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PEFACTE

This Memorandum reports on pert of RAID's contivuing york on

Guidance and Orbit Mechanics. It is a theoretical diccu'sion of

methods of estmating unknown parameters - the prer.ne of Poise,

and can be applied ;o problems of estivating or predicting space

trajectories or orbits. It should be of interest to mathematical

statisticiansp ccnmnications engineers# and those concerned vith

orbit mechanics.
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SWOIAR!

Thi i Memorandum demonstrates the corresndence between the

well-known method, of least square!s and the ore recent optimQ.

filtering theory of Kalman. lt shows that via a simple lemae on

mtrix invcrsion, most of the re.ults in linear filtering and

prediction theory can be easily derived. The connection of the

least suare method with the so-called Duallty Principle n optinal

control theory is also discucsed. This connection places in evidence

the mathematical similarities between problems of control and problems

of pre~iction. The Memorandum concludes with a propwed application

for orbit detr.ination of a 24-hour satellite using the techniques

described. This application is concerned with ecuputing corrections

to the satellite's orbital parameters based on noisy observations

of azimuth and elevation angles by improving an in~tial orbital

parejet.,r ,btimation thvourh additional observations. The orbital

parameter corrections my then be used as the input to an orbit

transfer process or to nfiae a preliminary orbit.
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LIST OF CIA8US

A matrix of coefficients vhIch relate the control u to the
terminal state c

matrix of coefficients which relate the satellit orbital
prameter to observation

c terminal state of a dynamic system

H .. trix of coefficients which relate the variable x to
the observuion z

J quadratic form to be minimized

K subscript used to indicate tiina up to and including t k

k subscript used to indicate time in nt

L likelihood function

Pk defined es the matrix ( 1 )-I

Pkik covariance matrix of error of estimation at

defied a thematrx 1 1-1
Pk+1 (q+3 1 I+1 ~ + '% %~ Nl)

P k+l/k extrapolated covariance mtriA at tk+l based on P at t

11 covariance natrix of v

R covariance matrix of the errors of observation

u control applied to a dymamic system

v observation errors

w input disturbance to the dynamic system

x unknown variable to be estimated

x estimation of x

2observation data

Ap correction to the satellite orbital parameter

Aq difference in the computed and observed batellite position

* transitlon matrix of a dynamic system
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A 1MIE ON SYMBLS

Thc following conventions for notation are adopted here:

all upper lase Roman or Greek letters are mtrices; lower case Roman

letters, ve-tors. Scalars are denoted by lower case Greek letters.

Subscripts are used to denote components of matrices or vectors with

the understaifiing that these components themselves may be matrices

or vectors. Oten, when it is clear in the context, a subscript

(e.g., k) will be used to denote the value of the matrix or vector

at the instant of time, tk . For example, xk means the value of the

vector x at time tk and Xki is its Ith ecmponent. The transpose of

a matrix or vector is indicated by prime t. The quadratic form x'Ax

is often written as2ln n lun*



i. INTRODUCTION

The least iquares method has been investigated and put to use

over a long period of time. A historical survey of the subject going

as far ba,.k as Gauss is neither appropriate nor possible here.

Interested readers are referred to Ref. 1 for a more complete treat-

ment. Recently, due to the increasing emphasis on research in space

science such as trajectory determination and optimization, stochastic

control theory, etc., there has been considerable renewed interest

in the theory of least squares estimation and its applications.

Notably, there have been two approaches to the subject. As one ap-

proach, we can treat the problem as one of stochastic optimization.

Follao:1.g Wiener, but using the nore powerful -tate-space techniques,

we compute the conditional probability distribution function of the

unknown variables. From these distributions, the least square estimte

can be computed.(2, 3) The problem can also be approached from the

statistical estimation point of view. We calculate the maxims likell-

hood estimates of the unknown variables and show that, in the case

of gaustasn noise, the estimates are optimal in the least squaressze(i&) *

sense.( * While it is known that these two approaches must yield

similar results, so far an is known, the exact correspondence and its

various implications hbee not been stated. It is the purpose of this

MeCnorandum to:

o demonstrate this correspondnece through a very elemeary

derivatiur and a rerarkable theorem on matrix inversion

o reconcile all known ani useful resulto obtained from the two

different approaches

Also, Dryucn, A. E. and M. Frazer, private comuinication, April 1962
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o Disciuss the implications of these results anc their ap-

plications to problems of crbit determination for satellites.



ii*A DrE.EF1INISTIC DERIVATIOlI

We -hall rt.t'.t the liseussion with a vary simple problem.

Once the derivation has been carried through for this case. gener-

alization to more Involved ad practicaily more useful cases is

strsightforwvrd. Let us consider the set f equations,

where x is an unknown n-vector, HK is a given m matrix where

m > n and zK is a given sn-vector. Here components of z usually

play the role of observed data which are related to x, the *wn

but dcsired parameters, through the theoretical relationship of Eq.

(1). In general, of cours6, Eq. (1) does not possess a solution

due to inevitable measurement errors, etc. It is tbus rowsonable

to pose the prob.cm of determining x = A such tht the error

'K - - H be minimized in some sense. In particular we consider

the quadratic form

-l -

where is given m, positive deainite (i.e. N also exists)

sy tric matrix.

TheI rctator cf R 1will be given in Section I. Clearly

if Pw Identity trix = , -- then J is simpl the aim of the squared



4

The phys c'l origtri of the above problem may be visualized as

follows: At various ti .i instant-b tl 1 t2P " '. tk we make corresponding

sets of measurements zl, z2, ... zk . Each set of these measurements

is theoretically related to a set of unknown parameters via the

relationship

Hix = zi

A collection of these relatonshipu for each set of measurements

then yields Eq. (1) where HK denotes the matrix formed by the sub-

matrices HI, ... , Hk, and zK, the vector formed by zl, ..., zk .

Now, upon setting grad J 0, we obtain the well-known result that

x=x R L) 1(3)

where it is assumed that the columns of H K are linearly independent

(i.e., ( l - 1 H)- exists).* Now suppose some additional observations

have bccn made, as rppresented by an r-vector zk+l* We then ask what
A+ A A A

change " +l should be made to xk such that the new xk+1 = xk +

Ak+l is again optimal with respect to the entire set of data

(7K, zk+l). Equation (1) now has the form

HK 1k + Ak+l1 r--
Zk+l

If tbhi is not satisfied in practice it usually implies that
an observation scheme has some fundamental defects. Again we shall
postpone a discussion on this point to later sections.



Pand it is c-lear that, J should be

AIH + Axk~ 1) _ K 112- + llI1L+1i4 + ,Xk+l) _ Zk11
RK %k+1

or,
2 (5)

-Ik+.1 l - II l : 1 ( - + - .--Zk+l (5)

since 14 Ri N x, - I Pi zK = 0.* The first term in Eq. (5) has

the obvious interpretation of being the cost of deviating from the

previously determined optimal k for the set of data z.. Nov setting

A-+= 0 we obtain

xk+l= l= t -

H.k. + H + kl ffk+1) 1k+. Nh+l (k+1

A +lk (6)

Equation (6) suggests a successive improvement scheme for determining

the unknown x as more and more observations are made. I. we define

= r, N - Pk+1

then
-1 -1 -1l7

Pk~l Pk + q+l Rk l 1k+1 7

A = - -i
xk+l Pk+l q+1 + R zk+l Xk+l k+1 ) 8

Equation (5) is actually an implicit statement of the Principle
of Optimality and can lead to a dynamic programming solution of the
problem, as was first pointed out by Bellman (Ref. 5).



are the desired recursioi, formulas. This ts the stp.gewise cstimation

scheme suggested by Swerling( 4 ) and more recently but independetatly

by Bryson and Fraser. However, the computati,, ai scheme of Eqs.
(7) and (8) has one drawback--the inversion of the nxn matrix Pk+1

must be carried out at every stage. This is a straightforward but

nevertheless somewhat urpleasant task. However, this diffculty can

be circumvented by the following remarkable Matrix Inversion Lemma

which is well known in nwerical analysis but not in control engineer-

ing.

ema:Ifk+ = P k .+ 11k+- Hk+l where P, R are symmetric and

nonsingular, and Pk, R > 0

then P k+ exists and is given by

= P- P 1i (i1 p(9)k+l k k %+l (k+l Pk k+l + Rk+l )' 'kl Pk (I)

Proof: by direct substitution we have (dropping unnecessary subscripts)

.P1  = -I + tR 1  PHI Rl RP II H P11ik+l Pk+l R Pk k "

+ R)"l H Pk "H' (H Pk H' + R)"l  Pk

= I + HI[R I 'R-1 (H Pk H' + R) (H Pk H' + R)'1]H Pk = I Q.E.D.

Now Eq. (9) can take the place of Eq. (7) with an important difference.

The ,mttrix (Hk+ I Pk %i + Rk+) is of dimension rxr where r is the

number of new observations. Since we are at liberty to process new

data, one or a group at a time, r can be simply taken as 1. Thus,

Lhe matrix inversion problem has been eliminated in the sta.gewise

correction scheme.

Bryson, A. E. and M. Frazer, private convuication, April 1962.
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TIME-DEPENDENT CUSE

So far, we have treated the problem assuming that the elements

of the natrix Hk. and Hk+l are given. It is usual to postulate (with

good justification in rany cases) that the vector x is the state

of a force-free linear lynamic system and that it changes with time

according to some 3eterministic anl known relationship.

4(t+, tk) Xk5 = 0X

Thus, considering the dynamic system at shown in Fig. 1 we have at

every instant the set of theoretical relationships

vk (noise)

zk

Fig. I- Dynamic system representation of observations

H1 x3  z 1

Hk Xk -zk

-1~ C~ Zk+l



Since the equations for the dynamic system are known, knowledge

of the state of the system at any one time implics knowledge of

the state at any other time. Now suppose that re already have an

A
estimate x based on z!, '.. Zk and wish to obtaLn an estimato

A by incorporating, the new data 7 Me above equ.tions can

then be rewritten as

H1 4 ('I "W [O$ k+'k) K + AX k 1 1, Z

HK'(tk ,tk+l)"kK (.0)

Hk~ Zk+HkW _,k

L

vhere we have utilized the properties of the transition matr x

O(tk, tl ) ' ON'X tr) 0(tr, tl)

and *(t r, tr) - I for al k, r> 0

The complication we have udded is the fact that x is now varying from

one instant to unother through the transformation 4 a O(t.-11 t1k).

Equation (iC) correctly reflecto this fact since we sti.J. Im-ft s(K x,

Mz.. Nov, a little reflection shows that we wish to minimize
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J + - 2 A2

K (0 k +yxk +l) - ZI11

The second term in J measures the cost of deviating from the previous

optzumR Yk by the amount A,-Y I for the data set zK . A change Axk+ I

at tk+1 is equivalent, to 0-1 Ax,+l at tk.. hence the inclasion of the

factor t.i in tho exrension. MiniLizing J, wr. get

A Pk+ NK: -1 1 (zk+l - 111t-1 " ) (

- 3 - -1 + -1 (2
tlk +1+ 1 + 1

A simple generalization of the matrix inversion lemma yields (again drop-

dropping the obvious subscripts for simplicity)

Pk+1 ' 4k O ' "' Pk Of 1' (HO -1 R)' Ho k Of

or

Pk+/k+1. =k+1/k, - +Il', P k+lI/k H ' R- K Pk+,A 3

Here we can think of Pk+l/k = 0 Pk O' as the aimp]e extrapolation of

Pto Pk* 1 while Pk+1/k~l represents the value of "k+1 when the r

additional measurements are incorporated.

Furthermore, Eq. (ii) can be rc,-ntte, as

^k+l -k+l/k ( k+l/k K + R) k+l xH )
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by showing, that

P.+1/1" H1 (H PI/k H' + R) Pk+l/k+l ' R

Equations (13) and (14) are compixtationa1ly slightly more convenient

that Eqs. (11) and (13).

It will now be shown that the purely deterministic derivation given

above has a natural probabil- -tic interpretation which easily connects

and reconciles the various currently known results in estimtion.



III. PROBABILISTIC IIhfPRETATION

To get A probabilistic interpretation of our results, ve prc-

ce.-d to maie one additional assumption. We shall assume thr- dis-

crepancies in Eq. (4) are caused by measurement noises an(! that the

meaL' ement noise ,k can be adcquately described bj the joint gaus-

sian probability distributiun function

P(V [. epi vs!5P(V ,..., "' ' ) = o 1/2 e ."'k k (15)
r (2,,) det (R1 )

with zero mean and covariance matrix R and that every set of r

measurements ere statisticnlly independent. Thus, the jo'nt pro-

be.bility densi.ty of the set of measurement zl z2, ...I zk is simply

a product of k expressions similar to Eq. (15). Now if we nake the

chAnge of variable for the problem in Section II,

v. = ZK -K ()

and r.oting thut the Jacobian of the transformation is 1, we obtain

the joint probability density function for vK as,

1 / , e , r 1 ( "- 1LzK, x) M/2 rI e - CK -  R)  (zV
(2g) (det R,,) "

-.K Y] (17)

where 1- ir a block diagonal consisting of R- .. , am' m is

the dimension of zr.. 1% order to maximize the likelihood (hence
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the symbol. L frCr Eq. (17)) that the given 7 K are produced by a cert,.in

x we rhoose x .- A so as to minimize tht: exponent in Eq. (17), i.C.,

minimize J =-17% - HK I 1 1 whi.h, of coure, leads to the Solutior

Xk( P-1 z .K lut by Eq. (i) w. get

which lzads to the exp*.essior that

E(k) - x (19)

Col 1xk) = 4(x - 1k) (x -k]=(1%k NO' H 'pK (20)

by direct calculation. When r more measurements are incorporated, we

have in addition to Pq. (16)

k+l X + Vk.1 - zk+1 ()

Now, because of the irnepelence of the observed errors (vK, V+l)

the likelihood function for the dta, (zK1 , 5+ ) and -the uw*nwu

.parameters x - x + Axk+3 (of Eq. (5)) is

t,+l.* Z, x) r/2 2 1/2exp -[z k 1 (A

(2g ) (det (P, )

"+3.)' (N+ " i'k+1 (7- +

m/22

(2.T) (det (P; /

Since P imasures the covariance of the error of the estimatex.
(Eq. (19)), tAe second half of the term is the likelihood of the erro
6% of xk. For example if Pk is diagonal and Pij is very smal (implying
consderable conlidence in the estimate xii), then a larger penalty is
imposed on guesaing AxI away from ser. . See also the deterministic
interpretation in Section I.
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MXImi?.hZ Eq. (22) with respect to Axk+I is equivalent to minimizing

the sum of the exponents. We are then led to the same expression
A A A A

for Axi, 1 (Eq. (8)). The new eati~mt - + Axki after various

mipulttion. usinr Eqs. (9) and (18) yiqlds

A

E(x,,+) x x (24)

-[ - x
x xk+I) (x -+1)

= k+l ("+, I:k+l H'k+1 + N ~ ' Pk+1

= Pk+1 (25)

Consequently, we arrive at the following well-known results that in

the case of leat square estittes with gaussian noise we have:

1. The least squares estimate x as given by Eq. (8) aM

calculated via Eq. (9) is a gaussian random vector (since from i

(23) we know it is merely a linear combination of other aussian

variables) with mean, x, and covariance of the error of es, a tion

"k+1"

2. The least squares estinute in uabiased and efficient (i.e.,

it has minimum variance which is merely the statistical wuy of saying

"least sqiares").

3. The conditional ,ro!mbl!!t of x given zK and Zk+l is a

Cau-ssian random v2ctor an] has mcan x and covariance Pk, 2, (this
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is evident from Eq. (23)). Thu, Lhe conditional mean of x is

th- least squares estimate.

Nothing is changed if we cutisider the dime-derendent case.

All the formulas in Section II apply without modification. At any

time instant tk we have,

1. A current best estimate xk which is also the Laonditional

mean of xk given zo, zl, ..., zk .

2. The covariance matrix of the error, xk - Ak Pk/k

3. The extrapolated error covariance matrix of 
Xk A -

- which is P k+l/k k/k 0

When a new set of measurements z.+ 1 1. uade we have

A A A (E.(1)
4. The updated estlirate _ c= k + Axk+l" (Eq. (11) or (14))

5. The updated error covariance matrix Pk+l/k+l given by Eq.

(13).

Furthcrmorc, a simple generalization is passible. Suppose we con-

sider the case as shown in Fig. 2.

Vk (noise)

delay kk  Zk

Fig.2-Dynamic system representation of observations
with input disturbance
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Where the dynamic system is cubcet to some random disturbances,

let

E(wk , wj) - cz(k -

E(wk ' vj) 0 for all k, .j

i.e., w is a white gaussian random process independent with v. It

is clear that the effect of w at each step is to insert an uncertainty

into the value of x at the next step. Thus, if th, covnriance of
A A
Ak  Ak  tx is lkkth~h the extrapola~ted covuriarmcc of X+

-k _k ut Xk is P/k tl# 4"'' k+1
A

0Z x. is sim~ply

Pk+l/k = o Pk/k l' + 7Qr (26)

"he covariances add since we assume w to be white. T.en if Pk+!/l.

from Eq. (26) is 11sed In Eq. (33) for the updating of Pv+I/k 1'

all other equations hold with no modifications. Equations (26),

(14%) and (13) are exactly what were derived in Eq. (2) via the

Wiener-Kalman appronch.

Conseqaently, we have established the exact correspondence between

the two seemingly different approaches to estimation. The missing

link between the two is provided by the !trix Inversion Lenra.

Kalman assumed an even more general molrl wher. w and v are
correlated. Bat the complication can be rr1uced. to a case with no
correlation , as also was shown in Ref. 2. In all other respects,
the notations here and those in Ref. P are the same.



The main computationu] contribution of the Wiener-Ka man method is

the relative zimplicity in the calculation or tne covariance matrices

P " However, the original derivatica of the variance Eq. (12)

is considerably more involved without the use of the lemma. Con-

ceptually, the- Wiener-Kalman approach via the calculation vf the

condi iona! probability distribution of the urknown parameters is

iore genral. Once the conditional probabilIties are computed,

optimal estimates for other criteria can be calculated. In fact,

it h-s been pointed out (Ref. 2) thbt the conditional mean r is

optii~l for many other criterion intntion- tlan the least squares one.

Furthermore, the likelihood approach is mot particularly hampered

by the presence of nonlinear functions in the case of least squares

estimates with gaussian wise. We shall attempt to discuss some

aspects of this nonlinear estimation problem in another Memorardum.

The present Memorandum is aimed primarily at the linear cuse where

the two approaches are identical.

It is also clcar that the estimation scheme Eqs. (26), (13)

and (IL) re-nin valid If v is nor-tationnry, i.e., Q is time-varying.

A
Furthermore, the inItial entimate x. and its covariarce P 0mst be

prorided, as part of t+e startup data. Usdal.y we assume xo W 0

and choose the best guess for P0 . An alternate procedure is to

uwve at least n measurements first befcre producing an estimte

and tbes let P = (H' R-1 H) 1 .
0 1un
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IV. DU.=LIT WITH COWM1OL PROBM

There is an Interesting rathemLt1-ia 1 similarity between the

.orlem discusbed above and The we]l-known quadratic error control

problem "* :fruL diuvuti-. wy KuLaatu. L .=: ~ .. U~

tbiss so-called duplity Is even more transparent. Recall that in

SetLion I ve fL-ct cosi e r the preb!em of

Mirmize the error J = v 1

for the set of equatio s)

(~ x] = Z] -(Probltn 
A)

Let us now consider the socalled dual problem of

Minmize J -u&RK uK1

KI~i ][] (Problem S)
1 3

in Problem (A) we have more equations than un:-nwns and one tries

to minimize the square error in the resltant set of equatiot.. In

(B) we have Pore unkumns than equations and one tries to minimize the

square of the solution to the equations.

Ascoe u. has m coponents and AK is nxm uhere = > n, then it

is well-known that the solution to (B) is

Nov if r more free components, ard r more column are added to '..

and A.K, respectively, then we twive,
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[A AK](28)

and the optimal solution to (B) is

-i -1

"v. k P+l q+l ( k+1 1 + q + A K 1 1

S(Ak ; +l + A K 4) a (29)

The additional r components of u. , are given by a formula very similar

to the fvrula for yielding the correction Axk+1 in Eq. (6). The

striking tbing is, of coursc, the matrix (Ak 1 Rk- Ak+I + AK

If we define (A R -

P .( P+,
k+1 K !  + + k+l k

orP,+l = Pk ~ ., A

then we have via the Matrix Inverse Lemma

* * * * * .i-lI
P .PA (A+ Pk A + ) A' p (30)

Pk+1 Pk Pk k+l ' k i+ +l Pk ()

which is exactly the same aL -Lq. (12) if we identify 1,+1 with A I .

This is really the essence of duality.

Problem (B), of course, can be given a control interpretation.

Vector c plays the role of desired terminal statep components of

uk+l, UK# the control efforts at different times, and Ak+1 A K, the

matrix of influence coefficieuts which relates the effort at one
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Instant to the state at the terminal time. The following more or

less obvious statements cunel ,grA p:blm, (A) B. ( ) ex'her il-

lustrate Lhe conccpts of duality:

(A) (B)

For an infinite stage estimation For an 'inite step control

process with stable dniamics, we process with stable dynamics

can identify Lhe true : wiLh in- we can achieve the desired state

creasing precision. with decreasing effort.

When no observation has been When there are no control steps

made we have no confidence in left, the desired state must

our estimates P = be achieved with infinite

energy P 0

The columns of HI must be line- The rows of A1 must be linear-

arly independent so that ly independent so that
N Ri HK)- exists. This is (A. I t)- 1 exists. This

called observability. is called controllability.

The extension of the above ideas to the time-dependent case of

Figs. 1 and 2 is straightforward. In fact, it is well-known that

for a discrete dynamic systm

k k = Xk+ ' Yk +V k (31)

and criterion function

H-1

j =11xNU 1 + 11 Iu.112 +I1y±112
o i=l

the optimal control sequence iL given by (via dynamic programming

see Refs. 3 and 6)
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4" * * *(32)
~+ R)i H~1  Nl-i-i- .

where

' *N/ 0 + r* Qr (34)PN-i + I/~~

Equations (34) ard (33) are exactly the same as (26) and (13) if we

identify

rq* with r

with it

with 0

wi-i ith Pk/k 11-1 0

k = 1 .. N

and henee, from this comes thp name Duality Principle.
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V. APPLICATION

To illustrate the application of least squares estimation theory

to V',aJectory determination, we consider the case cf a 24-hour satel-

lite tn a circular orbit. W't, mssage of time, the satellite tends

to drift out of the orbit due to various causes such as gravitational

perturbations, etc. Noisy observations are made on the satellite from

the ground. It has been shown (Eq. (8)) that under various linearity

assuybions, the following relationship is true

Aq a C lp (35)

where

AA1 cosh,

Ahl

1A2 cosh 2

Aq= Ah2

Ah J
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Aa/a1

A(e cos Eo)

Ap A(e sin Eo)

0

0

C =C i (Ot A r hrp Op 1)

The definitions of the variables are:

A r= azimuth angle of the satellite if it is exactly in the
rcircula" orbi L

hr = elevation angle of the satellite if it is exactly in the
circular orbit

= measured difference between the observed azimuth and Ar
at Lime t~ r

Ah . = measured difference betwecen the observed elevation and
Sh.~ at time t

OL = time of observation

* = longitude of observation point

X = latitude of Jbservation point

p -set of orbital parameters

Ap = change ofL the orbital param.LLers from the reference values
of the perfect ciriular orbit

Since the elements of C are independent of the observations and are

calculable for all time, we can numrically solve the variance equa-

tion beforehand. If we define the successive rows of C as I~ then
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7k+l = Pk - k ck tl C Pk (ck+l Pk-l c 1l + a2' (36)

2
Where rk is the variance of the observation errors in azimuth and

elevation for the kth observation. Equation (3) can bc computed

beforehand for as many steps as needed. A rough estimte of the number

of steps (i.e., observations) that are neede.d can be obtained by check-

ing the size of Tr(Pk), since Tr(Pj is the um of the variance of

the error of the estimates Ap. The initial condition for Eq. (36)

can be taken to be any reasonabli- guess Ap . A good way cf estimal ng

P0 would be to compute a few extra row nf C, sy,

c' and form the matrix C . Then we can let-n

r (C *1 C* )-l 07)2 (c' c*)"l (

When we have finished computing, Pks for all k, then the estimte in

the change in orbita) parameters is simply given by

APk = Pk ck (Aqk - (3C1)

where Aq. is the difference in measured and computed azimuth or

elevation. Equation (38) is the only eqwutlon that needs tn be process-

ed in real time as observations are made.

In practice, of course, he abore procedure is applicab'le only

when the trt- change Ap i small cc that the linAirty a sumpticns

hold. The case when the change in orbit parameter is larg, so that

Eq. (35) is not a good approxiration wll require different treatment.

We shall disaucc this in a later Meminorandum.
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