UNCLASSIFIED

' 186 747

Reproduced
by the
ARMED SERVICES TECHNICAL INFORMATION AGENCY

ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED




NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a deifinitvely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; ‘and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the sai”  drawings, specifications, or other
data is not tc be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveylng any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




(9/3"/, ~Z

OCTOBER 1962

« 1

7 ggm
o 2 | THE METHOD OF LEAST SQUARES
¢ - &3 | AND OPTIMAL FILTERING THEORY
7 O ; Y. C. Ho
weony CN

PREPARED FOR:
UNITED STATES AIR FORCE PROJECT RAND

24 RAID e

SANTA MONICA « CALIFORNIA




MEMORANDUM
RM-3329-PR
OCTOBE) 962

THE METHOD OF LEAST SQUARES
AND OPTIMAL FILTERING THEORY
Y.C. Ho

This research is sponsored by the United States Air Force under Project RAND — Con-
tract No. AF 49(638)-700 — monitored hy the Directorste of Development Planning,
Deputy Chief of Staff, Research and Technology, H3 USAF. Views or conclusions con-
tained in this Memorandum shov.id not be interpreted as representing the official opinion
or policy of the United States Aic Force. Permission to quote from or reproduce puttions
of this Memorandum must be obtained from The RAND Corporation.

24 LA D i

t10Y WA N YY s JAMTA WONIZA . CAVNIPOSNIA




111

PREFACE

This Memorandum vreports on part of RAND's continuing work on
Guidonce and Orbit Mechanics. It is a theoretical diccussion of
methods of estimating unknown parameters ‘a the presance of noise,
and can te applied <o problems of estimating or predicting space
trajectories or orbits. It should be nf interest to mathematical
statisticians, communications engineers, and those concerned wi*h

orbit mechanics.




SUMMARY

This Memorandum demonstrates the correspondence between the
well-known method of least squar:s snd the umore recent optimal
filtering theory of Kalman. It shows that via a simple lemma on
matrix inversion, most of the recults in linear filtering and
prediction theory can be easily derived., The connectior of the
ileast square method with the so-called Duality Principle in optimel
contro® theory is also discuzsed. This comnection places in evidence
the methematical similerities between probilems of control and problems
of prediction. The Memorandum concludes with a propoxed application
for orbit determinetion of a 2i~-hour satellite using the techniques
desceribed. This application is concerned with computing corrections
to the satellite's orbiitel parameters tased on noisy observations
of azimuth and elevation angles by improving an initisl orbital
pareretlsr cstimation thyough additionel observations. The orbital
perameter corrections muy then e used as the imput to an orbit

trunsfer process o»r to vufinie & preliminary orbit.




S ¥
oy

ol

e

IRTIT hel

vii

PREFACE: o « o o o o ¢ 6 6 06 066 006 00
SUMMARY: « ¢ o o s o o o ¢ 0 06 6 06 ¢ 0
LIST OF SYMBOIS: ¢ ¢ ¢ o o ¢ o o 2 o o &
Section
T. INTRODUCTION ¢ ¢ ¢ ¢ ¢ o o o o &
II. DETERMINISTIC DERIVATION . . . «

a. Time independient case. . .
be Time dependent case. . + »

I1I. PROBABILISTIC INTERPRETATION . .
IV. DUALITY WITH CONTROL PROELEM . .
"oAPP;-IGATIM.:.;....‘..

Rmmcm-‘oootoco.cooo.

114




<

Ap
&g

ix

LIST OF J3YMBULS

matrix of coefficients which relate the control u to the
terminal state ¢

matrix of coefficients which relate the satellit= orbiial
parameter to observation

terminal state of a dynamic systsm

atrix of coefficients which relete the variable x to
the observition 2

quadratic form to be minimized

subseript used to indicate tire up to and including tk
subscript used to indicates time instant tk

likelihood function

defined us the mutrix (B! R’ nx)"l

covariance matrix of error of estimation at tk

defined as the matrix (H! . Ko B, + B R E)™

extrapolated covariance matrii at tk+1 based on P at tk

covariance natrix of v

covariance matrix of the errors of observation
control applied to a dynamic system
observation errors

input disturbance to the dynamic system
unknown variable to be estimated

estimation of x

observation data

correction to the satellite orbital parameter
difference in the computed and observed satellite position
transition matrix of a dynamic system




A NOTE ON SYMBOLS

The following conventions for notation are adopted here:
all upper ase Roman or Greek letterc are mairices; lower case Roman
letters, vextors. Scalars are denoted by lower case Greek letters.
Subscripts are used to denote components of matrices or vectors with
the understaisiing that these components themselves may be matrices
or vectors. Otften, when it is clear in the context, a subscript
(c.g., k) will be used to denote the value of the matrix or vector
at the instant of time, t . For example, x, means the valt;e of the
vector x at time tk and Xeq 18 its jith component. The transpose of
a matrix or vector is indicated by prime *. The quadratic form x'Ax
is often written as “x "i.




I. INTRODUCTION

The least syuares methcd has been investigated and put to use
over a long perici of time. A historical survey of the subject going
as far buvk as Geuss ic neither appropriate nor possible tere.
Interested readers are referred to Ref. 1 for a more complete treate
ment., Recently, due to the increasing emphasis on research in space
science such as trajectory determination and optimization, stocamstic
control theory, etc., there has been considerable renewed interest
in the theory of least squares estimation and its applications.
Notably, there have been two approaches to the subject. As one ap-
proach, we can treat the problenm as one of stochastic optimization.
Follo:i.g Wiener, but using the nore powerful ctste-space techniques,
we compute the conditicnal probability distributior function of the
unknown varisbles. From these distributions, the least square estimate
can be computed.(? 3} e problem can also be approached from the
statistical estimation point of view. We calculate the maximm likeli-
hood estimates of the unknown variables end show that, in the case
of gausu‘ag noigse, the estimates are optimel in the lcast squares
sense.(k) “hile it is known that these two approaches must yield
similar results, so far as is known, the exact correspondence and its
various Lmplications heve not been stated. It is the purpose of this
Memnrandum to:

o demonstrate this correspondnece through a very elemexntary
derivatior. and & remarkable theorem on matrix inversion

o reconcile all knowm and useful results obtained from the two

different approaches

*Mso, Bryson, A. F. and M. Frazer, private communication, April 1962




o Discuss the implications cof these results and iheir ap-

plications to problems of crbit determination for satellites.




II. A DETERMINISTIC DERIVATION

TIME-INDEPENDERT CAsE

We shall gteit {he discussion with a very simple problenm.
Once the derivation has been carried through for this case, geper-
alization to more involved and practically more useful ceses is

straightforward. Let us consider the set >f equatioms,

Mt = o &
vhere x is an unknown n-vector, iix is a given mm matriy vhere
m> nand Ty is a given mevector. Here components of 7y usually
Play ithe role of observed data which are related to x, the uzknown
but desired parameters, through the theoretical relationship of Eq.
(1). 1In genersl, of course, Eq. (1) does not possess a solution
due” to inevitable measurement errors, etc. It is thus reasomable
to pose the probiem of determining x = Qk such that the crror
- %" Hlet be minimized in some sense. In particulsr we consider
the quadratic form

3 it - afpct = (x - 20" R (lx - 3 (2)

where n"(l 15 given mm, positive derinite (i.e. R also exists)

»
symctric matrix.

T_ -
The interprctation of le will te given in Section YII. Clearly
if = Jdentity muitrix = I, © then J is si=ply the sum 07 the sguared
errors.




The physicnl origin of the above problem may be visualized as
follows: At various time ilustenis tl, t,'3 s tse tk we make corresponding
sets of measurements 295 25y cev Tpe Each set of these measurements
is theoreticelly related to a set of unknown parameters via the

relationship

A collection of these relationships for each set of measurements
then yields Eq. (1) where E, denotes the matrix formed by the sub-
matrices Hl, veey Hk’ and Zys the vector formed by Zyy ey o

Now, upon setting grad J = 0, we chtain the well-kncwn result that
=% = (mrt =l g gl
x = X = (By B )™ Be Re 2y (3

vhere it is assumed that the columns of HK ere linearly independent
- - *
(deee, ( HY Rl,l Hx) 1 exists). Now suppose some additional observations

have been made, as represented by an r-vector z We then ask what

k+1°
A A A A

change Axk+l should be made to X, such that the new oo = X +

A?ck +1 is again optimal with respect to the entire get of data

(zK, zk+l)' Equation (1) now has the form

2 o . (")

*
If this is not satisfied in practice it usually implies that
on observation scheme has some fundamertal defects, Again we shall
postpone a discussion on this point to later sections.
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and it is clear thar J should be

e N R L S CAEE S Y
Rye 1
or,

(5)

2 .
1% 0 4 a3+ an) - |

7= |log, !
o gy gl

2
-l
Rk+1

- - *
since HE RKl B x - HE RKl Sg = 0. The first term in Eq. (5) has
the obvious interpretation of beinsg the cost of deviating from the

previously determined optimal :“tk for the set of data zx. Now setting

= 0 we obtain

He

+],
By = A%, = (B R;l Be + Bepy 31:11 Ek-bl)‘l By By (%

- By %c) (6)

Equation (6) suggests a successive improvement ccheme for determining

the unknown x as more and more observations are made. IS we define

(Hy B B = B o (MR H +HL RD BT =B

then
a1 -1
Fe1 = B gy Ry By (7)
A -1 A
8341 = Prad Bad Ber1 (a1 = Fran %) (8)

*Equation (5) ic actually an implicit statement of the Principle
of Optimality and can lead to a dynamic programming solution of the
problem, as was first pointed out bty Bellman (Ref. 5).




are the desired recursiou formulas., This is the stegewise cctimation
% R

scheme suggested by Swerling( ) and more recentiy but independently

by Bryson and Fraser.* However, the compuiutiniml schene of Egs.

(7) and (8) has one drawback-~the inversion of the nxn matrix D1

must be carried out at every stage. This is a straightforward but

nevertheless somewhat unpleasant task. However, this diff*culty can

be eircumvented by the following remarkeble Matrix Inversion Lemme

vhich is well known in numerical analysis but not in control engineer-

ing.

Lemma: If PY = PY 4 W -1 vhere P, R are symmetric and

Lemna: If Byyy = B 4 W Reaa e » Rax

nonsingular, and Pk’ R>0

then Pk +1 exists and is given by

- -1
Prar = P =T oy (B B BL + R H B (9)

Proof: by direct substitution we have (dropping umnecessary subscripts)

-1 i} v ol .
Pegp Beyy = I+ H' R HP -H'R

1 1

HP R (HP H'
-] -]

+R)HP -H (HPkH'JrR) H P

=T+ H'[R'l -r?t (i H' +R) (H P H'+ R)"l]x P =TI QE.D

Fow Eq. (9) can tuke the place of Eq. (7) with an important difference.
The matrix (Bk+1 P B+ R +1) is of dimension rxr where r is the
number of new observations. Since we are at liberty to process new
data, one or a group at s time, r can be simply taken as 1., Thus,

the mairix inversion problem has veen eliminated in the stapgewise

correclion scheme.

*Bryson, h. E, and M. Frazer, private commurication, April 1962.




TIME-DEPENDENT CASF

So far, we have treated the problem assuming that the elements
of the matrix H. and H_ . are given. It is usual to postulate (with
good Jusiification in many cuses) that the vector x is the state
of o torce-free linear dynamic sysiem and that it chenges with time

according to some Jeterministic ani known relationship.

1

*k+1

Thus, consjidering the dynamic system as shown in Fig. 1 we have at

=0ty By) X =0y

every instant the set of theoretical relationships

k+1

One period| H
delay k

| Pl 1)

Fig. I— Dynamic system representation of observations

Hl x] ES zl
B X =2
Merl M1 = Zia




Since the equations for the dvmamic system are known, knowledge

of the state of the system at any one time implics kaowledge of

the state at any other time. Now suppose that re already have an

estimate Qk based on Zyy ceey Gy and wish to obtain an estimate

A
Xei1 by incorporating the new data s

then be rewritten as

Hk® (b tian)

r r—

Hy (b "mﬂ

1

A
[‘b(tkn'tk) X+ Ox, +;]

« 'fe gbove equations can

P Ty (10)

o e o wn} S

Tkt
L -l

vhere we have utilized the properties of the transition matrix

O(tk: tl) o Q(tk) tr) O(tr, tl)

o(t, t) =2forallk, r>0

The complicriion we have added is the fact that x is now varying from

one instant to uacther through the tranaformetion ¢ = o(t,,,, % ).

Equation (1C) correctly reflcctc this fact since we stil) have te X,

8 2y Nov, a little reflection showe that we wish to minimize
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J = “Hk+l (0 ;\:k * Axk+:|.) " Zysl " R
K+l

™ v ) ey

The second term in J measures the cest of deviating from the previous

optiimm X by the amount Axy

41 for the data set Zyee A change A:tk+1

at t_, . is equivalent to o™ Ax,,, 8t T, hence the inclision of the

k+1
wl
factor $ = in the evpression. Minixizing J, wr get

A -1
Boer = Pray By B (7 - By 0 %) (11)
]
-1 IS R, B | -1
Pk#l = ¢ Pk L le+l Rk+l Hk-v»l (12)

A simple generalization of the natrix inversion lemma ylelds (azsin drop-

dropping the obvious subseripts for simplicity)

P

-1
k+1"°Fk°' -¢p o H (ne Pktb' H'+ R) " He P, 9!

k

or

- -l -
- - e :
Perifier = Prrfie " Praah B (B P p BP 4 RITTRE L, (23)

P t =4 gy
Here we can think of Pk+1 /k = ¢ Py P! es the simple extrapolation of

to P q» while represents the value of Pk +1 when the r

B k Pk+1/k+l
edditional measurements are incorporated.

Furthermore, Eq. (11l) can be rewritten as

A el A
%1 = B B (B Py p B+ RYT (2, - Ho X) (1v)




1c

by showing that

-1

H' (P, , H'+R)™ R

D1/ +1/k = Py frer

Equations {13) and (14) are computationally slightly more convenieat
that Bgs. (11) and (13).

It will now be shown that the vurely deterministic derivation given
above has a natural probabil. -tic interpretation which easily comnects

and reconciles the various currently known results in estimation.




III. PROBABILISTIC INTERPRETATION

To get « probabilistic interpretaticn of our results, ve prc-
cexd tc make c;ne additional essumption. We shall assume thr- dice
crepancies in Eq. (4) arc caused by measurement noises and that the
meas'wement nhoise V) can be adcguately described by the joint gauss

sian probability distribution function

‘

T = 1 l ¢! -1 1 1' =
P(vkl,...,\kr) = =75 75 exp[—e N % (15

(an)"/'det (r"Y)

with zero mean and covariance matrix Rk s and that every se< o r
measurements sre statistically independent. Thus, the jolnt pro-
bebility dens*'.ty of the set of meagurement %12 Zpy eees Ty is simply
& product of k expressions similer to Eg. (15). Now if we make the

chunge of variable for the problem in Section II,

Vi = 2 - B (19)

and roting thut ihe Jacobian of the transformation is 1, we obtain

the joint probability density function for "'K 83,

sy 2) =~z o7 |- § (g - 5 R (5
(20) (gt R)
:
-!!Kx)] (17}

where R;(l ir & block diagonal consisting of Ril, ceey R;l and m is

-

the dimension of z.. I+ order to maximize the likelihood (hence




12

the symboi i 1 BEg. {17)) that the given 7y are produced by u certein
x we choose x .- ﬁk 8o as to minimize the exponent in Eq. (17), i.c.,
minimize J ="z.r, - HK x"g;l which, of course, leads to the soluticn

x, = (B P.;cl HK)'l ) Rl‘;_l z,. But by Eq. (16) we get

-1 1 -1
w _osea l )
R xR BT R RS (16)
which l:zads to the expressior that
E(R) = x (19)

co i) = 2f(x - 8) (x- {)]- (R R)TaR (20

by direct calculation. 4When r more measurements are incorporated, we

have in addition to ¥q. (16)

L1 X% Vie1 = %2 (21)

Now, because of the indepemdence of the observed errors (VK, Vi +1)

the likelihood function for the duta (zK, z, +l) and ‘the unknown

A
sarameters x = X+ 8 (of Eq. (5)) 1s

1l A
2 Tz o ‘{(zzm. Beer (%

r/ -
(21) " (aet (Fp))

+ N R (2 - By (%, + 5":::1”]

Kz 019 7 %) =

1

¢ m/2 Y
(2x) {det (pk )

2 "xp[

*

~-R R -2) ] ()

*Since P mecagures the covariance of the error of the estimate
(Eq. (19)), tKe second hwlf of the term iz the likelihood of the e

8% of xx. For example if Pk is diagonal and Pyy 1s very small (implying
considerable confidence in the estimate xg4), then a larger pemaliy is
imposed on guessing Axgy away from zero. See also the deterministic
interrretation in Sectlon II.
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Maranizicg EQ. (22) with respect to Axk+1 is equivalent to minimizing
the sum of the exponents. We arz then led to the same expression

for A)A‘]’-'*‘l (Eq. (6)). The new eatimmte ’Qk-.tl = ?‘k + A;k+1 after various
menipulatione using Egs. (9) and (18) yields

A .1 .1
Xy =XV R B Rt ve + Ry B B Vi (23)
Thus we have
A R
E(x,,,) = x (21)
A . A A 14
Cov (x,,) = & [(" = X)) (x =% 0) |

.1 -1
= Pos (Bhey Reey Bean * B R ) Py

Peaa (25)

Consequently, we arrive at the following well-known results that in
the case of leust square estimetes with gaussian noise we have:

1. The least squares estimate x us given by Eq. (8) emd
calculated via Eq. (9) is a zaussian random vector (since from ¥
(23) we knov it is merely a linear combination of other -ussian
varisbles) with mean, x, and covariance of the error of es.: aiion
Peart

2. The leest squares estimate is unbiased and efficient (4.e.,
it bas minimum variance which is merely the statistical way of saying
"least sqiares").

3. The conditicmal protnbility of x given z, and 2 is a

K k+1
gruscizn random vector and has mean x and covariance Piul’ (this
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is evident from Eq. (23)). Thus, lhe conditional mean of x is
th: least squares estimate.

Wothing Is chunged if we c¢unsider the -ime-derendent case.
All the formulas in Section II apply without modification. At any
time instant tk Wwe have,

1. A current best estimate % which is also the vonditionsl
mean of X given Zor Bys eees zk.

2, The covariance mutrix of the crror, % - :Ack, Pk fx*

3. The extrapolated error covariance matrix of Xeay ™ ¢§k =
8(x, - X ) which is Beoifi = © Bfi '
When a new set of measurements 241 io wade we have

I, 'The updated estimate 9"&+l =0 9‘k + A§k+1° (Eg. (11) or (14))

5. The updated error covariance matrix Pk +1 /k +1 given by Eg.
(13).
Furthermorc, a simple generalization is passible. Suppose we con-

sider the case as shown in Fip. 2.

v, (noise)

Xk+1 Xk

One period
deloy ':>>ll Zy

— Cb(t

k+1"k)

Fig.2— Dynamic system representation of observations
with input disturbance




Where the dynamic system is sublect to some random disturbances,
et

i‘..('dk = 0
&k - §)

E(wk' wJ)

E(wk‘ v,) = 0 for all k, j

i.c.,, w is a white gaussian random process independent with v. It

is clear that ithe effect of w at each step is to insert an uncertainty
into the value of x at the next step. Thus, if th» cowariance of

:‘c\k - %‘ al X is }‘c /k then the extrapolated covariance of K41 "

¢ % _1is simply
Prafic = @ By © QU (26)

The covariances add since we zssume w to be white. Tuen if Pk+l e
from Eq, (26) is nsed in Eq. (13) for the updating of P Ji#1?
all other equations hold with mo modifications. Equalions (20),
(1) and (13) are exactly what were derived in Eq. (2) via the
Wiener-Kalmen approech.*

Conseqguertly, we have estabiished the exnct correspondence between

the two seemingly different approaches to estimation. The missing

link between the two is provided by thce Mulrix Inversion lLermm.

’Ka]mn assumed an even mere general nialel where w and v are
correlated. But the complication can be reduced to a case with no
correlation, as also was shown in Ref. 2. In all other respects,
the notatlions here and those in Ref. 2 are the same.
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The main computationul contributicn of the Wiener-Kalman method is
the relative simplicity in the calculaticn or the covariance matrices
Pey1 peye Hovever, the originul derivatisa of the varisnce Eg. {12)
is considerably more involved without the use of the lemmm. Con-
cevtually, the Wicner-Kulmun approech via the calculanticn of the
condiiionnl probability distribution of the urnknown parameters is
more general. Once the conditional protatilities are computed,
optimul estimates for other criteria can be caleulated. In fact,
it has been pointed out. (Ref. 2) that the conditiomal mean %, 1s
optimzl for many other criterion iunetiunes than the least squares one.
Furthermore, the likelihood approach is not particularly hampered
by the presence of nonlinear functions in the case of least squares
estimates with gaussian noise. We shall attempt to discuss some
aspects of this nonlinear estimation »roblem in enother Memorandum.
The vpresent Memorandum is aimed primarily at the linear case vhere
the two approaches are identical.

It is also clenr that the ostimetion scheme Eqs. (26), (13)
aud (3) remain valid if v is nonstationory, i.e., Q is time-varying.
Furthermcre, the initial estimate 2 o and its covariance P o mst be
provided as part of the startup data. Usunlly we assume x o = 0
and choose the best guess for Po. An altermate procedure is to
moke at least n measurements first befcre producing an estimete

S =1
- t
and thea let P = (nl Ry xl) .
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IV. DUALITY WITH CONTROL PROBLEM

There is ez interesting rathemiti~al similarity betvecn the

sTOblem discussed sbove and the well-known quadratic srror conirol
(3)

proviem ai Tirst discover=i by Kalwea. Tk Ll piesent conters

this gso-ceiled duality is even more transpurent. Recall that in

=1
= \ 3
[ Minimize the error J Vi RK e
for the set of cquations

|
HHoH

lou

let us ncw consider the so-called dual proolem of

 Hnee 3 B

b ( Problen: A)

1 [ A ] } (Problen B)
b -

L
In Problem (A) ve have more equations than uninovns and ome tries
{0 minimize the square error in the resultant set of equations. In
(1) we have more unknowns than eguation: and ome tries to minimize the
square of the solution to the equations.

Assmaeuxhas m components !mdAK is wrz vhere = > n, then it

is well-known that the solution to (B} is
wem R AL (h R AR (27)

Now if r more free components, and r more columns are added to

and AK, respectively, then wve have,
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e} 4] | B | = 7] (=9
"

and the optimal solution to (B) is
Yyl = Rl:il By (e, Riil M * & Ril Ax'crl ¢
= R A, R M AR AD e (29)

The additional r components of W, are given by a formula very similar

A
to th: formula for yielding the ccrrection A'xk+l in Eq. (6). 'The

striking thing is, of coursc, the matrix (A, Rry Al + A R;;l At

If we define P; = (AK R}'(l Aﬁ)'l

* -1 -1 -l
Prpy = B A0+ A Ry AG)
* %=1 5 N

or B =B +A,RhaAn

then we have vie tha Matrix Inverse iemma

*
P

=P <P (Ar . P +R. )AL B (30)
el ™ T~ P Mo en P Ao * Badd A B
b 1

vhich is exactly the same ac Egq. (12) if we identify B,y vith Af .
This is really the essence of duaslity.

Problem (B), of course, can ve given a control interpretationm.
Vector c¢ plays the role of desired terminal state, components of
Wee1? Uyo the control efforts at different times, and Ak+1 AK’ the

matrix of influence coefficfents which relates the ¢ffort at one
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inatant to the state at the terminal time., The following more or
less obvious statements conce,niig provlems {A) and (D) fuvther 13-

lustrate the conccpts of duality:

(a) (3)
For an infinite stage estimation For an ° “inite step control
process with stable dynamics, we process with stable dynamics
can identify ihe true » wilh ine we cen achieve the desired state
creasing precision. with decrecasing effort.
When no observation has been When there are no control sileps
made we have no confidence in left, the desired state must
our estimates Po = o, be achieved with infinite

*
energy P o = 2

The columns of Hl musl be line- The rows of Al must be linear-
arly indevpendent so that ly independent so that

(H."( Rlzl EK)-J' exists. This is (A.K R"él A!'()"l exists. 'This
called observability. is called controllability.

The extension of the above ideas to the time-dependent case of
Figs. 1 and 2 is straightforward. In fact, it is well-known that
for & discrete dynamic syst:m

* *
- . 1 .
Bee1 = ¢ (' B X How

¥

B S H Xt Ve T %t % (31)
and criterion function
. N-l . )
R AR Y Y ™
° i=1

the optimal control sequence iy given by (via dynamic programming
see Refs. 3 and 6)




#*

* <1 ¥t ¥ *
Poga B + AT H Py @ X (32)

¥*1
ui-s - (H

where

sl %

> 'l (n*' P B 4+ R)H B (33)
Ne1-1 B ¥-1-1 33

* P P*
P /Nedel = TNeel T TNefel

* *¢

¥* »* *4 *
P.,=¢ P o + " ol (34)
N1 N/ g1

Equations (34) and (33) are exactly the same as (26) and (13) if ve

identify
r* with r s

* '

bid with H
» ]

¢ with ]
* i = N"'l g ooy 0

PN- 4 with I’k /k

k=l, ...,N

and hence, from this comes the name Duality Principle.
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V. _APPLICATION

To illustrate the application of lemst squares estimation theory
to *rajectory determination, we consider the case cf a 2k-hour satel-
lite in a circular orbit. With passage of time, the satellite tends
to drift out of the orbit due to various causes such as gravitational
verturbutions, ete. Noisy observations arec made on the satellite from
the ground. It has been shown (Eq. (8)) that under various linearity

sssumptions, the following relationship is true

Aq = C Ap (35)

vhere

Ml coshl

AA2 <:0:>sh2

Aq = Ah,




ap = | A(e sin Eo)

~
Au
(o]

— pe

CiJ = CiJ (et, Ar, hr, Q’ )\)

The definitions of the variables are:

A
r

h

r
Ap

azimuth angle of the satellite if it is cxmctly in the
circula> orbit

elevation angle of the satellite if it is examctly in the
circular ortit

measured difference between the otserved azimuth and Ar

at iime ti

measured Jdifference tetwecen the observed elevation and
hr at time ¢ 1

time of observation
longitude of observation point
latitude of obeervation point

set of orbital parameters

change of the orbital paramclers from the reference values

of the perfect cirsnlar ortit

Since the elements of £ are independent of the observations and are

calculable for all time, we can numerically solve the variance equa-

tion beforechand. If we define the successive rows of C as cl'( then
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P §
B = B = T Can g P (O By G * 0) (36)

Where ai is the varicnce of the observation errors in azimuth and
elevation for the kth observation. Equation (39) can Le computed
beforehand for as many steps as needed. A rough estimate of the number
of steps (i.e., observations) that are ncednd can e ubtained by check-
ing the size of Tr(Pk), since Tr(Pk) 15 the oum of the variance of

the error of the estimates Ap. The initial cordition for Eq. (36)

can be teken to be any recsonablie guess Apo. A pood way cf estimaling
PO would he to cusnpute e few extra rcws of C, sry, P:l’ "'.'.2’ ceey

X
c:n and form the motrix C . ‘Then we can let

r, = o% CRE (31)

When we have finished computing Pis for all k, then the estimete in

the change in orbital parameters is simply given vy

_ 1
Ap, = bp, ., + -;3 P c, (aqy - cap,_,} (36)

where Aqk is the difference in measured and computed azimuth or
elevation. Equation (38) is the only eguation that needs to be praccss-
ed in reai time us observations are made.

In practice, of course, he above procsdure is applical-le only
vhen the tri: change 4p is small z¢ that the linearity assumpticns
hold. The case when the change in orbit parameter is largz so that
Eq. {35) is mot a good npproxiration will require different treatment.

We shall discucc this in o later VManorandum,
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