but a hnear relatxon between S
71 and the heat flux potential, \Vthh we will see gives a’ power’ ‘relation between:
‘nand © for thé case where k is a power of 0. it was for that case that the "

' pronle (2 l:) was mtroduced by JeDson

e where cp may be taken constant 1ntegratxon by parts leads to the sxmpler 5
e\presswn . e E . ER :

S . :f_ By msertmo (2. 15) 1n (2 13) -using the def1n1t10n oL ¢1 in (7 11), we . '
ﬂ.fmd the f1na1 for*n : S . . , o A

(“*) g' &p «s o o de)*

d"k e., Tpo ‘j{fe‘.".},"‘r 9-K.

" :Thxs isa 51mp1e quadrature formula for the heat transfer rate In the case

, . To’ summanze the procedure, we mtegrate as m the ordmary :
Pohthausen method, but use the’ dependent variable © as the variable of ‘

- integration.” We. must then insert a _profile n(0). " We derive the: pronle by B :
‘evaluating the differential equation near 1 ='0, and integrating that expres- =
.sion. ‘We note that the proflle sO derwed does not- sat1sfy the condxtxon




_':.Appllcatlon to Pow er Law Thern*al Conductxvxty

- 1d¢ /dq—‘O as’ q*ao\vhxchwas assumedin the dernatxon of thc mtearal condm.on
(2.°13). However, the profileis only used in the 1nte5ral on @, and the etror

‘that arises'in only'caused by the duference between the area under the exact
n(©) curve and the (ol - d)lw)/(do /d, )w vs'O curve bet\veen the finite limits

: O Ow and o= 1 “:‘Assessment o. the actual error is obtamed by companson
'of specum cases w1th e\act solunons : i e

To mvestxgate the accuracy of the approumate tormala (2 16b‘)‘\ve'

'fturn to several specific cases. "Fora perfect gas, ¢ is con:.tant ‘and the

’ equatlon of state in the present constant pressure sxtuatxon indicates’ that '

Cpis mversely proportxonal to'T. -Let us take'k: proportxonal to- T“f', afre- . ool

Tquent repreaentatlon of’ thermal conduct1v1ty “For convenience we also 7

woewill choose the reference condxnon o' to be the e\ternal condltxon e. Thenv“.f
Eq (’ S) becomes R . ' EE o S

’frand fro-n (2 11) and (2. 16b)

d‘, d’w j ’g ‘de- (e 2 )/ o

(z1)

d({; 5 A - 9;' 1—9“'“ '
(\ 9)9 de-—. T
(d't) W l S R (»27_1‘9)?

77Th1s is’ the resul* obtamed by Jepson 3, Notxce that ¢1~6 +:80 the assumed o . )
. “relation’ between ft and o is a lmear one for 1'1 1n the ter-'ns of 9 . as men- MRRERREIE
»tloned above » L : U

, The formula (2 19; yxelds a f1mte heat transfer rate as Oy 0 even
~for w <1, whlch would not be true if a linear relation between 7 and ‘© had
“been used for the prohle Another important hmttmg case is w.= 1 which
.corresponds to pk constant ‘for whxch we have ‘ S : : s




| '7~o/2j SRR IS & T PR INURINT-- EENEES RS i £
Coogs/afiests| o o33 o f 0 390 118

- g;‘"ﬁW e see that in al‘ cases (2 19) y1°lds values smaller than the exact values, B

o ,;:“’Tlns same e\presswn is obtamed in the hmxt O“, — l Inboth these c-‘_é."S'e"sl_i_“ﬂ‘ . AT
can e\act aOlU.thn ‘of Eq (Z 17) is possxble, and ylelds ST :

e

T/z

”:.l.-\ companson of tormula (Z 19) w1th e\act ;olutxona of Eq (’ 14) is gn en'in G
“Table I. "The exact calculatwns are from Jepson3 and from unpubhshed re-' P
',’sults obtamed in. the course of an- mvestxoatxon by Adams 3 T L

'wf'mmLEI

6 ) Approxxmate (dol/dq)\. i ;EXQ.C( ' | R S TR
Sv | fremi(219) | (dor/dnly | Exact/Approx. | Ref|

TN

L03Ts 97 Creso |
ER Coooeso o eso |z
1 EETRE IERRTEISEPS: TR DR CE-A RS U A

.

W LY

Is72z1.0 | .33 | .38 | 115

s/ loes | 3190 o | 3Tt 116

| 5 ji L2620 B 298 | s

1s72]ies | s | aae ] s

o few | e /vE | -e) VIR |7 = 1s
B B ~1 L 0-en /YT 0 -e VR Vi s s

T e e Ao

but the ratio of the exact to the apprommate solutxon is remarkably constant
~overa Wlde ranoe of w and 6

- Another case for Wthh ‘exact calculatxons are avaxlable is one in-
which the k' vs T curve is reptesented as consisting 'of two different’ power
" ‘laws ‘with a break at-some temperature T, Adams? used thls form in hlS
study of electromc heat transfer. The relanon for the'k- curve is

ﬁ\/&e | V_A )\- ior_,:é“e._?ec_

‘ R (2.22)
.—e . for ©cO<| |

.. _.8_. " ‘




'i‘}ns lead‘s to : fﬁ e 1 Lo
(dé) S(\ e)e.._e de+f( 9)9 49
v o T T A
1 LA+ T ,\ﬂ SRR AR T

L Ry yﬂ o ‘)\ : ,\H N

: +9¢9[V(”“)7 yru l LXO\H) X+| ] o

- h!s of course, ‘has’ the same 11m1t for 6 - ?l'?s 'the' single’ expdﬁeﬁt _‘Cas‘e,‘k" "
E '»Eq (2 21).- ’ ‘ : ‘ e T e e

‘ 4 Companson of Eq (2 23) \uth unpubhshed e\act calculatlons of
'__"Adams are shown in Table II : - ST :

: 'TABLE -

e 9 o . prproxmrate (dol/dq) : 'Exact- RN IR E:;‘ca.c't':“ :
A v o oow e | from(2.22) 7| (dg1/dnle Approx.

|vals/z |22z |ssy | ez o o] e | 11z o
Az s/zfiser |eer | usee o | 580 e
1172 s/2 125 “fsoo | a3y o o5 | L5

[ v '—-‘}i' - | (1-9')’/]2"‘ Jz/7 (-0 ) Ji/7 =‘113

o nga1n we see the approxxmate solunon (2. 23) gives smaller values than the
' ffexact one, but aga1n the ratios are very constant ‘

O~

[

e On the ba51s of the ev1dence resented in Tables 1 and II, it appears R
: ~i,"7..that mu1t1phcatxon by the factor 3/4/m, whxch makes the approw:unate solutmn L
.’ ~agree with'the exact one in the Raylexgh case Ow ,:11, gives an answer correct
to within + 3% for all the numerical cases cilculated. ' Therefore the corrected
“formula (Z.: 12) for the heat transfer rate becomes (thh external reference o
L \-condztwns) : v : - : : : ’

g ey X=def
0. ".V-g?e&e

g () 9]

C(2.24)
v (2.29)

:"‘,-‘,:'I‘I'us provzdes a 51mple and accurate formula for calculatmg the heat transfer o
'rate to the end wall oi a shock tube when P and k are, glven functmn of T, and

. ﬁ‘. “9-




fcp can be taken constant The e\tensmn to: mclude c.as a functmn of T by

replacing the integral by (2 16a) has not been tested but would seem to be a -
_‘“_._‘reasonable guess. - v R S

It should be noted that the correctxon factor applxed in Eq (Z 24) is’

- ,“:_'qux\}alent to usmg not the profxle 3,wen in (2 15) but a corrected profxle

dm

& Qw-'(’i)'l (2.29)

‘ In Fxg. ‘1, several q(G) proﬁles calculated usmg (Z 25) for the case .
' pk/p k = 9“"1,' ¢, ‘constant, are compared thh the exact proflles calculated ‘

by Jepson, ’. and 1t;l>ecomes clear \xhy f nde is quxte accurately represented ‘

Y

0SS,

Fxg 1 Proflles of nvs e for end wall geometry Sohd lines are the ‘
7 7 exact profiles from Ref 3, dashed lmes are the aporoxzmate
proflles, Eq. (Z 25) : : -




SECTIO\I 3.

STAG\IATIO\I POI\TT HEAT TRA\ISFER

Heat transfer to the stagnatxon pomt of a blunt body has been stud1ed

;ntensueh in recent years. ‘It also represents a case whlch is e‘cactly re< .t vl

- ducible to >1m11ar1ty form. Here we shall restrict ourselves to the case of
Sa dxssocmtmo gas, ‘with Lew1s number unity and flow in- thermodynamlc

L ;_equlhbrxum, to 111ustrate the apphcatlon of. the method ‘without undue comph-" :

“cations. ‘Under these circumstances, we ‘have to solve ‘the’ fotlowmg contin=
‘.u1ty, momentum, and ene roy equat10ns6 for the veloc1t1es u and v and the
‘total enthalpy H: .. : :

ol e ele) s

l

v‘zH —%(-?i— BH)

BTl o5 5 3

_ o

k and L’p are the frozen thermal conductw1ty and spec1f1c heat of the gas

- The d1551pat10n and pressure gradient terms do not appear in the energy

'equatlon {3.3) because they are neglxg1ble at a stagnatlon point. The factor .

- 1) with j = 0 for .two- d1mensxona1 and j = 1 for axi-symmetric flow permits -

consxderatxon of both cases at once, ‘with r the cy11ndr1cal radius ‘of the ax1-', ;
. symmetric body. Near the stagnation point T & x. 'These -equations defme L
- the problem when combined w1th the boundary condltlons o

= 6i s Hy -cons+an+
3»-0._ u=v= O H (3.4

\3: cn f u:"ua'") H H C°"Sf“"1'

:n(3;5):ﬁ.v

‘-1‘_1_ o




If the contmuxty equatxon is solved for pv, the convectxve derlvatwe R

,;voperator becomes :

' vwhxch ehmmates v

We now mtroduce the stmllanty vanable by

- vvand assume that all quantxtles depend only on 'r| We also ‘non- dxmensxonal—”‘; R

v-*fxze H and u by thexr etternal values,~ mtroducmg new varxables g and f by ‘

. where He is the constant e\cternal enthalpy, but the etternal velocxty ue is'a’
o fun‘ction of x. The resultmg forms of the momentum and energy equatlons L
are ' : : _ :

',x L df X} e {dEV1-0
U, jm(e}ld»\) u dci X ){j‘f Jeiu: ge («T‘{] %9)

u€ d‘\( rc,, d‘—L\) Ue dx X) -FZ:L.’ O '.,(?;'m)v:: |

'f ,We are now free to choose Xz to make the x dependence of the coeff:.c:.ents ‘
vamsh Then ul ‘becomes . - :

'L- r (2@,?4 /;,.)"z(g’%r Jx) f (‘13 |

(\ﬂ)zro ‘du" 1% Sj
ot \dx/se

| -‘(3_. 1y

e"ﬂ

o

: -12‘ S




= where near the staouatlon pomt we have put r = \:, ue = x(due/d\)st.f‘ Wxth
this choice of \2, and puttmg R = Pk/ cp, the s1m11ar1ty equatxons (3 9) and
(3 10) become ‘

,;'z (i,ﬂ;ﬂ)g d}\c *r‘;[g Cﬁ” 0 ‘ 5

whlle the boundary condltlons (3 4) and (3 5) transform to -

7 e ﬂc /‘ 3 SW"H / «314> S
1 o 44/41 ‘3" o ()

Equatlons (3. 12) and (3 13) dxifer shghtly from the usual stagnanon- '
‘point boundary layer equatxons, 6 in that the Prandtl number G=cC, 1

RS appears in the momentum equation instead of the energy equatxon. This is a "

“consequence of choosmg the quantity K = pk/c_ as the basxc combination o‘f :
" fluid properties, rather than the more usual choice of pu.. Since the heat '

", ‘transfer rather than the shear stress is of primary interest, it seems more

suitable to relegate the ‘Prandtl number to the momentum equatmn, which'is* -
only weakly coupled to the energy equation. The use of py is'a holdover from -~

" the point of view that the’ momentum equation was basic and the temperature

profile could be found after the velocxty profile was ‘known. ‘For the case of
constant Prandtl number, 0o, :(3.12) and (3.13) can be put mto thexr more -

o “,;_farm.har form by repracmg 'q by,/ r] and f by,/ f

The heat transfer rate is etpressed by S R L T
"'l’ 3 'C?w , D

‘In’ thxs case we may agam defme a heat flux potent1a1 é by msertmg XZ

o from (3. ll) 1nto (3 16)

(3 17)"

-—

po

_q.c[¢ @L(Aue)

k w d\t 54:

We 4o\ T
;k/«zodx (M fﬁo(due)

e




, The problem before us, of determmmg (d ¢2/dq) from Eqs. (3 12)
: ,and (3.13) plus some expressions for the fluid propertxes in equilibrium as a
“function of g, is more difficult than in the énd wall geometry because of the

_‘presence in the energ;r equation of the stream function, f, - determmed by the "~

‘»_f',.:_:.momentum equatxon ‘A proper solutxon requlres sxmultaneous consxderatxon ' l_ SO TR R
. --of both equatxons.- However, it is well known that the mfluence of the momen=- . v o
“tum ‘equation on the- energy equation is small; and so we may hope to include

- this. influence by an approxxmate treatment of Eq (3 12) Thls wxll be the :
. ?approach we shall take. LI -

REEAEEN va‘st consxder the energy equanon (3 l3) and 1ntegrate from the wall S
© to the edge of the thermal boundary layer," where dg/dr, Usmg the def- o

»mxtxorr (3 17) of éz and mtegratmg by parts, we fmd

RO T Audy

(dd’z)w g g dg d"l S‘ ‘l:dj J (\ 3) d-? di d - (318) ol

“an equatlon analooous to (’ 13) \\e must’ now have ‘a guess for the profrles SRt

; af(o /dq and n(g) _]ust as in the end wall case we needed one for n(e) The
momentum and energy eq -ztions will supply these proflles

L The f proflle ).s dete"mlned much m the way we determmed the o
proflle in the end wall case, by wntmg (3. 12) near the wall as ‘-;‘T'.::‘

d cﬁ' gefe
de( d'l ) 1f.\ | (3.19)

.'.e now mtegrate to fmd

: ’L

w

yhere A is a constant of :Lrtegratlon, related to the shear stress, whlch w1ll
‘be evaluated later. : : ,

5 du( o g\ Tg d.’t" A(jét )“_ ] o i s o




ddy %
' d’(‘(_)w _{od? SR e ey

oo UAE this iﬁé'i‘n’t," we must realize that we are ‘dealing ‘\_'vv_itli'f\‘kzb ‘l‘iaye'r‘,sjf,:

‘-an energy layer and a momehtum‘»laye;—,-' whose thicknesses are in general
-different. QOutside the momentum layer, ‘the f profile is determined from

Sdf/dy =1, rather than Eqs. (3. 20) while outside the energy layer, the g -
profile is g = 1 instead of the function of n given by Eq. (3.22).- Thus, we

 will ‘have to consider separately the case when the energy layer is thicker

- than the momentum layer and the case when the momentum layer is thicker. - -
~These relative thicknesses depend, of course, 6n the Prandtl number g,
" and will provide one of the unknowns in the problem. Since the fluid proper- -
ties depend on g only, we take that 2s our primary variable. Then the edge
©of the energy layer is specified as g='1, and the location of the edge of the

~momentum layer is'the unknown, defined as g =g if it is thinner than the

-energy layer.  If it is thicker than the energy layer, it will appear shortly

“that the distance between the edges of the two layers, ny - ng, is'a'con-"

L venient variable.

;B}é_f_oi’-é'_wv‘é‘ g0 to the de ils of the two cases, let ‘us consider the gen- = "

eral "rvne‘th‘od: of 'solution, - We ‘have three unknowns to determine: the one of

. primary interest is the heat transfer parameter (dd;/dq),; the /second is

~the constant A in the expression for df/dn; and the third is the unknown loca- '
‘tion of the edge ‘of the momentum layer, represented by either gror ny - fq'g,'
‘depending on whether it is thinner or thicker than the energy layer.” Three
conditions are therefore needed for the solution, We have available so far

- .the energy integral equation (3.18) and the boundary condition df/dﬂ = 1at

- the edge of the momentum layer ng {(or gf), leaving one more equation to be

¢ ‘specified. The most-s'ymmetrical_prvocedure tor obtaining the third equation

‘would be to treat the momentum equation. exactly as the energy equation, i.e., .-
. to'integrate (3.12) to the edge of the momentum layer. This can be carried - ER

‘through and yiélds'g-‘_rafhér'lén"g_thy eqi;la't'_i'or'iv ihvplv:in'_g A an'd','(vdd)z/dr_j b o s




'alcebralcally and g transcendcntally in the lxmlt:. of mtegratxon; 'debev’ér, S
a simpler approach to the detérmination of A'was’ sought, inview of the“fact”
- that the enly appearance of f'is under the integral sign in Eq. (3/18)as -~
C.df/dy,; so only a weighted average value of df/dyq is computed We have al-". :
e ready imposed on df/dq in {3.20) the condition that it vanish at the wall, and
. satisfied the” momentum differential equation near the wall, and we will use’
 the condition that ‘it is unity at the edge of the momentum layer. In lieu of . ‘
- -making it satisfy’ the momentum’ equatxon ©on the average throughout the whole KRt
Jmomentum layer, we mstead 1mpose a second boundary condxnon at’ the edge e
- of the’ laver, ma‘cmm : e o > e

RRCE N

,-'Thls aerves as. the thlrd relatlon, u.hlch completes the determmanon of the
D :problem. Smce ‘this condition is largely instrumental in’ determining A, ;
-~ which in turn is proportxonal to the shear stress, ‘one will not expect to de- L
~iotérmine that quantity accuretely However, since df/dq now has the correct
. values at'n = 0 and n = nyf, and the correct derivative at my, and satisfies

the correct equatxon neéar n =0, we may hope that the effects of the momen-
tum layer on the heat transfer. are. sufficiently we'l reoresen.ed Eventual -
; ¢omparison with exact SQluth*)S will prov1de us wlth the ultrﬁate check on - -
LA -the usefulness of thxs sxmple aparoacn A L e

. W 1th the use of the thl&d condluon (3 23) estabh:ned we. may now go
. on to’ co*;sxder separatelv the cases of momentum laver thmner and thlcker '
’ than the ener0y Iave r. : » :

‘ ‘\lomedtx.m Layer Tnmner Than Eneroy Layer (Small Prandt Number)

The momentum layer termmates at g é f < 1. From ggtog=1," "
. _tne velocxty is free stream; i.e. df/dn'= 1. From gw to gg Eqgs. (3. 20) are PR
- applicable. - The cowstant Alis determmed -as discussed abov e, by lettmo L
j;d f/d 1-]2 0 at 'q ’1{ The use of this in Eq \.,. ZOa) grves ; o

AC'U Oie

\‘ve now defme the mteoral

I(ﬁ) (cwl) g %d‘ § % %d@ | (323)

Ths 1dea grew out of a conversation 'vu‘ith the' auth_or's_ colleague;
Dr. Rxchard LevY PR ’ S P




' where the Qecond form comes from u smo (3 22) Then (3 ZOb) becomes

where If = 1( f) and (3 ZZ) has been used agam to replace d*l g

The boundary condltxon df/dq l at qf (or gf) then leads to the condxtlon o L

d#

(i -J f @*'I i-? Cai E

The basxc e\pressxon (3 18) 4or(d02/dq)w can now be wntten in fmal S

form b*, ‘breaking the range of integration at g¢ and using (3 22) for dq /dcr
 ‘and (3 26) for df/dq in the lower part and (3 22) and df dn l m the upper R
part T}*e result is : ; R

,(w) (41) S(‘ 3,)\&43’

' If the last term is mtegrated by parts and (3. 27) 1s used thié‘fnlay be ‘w'r'i’tten

d‘f*z) (441) KUS)“%

‘(3.28a)

"'l

gﬁ (@ 1) gx - )* ‘dz =0

: _ Equatlons (3 27) and (3 28) are two relatxons for the two unknowns
: (d¢2/dq) and g¢. Oncé K and ¢ are given as functions of g, they can be
. ‘solved and the heat transfer rate determmed from (3 17) »

As the Prandtl number o - U, the momentum layer thlckness vamsnes

80 g‘ — gZ,. ' The third term of (3.28b) dtsappears, and the equation reduces
. to Eq 2. lob) for the end wall geomerry Thxs is the phys1ca11y correct

-17-

' (328b)




: lxmxt for G — 0 because the veloc1ty is everywhere constant at tbe free stream\ Drte e
value. and changes in the ;\ direction-in the steady stagnatxon pomt problem s e
- ‘can be related by a conshnt factor to the chanoes in tlme in the unsteady end
o wall problem. o e _ ,

iﬁ \(omentum Layer Thlcker Than Energy Layer (Large Prandtl \Iumber)

, The energy layer termlnates at 0= f!g < ru— From 0 to the edge T
‘ ,‘:_of thé momentum layer, ng, we have g = 1, ‘and so the f1u1d propertxes have
thexr e*cternal values. .\\‘e' can then wrxte Eq (3 ZOa) m thls reglon B

e ]«

.:-;'b“'\PPIY’-n’E" the condlt;en d vf/dn a"t‘vn =nf t’j‘“"e f;‘ﬁd”.f o | T NIRRT
A (Ie +N&)/ (m) (330) g

. ;vhere Ig 1(1)a;1a | . S T | ; |

o N; ('h; ) d«& /dq)w T e

.’Then in the region g < ’1 < ﬁf'k, we find

| «(‘3};'. 32)

BERE In51de the energy layer Eq (3 ZZ) may be used for d'q so (3 ZOb) and
(3 30) yleld ~

1 (d"{)«a I g ]‘3 % s e
We also need the expressmn for df/dq at ng to apply a boundary condltlon
- there. This is obtained by e*ctendmg the integral in Eq. (3.33)to g =1,

: ’mtegratmg (3. 32) from qg to T)f». and addmg the two contrlbutlons. , The
f.result 1s L el : ‘ R




'_;*“

8 Apphcatxon of the boundary condltmn fma!ly yxelda

L The basxc mtegral for (dO?/dn)w. (3 18) is now wrxtten usmg '(3 2 )
gf/“ffor dq/do and (3 33) for df/dq. The result is - R L

e

Tne two relatmns (3 33) and (3. 36) determme the unknowns (do7 /dq) ,

EEECE

o ",'and N, the latter replacm° g¢ in the present case.’ Again spec1f1cat10n of

K and 0' as ‘functions of g ena Ie us to sohe for tbe unknow-xs and thus u.he o
“ heat transfer b} (3 17) , : : ,

Apphcatxon to Power Law Fluld Propertles '

: ' In 6rder to test the present appronmate method calculatxons hcve '
been made for constant Prandtl number Oos- ‘and the fluid propertles have 'been
“'taken as .power funcnons ‘of the enthalpy, with the reference condxtxon as the
‘o edge of the energy boundar\; Iayer, 1 €., :

“ '/‘Thxs sxmple representatmn perm1ts the mtegrals to be calculated analytlcally
e The boundary layer equatxons (3. 12) - (3.14) for th:.s case become - -

“(3"“) 4;;& ik ( 10

"'L
L 5)+t

o
&0

|




LR For the flrst case, where the momentum layer is thmner Eqs (3 27)
(. and (3 283) b-*come . , »

w) [1

3{’ (I‘v*t Iw+l) " fw*"- vIzw+3

“”" (w')(mz)

e Wh | I i ] f * 3"‘43 :(3:‘

may write {3.39b) in the form correspondmg to (3. 28b) and then dn ide by
(3. 39a) .Lhe result is

) [\- 8 tw "'*‘} LI‘“ 3... w]_'

41

(L, L,M -3:, (L.m-. ) 1M f“’*BI—Ow 3%):‘;‘

wi (.o+( (w -HXle)

' 'Only the last term mvolves gf and therefore °'o It is easy ‘to show that as .
- w the last term is of order g¢ - g for Bw =F0 and gf for gy, = 0.

; Tfhus the last term vamshes as 0'o -0 and we recover the end wall result
Eq (2 19). B :

-gd_u v

T To verlfy the approach to the end wall result as °'ov"° 0 (1 €., gf... gw), we . :




o For tlu_ second case, where the momentum layer J.s thlcker,’
‘ ',Eqs.- (3 33) and (3 36) become ‘ : S :

vl

Im.u I . -—-zw-x-i. Il‘”‘"3

d*\ Q‘”)(’ L CoH (w+\)(<o+2)

o >113.w+s o]

w}ere Ii _: “' 3’1“,‘% —(\— 33)/n |

o For a glven set of values Bw and il 0 or 1), one must solve o
either Eqs. (3.39) for g; and (déZ/dq)w or Egs. (3.41) for N and (382/dn)y.
By their definitions, we must have gy ¢ gf <1 and Nf >0, “and this’ Testric--
tion has in all cases so far calculated been sufficient to'provide a unique -
solution. The relative size of the momentum and energy layers is therefore
-”determmed after the solutxor. is obtalned :

SURENE One feature of the solutxons 1mmedxate1y apparent lS that J and 0'0 gy
e (the pressure grad1ent parameter and Prandtl number) appear only in com-
";_~b1nat10n and never separately.” This is a dlrect consequence of using the
" “simplified condition (3.26) to determine A. If the actual momentum 1ntegral
. “were used, 9 and j would also appear separately. To the author's knowledge,
" the fact that j and G, €an be combined ‘into a single parameter has not previ-
, ously been suggested and the only exact calculatlons extensive enough to test
it are the Pk 5 = constant ones of Squxre, Subulkm, 8 and Cohen and o
~'Reshotko, 3, 10% . From the results of these references, and some extensions
~ of them, (dejz/dn)w/(l -'gy) is plotted in Fig. 2 against (1+j-1 o"l for
8w =0,1. Foreachg,, the correlation is seen to be quite good,’ thus
; lendmg some support to-the present appro*cxmate theory even before any
'»,calculatmns are made ‘ : :

Cmam
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o Spec1a1 Cases E

Before proceedmg to descnbe the numencal solutions of the three AR

. parameter system, several xmportant specxal cases wxlI be dxscussed

In the specxal case w= 1, wh1ch corresponds to K pk/c constant '

(er pl-l constant), Eqs (3.39) and (3. 41) become ‘

L iiﬁj“’ (245

C‘fJ ey

S kséé?é)cr‘,»v_ Ly

-(‘ 34 (36-5V 5004350 aqoan e 9
= VTS (R 3)[34 3 ‘3:, 3 | 33w 23;ﬂ Ovomy

(m)o'o l-jw '24"’ , \_‘3-,,_,. LI.O

'd7 )ﬂ %-é_,-’-. [(' —§~) *'_ﬂ

(3.442)

CGam

: o which can be -reduced t,:o_"dquert'i‘cv‘equ;ttibns ’fo_r g an'-'ri"Nf.'




) » In t’*e mcompressxble hm1t gw -1, wh1ch can be derlved from the k
o f'v‘above equations, since the value of w does not enter the problem m thxs V‘
) ‘-'hrmt (3 13 3) becomes ' R » T i

2

e e 3“.
“"-l‘;?z3“_'??l‘ ( =g ’3?) zuw »- i

Gusa)

I ~ ijw,' ‘: |

’and when t‘ms 1s combmed thh the hnnt of (3 -1»3b), _a quadratxc equa 1on re- L
B sults whose relevant solutxon is ' . . . St

- Nt I q Qn )0' I B o

N EN TS TR

—

,\

V,E.

el
e\I-

: Equatxons {3. 4:)) prov1de an exphcxt formula for the heat transfer in the
J,_mcompresszble low Prandtl number case. From Eq.. (3 45b) and its
. derivative, one can ‘show that the requlred physical 11m1tat1on that * o
.0 < (gf -,a‘)/(l - 8w) £1 (which required elimination of the other root'of - '~ =

o the ‘quadraric) is satisfied only for 0< (1 + j) g4 < 2, giving the range of

;Prand 1 number for which Eqgs. (3. 45) are applic- ble. . For larger values; -
-the mémentum layer is thicker than the energy lay er in the present theory,
] arld Eqs. (3 -H) can be written : S

(l—zw d-t) l(l“’J)"B( :-jw e

Oﬁl’v U i A'};“) s ('+ ﬁi{w) 0

. (3.46b)

Calculatvor: of the heat transfer in thls 1ncompress1b1e, h1gh Prandtl number :
" case requx"es solutxon of tr'e 51mp1e quarhc equnon 13. 46b) : K




By e\.wumna the 1e1t sxde of (.> -:6b) and its dL rlvatwe, 1t can be verlfxed that

: "t've‘reom.red lmnu.txon \f,/(l = g“) 2 0 here provxdgs a solutxon only for ‘
s J)O‘o— 2. One can also see that at the critical value {1 + _])o-o'_ 2, the" o
left side of {3. ~16b) changes sigH,  thus verifving in this simple case the numer-, E

‘1{‘,'1cal criterion to be debCI'IOLCl bdo - for dec1d1 1g which ao.t of equatxons w111
;.orox 16; t}w =olutxo for a giv Iue of (l )ao. ' .

alx'-e dy'pomtcd out that m tne 11m1t 0' R 0 Eqs. (3 39) re--‘
: .amglg the ‘end wall-case” conelm.red prevlousl)
an also be deTived: easily, The ‘appropriate .

Ecs.‘ (3 41), since the mﬁmentum Ia\' r wwill bL thlc‘cer th‘m
Eqs. (3 11) mdx\.ate_t’ ;
: c‘q) W beco'nes_ zero and the quantlty
: _ ets in (3 -}lb) nu ut vam:l I the limits » = 1 and By — 1,
this le 1ds’ to'\t < 0, an unaccep t(-.blt solutzon §0 it” orobaol\ is: \macceptﬂble
in the general case ‘also. “The othe er possibility.is the. more reu:ouable one,

"&1 at tl‘e momentum: lﬂ)er thickn 'c};s' repr '~'*~m:d by \f a'ooroaches infinity. -
with this aSS‘&n‘Dth;., only the i term o '1 th(, right of (3 4l<.) and the fxrst
ate ivmpOr-ta' 16 a sxmplc c\.lculatxon owes U

J'.‘-‘V'erm ..x*d \ term in. (3 413\

o \Twrz - Y TG ) ()T (.47

-‘ 0:~aa> (‘_&_é} G P o R VT2 /f’

‘This'is an asy mptotic expression fo
generalcase. Itis well known that o—
‘ence of the temperature gradient is 1 3,» Equaqon (3 17)is in agreement &
with this when we recall that me ‘present definition of w: diifers from the usual
definition and to convert to t’le latter one miust imagine the rxoht svde of

(3 37) mul 'ohed b) ,/

Tne cases - = 1 and gw‘ — 1 both lec.d to the same e\pressxon =

the hez t'transier rate nl*ameter in the
s — 3, the Prandtl number dcpend- )

‘Sw ") ‘ : d‘.l : 1,13 (““'J)

.One can aroue that both these cases shou ld have the same limit, ‘Théy have -

the same erergy ecuation and differ only in the factor g instead of unity in

‘ the pressure gradxent term in the momentum equdtlon. ‘But in this limit, the

~ momentum layer is so much thicker than the energy layer that it sees a con-

' .stant emoorature flow at the e-cter.tal temperature, so g = 1. Thus ‘the =
Sw — 1 and = 1. ‘cases” =¢r1<f\- the same eguAations and 50 have the same ex- "

,—»pressm1 for hezt transfer. For more gererdl cases, ‘where -~ @ppears ex-_

"% plicitly in'the energy equation, ‘one would expect both -~ and gw to appear in.
He h"rut:ng valu.e, as they do in Eq (3. -7) ‘ :

s

) possmxhtxeb as Gy = o, .Oneis =

= (348)



MerklZ has ngen an exact asymptotlc expressxon for the case gw—- l

= whxch should also be valid for the case w=1, accordmg to the argument Just PR
o ~g1ven. In the present notatxon. Merk's result is . '

vy

3~‘>' (a-\) o=t [f?

The last bracket contams the wall shear stress parameter, whxch is mde-_'k
pendent of 0o in this case. Companson between (3. 48) and (3. 49) will be -

".given later. The author has been unable to fmd a comparable exact formula

- forw £1, gw)é 1, so Eq. (3.47) represents an otherwise unavallable expres-
- sxon for the case of cooled walls with pk/_p not constant.v‘ o e

",‘Numencal Solutxons and Comparxsons w1th Ew:act Solutxons '

o ‘ We wxll now proceed to the actual numerxcal solutlon of Eqs. (3 39)

" and (3.41). This is best done on a d1g1ta1 computer, since Egs. (3. 39) are
‘transcendental in g¢» while Egs. (3 41) can be reduced to a quartic in
(déz/dq)w or Nf. The advantage in using the approximate method. over

' actually mtegratmg the exact differential equations (3. 38) is in the consider-

‘able saving in computing time. The appro~<1mate method requires only ! the S
iterative solutwn of transcendental or quartic equations, while the exact -
- solution requires mtegratmn of a two-point boundary-value problem, with a = -
‘number of integrations to n > 1 usually necessary before the outer boundary
'condxtlon is satisfied. ‘

C ' The prQCedure used to obtam a solutxon was the followmg The value
gg=1 was used in (3. 39a) to obtain a value of (déz/dq) this was inserted
~into the left side of (3. 39b) together with g¢ =1, If the“ieft side of (3 39b)

_;'.,,‘f;was positive with these values, -a new guess for g < 1'was made, and the
L procedure repeated until (3. 39b) was satisfied, whxch always occurred for

‘ 8w <8

a f_-shxftedfto Eqs. (3 41), which were then solved by iteration, startmg at

If the left side of {3.39b) was negatwe for gf >'1, attention was L

- Nf= 0 and searchmg through increasing values of N¢. - This method has pro- —

. duced a solution in all cases attempted so far and was verified analytlcally
“in the dxscussmn of the hmxtmg case g,, —= l ngen above. :

‘To compare the solutlons of the present approxxmate theory w1th ‘ex-
‘act solutlons of Eqs. (3.38), use may again be made of the results of Refs,
- 8,9, and 10 as well as recent work of Bade. 1l suycha comparison is shown
. in Table III, ‘Where no reference is ‘given, the 1ntegrat10n of the exact equa-
: tlons was done by the author. :
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'I'able IH shows the same stnkmg result as Tables 1 and II namely . “ 3

" the small percentage variation in the ratio of exact to approxxmate values of
. »(dé)/dq)w. If one restricts oneself to values of (1 + jlog > 0.1, the varia- S

ion is from 1.02 to 1. 10, ora + 4% variation about 1.06. Thus a suitable = L

correction factor in this range is 1.06. To make this fair smoothly into the
factor 1.13 suggested for the end wall case (6, — 0), one can add'a term
.:wluch is negligible for (1 + jlo, > 0.1 but approaches 0. 07 as g, — 0. A
.. suitable correction factor which’
exp [- lO(l + J)o-o:l Use of thls factor changes the heat transfer relatmn
;3(3 l?) to : , v ‘ L ; «

fullfills these requirements is I.06 + 0,07

‘Q*J)Ye d“e) 'IZ['OHOO‘I Mmr I(A‘#l)

A A L

whlch has a maximum error of + 4% for all the cases in Table III _Use of this
formula with the present approxlmate method of solution of the stagnation-
point boundary-layer equations yields an accurate prediction of heat transfer

‘rate for power law fluid properties and constant Prandtl number. The neces- -

sary computing time is several factors of ten less than that requzred to solve
the e‘cact two-pomt boundary- w.alue problem. , 4 :
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 SECTION 4

' CONCLUSIONS

’ A sxmple mtegral method has been suggested for calculatxon of heat
"rtransfer rate from. ‘similarity boundary layer equations. ~The method has been'
applied to the end ‘wall of a shock tube behind a reflected shock(Raylexgh -type .
vproblem) for a perfect gas and to the stagnation point for a gas in’ thermody- s
namic ethbrxum with Lewis number unity. - In both cases explicit expres-
_sions were derived when the thermal conduct1v1ty, density, -and specific heat
were e\cpressed as powers of the temperature or enthalpy, and the Prandtl
number was constant. : ,

; For the end wall geometry, a sxmple analytlcal expresmon for the
heat transfer was obtained and comparcd with exact calculations. A ronstant ’
correction factor brought the formula into agreement with the exact results
within + 3% for a laroe range of powers and wall to stream temperature .
ratxos The e‘cpressxon for the heat transfer rate is

| "iw: , .ﬁ’eﬁs&?‘ [l 13(“') 1 | v' (4‘1)' |

2t

where (dQl/d"])w is obtained from Eq. (2. 16a) In the case k= T%, ¢, con-
'stant, Eq. ;2 19) gives an explicit formula for (d¢ /dq)W already ‘obtained
- by Jepson In the case where k is proport1ona1 to two different powers
.. of T in different temperature ranges, (dél/dn)w 1s found from Eg. (2. 23).
The 'same ‘correction factor(l. 13) holds for both cases and presumably for
, ;any hnear combmatmn of power laws. , \

_ For the stagnation pomt geometry, two pair of transcendental equa-
tions (3. 39) and (3. 41) were derived, one pair of which in any given case
' prov1des the soluticn for the heat transfer parameter and relative size of
' 'the momentum and energy layers The two pair of equations must be con- -
sidered together, since one is appropriate when the momentum layer is
thinner than the energy layer, the other appropriate in the reverse situation.
Machine solution of these equations by trial and error is many times faster
than solution of the exact differential equations. A feature of the appronrna.te
equations is that the Prandtl number and pressure gradient parameter only
appear together as one parameter. In the only case known to the author where
~ exact calculations cover an extensive enough range of these two parameters

to permit testmg this result, namely the case pk p constant the single
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_parameter correlated the heat transfer rate thhm a few percent

' When the results of the appro‘nmate stagnation point ‘calculations for

power law fluid properties and constant Prandtl number were compared to

exact values. a correction factor was found \vhxch brought agreement thhm

_i_~_ 4%. The heat’ transfer rate gwen by the appronmate theory is

Jettees) u c6+0.01 "°"“",°*1(‘-‘i‘)

3_ «,"ii_ m".r? d")‘* dnfw

'k\where (déz/dq )w is obtamed by solvmg the aopropnate pau' of Eqs. (3 39)
or (3.41). ‘ .
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