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THE DETERMINATION OF THE QORBIT OF AN ARTIFICIAL
EARTH SATELLITE FROM THREE OBSERVATIONS

G. M. Bazhenov

Thils paper explains a method for determining the
initial orbit of an artificial earth satellite from
three observatl ons separated by sufficiently long
intervals of time,

To determine the orbit of an AES (artificial earth satellite)
we can use Gauss's well-known method which 1s used to determine the
orbits of small planets and comets., The successful application of
this method 18 possible only under conditions in which the three
observations of a heavenly body are close with respect to time, or
more accurately, under conditions in which the change in the mean
anomaly in the period of time between observations will be of the order
of 5 to 15°, 1In this case, however, the determination of the orbit
1s unreliable due to the lack of precision in the initial data obtained
from the observations. For those cases in which the change 1in the
mean anomaly between observations is great, the Gauss method becomes
unwieldy and inconvenient.

The author of the present article published a work in 1930 [1]
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(Bazhenov, 1930) in which he described a rather simple method for
determining an elliptical orbit from three arbitrary observations
which may be separated by any time intervals desired, as long as
they are not too small, '

This method is satisfactory in determining the undisturbed
Keplerian orbit of an AES in cases where the change in the mean
anomaly will be anywhere from 5 to 1000° for the period of time be-
tween observatlons. This method 1s also used 1n cases where the
variations in the mean anomaly are higher than 1000°, however, in
these cases we cannot disregard the disturbances and assume that the
orbit 1s Keplerian,

We present below the above-indicated method for determining the
orbit of an AES. The observations of the AES give the following
values:

Ly a8 (i=1, 2, 3),
i.e. the moments of the observations, the right ascensions and de-
clinations of the AES corresponding to these moments and referring
to a certain period (e.g. 1950.0). In addition, the values @, X and
h should be knavn, i.e. the geographical latitude, longitude and
altitude (in meters) above the sea level of the observation points.

As the unit of measurement for distances in this work, we take
the equatorial radius of the earth according to Krasovskly (ao =
6,378,245 m) .

The equatorial rectangular geocentric coordinates of the observa-

tion point are determined from the formulas:
X = (1 -o-;h;) p cos¢ cos S,
Y (1 -o-:"o-)p’cosv'sfms, ‘ ( 1)
'Z=(1,+-:l‘)p’sin?’.

I
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et and ¢ are the geocentric radius-vector and latitude of the obser-
vation point, while S 1s the local sidercal time (more accurately,
the hour angle of the point of the vernal equlnox of the period to
which the coordinate system refers). The followlng relations are
valid: |

¢’ cos¢’ =1.000839 cosp — 0.000840 cos 37 ~+0.000001 cos Se, } (2)

¢'sing’==0.995811 sin ¢ —0.000836 sin37--0.000001 sin Se.

The slidereal time may be determined wlth a sufficlent degree

of accuracy from the formula
== S, + 0798565 N 360798565 n -4, (3)

where S_ 1s the sidereal time (in degrees) at mldnight GMT for the

zero number of the month of the observation taken from the table, N
is the datum of the moment of observation and n is that fraction of
the twenty-four hour periods from Greenwich midnight to the moment

of observation.

Sidereal time at average midnight GMT for the zero

n er of' each mon n s ), 19 an
1957 1958 1959 1960

JEOOUBTY o.0.08 o o « « o o « 9993940 | 9%°1542| 9899142 | 9896740
February ¢.e.e o v v v v v .. 129.9492 {129.7094 1129.4694 | 129.2292

Aaﬁf 6008000 ® o s s 0 v 0 s 157.5472 1157.3074 |157.0673 | 157.8128

P eece00 000 o s 4 4 s s 188.1019 | 187.8621 |187.6220 { 188.2673
MOAY seececscacac o v o o« o 2176010 |217.4312 [217.1911 | 217.9364
JUD® evsvecsensos o on oh . 248.2269 | 247.9562 |247.7461 | 248.4915
JULY ceoencencces o o o o o o 2707957 |277.5558 |277.3156 | 278.0611
AUEUBY . ooieeeeee o« o . . . .| 3083509 |308.1110 |307.87C8 | 308.6162
Septemiber.coeeee . . . . . .| 3389016 |338.6658 |338.4257 | 3392.1710
OCtober ececevee c 0 0 o . . 8.2248 8.2348 7.9946 8.7401
November esseese. . . . . . .| 320295 38.7895 | 38.5493 | 39.2048
December.ceeeem « v . o o .. 68.5990 | 68.3589 | 68.1187 | 68.8641

¥

If we take into consideration the shift in the point of the ver-
nal equinox along the equator in the time T = t = 1950 (in tropical

years) which extends from the moment of 1950.0 tc the moment of
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observation t, then from S, obtained from formula (3), we must subtract
the value

¢ ==0.0128053 = -+ 0°000000038833 <* (%)

and use in the formulas (1) the difference obtained instead of S.

A more precise calculation of the precesslon can be made in the
following way. Form formulas (1) we determine the coordinates X,
Y and Z in the coordinate system corresponding to the moment of
observation, and then from the formula

X 1950.0 Xz = Yg _Z z
Yieso |=[ —4X, y Vg Z I Y
Zwd \—=X. Y, z,J\z (5)

we obtain the coordimtes of the observation point in the system
corresponding to moment 1950.0, The values Xx, x?+e Can be obtained
from Table 5 in the work of Zagrebin and Shumikhina [3] (1954).

The 1dea for the method of calculation of sidereal time from
formula (3) was borrowed from the work of Zhongolovich, Amelin and
Sabanina [2] (1959).

The geocentric rectangular equatorial coordinates of the AES
are determined from the formulas:

x=M+X y=p+Y, z2=wp+2, (6)

in which p is the distance fram the observation point to AES (the

unknown value), and

: ! . . (7)
i=cositcosa, u=coscsinz, v=sin &,
Evidently M=-p'=+v=1.
In the future we yill use of these relations:
RA=x4yl+zt, Ri=X'4-Yi4 21,
C= X+pY 412, S'=R'—C, (8)

p=—C+VA=3,
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r and R are the geocentric distances of the AES and of the observatlon
point.

In the method proposed in this paper for determining the AES
orbit, we adopt the following as the main unknowns: a = the major
simiaxls of the orbit and the two values:

g =flarisinQ, h=—taricosQ, (9)
where 1 1s the angle of inclination of the plane of the orbit of
the AES to the plane of the eartht!s equator, .~ is the right ascension
of the ascending node of the AES at the equator.

Since the undisturbed AES orbit is planar, the followlng relation
1s valid

xg+yh+2z=0. (10)

The following equality follows from expression (10)

Xg+YhaZ S (11)

Py —= - )
where m=ig-ph-v.

Formula (11) cannot be used when the plane of the AES orbit
coincides or almost coincides with the plane of the eartht's equator.
The method for determining the AES orbit described in this work is
inapplicable in these cases. As is known, for Soviet AES's 1 & 65°,

To determine the three unknowns a, g and h, we can use the three

Lambert equations:

(12)

nt, = (8; — sin¢e;) — (8, — sin &),

) k
where n=m=. w=hL— 1,

kG T | 2 3
AX‘ Xy Xy r/ xl+yJ+Z/‘
dyy=u—y, ri=x}+yl-+z}

Az, =2, —z,, c;=Ax}+ Ayl 44z,

k = 107.0892 (a value corresponding to the Gauss constant in the
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problem of the determinati on of planetary orbits).
N R e e ==

The subscripts 1, J, and k=1,2 and 3 must also satisfy the
conditions k > J and k # J # 1.

The + or - sign for sin _.Zl are assumed to be dependent on the
fact that the AES makes an even or odd number of complete rotations
about the center of the earth in the interval of time between the
J and k observations. The choice of the sign sin -?2}- is made 1in
accordance with the rules which were indicated in the work of Subbotin
[4] (19%1). The same work also gives the selectlion rules for that
quadrant in which 1t 1s necessary to take the value €y

The system of three equations (12) can be solved by Newtonts
method, if the approximate values of the unknowns a, g and h are
known,

The corrections to the unknowns Aa, Ag and Ah satlsfy the system

of linear equations:

© Ada-+G,Ag-+ Hah=F, (14)
in which
Fi=nt,—¢,+3,~sint,—sin3,,
A= _%?=% (1.5 ayy =M (ry+ri+0)+ N, (r;+nr,—s)],
Gi= —%?=R‘/x/+R“""" (15)
H= -‘%5=Ruy/+R.1y..
Here
M=xtgl, P.=N—M,
N¢=2'1‘;*8—;‘—. Q=N,+M,,
R¢/=,,LJ(P.'W+ Qg4 [ (15a)
Ra= L1 (Pgs— Quga),

-



where
1
9= (x )+ gy, "".z/",/)n

1
Q= Qx4 Ay, Az,

In formulas (12), (13), (1%) and (15) all the angles are expressed
in radians.

To determine the approximate values of the unknowns a, g and h,
we recommend this method. If we assume that the orblt of the AES
is circular, then r; = rp = rg = a and Lambert!s equations are ex-

changed for:

XY Es ket
LE A SR —cos = . (16)

The coordinates X, y, and z are calculated from formulas (6);
p appearing in these formulas is determined from the last of formulas
(8) in which r = a.

Equation (16) may be solved graphically. It is necessary to

construct a curve from the parametric equations:

XjXp 4+ yiyk + 742k
al

W= =% (d),

k% —t.(a).

h=Tr

This curve at high values of kri is almost linear and the scale
of values of parameter a on it is almost uniform. The points of
intersection of this curve with the curve corresponding to equation

n=cosk,
are the desired values of the unknown a. After solving equations (16)
we will have three systems of values of the unknown a. For the approx-
imate value of the major semiaxis of the AES orbit a we take the num-
ber close to the almost coinciding solutions in the three systems of

solutions of equations (16).




The approximate values of the unknowns g and h are obtained

by the method of least squares from the system:
'x,-g-i—y,-h-i—z;#O (i==i1, '25.3):

The coordinates x4, y; and z, are determlned from formulas (6);
py is found from the last of formulas (8) in which for r, we take
the above adopted approximate value of the majJor semlaxls of the AES
orbit.

After we have found the approximate values of all three unknown
values a_, &, and h  from equations (14) , we determine the corrections
for these approximate values Aao, Ago and Aho.

The new approximate values of the unknown values

@ =q-+A8a, g =g,+A8g, h =Ah,+0h,
(first approximation) are substituted in equations (12) and if they do
not satisfy these equations with the required precision, then using
equations (14) we find the corrections Aay, Ag; and Ah; in the second
approximation satisfles equations (12) with the necessary precision.

The remaining elements of the AES orbit are found in the follow-
ing way. The set of formulas:

g:=1—-=, ecosEy=gq,,
2g=¢,—3,, eshE,:ﬁ':—lfﬁl_—", (27)
'E,=E,—2g,, Ey=E;+2g,,
Mi=E;,—ezinE,=n(t,—t,) l

enables us to find the eccentricity e of the AES orbit and the moment
the AES passes the perigee of 1its orbilt tvr'
The matrix of the projected coefficlients are obtalned from

formula . o
(Ps Q:) (x, x,) £ £\ X3 Xy "1:—5:\)
P, Ql=|v: v ( ) =|y nHl\—m &/, (18)
P: Ql Za 24 1:: 1:: Z3 Z, rr-ZTJ—

s~




where
[rarg] = &am3 — &yma.

The element w 1s the angular distance of the perigee of the AES
orbit from its ascending node at the equator and is determined from
equations:

P,=sinisins, Q,=sinicosw. (19)

During the calculations 1t ié desirable to check the results in
passing.

Appendix

Determination of the Orbit of the Rocket of the
Third AES (1953 §,) from Three Observations on
29 July 1958.

A1l the calculations given below (1-7) were made by M. V. Kuznetsova.

1. Observatlon Data Taken From Bulletins of the AES Visual Observation
Station

1 2 3
Tashken t, Astro- Pulkovo, Kiev, Main
nomical Observ-| kaein Astro-| Astronomi-
atory of the nomical Ob- | cal Observa-

AN Uzlek, oSR :;:'I‘l‘:‘:ﬁ' ’ ol tOTY, AN SoUR
(Bulletin ko, 10, p. 21) 1 (Bulletin ivo.
4, p. 19) P = 9, P. 20)

UTr .. ... .. ; 0.826447 0.893813 0.969969

Cba - o - v 46%6079 2500400 33494738

Vgbag '« - ols o s +50.6283 +77.0811 ~+15.1700

2. Auxllliary Values Depending on Basic Values Obtained from Obser-

vatlons
1 | 2 3

pPeose ... ... 0.752065 ' 0.504727 0.6538829
¢’ sin Z ...... 0.65¢881 0.860386 0.7¢6170
legm o n o A 1.000078 1.000012 1.000029
§ wolsll .4 S 31397¢88 29721208 32627825
e e 0.1998 0.1098 0.1098
S Lot 313.659) 299.0110 326.6727

X B O e S _0.43579 —0.07632 0.870%
Benve 3 A6 B 5T v 0.460% —0.21014 —0.41591
SE oo B e T e 0.77305 0.97449 0.26168
X5 aesymee b, 0.51924 0.24478 0.53379
Y 5w oo o 5 —0.54413 —~0.44140 —~0.35100

( cont.)



(

in twenmty four hour periods)
in radians)................T

3.

the Orbilt

1 2 3
2 iy o e e, N L 0.65693 0.86040 0.76619
Ric 2 S 0.99862 0.99752 0.99759
70 L e 0.99725 0.99504 0.99518
(0 Ty R 0.48330 0.91269 0.81138
52 0.76368 0.16203 0.33684
0.076156 0.143522 0.067366
8.15549 15.36966 721417
Graphic Determlnation of the MajJor Semiaxls of

1 2 3
am=]]

Py ey | 0.18477 0.11101 0.12305
7 NS Sl 0.59976 0.23631 0.64096
Ve AGIE GG b ] —0.4587%6 ~0.46473 —0.40218
¥ . S e : 0.79977 0.96850 0.79839
n. . e il 0.91875 0.99796 Fo 0.93362
LREEREE e 7.06905 1332218 | 6.25313
B o e L e l 0.33909 0.21778 0.23893
<N B o . . 0.66701 0.22816 0.74168
Voo oo e nnan. —0.38782 —0.46716 —0.45037
T e e e 0.91906 1.07267 0.82871
? ......... 0.88722 0.99385 '0.92150
......... 6.20411 11.69213 5.48802

The drawling gives the polnts of intersectlion of the cosine curve

n = cos £ and the straight line connecting the points with the coor-

dinates £ and 7n calculated above for a = 1.1 and a =

1.2.

It follows

from the fact that the scale of values of a on the straight line 1is

almost uniform that we may find the values of a at the polnts of

intersection.
three observatilons,

solution a = 1.14,

two at a time,

approximation of the majJor semiaxlis of the orbit,

In the given case for all three comblnations of the
we obtaln the approximate general

The general solution 1s also taken to be the zero

4. The Determination of g and h in zero approximation a = 1.14

® k==107.0892

-

0.15388
0.23304

—~0.47374

1.01038

0.16982
0.£8169
—0.42163
0.81063




0.91295 g, —0.66737 hy=—1.32108
—0.66737 g, —+0.58664h,= 1.18516
2,=0.17679
h,=2.22138

5. The Determination of the Corrections Aao, Ago and Aho to the Zero
Approximation and Corrections Aajy, Agy and Ah; to the first Approxima-

tion

The calculation diagrams are the same in both cases.
sent the complete calculation for the second case

Below we pre-

) 2 3
i R, .., 1.84375 0.50559 —0.50801
P, 0.24211 0.12266 0.16804
X o, 0.62475 0.23542 0.¢8014
Ak .EE .. . A —0,43253 —0.46718 —0.42089
s Ll 0.83409 0.97996 0.81016
Al T AT BT 1.28988 1.23400 1.29610
I e BT 113573 1.11086 1.13846
AF vov v v nie A 0.44472 0.05539 ~0.38933
By «vveeen 0.04629 0.01164 —0,03465
s . .. —0.16980 —0.03393 0.13587
@ vvueveved o488 0.06599 041381
F LY Y RN . 2.72760 2.34018 2.66040
rer—— 177104 22,820 1.83278
BN e b e e —0.77333 - 0.71631 0.76374
(¥ 3 !
ETY - S 0.62314 0.69581 . —0.63391
B e o gk 4.02567 - 7.08168 227251
3 i ’
&) am .. 0.67276 f 0.76954 —0.68660
brg oo i o 1.21977 1.02656 —1.18313
X
Grg oo e nn s 0.79676 0.96878 —0.81964
AY o e e e 6.69827 12.62342 5.92515
= m L me —8.0513¢ —14.16336 —4.54502
B, ... e s, 1.34552 1.53908 —1137320
sine DU 0.98057 0.99966 —0.98602
el SRl —0.97473 —0.99949 0.98054
B mowe—n ki 3 O] —0.00169 —0.00069 ~+0.00147
M..... e 0.53488 0.45016 —0.51881
B . . Emesa e 0.34939 0.42482 —0.35942
Bl A B . e —0.18549 —0.02534 015939
Q i 0.88427 0.87498 —0.87823
W B sl S 0.63871 0.93204 056030
Qi Bosod 5% 4 o W —043734 | 0.04962 —0.19478
L A aevw; , asz::_}% mo;:gg
’ e IeiBER —1.10¢8 0.01 Q.14
R‘i . A 149197 | 0.94393 1.00503
&4 e 5 Sl 8.07493 i 16.50528 8.42747
B B e e 2 0.75417 065123 0.32906
W b o 8 8 By —0.11086 —0.40368 - —0.53354
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The corrections to the first approximation:
Aa; == —0.000099,
Ag, = —0.00200,
A{zl=;—0.00554.

The second approximation is taken as final:
ay,=1.140128, -
g:=0.15334, .
hy=2.17036.

6. Determination of the Values P> X, ¥, 2, r, 0, €, 6 and F

With the obtalned values of a,, g» and hy we calculate the values
P> X, ¥, 2, r, 0, €, 6 and F from a diagram identical with the one
glven above. In the case being considered we obtained these values
of the basic magnitudes:

1 2 3
......... 0.62447 0.23374 0.68181
; .......... —0.43282 —0.46630 —0.42169
€ e e e 0.84361 0.97589 0.81067
P e e e * 113533 1.10696 1.14012
G G e e a e e ale 047777 0.06706 0.41198
AE v v e e e ne e 6.69915 12.62507 5.92592
— e e e e e —8.05021 —14.16445 —4.54760
3T P NA .M A, 1.34482 1.53928 —1.37216
Y P, 0.98281 0.99963 —0.98645
T —0.97458 --0.99950 0.98234
Fo.q.a... —0.00001 0.00003 0.00005

L)

To check the calculations we may use the relation:
3 — 8= (e; — §)) 4 (8, —3,); (2g,=2¢, +2¢,).
The smallness of the values F indicates that the desired magni-
tudes obtained in the second approximation need not be improved in

the future.

7. Elements of the Orbit

In conclusion from formulas (17), (18) and (19) we obtain the
remaining elements of the orbit and the matrix of the projected
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coefficlients.
For the 1958 6, satellite for the moment of the second observa-
tion 1.e. for 1958, July 29.893813 U. T., we obtained the following

elements of orbit:
a=1.140128, e=0.07098, M,==62 0943,
i=65°316, Q=175.958, w==234.440.

and this matrix of proJected coeffilclents:

P, Q, R, |=|—0.17747 —0.38341 0.90636

(P. Q, R,) (—0.83930 0.53989 0.06404)
P, Q, R, 0.51388  0.74934 0.41761

The example given above of the determination of the orbit of an
AES indicates that the method proposed by the author makes it relative-
ly easy to find the AES orbit from three essentially arbitrary obser-

vations.

REFERENCES

1. (G. M. Bazhenov) Bazenow G. 1930. Bestimmung einer ellip-
tischen Bghn mit elner unbedeutenden Exzentrizitdt nach drei durch
grosse Zeiltraume getrennten Beobachtungen. A. N., 238, 5708, 319.

2, I. D. Zhongolovich, V. M. Amelin and T. B. Sabanina. The
Determination of Eﬁe AES Ephemerls, Bulletin of AES Visula Observa-
tion Station, No. 5, p. 16, 1953.

3, D. V. Zagrebin and K, G. Shumikhina. Tables of Basic Pre-
cessional Values fa 1950 to 2000. Institute of Theoretical Astronomy,

V. 5, 10 (73), 639, 1954.

4, M. F. Subbotin. Course in Celestial Mechanics, V. 1, E.
126 to 128, State United Publishing House, Liningrad-Moscow, 1941,

Submitted 4 July 1960.

FTD-TT-62-590/ 1+2+4 =1 %




DEPARTMENT OF DEFENSE

HEADQUARTERS USAF

AFCIN-3D2

OTHER AGENCIES

CIA
NSA
ATD
oTS
AEC
¥ws
RAND
NASA

FTD-TT> 62-590/1+2+4

DISTRIBUTION LIST

Nr. Copies
1
1
2
2
2
2
1
1
1
14

MAJOR ATR COMMANDS

AFSC

SCFTR

ARO

ASTIA
TD-Bla
TD-B1b
AEDC (AEY)
SSD (SSF)
APGC (POF)
ESD (ESY)
RADC (RAY)
AFMDC émmg
AFMTC (MTW

Nr. Copies

o

o e N W s e




