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A HIGH PERFORMANCE, LIGHTWEIGHT LUNEBERG LENS 

INT.lOH'CrcON 

The Luneberg Lens is a variable 'index, spherically symmetrical structure 

which will collimate electromagnetic energy. The energy will be focused 

at -i point diametrically opposite the tangency of an impinging plane wave. 

This is illustrated in figure 1. 

FIGURE I 

LUNEBERG LENS WAVE DIAGRAM 

To make a spherical lens capable of focusing electromagnetic waves at a 

given point or at least within a very small area, the refractive i .dex, 

N, of the dielectric must vary in a precise prescribed manner. The re¬ 

lation between refraction index and radial distance from the canter of 

the sphere for the case where the focal point is on the periphery is 

shown in the Standard Luneberg Equation. 

- 1 - 
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N « ~^2- 

where 

R = 

d = 

Radius of the lens 

QLstance from the center of tbe lens. 

These lenses offer interesting properties as an antenna for multiple tar¬ 

get, aquisition, and tracking systems. Moderate scan speeds can be ob¬ 

tained since only the feed must be moved and a multiplicity of feeds may 

be operated simultaneously. 

Recent developments in artificial dielectric materials and construction 

designs permit the construction of high performance, lightweight units. 

The purpose of this presentation is to rather brieflv describe the materi¬ 

al, its properties, and the construction design. A unique test apparatus 

for rapidly measuring index of refraction is included because of its im¬ 

portance for precise quality control and cataloging index values necessary 

to obtain the desired performance. The design and radiation patterns for 

a 3Ü inch lens Is included to illustrate the results. 

ARTIFICIAL DIELECTRIC MATERIAL 

Artificial dielectric material is formulated by suspending insulated alum¬ 

inum slivers or wires in a low density polystyrene foam. This is accom¬ 

plished by pre-puffing granulated polystyrene into approximately l/Ii inch 

beads. These beads are thoroughly dried and ionically and mechanically 

manipulated to produce the desired homogeneity and random sliver orienta¬ 

tion. This blend is carefully placed in a mold and foamed into a solid 

- 2 - 



GER-10825

materia.*. In'; materialKT'amoved from the mold, oven cured to remove moi­

sture and rslii«.ve stresses, and precision cut to the specified module size. 

This coir^slex manufacturing proctis has been developed to economically pro­

duce large quantities of material with a high degree of homogeneity and 

isotropy.

In general, the slivers lead the electric field in a capacitive manner, 

thereoy, increasing the index of refraction. They present little obstruc­

tion to the magriCtic field so that their effect on the magnetic constant 

is negligible. For wavelengths long con5>ared to sliver length, the 

dielectric constant is a fixed ratio dependant mainly on the length of the 

slivers and on their quantity. Tests of 1/3 inch and 3^6 inch long 

Slivers, over the range of uCO me to 6000 me, show a rise of .0008 index 

points per 100 me, A typical siliver length selected for the UHF band is 

3/8 inch cc-iparcd to 3/16 in length selected for C band.

High sliver efficiency is obtained l>y carefil selection of the cross sec­

tion dimension and insulating material. Specifically the inportance of 

the shape factor is shown in the equation

£ (A) (•)
where E efficiency

0 “ quantity of slivers per unit volume

ra » shape factor

A general solution for m can be obtained from the relation

be l*a _ 1
tTT” c

.. 3 -
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where, a, b, and c sliver lenght, width, and thickness respectively. How¬ 

ever, the exact values for ra are derived eraperically. Figure 2 tabulates 

measured Tbn^^and index values for several sliver coating materials and 

shape factors at L band, S band, and C band. 

SLIVER COATING DIMENSIONS 

L Band 

TAN INDEX 

Polystyrene 
Polystyrene 
Polystyrene 
ifylar 
Mylar 
Mylar 
Silane Oxide 
Polyethylene 

S Band 

13A6x.OOl*$x.OOOh$ 
I3/l6x.0023x.0002 
3/8 x.OO[i5x.OOOli5 
3/8 x.OOl^x.OOOlÆ 
3A6x.OOl¿x.OOOli5 
3A6x.0023x.0002 
3/l6x.0023x.0007 
3/l6x.0023x.000l¿ 

.OOlli 

.0008 

.0003 

.oooL 

.0007 

.OOOli 

.0010 

.0003 

1.387 
1.3114 
1.318 

1.315 
1.273 
1.313 
1.335 
1.31^5 

ftylar 
Mylar 
Polyethylene 

C Band 

3/l6x.0023x.O0Oli5 
3/16x.0023x.0002 
3/l6x.0O23x.000l45 

.0013 

.0012 

.OOOli 

1.387 
1.312 
1.318 

Polystyrene 
Mylar 
Silane Oxide 
Polyethylene 

3/l6x.0023x.0002 
3/l6x.OOli5x.OOOli5 

3/l6x.0023x.0007 
3/l6x.0023x.OOOli5 

.0019 

.0015 

.0017 

.0006 

1.350 
1.327 
1.378 

1.355 

FIGURE TWO 

Sliver Coatings, Shape Factors, Electrical 
Characteristics versus L-Band, S-Band, and C-Band Frequencies, 

Figure 3 lists typical characteristics of artificial dielectric material 
used to construct a C-Band lens. 

-Í4 - 
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FIG'iiS TriKü 

Typi.-al "h.Arácteri8tics of Artificial Dielectric Material At C-Band 

(Suspension Media: 1.5 #/ftJ polystyrene foa»ü, « liver, aluminumj 
polyethylene coated) 

3A6" X .0023'' X .0001:5" Sliver Dimensions 
Index Range 
Index Tolerance* 
Isotropy ** 
Loss Tangent O.OOOl: 0.0007 

* Average of the three orthogonal measurements about zone center. 

Maximum spread between 3 orthogonal measurements about zone center. 

CONSTRUCTION DESIGN 

The construction design utilizes a small cubical module of material, re¬ 

quiring tens of thousands of cubes per lens, with thirty to forty-five in¬ 

dex of refraction values or zones. This concept permits the quality con¬ 

trol of very small increments of lens material, a very close approximation 

of the desired index curve, and a fairly random zone interface to reduce 

the overall reflection coefficient. These factors were considered neces¬ 

sary design parameters to achieve the hi$i lens performance desired. 

For example, the effect of a displaced module will vary for the different 

directions in which energy goes through a lens, assuming the focal point 

moves relative to the lens. The angle 0, as shown in Figure Four, is the 

angle between the ray through the center of the improper cube and the line 

from the center of the lens through the center of the improper cube. This 

angle may vary from 0° to 180°. For the ideal lens, the parameters satis¬ 

fy the equation s^n ^ s R sin 9 (1) 

-5 - 
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which is knovr as Snell's Law. 

FIGURE FOUR 

It is assumed that the rays through the defective lens follow the same 

paths as through anneal lens and the effect of the improper cube is a 

perturbation of the phase front in front of the lens. As a first approxi¬ 

mation, the magnitude of the perturbation 0 is given by 

0 ■ 2 TTa I 4 n ) ^ 

where 0 is measured in radians, a is the length of the edges of the cube, 

^ n is the difference between the actual and the proper value of the index 

of refraction for the cube, and A is the free space wavelength. The area 

of the perturbation is a2, the location of which can be determined by 

equation (1). The center of the improper cube lies in the XY-plane. 

It is assumed for the ideal lens that the power is uniformly distributed 

- 6 - 
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over the circle in the X"R plane with the radius R and the Center (R^OjO)* 

and tne power density is zero over the rest of the X*R plane. The phase 

is constant over this circle except for the perturbation. The coordinate 

Id for the perturbation may vary from 0 to nr, where n is the proper in¬ 

dex of refraction for the improper cube and r is the distance from the 

center of the lens to the center of the improper cube. 

Let E denote the boresight error which is defined as the angle between the 

axis of the emerging beam and the line from the focal point, or feed point, 

through the center of the lens. The axis of the emerging beam is found by 

assuming that it has the same direction as the normal to the best fit 

plane, using the least squares criterion, for the phase front through the 

point (R,0,0). The value of E is given by 

E ■ 3 a2 Yd / . _x /,\ 
"tF?" ( Ù (3) 

where E is expressed in radians. The maximum value of E is 

E max 
' “ (*■» 

For many lens designs, nr/R ^ ^/3. In this case 

E max a2 
(dn) (5) 

As an example, if (5) is valid, R ■ 20a and n ■ O.Olj then 

E max X 0,025 milliradians ■ O.OOllj0 

The solution of the equation r2 - x2 / l2 / z2 for the placement of 

the thousands of 1 inch modules in the lens was accomplished through the 

use of an IBM-650 computer. A deck of IBM cards for a quarter of the lens 

was then translated to the quandrant layer drawings used during assembly 
- 7 - 
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of the lens. Such a program readily accepts basic lens design modifica¬ 

tions such -is shift of focal radius and change of diameters. A typical 

quandrant layout drawing for the lens equator slice is shown in Figure 5* 

FIGURE FIVE 

Quandrant - Lens Equator 

22111111 

66-6 51*2111 

10 10 99865 311 1 

13 13 13 12 11 10 8 7 5 2 1 1 

16 16 15 15 111 13 11 10 8 6 3 1 1 

19 18 18 17 16 15 Hi 13 11 9 6 3 1 1 

?1 21 20 20 19 18 16 15 13 11 9 6 3 1 1 

23 23 22 22 21 20 19 17 15 13 11 9 6 2 1 

25 21* 2u 23 23 22 20 19 17 15 13 11 8 5 1 1 

26 26 26 25 2l* 23 22 21 19 17 15 13 10 7 3 1 1 

28 27 27 26 26 25 23 22 20 19 16 11* U 8 5 1 1 

29 28 28 28 27 26 25 23 22 20 18 15 13 10 6 2 1 

30 29 29 28 28 27 26 2l* 23 21 19 16 ll* 11 8 1* 1 

30 30 30 29 28 28 26 25 23 22 20 17 15 12 9 5 1 

31 31 30 30 29 28 27 26 2l* 22 20 18 15 13 9 6 1 

31 31 31 30 29 28 27 26 2l* 23 21 18 16 13 10 6 2 

31 31 31 30 30 29 28 26 25 2 3 21 19 16 13 10 6 . 2 

- 8 
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MATERIAL TEST EQUIPMENT 

As ¡nentioned earlier in the construction design discussion, it is neces¬ 

sary to measure index values of a very large quantity of cubes per lens. 

Each cube is measured in the three orthogonal directions. These three 

readings are averaged to classify the cube into a zone, then each read¬ 

ing is compared to the zones center value for isotropy tolerance. For 

completeness, it should be mentioned that tan* of this material is uni¬ 

form over a production run and therefore, only sample lots are measured 

in a standard cubical resonant cavity. 

A unique flow through resonant cavity was devised to efficiently perform 

the large quantity of index measurements and is shown in Figure 6. The 

electric field configuration of this cavity operating in the fundamental 

TE 1,0,1 mode is shown in £gure 7. Of course, the index value is derived 

by noting the cavity resonant frequency with and without the cube in 

place and the tan * value is derived by noting the cavity C* with and 

without the cube in place. 

The unique property of this type cavity is the existance of ports in the 

vails that do not materially affect the cavity resonance characteristics 

and permit rapid transport of cubes through the cavity. Tubes with cross 

sectional dimensions which fit the cube to be tested and at least a l/h 

wavelength long, are attached to the cavity ports. The tube cross sec¬ 

tional dimensions are well below the waveguide cut-off at the test fre¬ 

quency. 

- 9 - 
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Figure 5 /X 

Flow Through Resonant Uvi-y 

Figure Sev-CA/ 
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An automated system utilising this type cavity is shown in Pigure Eight* 

FIGURE EIGHT 

Automatic Dielectroneter 

DRIVE 
MOTOR 

TtESONANCi 

INDICATOR 

CUBE 

FUPPEñ&á 

1 

COAXIAL 
SWITCH 

BELT- 

CAVI T y 
*3 k 

CAs/ny *3 ROTATED 
90° IV/7* nespecr to 
CAvmes / ano Z 

In general, this device consists of 3 identical cavities with access ports, 

A dielectric conveyor belt of known uniform quality passes through the 

three cavities, which are orientated as shown, A cube, passing through 

this device, yields index readings in each orthogonal direction in a mini¬ 

mum of time. Presetting the signal generator and resonance indicator for 

a specific zone center and isotropy tolerance, allows the device to accept 

or reject cubes for a precise index level in a matter of seconds, 

DESIGN AND TEST RESULTS OF A 31111 DIAMETER LUNEBERG LENS 

The high performance lens described herein was designed to focus at 1,2 

V 

-11 - 
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tiineß the lens radius and followed the index distribution as shown in 

Figure ^ • These data are a direct result of the calculations perfomed 

2 
and published by S* P» Morgan# 

FIGURE NINE 

Index Distribution for Focal Point Equals 1*2 Times Lens Radius 

^ - (radius) x (index) Refractive Index 

0.00 (Lens Core) 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
O.hO 
0.U5 
0.50 

0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.91 
0.92 
0.93 
0.91* 
0.95 
0.96 
0.97 
0.98 
0.99 
1.00 (Periphery) 

1.32095 
1.32057 
1.3191*3 
1.31751 
1.31*180 
1.31127 
1.30690 
1.30162 
1.29539 
1.28811* 
1.27976 

1.27011* 
1.25912 
1.21*61*9 
1.23196 
1.21511 
1.19532 
1.17155 
1.11*180 
1.131*81 
1.12735 
1.11931* 
1.11065 
1.10112 
I.09051 
1.07839 
1.06391* 
1.01*507 
1,00000 (Air) 

To approximate this theoretical index distribution, the lens was de¬ 

signed to have 31 specific index levels or zones. (Zone 1, of course 

consisted of unloaded foamed polystyrene, index - 1.012). 

- 12 - 
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The assembled lens, after being machined to the 17" radius (Spherical 

within 0*080 inches) was subjected to radiation tests* The results are 

sunnarized in figures f, 10, 11, and 12» 

FIjURE 10 

3U" Luneberg Lens at C Band 

Beam Width 1st Null Depth Boresight Isotropy Gain Factor 

¿0.2 degrees 
of theoretical 

> liO db ^ 0.25 
Milliradians 

C¿ 1.0 db > 0.50 

* The magnitude of lens isotropy in terms of detected power is measured 

by off-setting the lens feed from the source - lens line of sight to 

achieve a received signal 10 db below the peak of the main beam and auto¬ 

matically recording the variation in received signal as the lens is ro* 

tated about its center, with the position of the lens feed, lens center, 

and source held constant* 

As indicated in Figure 10, this 3li" C-band lens, now one of several, ex¬ 

hibits excellent electrical characteristics. Likewise, these lenses 

physically are dimensionally precise and lightweight weighing on the or¬ 

der of 18 pounds* 

The authors wish to gratefully acknowledge the assistance of Mr. R. B. 

Higgins for carrying out and documenting much of the experimental work, 

and Bell Telephone Laboratories and Wheeler Laboratories for their sub¬ 

stantial contributions. 

- 13 - 
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ABSTRACT 

Geodesic Lenses for Flush-mounted Applications 

by 

R. C. Rudduck, C. H. Walter, and C. E. Ryan, Jr. 

Antenna Laboratory 
Department of Electrical Engineering 

The Ohio State University 
Columbus 10, Ohio 

October 1962 

A class of geodesic lenses having circular symmetry are 
described. From a single feed such a lens antenna radiates a high 
gain, fan beam. By utilizing the circular symmetry of the lens it is 
shown how rapid scanning or simultaneous beams in many directions 
about the symmetry axis can be obtained. In addition, methods are 
described for scanning in the orthogonal plane. One alternative is the 
use of an array of such lenses, each lens designed to radiate in a dif¬ 
ferent direction, giving overlapping beams. A much simpler alternative 
is the use of a single lens design denoted as the vertical scanning lens 
which has the interesting property of scanning the beam in the orthogona 
plane by radial feed movement. It is shown how these lenses can be 
readily flush mounted to a flat surface such as an aircraft fuselage or 
in a surface of revolution such as a nose cone. 

Of particular interest is the use of the vertical scanning lens in 
nose cone applications. Antenna patterns are given for a vertical 
scanning lens flush mounted in a nose cone which demonstrate the 
feasibility of scanning over almost an entire hemisphere about the nose 
axis by feed movement alone. These patterns demonstrate wide fre¬ 
quency band operation in both polarizations. Methods of achieving over¬ 
lapping beams for monopulse operation are discussed. 



GEODESIC LENSES FOR FLUSH-MOUNTED APPLICATIONS 

by 

R.C. Rudduck, C. H. Walter and C.E. Ryan, Jr. 

Antenna Laboratory 
Department of Electrical Engineering 

The Ohio State University 
Columbus 10, Ohio 

October 1962 

INTRODUCTION 

A class of geodesic lenses having circular symmetry is described. 
Such a lens, when fed from a feed placed at the focal radius, radiates a 
high-gain fan beam. The direction of the beam maximum is diametrically 
opposite the feed and at an angle ß with respect to the plane of the lens 
rim. The lens is constructed from two parallel metal plates designed 
to support the TEM waveguide mode. The closely spaced plates are 
surfaces of revolution having the ideal lens contour as a mean surface. 
With no dielectric material between the plates the index of refraction is 
unity. From a geometrical optics viewpoint the ray paths in the lens 
follow the "geodesic" or shortest paths on the mean lens surface, hence 
the name geodesic lens. 

A more general class of lenses was derived in Reference 1. In 
these lenses the index of refraction can be an arbitrary function of 
radius. 

LENS CONTOURS 

The beam angle ß and the feed radius r¿ are determined by the 
lens contour. The lens contour consists of two sections; a conical outer 
shell having a constant slope b and a central portion having a more 
complex contour. For a normalized lens radius, the outer shell lies in 
the interval cos ß < r < 1 and the central portion lies in the interval 
0 < r < cos ß. The feed radius must lie in the outer shell, i. e., 
rj i> cos ß. 

For a feed radius at the inner radius of the outer shell, i. e., 
Tj = cos ß, the lens contour is given by 

1 



(1) 
• * 1 IT 1 

1 + Z = T + TT - ± tan-1 2 4ß 2ß 
co82p - r2 

1 - COS2ß * 

0 £ r < cos ß 

and the slope of the outer shell is given by 

J * + Z = J 1 + b2 = — , cos ß < r < 1 . 

The contours for several values of ß are illustrated in Fig. 1. 

For a feed radius within the outer shell, rj > cos ß, the lens 
contour is given by 

(2) Jl+ Z* i+b* - tan' cos2ß-r2 

r* - cos2ß 
+ tan ■i I co82ß-r2 

4 1-cos2ß 

0 < r < cos ß 

where the slope b of the outer shell is given by 

2^ß + cos"1 
cos ß V ’ 

ri ) 

cos ß < r < 1 . 

The contours for various values of ß are illustrated in Fig. 2. 

If the slope b of the outer shell is to be physically realizable 
then J 1 + b2 > 1 which for values of ß > 45° requires that the feed 
radius lie in the interval 

(3) cos ß £ Tj < cot ß . 

2 



Fig. 1. Unit-index lens contours (Tj = cos ß). 

3 





ANTENNA PATTERNS 

These lenses radiate from a semicircular aperture around the rim 
opposite the feed point. The antenna patterns of such a lens can be ap¬ 
proximated by those of a semicircular line source with the same radius 
as the lens. The radiated beam can be described in terms of its cross 
sections in two principal planes. The principal planes are illustrated in 
Fig. 3. The vertical pattern is considerably broader than the lens-plane 

Equivalent Line 
Source For Lens 
Plane Pattern 

Equivalent Line 
Source For 

Vertical Pattern 

Lens Plane 
Pattern 

Vertical 

Plane 

Fig. 3. Description of lens patterns. 

pattern because its equivalent source length is one half that for the lens 
plane pattern, and also the vertical pattern is not broadside to its equiva 
lent source. The phase distribution around the semicircular aperture 
depends on the angle of maximum radiation, ß , and gives an "in phase" 
condition in the direction of maximum radiation. 

Actually this phase distribution is such as to radiate two beams; 
the other beam is at the angle ß on the other side of the plane of the lens 
rim. For the TEM waveguide mode the direction of the electric field 
at the aperture produces a dipole element pattern. In many lenses, the 

5 



slope of the lens contour at the rim is steep enough that the second 
beam is effectively eliminated. The patterns also depend on the ampli¬ 
tude distribution around the aperture, which is determined by the ef¬ 
fective feed pattern. 

EXPERIMENTAL RESULTS 

The TEM lens structure has the features of wide bandwidth and 
high power handling capability. A 3:1 bandwidth is demonstrated in 
Reference 1. These results were obtained from the lens design of 
Eq. (1) for which ß ~ 30°. 

Due to the circular symmetry of these lenses, rapid scanning or 
simultaneous beams in many directions about the symmetry axis can be 
obtoined. It is also desirable to scan the beam in the vertical plane. 
One method is the use of an array of such lenses, each lens designed 
to radiate at a different angle, giving overlapping beams. A simpler 
approach is the use of a single lens with a steerable beam. Calculations 
show that a certain amount of scanning of the beam in the vertical plane 
can be obtained by moving the feed from its true focal radius. One of 
the most practical lenses in this respect is the lens design of Eq. (2) 
for which ß * 40° and rl = 0.82. 

An 18-inch diameter lens of this design was constructed from two 
parallel copper plates. The lens was tested in three different mounting 
configurations: mounted on a 24" x 48" rectangular ground plane, mounted 
without ground plane, and mounted in a sheet metal cone having a cone 
angle of 45°. The mechanical feasibility of mounting such a lens on a 
flat surface such as an aircraft fuselage or in a surface of revolution 
such as a nose cone is illustrated by these mounting configurations. 

The beam was scanned from an angle of 25 with respect to the 
plane of the lens rim to broadside by moving the feed from near the rim 
to the center of the lens. The feed employed was an open ended X-band 
waveguide butted between the lens walls, and measurements were taken 
at 10 kmc. 

The patterns for the lens mounted on the ground plane exhibit a 
lobe about 10° from the plane of the lens rim, caused by currents flowing 
on the ground plane, as shown in Fig. 4. The ground plane lobe is more 
pronounced for the beam maximum near the ground plane and decreases 
as the beam is scanned away from the ground plane. The ground plane 
also produces ripples in the vertical pattern for lenres radiating a 
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Lens Plane Pattern 
(0-50°) 

Fig. 4. Patterns of ground plane mounted lens. 

vertically polarized electric field. For cleaner vertical patterns and 
higher gain from ground plane mounted lenses it is probably desirable 
to use some method of suppression for the ground plane currents, e. g., 
a corrugated strip on the ground plane adjacent to the lens aperture. 
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The lens plane patterns were found to be good for all beam positions 
in each mounting configuration. The vertical patterns of the lens with¬ 
out ground plane, as shown in Fig. 5, demonstrate the improvement 
obtained by elimination of the ground plane. At beam angles near broad¬ 
side to the plane of the lens rim, broadening of the vertical pattern is 
apparently caused by inadequate illumination near the ends of the semi¬ 
circular aperture. Thus a broader feed pattern is desirable for feed 
positions near the center of the lens. 

The vertical patterns for the cone-mounted lens indicate the pres¬ 
ence of the second beam at the angle ß on the other side of the plane of 
the lens rim, as shown in Fig. 6. The magnitude of this beam is greatest 
for beam positions close to the plane of the lens rim. The second beam 
is caused by a shift in the dipole pattern of an element of the lens rim 
relative to its position in the other mounting configurations. This shift 
was caused by the extension of the inner lens wall in flush mounting the 
lens to the cone. The undesired beam can be reduced by increasing the 
directivity of the element pattern. One approach would be to give a 
horn flare to the lens walls at the rim. These patterns demonstrate 
the feasibility of scanning the beam over almost an entire hemisphere 
about the cone axis. 

The previously discussed lenses employ the TEM waveguide mode 
which has a frequency-independent index of refraction, thus providing 
wide bandwidth for vertical polarization. Horizontal polarization can be. 
obtained by use of the TE51 waveguide mode but the index is frequency- 
dependent. However in a parallel-plate lens of constant plate spacing 
the index at a given frequency is constant throughout the lens. Thus, 
for frequencies above cutoff, the beam is still focused as well as the 
vertically polarized beam but is shifted so that the beam position is 
given by 

(4) cos ßHp = 

where d/\ is the plate spacing in wavelengths and ßyp is the beam 
position for vertical polarization. Thus, if the plate spacing is large 
enough at the lowest frequency of ope ration, the horizontally polarized 
beam can be scanned over nearly the same region as the vertically 
polarized beam in the vertical scanning lens. 

% 
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Fig. 5a. Patterns of lens without ground plane. 

4 
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Vertical Pattern (r2s0.384) 

Lent Plane Pattern 

0 «35* 

Lent Plane Pattern 

9 • 24° 

Fig. 5b. Patterns of lens without ground plane. 

♦ 

4 

10 



Lent Plane Pattern 

0 ■ 12* 

Vertical Pattern (r2*0) 
Lens Plane Pattern 

0« 0° 

Fig. 5c. Patterns of lens without ground plane. 
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Vertical Pattern Lens Plane Pattern 

r2« 0.766 0"40* 

Fig. 6. Patterns of cone mounted lens. 
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APPLICATIONS 

The described lens model demonstrates the potentiality of 
scanning a high-gain fan beam over a large sector from a flush-mounted 
antenna installation. The installation might be on the flat surface of a 
vehicle as suggested in Fig. 4 or in a nose cone as suggested in Fig. 6. 

One application might be a single beam radar system in which beam 
positioning or scanning is obtained by a single feed capable of moving 
throughout the lens. Several feeds might be used for more versatility 
and more rapid scanning; each feed designed to cover a particular sector. 
Use of more than one feed requires that the feeds be positioned so that 
energy blocking is not a problem. 

For monopulse operation, beam overlap in the plane of lens action 
can be obtained by two adjacent feeds. Beam overlap in the vertical 
plane might be obtained by use of a second lens in which another pair of 
feeds are spaced radially behind the feeds in the first lens as illustrated 
in Fig. 7. One lens plate could be common to both lenses in this case. 

Lens #1 

Fig. 7. Vertical beam overlap for monopulse operation. 

4 
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Fabrication and Testing of Step-Index Luneherg Lenses 

for Antennas with High Directional Accuracy 

By 

Eino J. Luoma 

Emerson It Cuming, Inc. 
Canton, Massachusetts 

The design and fabrication of a large, precise spherical Luneberg 
lens presents many interesting problems. In particular, this paper is 
concerned with the problem of designing and fabricating a 48-inch lens 
with a high degree of electrical symmetry and with a precisely located 
focus. The application is as a computer lens for an antenna system under 
development by the Systems Management Department of Westinghouse 
Electric Corporation. It is beyond the scope of this paper to discuss 
the details of the application. 

The achievement of the objectives of this development program 
divide naturally into the following two problem areas, which are the 
two main topics: 

1. Precise Location of Focal Point 

2. Electrical Symmetry 

A. Precise Location of Focal Point 

The well known Luneberg law is stated as 

K' = 2-r2 

where K' is the dielectric constant, and r is the distance from a point in 
the sphere to the center, normalized in terms of the outer radius of the 
sphere. This defines the dielectric constant required for any point in the 
spherical lens to make the lens focus at its surface, and would result in 



a continuous gradation of dielectric constant from a maximum of 2 at the 
center to a minimum of unity at the surface. 

In practice, there is no known technique for reliably achieving this 
continuous gradation. Therefore, the lens is actually built with dielectric 
constant varying in radial steps, approximating the desired gradation. 
Experience has shown that for lenses 12" or larger operating in the 1 to 
10 Gc range, 1/2-inch steps are a good approximation. 

To make a 48-inch lens in 1/2-inch steps would require 48 spher¬ 
ical shells. Early in the development program of the precise lens it was 
felt that this large number of steps would make the achievement of precise 
focal location and near-perfect symmetry exceedingly difficult. Therefore, 
a theoretical investigation of the feasibility of a ten-step lens was under¬ 
taken to determine whether or not ten steps were sufficient to produce a 
lens with good focussing properties. 

This theoretical investigation consisted of the development of a 
digital computer program for predicting the performance of a multi-step 
spherical lens with point-source feed. Performance factors of the lens- 
feed combination included in the prediction technique included gain, null 
depth, beamwidth, side lobe level, and deviation of the near field from a 
plane phase front. 

The approach to the prediction was by geometric optics. The point- 
source feed was assumed to have a cosine amplitude pattern. From this 
point 50 rays all in one plane separated in equal angular increments were 
traced mathematically through a multi-step hemi-sphere to the opposite 
surface. Because of spherical symmetry it is unnecessary to repeat the 
ray tracing for the other hemi-sphere or for other planes. This mathe¬ 
matical tracing results in information as to the location of each of the 50 
ray intersections on the opposite surface and the relative amplitude and 
phase at each of the intersections. From this information, it is possible 
to proceed directly to the near-field phase-front prediction. Or, it is 
also possible to proceed directly to the far-field pattern prediction, 
which will result in information as to null depths, side-lobe levels, and 
beamwidths. The gain determination was not an absolute gain determina¬ 
tion in the true sense of the word. Dissipation losses and reflection losses 
were ignored. For the sake of simplicity the gain determination was simply 
a comparison between the power level at the peak of the predicted pattern 
with the power level at the peak of the predicted pattern which would have 
resulted if the lens had been a perfect Luneberg lens. Thus', the loss of 
predicted power is due only to phase errors resulting from the step de¬ 
sign. 



To locate the focus of a lens with a proposed stepped-index design, 
it was necessary to repeat these predictions for several successive incre¬ 
mental locations of the point source. The location of the point source which 
yielded the deepest first nulls was taken as the focus of the lens. 

To design a ten-step lens with the focus in the desired location it is 
necessary to propose a design and locate its focus by this prediction tech¬ 
nique. This was done on several designs. It was found that the design which 
resulted in a focus at the required location just outside the surface was pro¬ 
duced by the use of the following formula for choice of dielectric constant: 

2 

where K' is the dielectric constant of the shell, r^ is the outer normalized 
radius of the shell, and r2 is the inner normalized radius of the shell. In 
addition, the radii of the individual shells were chosen in a manner such as 
to produce 10 shells all of approximately the same thickness. 

It was experimentally verified that this 10-step design did indeed 
produce a lens with good focussing properties and with a focus near the 
outer surface of the lens. For comparison a more conventional 44-step 
design was also built and tested. Interestingly the 10-step design was 
somewhat superior to the 44-step design in many respects. 

B. Electrical Symmetry 

For the Westinghouse Electric Corporation application it was highly 
important that the lens be electrically symmetric. A measure of the depar 
ture from perfect symmetry of the lens was defined as follows: 

1. Record a pattern of the lens-feed combination in the usual 
fashion. 

2. Rotate lens and feed to one of the points 10 db down from 
peak position. 

3. Leaving feed stationary, rotate lens alone through 360°, 
and record variation of signal as a function of rotation of 
the lens. This variation expressed in decibels is one meas¬ 
ure of asymmetry of the lens. It can easily be converted into 
an angular measure of directional error by using the pattern 
to determine what the measured excursion in decibels corre¬ 
sponds to in angular shift of the main lobe. 



4. Repeat these steps for three mutually perpendicular rotation 
axes of the lens. 

The degree of symmetry achieved in a large lens is due, of course, 
to the type of material used in the lens and the techniques for fabricating 
it into hemispherical shells. The material used in the fabrication of this 
lens was a previously developed polystyrene foam (EccofoamPS). The 
density of foam was adjusted to produce the dielectric constants required 
for each of the 10 steps. The foam is produced by heating polystyrene 
granules in a mold until they expand to completely fill the mold and adhere 
to each other forming the hemispherical shell. Dielectric constant of the 
shell depends on the density of.this material. The density is adjusted to 
the desired values by choice of granule size and by heating schedules. A 
great deal of experimental work went into these control problems to make 
it possible to manufacture shells with the desired dielectric constant and 
with a minimum variation of dielectric constant in each shell. 

Early in the program it became evident that, since the dielectric 
constant of the foam depended very consistently on its density, the elec¬ 
trical asymmetry of a lens should depend directly on the displacement 
of its center of gravity from its geometric center. This same principle 
applies also to individual shells. Therefore, mechanical measurement 
techniques were developed to measure the location af the center of gravity 
of each of the 10 shells. This information was then used to assemble the 
lens in a manner such that the center of gravity of the complete assembly 
was as close to the geometric center as possible. This procedure reduced 
the electrical asymmetry considerably. The ren^aining asymmetry was 
still further reduced by remachining the outer surface of the lens to move 
the geometric center closer to the electrical center. 

C. Test Results 

1. The focal radius of the lens varied from 23.19 to 23. 36 inches. 

2. The total excursion in the symmetry patterns was an average 
of 2.07 db and never any greater than 2. 5 db. This convetts 
to an average beam shift of approximately ¿1.5 mils. 

3. 

4. 

Side lobe levels averaged around 18 
peak. 

The average gain factor was 0. 571. 

db down from main lobe 

E:tual gain = 0. 571 ■) 
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D. Conclusions and Recommendations 

1. One of the most significant results of this work is the information 
that a 10-step approximation of the Luneberg law is sufficient to 
produce a good lens. 

2. The computer prediction technique developed under this program 
is general enough to be applicable to any desired number of steps, 
and any diameter to wave length ratio. It is available as a 
Fortran computer program and can be used to design lenses 
for future applications. 

3. The fact that Luneberg lenses can be made with excellent 
electrical symmetry and directional accuracy as demonstrated 
by this effort should be kept in mind by system designers. 
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39 THF, OPTIMUM EXCITATION FOR A PHASE COMPARISON ARRAY 

V, H. Neater 

General Electric Company 

I. INTRODUCTION 

Monopulse tracking is performed by using radiation patterns which are 

either even or odd in direction cosine space. %e even pattern is known 

as the sum or I -P»ttern while odd P9“6™ 18 38 ^ dif 

or A-patterní^ ihe ms angular error produced by receiver noise in a 

skin tracking radar has been shown by Kirkpatrick1 ^ to be inversely 

proportional to a sensitivity factor defined by the expression 

KG (1) 

Mon explicitly, the sensitivity factor is defined as the product of the 

sun gin and of the sloE of the diffennce gain. Ihe slope is defined 

as 
3G 
JA 
3CX 

(2) 

If the sum and difference excitations can be formed independently, 

then these excitations can be chosen to give the maximum possible sum 

• gain and difference slope respectively. In this case, the sensitivity 

has its maximum possible value. The maximum sum gain has been shown by 

Silver(3) to be produced by a uniform excitation in the case of a cophasal 

bean; l.a., excluding super pin. Kirkpatrick1^ has shorn that the 

maximum Slope is produced by a linear-odd excitation.--- 

1) D. R. Rhodes, Introduction to Monopulse, McGraw-Hill Book Company, Inc., 

New York, N. Y., p. 95. 

2) G. M. Kirkpatrick, General Electric Co., Astia Document AD 18158, 

August, 1952, p. 25. ,,, 

3) S. bilver, "Microwave Antenna Theory and Design", M.I.T. Rad. Lab. benes, 

McGraw-Hill Book Company, Inc., New York, N. Y., vol. 12, pp. 177-178, 19L9. 

(L) Kirkpatrick, p. 15. 
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If the naximum value of the sum gain is designated 

then the maximum difference slope has the value 

K 
max 

(3) 

Oi) 

and the maximum %lue of the sensitivity factor is found to be 

S 
max (5) 

Allen^ has shown that it is indeed possible to produce independent 

sum and difference excitations in a phased array, which does allow the 

maximum tracking sensitivity to be achieved. However, the feed structures 

for independent sum and difference excitations become rather complex. The 

feed structure can be simplified by using a phase comparison array, but 

the tracking sensitivity is also rediced. However, if the excitation of 

the phase comparison array is optimum, then the sensitivity is reduced by 

less than 1 db from the maximum possible value. 

(5) J. L. Allen, “Ihe theoretical Limitations on the Formation of Lossless 

Multiple Beams in Linear Arrays", I.R.J!.. Transactions on Antennas and 

Propagation, vol. AP9, pp. 3SO-352, July, I96I. 
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A phase comparison array is defined for the purposes of this paper 

to be an array in which the odd excitation is formed simply by negating 

the ewen excitation over half the aperture. For example, let each 

quadrant of an array be fed by a corporate feed structure as illustrated 

in Fierre 1. These four feed structures are then combined in a conventional 

b-hom comparator. One beam can be identified with each quadrant. The four 

beams are all parallel but each has a different phase center location; e.g., 

the center of each quadrant. The resulting large phase center separation 

is an identifying characteristic of the system. Therefore, this type array 

has been termed a phase comparison array. The optimum excitation function 

for such an array is derived in the following section. 

II. OPTIMUM EXCITATION FUNCTIONS 

A. TVo-Dimensional Tracking 

Since the sum and difference excitations are not independent in 

the phase comparison array, the sum gain and the difference slope 

can not be maximized separately. Rather the product of the two 

must be maximized by the choice of a single excitation function. 

The array geometry used in the analysis is sketched in Figure 2. 

A rectangular array is located in the x-y plane. The sum pattern is 

formed along the z-axis by an excitation function which is even in 

both X and y. Two difference patterns are formed. The one has a 

central null over the y-z plane and is generated by an excitation 

function odd in x but even in y. The other difference pattern has 

a central null over the x-z plane and is generated by an excitation 

function odd in y but even in x. If the excitation functions are 



-li' 

taken to be separable, then the sun excitation can be expressed as 
♦ 

where 

(7) 

Similarly, the difference excitations can be written 

(8) 

where 

• -M-f| 
Since the optimum excitation is to be used in both the x and y direction, 

the following equalities hold: 

* o(w) 

(10) 

% 
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♦ 

4 

ündir these condi tions the sum gsin is given by the expression 

where 

(12) 

Similarly, the difference gsin is given by the expression 

# 
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Therefore, the slope of the difference gain is given by the expression 

1 

Finally, the sensitivity factor for the phase comparison array is 
• • 

obtained by: 
• t 

(a) b valúa tin g the integrals in equations (11) and (Hi) 

. at 0(r “ 0 , 0(-0 

. • * *.. . . • • 
e 

(b) Converting all integrations over the full interval to 

twice the integration over half the interval by virtue 
• • •• • • • e 

of symmetry. 
• • # • • • • 

• ' * * ÿ o 
• # • 

(c) Using the defining condition of a phase comparison array; 
. , • e 

viz. 

• • 6(w) ■ cx(w). , OS WS I (15) • 

(d) ' Forming the product of equations. (11) and (Hi) according 

. to equation (1),' ' * • 
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Ihe expression which results for the sensitivity factor is 

3 

liG. 
j 

w a (v) dw 

S ■ " ~ 

(w) dw 

I o¿ (w) dw 

:o 
T 

(16) 

The excitation function o(w) is to be chosen to give the sensitivity 

factor S its ntfliHmim value. According to the calculus of variations, 

when the excitation function is optiaum the variation of the sensitivity 

factor is zero. 

as . o (it) 

Using th. sane formalism for taking variations as for differentiation, 

the following result is obtained. 

1 
? 

1 
I J du J a dw 

1 
? J w âo dw ♦ 3 

1 
? 

1 
? 

du J u o du 

1 
? J d o dw 

- h 

1 
2 j u o du J a du 

0 0 

(18) 

1 
7 

i aà a dw 
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öince the bracketed quantities are definite integrals involving no 

variations, they can be expressed as multiples of one another. 

Accordingly, the following proportionality factors are defined 

for the optimum excitation* 

1 
I 

1 

(19) w o du 

0 0 

and 

1 1 

(20) 3 

Then the variational statement in (18) can be rewritten to give 

1 

(21) (Aw ♦ B - o) ^<7 dw ■ 0 

0 

This variational statement is to be true for arbitrary variations 

in the excitation about its optimum value. In order to insure that 

the variational integral vanishes for all possible variations, the 

first factor in the integrand must be identically zero. Therefore, 

the optimum excitation has the form 

(22) o ■ A w 4 B 

Ihe constants must satisfy equations (19) and (20). Both equations 

give the same condition; viz., 

A2 + 2AB - UB2 ■ 0 (23) 

or A - ( -i ±VT) b 
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<* "B" is an arbitrary constant and can be taken equal to unity for 

convenience. When the sensitivity factor is evaluated, the choice 

of the positive sipi is found to give the greater sensitivity. 

Therefore, the optinum excitation function is given by the expression 

o • (VT- 1) » ♦ 1 , 02 „2 £ (2U) 

The optiaum sum and difference excitations are sketched in Figure 3. 

The sum gain can be computed using equations (7), (10), (H) and 

(2U) evaluated at (Xx m(Xy * 0 . %e result is 

. 3(V? U¿ o? (2$) 
lo o 

opt 

Therefore, the optimum gain is only 0.16 db belew the maximum gain. 

Similarly, the difference slope can be computed using equations 

(9), (10), (Hi), and (2li) 

u . VLli 0î (26: 
l j0pt 16 o 

The optimum slope is down 0.76 db from its maximum possible value 

given in equation (U). 

Finally, the optimum sensitivity factor can be computed using 

equations (16) and (2U). 'The result can also be identified as the 

product of (25) and (26), 

H», • ■. >» 
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The optimum sensitivity for the phase comparison array is 0.92 db 

below the maximum possible value reported in equation (£). 

B. One-Dimensional Tracking 

The optinum excitation for a one-dimensional tracker is not the 

same as for a two-dimensional tracker. The most obvious difference 

is that the optimum excitation in the one direction is uniform. For 

example, if tracking is to be performed in the x-z plane, then the 

optimum excitation in the y-direction is uniform 

«,[()* ‘ 
The excitation in the y-direction affects the sum gsin and the slope 

of the only difference pattern in an exactly like manner. Since it is ♦ 

known that a uniform excitation produces maximum gain, it follows that 

the optimum excitation in the y-direction is unifora. 

In addition, the optimum excitation in the x-direction, although 

still piecewise linear, has a greater amplitude taper. Ihe explanation 

is simple. As the taper of the excitation function is increased, the 

form of the even excitation departs further from the ideal unifora 

excitation while the odd excitation more nearly approaches the ideal 

continuous linear form, iherefore, as the amplitude taper is increased, 

the sum gain ctecreases as the difference slope increases. As a result, 

the product of the two reaches a maximum for a particular value of 

amplitude taper. 

In the two-dinensional tracker where identical excitations are * 

used in both the x and y-directions, the factor reducing the sum gain 

is squared. However, in the one-dimensional tracker the gain reduction 
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factor occurs as only the first pcwer. Therefore, the influence on 

sensitivity by the sum gain is reduced and the influence by the 

difference slope is increased. Consequently, a greater amplitude 

taper is needbd for an optimum excitation in the one-dimensional 

tractor than found previously for the two-dimensional tracker. 

The analysis of the one-dimensional tracker is outlined in the 

following paragraphs. The sum gain is given by the expression 

1 

1 
(29) 

1 
7 

The difference slope is given by the expression .. 

1 

1 
w (w) e dw 

(30) 
1 
2 

(w) dw 
X 

The sensitivity factor is given by the expression 

1 1 

S - 2G 
o 1 

2 
2 

a (w^ dw 
X 

0 (31) 
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% • 
. / 

Setting the variation of the sensitivity equal to sero gives the 

following variational statement 

1 
2 

/ ax <* / 

1 
? 

/ 3V" 

1 
? 

1 
? 

/ 0x ^ / °x ^ 

1 
? 

/ *3ffx ^ 

1 
? 

1 
? 

2 ¡ °x*J x 0x ^ 

1 
? 

(32) 

ihe coefficients of the variational integrals satisfy the following 

conditions: 

1 
2 

j i* 
1 
? 

2A waxdW 

(33) 

1 
2 

dw ■ 2B 

1 

r 
ox dw 

Bien the variational statement can be rewritten „to read 

1 
2 

(Aw + B - a) dodw^'O 
(3ii) 

fherefore, thç.optimum excitation has the form 

Aw + B 0 — w Í 
(35) 

nai 
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% 

liquations (32) both give the following relative values for the constants» 

* . b (36) 

Choosing B equal to unity for simplicity and choosing the positive sign 

for maximum sensitivity gives the following expression for the optimum 

excitation 

(37) 

lhe optimum sum and difference excitation in the x-direction is sketched 

in Figure U. Hie excitation in the y-direction is unifora. (The result 

can also be interpreted as the optimum excitation for a linear array). 

It is interesting to note that the maximum amplitude taper along the 

diagonals of the array are nearly equal for the one and two-dimensional 

cases. For the one-dimensional case, the maximum amplitude taper is 

2.732:1 or 8.7 db. For the two-dimensional case, the maximum taper is 

2.62:1 or 8.3 db. 

Using the optimum excitation for the one-dimensional tracker gives 

the following values for the sum gain, difference slope, and sensitivity 

factor. 

opt 
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ïhersfore the optinun sum gain and difference slope are both 0.3 db 

below their respective upper bounds. Ihe sensitivity is 0.6 db below 

the maximum possible value. 

III. OPTIMOM PATTERNS 

Since the excitation was assumed to be separable, the complete radiation 

pattern can be expressed as the product of the two principal plane patterns. 

Therefore, only the patterns in the two principal planes need be computed. 

When the symmetry conditions in (7) and (9) are used together with condition 

(15) which defines the phase comparison array, then the principal plane 

patterns are given by the following expressions: 

1 
? 

I Oil) 

o 

and 1 
2 

(U2) 

0 

Using the optimum excitation for the two-dimensional tracker given 

in equation 2U, the sum pattern in either principal plane is found to be 

given by the expression 

The optimum sum pattern is plotted in Figure 5« Note that the first side 

lobe is down 10.6 db from the sum peak. 
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Jhe difference pettern for the opü«. exciUtion ie given hy the 

expression 

V7^i . VIli 
a 

, J* 1 - COS-y a 
»41 V 

B, optinua difference pettern ie plotted in Fis« 6. Since the equer. 

Of the exciUtion function 1. the eene in the even end odd »ode, the 

„dieted poner la equal for the Wo modes. Therefore, although the 

pattern, do not give .Wolnt. value, of gain, relative gain comp.rt.on. 

can be na*, «ote that the peak difference gain l»25db le.e ttan the 

peak .urn gain. Th. firrt .id. lob. in the difference pattern i. do» 

10.7db from the difference peak. 

The corresponding result, for th. one-di-nrtona tracker are pweented 

in Figure. 7 and 6. *1* one pettern exit, in the y-a pl£. » ha. not 

teen included in the figure, since it i. the familiar ^ pattern. 

Figires 7 and 8 give the .urn and difference pattern, in th. x-a plane. 

'Jhe patten., are also given by the follouing expreasion. derived from 

equations (37), OA) »nd ^2)* 

VÏÏ ♦ 2 
xz 

sin? 

“ÕT 
y 

Vi 
h 

sin^“1 
M) 

xy 
Vl2 + 

a 
, a 
1 - cos-^- 

va 
a 

1 - 
siny 

“S' 
2 

(1.6) 
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IV. CONCLUSIONS 

Die optimum excitation of a phase comparison array has been shown 

to be piecewise linear with the only discontinuity at the center of the 

array. The excitation increases in amplitude from the center of the array 

to the edge with a taper in the principal planes of U.2 db for the two- 

dimensional tracker and 6.7 db for the one-dimensional tracker. The optimum 

tracking sensitivities for the two systems are 0.9 and 0.6 db below the 

maximum value possible for any system. 'Die optimum pattern characteristics 

were derived and are tabulated below. 

TABI£ I: OPTIMUM PATTERN CHARACTERISTICS 

Pattern Characteristic 2-Dimensional Tracker 1-Dimensional Tracker 

Sum Gain Factor 0.16 db 0.3 db 

Difference Gain Factor 2.7 db 2.Ú db 

Difference Slope Factor 0.76 db 0.3 db 

Sum Side Lobe Level 10.6 db 8.L db 

Difference Side Lobe Level 10.7 db 11.3 db 
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Patterns of Traveling-Vave Anj 

D. L. Huffman 
Horth American Aviation, Inc. 
Columbus Division 

1 paper for proMoUtlon at th. IVelfth tamal Sm»«!“ 
Reaetfch and Developnant at Onlvoralty of llllnoie, Robert Ulerton Par , 
tbnticello, Illinois on October 16-19, 1962. 

Ihe author vishes to express appreciation to North American Aviation, Inc. for 
their support of this paper. In particular, recognition is ^ve" *îfi. 
Spies for his work in computer programming on N.A.A. Recomp II, and his ve 
cation of derived equations. 

I. Introduction 

Traveling-Wave Antennas are a class of antenna structures that are promin¬ 
ently considered in applications to radar and communications. 
structures have application because of certain features of design simplicityt 
Impedance matching (end feeding), and aperture illumination (amplitude and 
Saw) can be more easily controlled by this technique than by the uw of 
other techniques. Alternative approaches would consider the uw of a 
corporate feed structure, with wparated radiating elements. 

Traveling-Wave Antennas receive consideration ^ the design °f Inc°h®^B 
Side-looking Radars; and this paper is concerned with the inherent limita¬ 
tion of their uw in Side-Looking Radars. There are two fundamental 
limitations when application is considered. The limitations are the short 
pulw effect and the defocussing effect (resulting from Fresnel Radiation). 

Short Radar Pulses, and Long End-Fed Linear Antenna Arrays are employed 
for the purpow of producing higi range and angular resolution. B»e con¬ 
ventional consideration in the design of antenna arrays is theselection 
of the required aperture distribution of energy that will yield desirable 
values for C.W. Far Field Gain in relationship to low side lobe levels. 
However, transient radiating fields that exist during the times of 
incomplete antenna excitation, will have a perturbing effect on the con- 
templated radiation pattern, if the antenna excitation time is an appreciable 
percentage of the pulse duration time. If Siort Radar Pulses and long En - 
Fed Arrays are employed, then this condition is produced. In addition. 
Side-looking Radars often contain ground mapping modes of operation which 
lie at ranges in the Fresnel field of the antenna. 
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L. L. BailIn* has studied the short pulse effect that is created by a 
transient radiating field from a long array, and his work is suggestive 
of the importance of the short pulse effect. An earlier statement of the 
problem presented in this paper suggested to M. S. Vheeler and D. K. 
Alexander** a related study. Their study is restricted to the Far Field 
Transmit Pattern, and calculations are given for the case of uniform, 
and cosine illumination. 

This paper formulates the short pulse effect in terms of the Transmitting 
Fresnel Radiation Pattern; and derives the expression for the Swrt 
Pulse Radar Return Pattern. A computer program has been given for a 
generalised aperture distribution of the form 

f(x) - Q> ♦ C, cos^x + (¾ cosrx -1 ¿ x 1 ♦ 1 

A close approximation to Taylor Aperture Excitation can be obtained by 
selection of the coefficients Co , (¾ , and C? . North American Aviation«8 
Re comp II has been used for computer calculations. 

Computed examples are given for the following antenna parameters s 

antenna Lengths 13 ft. at Band 

Thylor Aperture Excitations -28 db. side lobe level 

pulse Durations 0.04 and 0.10 ^sec. 

A discussion is given of the detrimental effect of Short Pulse-Fresnel 
Radiation on Side-Looking Radar System performance. The Siort Pulse-Far 
Field Radar Return Pattern is plotted for the case of Uniform Aperture 
Excitation. 

* Bailin, L. L., "Kindamental Limitations of Long Arrays", Tech Memo 333, 
Hughes Aircraft Corporation, 27 October 1953, Contract AF 19(604)-262 F-16 

•• Vheeler and Alexander, "Short Pulse Effects in Traveling-Vave Antennas", 
Westinghouse Electric Corporation, Symposium Paper for the 8th Annual 
Radar Symposium, 6-8 June 1962, Ann Arbor, Michigan, 
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A 

II. Travellng-Vave Antenna fodel 

Fig. 1 depicts the nature of a Traveling-Vave Antenna in the form of a 
primary end-fed vaveguide array. ^ ^ 

Pulse 

pt.B 

VAo 1 .End-fed Waveguide Array 

Fig. 1 indicates the length of the vaveguide array, and a Aort section of 
radiating elements of the array are shown as inclined slots in the side o 
the radiating vaveguide. The transmitter pulse enters the vaveguide at 
pt.A and any remaining transmitter energy that is not radiated is absorbe 
at pt.B in the Dummy Load. 

Figure 2 illustrates the relationship between transmitted pulse length T , 
and vaveguide excitation time T ¿ . 

Fig. 2 -Pulse Duration in Vaveguide, during instant of imcomplete 
Aperture Excitation 

A square shaped transmitter pulse is assumed, and the value of T is 

restricted to X>2Xj » slnce there is not Practical design 
application if 2 Tj- 

Fie 3 indicates the standardized representation of a line source in the 
fresnel Field», where f(x) is the aperture distribution; and u is a 

dimensionless parameter equal to 2iZsin0 with ./, the array length, and }, 
the operating wavelength, and 0, the angle measured from the normal to 
the array. Ihe coefficient /5 is equal to Vith R, 
operating range. 

4 
pt. A 

+1 

pt? B 
X 

Radiated Field Strength rj(ax-M,Y 
for angular position, u : I f(x) £ 

J-\ 

Fig. 3 - Steady State Representation of a Line Source 

* Jasik, Rnginperlng Handbook,. 2-30 McGraw-Hill Book Company, Inc. ,1961 
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Fir 3 vill be interpreted for the time of incomplete apertureexcitation, 
«d* the result i. shown in Fig. 4. The waveform of the transmit pattern is 
given by Eqns. I-a, I-b, and I-c; with time t, measured from the start of 

the pulse. 
f(x) 

-1 -(1.0) +A 
Leading ffär Jdx 
Edge Radiated field strength -J rVxit 
O^t«^ at angular position, u y-l 

(I-a) 

i f (x) 

- +i +i 

Complete x - f r(v\r 
Excitation Radiated field strength -I f(x)t dx 

(I-b) 
IiXClbBblUU --- - i 

T^t^ T at angular position, u '-l 

f(x) 
X __WTIÏÏÏÏ), '(iiiii/iritlllii/iiiiriMWlIKHKtllHMNL 

TraiUng ^ . (I-c) 
Edge Radiated field strength ■ I f(x)£ 
'jV:t<T+7j angular position, u J^yZU. _i 

Fig. 4 Transient Representation of an End-Fed Line Source 

The total transmitted energy is proportional to the time intepal of the 
square of the absolute value of the transmitted field intensity as given 
in Eqn. II (with the assumption that f(x) is symmetric). 

,+1 ^ - .-a-24) 

(C-h) 
¿1 

f(x)eJ(ttx^x^ 
■i1 '-1 

dt (ID 

Antenna reciprocity states that the receive pattern can beobtained by 
retransmitting the transmit wave form of Eqns. I-a, I-b, andl-c. W^en this 
is performed, the waveforms have the following form, as written in Eqn. III. 

o1cT<?tUr"/"tl"ï)/2<4)f(.)6J&lM) (in-) 
^ 4 ^i 

^ ^Ãfís)^^-)^-^ dxdz 

^ y^f(x)f(z)€Ji“(x_z)"6(xi'Z^dxdz (Ill-b) 

2V^t 

44 

dxdz (III-c) 
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Signal Return . 
T^t<T+Xi Waveform identical to Eqn. IH-b 

because of f(x) symmetry 
(IIM) 

T+Tj<t<t+2Tw Wbveform identical to E^n. III-a 
because of f(x) symmetry 

s TZ r.ÄJ TZZ 
the assumption that f(x) is still symmetric). 

where F(x) and F(z) represent 

f(x) = f(x)ell'“-/9x?) I «*)5 fU)£Jlu“/5,2) 

Eqn. II and IV are used in computed calculations. 
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III. Mithenr‘/cal Formulation 

Short Pulse-Fresnel Equation. Transmit Pattern 

Eqn. II is rewritten as Eqa. Il-a for the purpose of interpretation and 
discussion of permissible mathematical simplifications: 

'-1 

Hie first term of Eqn. Il-a is the Fresnel Radiation Pattern, while the 
second term is the complete short pulse correction to the Fresnel Radiation 
Pattern. Ihe second term contains in it, a second order type of correction 
in the form of a short pulse correction to the fresnel correction. Ihis 
second order correction can be neglected for computational simplification, 
.ith the use only of a first order short pulse correction. In other words, 
the simplification can be made that 

2t) 

fj<«x-/3x’)dx 
2 

dt 

-(1- —) 

fWfJuxdx dt 

Ihe validity of the simplification can be checked by the use of graphical 
integration and numerical tables for the fresnel Integral. Graphical 
integration studies have indicated the validity of this assumption for 
values of T >2Tj and ß <V/2 . Farther reasoning indicates that, 
if the second order correction (or the interaction between the short 
pulse and the defocussing effect) was not negligible, then the calculated 
results would indicate an unuseable antenna pattern shape, for side¬ 
looking radar applications. Therefore, Eqn. Il-a can then be simplified 
to a tractable form of Eqn. Il-b 

.+1 

f(x)£J('“75x’>dx 

-(1- 2Î) 
U V 

f(x)£ Juxdx dt (Il-b) 

A computer program using Eqn. Il-b was written using North American 
Aviation’s Recomp II. 
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9iort Palan-Radar Return Pattern 

n>. *»»rd solutioD f(x) to Eqn. IV h.o not been considered beonnse of the 
inherent complexity of the required computer program. In addition, tne 
radar return pattern has no direct application to ground mapping rad*r®* 
Ground aapping targets are extended terrain targets (land, water, and random 
scatterers), and not point targets (large corner reflectors), that are 
asauaed in the radar return pattern. 

however, a restricted solution to Eqn. IV has been optained for the far 
field pattern of a uniforaly illuminated aperture. The result for this 
restricted case is given by Eqn. IV-a: 

sin4u 
u« 

1 . 3in2u cos2u\ . 1_ 
tf U» " ul j 3 

(IV-a) 

Snwcific jperture Distribution. 

Ihe aperture distribution: f(x) = Cq + cos^x t C2 cos x was 

selected for development in Eqn. Il-b. The result is stated here as 
fcp. V, for the particular value of « 0 . 

with 
G(u) 

0(.) 4 ^F(.) 

2(l-coa2.)ff? + TT'IHcoaZu)^ + Zu’ (l-cos2u)^ 

‘ Ué-idf ' W-Tñ 
4 

(V) 

2V sin2ju c . 4(1-00320). c ¿thisí^u-c c 
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and 
F(u) T, Í2«1- . 

F ein?» ,, «1"2u n s10?!1, i sin2u 

l(u*3ií 2(u-%> J 

ein2u , sin2u , sin2u _ - 
X" ífiUnT) l~2U¿T¡ + ~ 2(^-¾ 2(0^21 

2(*+rf 2{vi+Tr)2 2(^-^) 

C082q»1 1-cos2u . 2_ l-cosgu _ cosgujl f i_ 
2(\i-y¿) 2u IT 2u 2(^-1½) T 

C¿ 

tt(u- u(u+%) 
C.C, 

~8ln2u , ain2u _ _i aiO^Ü + 810¾¾. .1 
2n -^2¾ 2(tt-Trj- 

tt(u+r) u(u-7r) 
c„c2 

♦ 

co32u»1 . l-cos2u + 
2iu»^) 2(u+ 7f)__ 

2(u+^)(u+7T) 

2. 1-C032U . ç98?WiL 
ir 2(q-y) 2(u- %) 

2(0-¾)^^) 

C082U+1 l-cqs2u _ _2_ l-cos2u _ cos2utL _ _L 
lU-W?) ~ 2(tt-7r) " 37t 2(u<ftt) 2(u-Vd 21 

f 2(a+‘%)(“-ir) 2(u-^)(u+r) 
0/¾ 

A computer program for computation of the first part, or Fresnel Integral 
of Eqn. Il-b has been written, but the expression will not be given. The 
results of this computer program, with the expression of Eqn. V, permits 
calculation of the Short-Pulse-Fresnel Transmit Pattern. 
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IV. Computer Results 

$10 calculations that are included as enclosures represent applications of 
the derived formulas to a particular assumed antenna example j and the 
vtlues chosen could be considered as typical of the present radar state 
of the art development: 

Antenna Length: 13 ft. at Band (vith excitation time, TTd “ 
0.0166 yisec.) 

Pulse Length: 0.04 and O.lO^sec. for approximated Taylor Weighting 
of Side Lobe Level 2 -28 db, n « 6 

Figs. 5-a and 5-b represent transmitting pattern calculations for conven¬ 
tional aperture distributions of uniform, cosine, and cosine squared 
illumination. It is interesting to compare the pattern results vith 
Figs. 2-21 a, 2-21 b, and 2-21 c of Ref. 3i the cited figures are plots 
of Fraunhofer, and Fresnel Patterns for the same aperture distributions 
of: Dhiform, Cosine, and Cosine Squared aperture illumination. Figs. 5-a 
and 5-b are normalized to zero at u ■ 0, in order to emphasize relative 
values for aide lobe levels} and the change in the pattern gain for a 
given aperture distribution and pulse length is not shown. (Ihe gain 
factor loss can be obtained from this paper.) 

Fig. 6 represents the transmitting pattern for approximated Taylor Weight¬ 
ing (Side Lobe Level - -28 db., IT « 6). The short pulse-far field results 

... ere.plotted for the pulse lengths: 0.04 and 0.10 y-sec., and zero decibel 
power reference is taken at u s 0. The suitability of the approximation is 
indicated by the fact that the first and second null positions of the^approx- 
imated Taylor pattern are identical to the Taylor Far Field Pattern (n s 6, 
-28 db.), and the approximated magnitudes of the first four side lobes are 
close to -28 db. 

Figs. 7-a and 7-b represent transmitting Fresnel pattern calculations 
for a more generalized Taylor Weighting Aperture Distribution: 

Jt UrB/I^F); -l*xsl 

for the side lobe level -28 db. See 2-28 of Ref. 3. The loss in gain due 
to the defocussing effect is shown in Figs. 7-2, and 7-b, The combined 
detrimental effect of short pulses and Fresnel defocussing are indicated 
by a comparison with the short pulse-far field curve. Figs. 7-a and 7-b 
are considered as preliminary information, and they represent the first 
data from the computer program. 

Figs. 9-a and 9-b are discussed in Section V of this paper. 
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V. fnttern Effect on Radar System Perfor_i".<mc& 

System Resolution; Range and Asl-nuth 

The system resolution of a radar is a function of particular radar para- 
meters describing the radar receiver units. 

Zysten range resolution is a function of the pulse durationt I.?, and 
Video Bandwidth, the C.R.T. spot sits, and recording resolution (optics 
and film). The expressions derived in this paper indicate that the 
return radar pulse is changed from the original square pulse length of l 
to a distorted pulse length ot T* *Tj. The primary limitation to 
good system range resolution at the present time is considered to be the 
C.R.T. spot si», and not the pulse length. Range resolution is not 
considered in this paper, although the expressions necessary for plotting 
the shape are derived in this paper. 

System asimuth resolution is a function of the antenna beamwidth, the 
C.R.T. spot si». Therefore, the short pulse study, considering the 
asiiaith effect, has greater application to radar system performance than 
the range resolution effect. 

Graphical Presentation: Effect on Azimuth Resolution 

Short Pulse-fresnel Pattern 
Consideration 

Signal Intensity 
Conventional C.V. 
Pattern Consideration 

Minimum Detectable 
Signal Level 

-u 

K«. 8 - Effect on Azimuth Resolution 

Fig. 8 presents in a qualitative manner the Short-Pulse-fresnel effect on 
asimuth resolution. The conventional antenna design consideration assumes 
that the side lobe intensity level of the radiation pattern will be below 
the ■iTHnium detectable signal level of the radar receiver. Thus, the 
position for azimuth resolvability, pt. A is defined at the threshold level 
of signal detectability. Short Fülse-Fresnel considerations indicate a 
general increase in the side lobe level, with the result that the position 
for azimuth rosolvability is now at pt.A*, according to the above definition 
of angular resolvability. This decrease in angular resolvability is evident 
from the graphical presentation of Fig. 8. 



pape eleven 

lUrthernore, the lobular structure of the conventional C.W. pattern is 
absent in the short pulse pattern, with an accompanying increase in the 
probability of radar target detection. 

fader Pattern! Far Field-Uniform Aperture Excitation 

Figs. 9-a and 9-b are plots of the Radar Pattern for Uniform Excitation 
(see enclosures). Comparison patterns are shown for the Two Way Transmit 
Patterns with 0.04 and 0.10 >usec. pulse lengths. The further deterioration 
of the pattern shape on receive is explained from a brief look at the return 
pulse shape. Although the original square pulse length T , i» distorted 
to a length T+ZTa , there is relatively little return energy in the 
leading and trailing portions of the return waveform. The energy of the 
return signal occurs mostly in the portion associated with complete wave¬ 
guide excitation, with a time duration of T " i therefore, the 
further deterioration on receive seems to be plausible. 

Ground Happing Performance - Elevation Coverage* csc^ 9 cos^_Q 
P 

The cited reference* derives the elevation coverage of the form esc 0 
cosè Q (0, horizontal depression angle) for the condition for uniform 
ground mapping. It is stipulated that the effective azimuth beamwidth 
Aíl(e) is independent of the depression angle of coverage 0. This fact 

can be interpreted as a-statement-that the-desired elevation coverage 
is a function of the effective azimuth beamwidth. The effective azimuth 
beamwidth is a function of the Short Pulse-Fresnel Pattern Effect, so 
that the desirable form of elevation coverage is related to the Short 
Pulse-fresnel Pattern Effect, 

VI. Conclusion 

The techniques for evaluation of the Short Pulsa-Fresnel Effect have been 
indicated in this paper. 

The mathematical formulation for the transmit condition has been given 
for a generalized aperture distribution» f(x) = CP + C, cos^x + 
G, cos TT X . The coefficients Ce , C, , and Cc can be selected from 
knowledge of the values of the first and second side lobe levels of the 
C.V. Far Field Patterns. 

An evaluation of Radar System Performance can be made from a knowledge of 
the requirements of minimum detectable signal, and a knowledge of the 
anticipated dynamic range for radar ground return. 

* Terrain handbook. Report 694-9. Section ?-?, Fob. 1, 
The Ohio State University Research Foundation, Columbus 10, Ohio 
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Fig. 7 Short Pulse 

u - 

Fresnel 

Antenna Parameter 

Patterns for Approximated Taylor Weighting 
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Fig. 9 Radar Pattern - Short Poise Effect for Uniform Excitation 
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STATISTICAL DESIGN (V 

SPACE TAPERED ARRAYS 
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Electronics Research Laboratory 

and 

R. F. Kolar - RCA Moorestovn Missile 

and Surface Radar Division 



Statistical Design of 

Space Tapered Arrays 

8» J. Babinowits and R. F. Kolar 

Fbased arrays are generally accepted as having nany advantages, particularly 

«here high resolution or aulti-bean requireMoU uke nore conventional antennas 

iapractical. However, obtaining low side lobes can be a problew with phased arrays* 

The discontinuity at the edge of a unifomly illwinated aperture results in 

»desirably high sidelobes* In reflector type antennas, the prlnary patterns 

can be shaped to lower the sidelobes by reducing the edge illuaination. In 

an array, the effect can be obtained by attenuating the currents in the 

elanenta near the edge* 

This solution is inefficient since power is wasted when separate nodules 

are used for each elenent* i more desirable way to taper the current density 

is by elements near the aperture edges and fully driving those 

regaining* This process is known as space tapering, since it approxinates a 

continuous tapered illueination function by a discrete distribution of unifomly 

elements, closely spaced near the center of the array and wore 

widely separated near the edges* 

Design Method 

The space tapering procedure described here results in an approximation 

of a known low sidelobe amplitude tapered "design array"• Other solutions to 

the problem, are available, * but the method described here can be programmed 

for a computer which automatically furnishes designs having predictable 

characteristics* 

It is necessary that no periodicities exist in the illumination function 

since they would cause high sidelobes* This suggests the use of a random process* 
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* 

OoBrttor . «MT. IttUc. oontalM«* H I « «K-at K«« ». 

gepmtlon, jt t has been «UbUiad tj grattas K*» cowldmUoM. Th. 

coanttiutM for . circular array ara ahmm la Up» l* ™ I»"u,u o1*^ 

(.,n) ar. at the utterMcUon of lia., of . »o» jrW. InofhUr 

aro not oooMml her. rtnca t»y *mld o-pUo.». th. calcclatloo 

of autual Ib podancc effects* 

Let the excitation of the *»nth element be liiere 

*n,n • 1 probability PB>n 

- 0 with probability • 1 - PB,n ^ 

That is» the «citation of each element is a random ▼ariabie itiich can hare the 

value of 1 when the element is present in the array or aero Wien it is deleted. 

Only one element can reside at any of the lattice points* This constraint on 

element position is necessary if identical element modules are to be used* 

The far field power pattern is found by multiplying the field intensity 

by its conjugate 

r- r- j [(m-r) u+ (n-s) t] 

F(0,fD • L L L LVn *>,» • 
* n r s (2) 

where u ■ |sin 0 cos $ - sin Qq cob 

▼ ■ £sin sin 0 - sin 0o sin 

and 00 and are the angular coordinates of the main beam* 
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Since the 1- n tr« rand* ▼arlables, the expected value FTOT of 
Wf B! 

F(»,|<) i. gl«n bj _ J [(«)»» (im) »] 

TOTT ï I I • 
• n r e ' 

(3) 

If all the Ajgj are independent rand» variablea, then 

A*,n Ar,e - ApJ (1 - íe,r 

♦ A2«,n l** ¿ M» 
IW 

wher* is Aron#ctor ^ 

iy • 1 if i - J 

/i^ - 0 if i / J 

Quation U) says that the expected value of the product i« to 

the product of the expected values of A« and ^ separately unless s - r and 

n - s, i.e., unless the tuo A's refer to the saae elaaent in the arrsy. If ■ - r 

2 
and n ■ s» then m k ^ 

Fron equation ly it follows that 

mn 

rrs 

A? nm?m (5) Dyn 

The substitution of Equation (5) into (U) yields, after terns are conbined, 

\»,nAr,8 ^myn^fjO ^in,n %iyn Sniyr jn,s 
(6) 

The substitution of Equation (6) into (3) yields 

_ \sr v' 3 (mu + rw) 2 r1 r* 
(7) 

« 



Equation (7) is the oasis for the statistical design of a space tapered 

array and is interpreted as follows: 
j (nu + mr) ‘ 

.Han e The tena ir i 
• m n 

is recognized as the pattern of a 

fully occupied amplitude tapered array where the excitation coefficients are 

equal to the P_ „ i.e.. wnere the excitation coefficient of the **0 element 
* HjH * 

th 
of the amplitude tapered array is e(jual to the probaoility that the *#n elaaent 

of the space tapered array is present. The second tena in Eq. (7) is the average 

sideldbe level due to space tapering and is independent of angle* If now the 

P are nade proportional to the amplitudes of an amplitude tapered distribution 
m,n 

which produces a pattern naving negligible siclelobesj it follows that F (0*^ 

is a pattern which has a main lob*.' iilcntical to that of the amplitude tapered 

array plus equal sidelobes in all directions* This does not mean that any partie- 

ular antenna designed in this manner will have constant sidelobes since random 

fluctuation will occur* Hoæver, in a large array, it has been found that the 

probability of any sidclobe peak exceeding the average sidelobe by more than 

7 db is extremely small. 

The design of the array is accomplished as follows: A random mnber is 

generated for each matrix point. The random numbers are compared with the 

which are proportional to Wie amplitude of a known low sidelobe amplitude tapered 

distribution at the same point. If and only if the random nmber is equal to or 

less than P is an element located at m,n. In this way, the probability that 
m,n 

an element exists at a given location is equal to the amplitude of a low sidelobe 

amplitude tapered distribution* 

The design array must have sidelobes below the required level since as is 

shown by equation 7, the space tapering process will raise them. 



In ary array designed in this manner» some deviation from the average 

values can be expected, but if the array is large, statistical regularity wUl 

insure that the deviations will be small» In any event, if a particular design 

exhibits characteristics markedly at variance with the expected values, that 

design can be discarded and a new one made by generating another set of random 

numbers and comparing them with the desired excitation ooeff icients* This 

prefecture can be repeated as often as necessary until an average design is 

achieved. A large array will require fewer trial designs than a «all one# 

An indication of the quality of a design is given by the nuaber of elements 

in the array# One having very nearly the expected nuaber will have characteristics 

closely approximating those predicted# 

Number of Elements 

The average nuaber of elements to be expected from many designs is equal to 

the average valus of the selected excitation function times the total nimber of 

element locations. The mean illuaination for the continuous amplitude tapered 

where T is the normalized radius and Ir is the amplitude of the design illimination 

function at a distance r from thf; center of the array. 

The expected value of the total nimber of elements in the space tapered array is 

then 

where Nr is tne nunber of elements on a radius. 

(9) 



Gain 

The array gain of the continuous circular amplitude tapered array can be 

.2 
calculated fron 

AT 
»r'Tri J Urdr 1 

/ I,2 r d r O») 

For a space tapered array, the elements are all fully driven so its 

efficiency is 100$ and the array gain is sinply equal to the total nwbers of 

elements«^ 

°SI • “at lU) 

Sidelobes 

The tern in equation 7 which gives the sidelobe level due to ^eoe tapering 

is rot a function of angle. The sidelobe energy is equally distributed in all 

directions including that of the main lobe. The average sidelobe level, relative 

to the main lobe, and subject to the condition that the sidelobes of the «plltude 

tapered array are negligible, is 

--1 Sidelobe H)wer ♦ haln lobe power 
SL ■ 

Sidelohe Power 

( Z E p m,n )2 
v n n 

TT P m,n qm,n 

♦ 1 

(12) 

U3) 

3 
which alter substituting gain equations for arrays of discrete elements becomes 

Qar 
SL (db) » -ll) log 

1 - fST 

}AI 

(Ul) 

where Q is the gain of the fully occupied amplitude tapored design array. 
JvX 



DLacuagjpn 

Equations have been developed Which can be used for predicting the cher» 

aeterlstics of space tapered arrays after a design array function has been 

just as in amplitude tapered arrays, the sajor factor controlling 

gain and beaswidth is the array size« As a designer strives for reduced side- 

lobes, it is inevitable that the beamwidth sill be increased. The tapering 

function eorthy of prinary consideration is the Taylor taper vhich yields 

the optimal conpronise between beamvddth and side lobe level, Illuainations 

having peak sidelobes of -If) db, sitisfy the requirement that the sidelobe levai 

of the design array be negligible for most applications, A mall mount of 

control over the gain and beaanddth is available by changing the value of n 

in Taylor* s equations, • High values of n produce high gain and low beawldth. 

Equation y shows that the expected nuaber of elements in an array of a 

gpaMfioH diameter is proportional to the average value of the illumination of 

the design array. For a -10 db Taylor taper, this value will vary between O.jyl* 

and O.U35 so that available control over the nuxUnm array gain for a specified 

aperture size is email. If slightly increased sidelobes can be tolerated, values 

of Iw - 0,50 can be realized from -35 db taper. 

The average excitations for all low sidelobe amplitude tapers are lower 

than their efficiencies so although the space tapered antenna has 100$ efficiency, 

its gain is still below that of the amplitude tapered array. This in no way 

limits the gain which can be achieved by space tapering since the gain of the 

design array can be made as large as desired by increasing the size of the array. 

Any low sidelobe level amplitude distrioution can be used to achieve any 

given space taper antenna gain. Nevertheless, it is advantageous to use a high 

efficiency amplitude taper since this will lead to a space taper design with the 

lowest average sidelobe level for a fixed gain. 
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Kxanple 

As an example an array based on a -¿JJ db circular taper with E " 10 was 

designed according to the method described above* A graphical presentation of 

the expected values of gain, beamwidth, and sidelobe level for arrays baaed on 

this function is show in Figure 2« 

An aperture having a radius of b2 elements separated 0*57 A t*8 selected* 

The array diameter is 70*60 \ * The expected value of the be ■width, ß % \a 

found from the curve at a value of 2a/A ■ 70*60, The result is 1*03 degress* 

The expected gain and rms sidelobe level depend upon the mmber of elements and 

not on their separation* (Mutual effects are neglected here)* The curve at 

Nu ■ 62 gives an expected gain value of 37 db and an ms sidelobe level of -10*6 db* 

Adding 7 db to the expected nos sidelobe level results in expected peak sideldbes ^ 

of -33 db. 

The resulting array has liWl elements or a gain of 36*96 db* The beamwidth 

and sidelobe level of the computed patterns show in Figure 3 agree vci^ well 

with the expected values* 

The equivalent amplitude tapered array would have a gain of 3y*b dbbut 

would require 12076 driven elements with some means provided to reduce the 

current in most of them. 

Conclusions 

A method has been described for designing arrays with low sidelobes with¬ 

out resorting to attenuating the current in some elements* This is a^wpHahed 

by using fewer elements near the edge of the array then near its center* The 

elements are located by a pseudo-random method to prevent the occur anee of any 
♦ 

periodicities which would result in high sidelobes. The design is based on a 



knom low Bidelob« aplltude Upored distribution and a digital oo^wfcar is 

used to locate the elenenta. ^be gain, benwldth, and aldalobe WnL of the 

space tapered array can be reliably predicted for larga arraya» An ezaaple 

of an array baring all. aidelobea below -30 db with a gain of 3b»99 db and a 

beaawldth of about 1° is giren» 

'—rnmrnimmmmmMmwamm 
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Westinghouse (S)— 

DUBODUcnow 

Th« design procedure for shaped reflector mpplng antennas offers 

nisnrous opportunities for application of the digital conputer to signlfi* 

cantly reduce design tine and effort, A group of computer programs which 

were written to aid in the design of line source fed, singly curved reflec¬ 

tor ("shaped-beam") antennas will be outlined. Results from these prograss 

have been verified experimentally both in laboratory model and production 

antenna designs. Although the computer programs were originally intended 

for application to a specific class of antennas, many of them are suffici¬ 

ently general to apply to a variety of designs. 

In establishing the design of a singly curved cylindrical reflector 

antenna, two essentially independent design areas are investigated. The 

first of these is the determination of the reflector contour and primary 

radiator parameters required to give a specific vertical plane secondary 

radiation pattern. The second is the determination of the proper line 

source feed dimensions to produce the required narrow-beam horizontal 

plane secondary pattern. 

REFUWTQR CONTOUR COMPUTATION PROGRAMS 

The reflector contour required to produce the specified vertical 

plftry, radiation pattern is determined by geometric optics techniques, The 

method of calculating the contour of a singly curved reflector (and the 

closely related problem of the doubly curved reflector) is adequately pre- 

1 
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seated iu the literature ' and will consequently only be avenarized. 

If the prinary radiation pattern (in units of power ratio) is speci¬ 

fied by I (0) and the secondary radiation pattern is specified by 0 (0)> the 

energy in any incident wedge of the priaary pattern is proportional to the 

energy in the corresponding wedge of the secondary pattern by principles of 

energy conservation, or; 

K I (0) d0 ■ G (9) d0 (1) 

Since all of the prinary pattern energy intercepted by the reflector 

appears in the secondary pattern, the proportionality constant K nay be 
% 

evalmted by solving equation (l) over the appropriate limits. Once the 

constant has been evaluated for given prinary and secondary patterns, the 

relationship between the prinary pattern angle 0 and the secondary pattern 

angle 0 is determined from equation (l). 

The differential equation of the reflector contour (derived from 

the law of optical reflection) is: 
» 

-^j£- - tan ^ djí (2) 

in which p, 0 are the polar coordinates of the reflector as shown in Figure 

1. Equation (2) nay be solved for the coordinates of points on the reflec¬ 

tor contour when values of 0 as a function of 0 are known from equation (l). 

“ S. Silver, Microwave Antenna Theory and Design, McGraw-Hill, New York 
1949, PP. 497-^Õlmd 502-^08. 

2. A.S. Dunbar, "Calculations of Doubly Curved Reflectors for Shaped Beams", 
Proc. I.R.E., Vol. 36, pp. I289-I296, October, 1948. 

2 
AIR ARM DIVISION 



■Westinghouse (§)— 

For purposes of calculation, » prinftry illumination distribution 

X (¢) ■ cos® (0 - 0O) 0p 5 0 5 ^s 

X (0) - 0 elsewhere , 

and a secondary radiation pattern 

G (0) OC esc2 0 ®p 5 0 5 0s 

G (0) « 0 elsewhere 

are assumed. 

Inputs to the reflector contour computer progre» »re the primary 

Illumination dletrlhutlon, the specified idealised secondary radiation 

pattern, the feed normalisation angle 0O, the dimension from the feed to 

a reference point on the reflector surface P8, end the desired increment 

for calculating the reflector coordinates^. Outputs from the program are 

the polar coordinates of points on the reflector eurface and their corres¬ 

ponding cartesian coordinates, »chine time for a typical case of 100 

points on the reflector contour le roughly 1/10 second for the UK TOO 

computer. 

Typical shaped reflectors for mapping antennas are parabolic over 

a considerable portion of their contour, and in general this parabolic 

region is less sensitive to small changes in dimensions than the "shaped” 

portion of the reflector. Consequently, the computer program starts in 

the "shaped" portion of the reflector and works toward the parabolic portion 

to allow any cumulative errors to accumulate in the parabolic region where 

they will have less effect on the secondary radiation pattern. 

3 
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The reflector contour calculated in this manner is of course subject 
4 

to the "infinite frequency" approximation of ray theory, and the specified 

idealized secondary pattern can only be approached for a finite aperture, 

nie effects of polarization and the diffraction effects of pattern ripple 

and secondary lobes for a given reflector contour and primary radiator com¬ 

bination must be investigated analytically by physical optics techniques. 

A pattem regeneration program based on approximate physical optics 

techniques, using as its inputs the optics reflector contour, the 

polarization, and the wavelength, is employed to calculate the secondary 

radletion pattern which would be produced by the given reflector and feed 

combination. The secondary radiation pattern may be determined from the 

surfhce-current distribution Induced on the reflector by the field of the 

primary radiator, niese techniques are also presented in detail in the 

q 4 
literature and will therefore be summarized briefly 

The ihr field radiation pattern of a line source fed cylindrical 

reflector (as shown in Figure 2) in the vertical plane, E (©) is given by 

E (©) ® Const. 

0 

for horizontal polarization, and by 

S. Silver, op. cit. pp. 144-145 and pp. 500-502 (note typographical error 
in equations (15) and (16) page 501). 

4. L. Thourel, The Antenna, John Wiley and Sons, New York i960, pp. 209-212. 4 

4 
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E (@) ■ Conßt, r P1/2 F (0) [ cos (0-@)+ sin (0 -0) wLN 

-Jkp [l + cos (0-0)]| Í1») 

for vertical polarization (assuming that the reflector is in the cylindrical 

wave region of the line source feed ). 

In these equations, ß, 0 are the coordinates of the reflector, F (0) 

is the vertical plane primary field distribution, ¿±_ is the angle between 

and the noimal to the reflector surface, and0is the secondary pattern angle. 
i 

The secondary pattern egressions differ for the-two polarizations because 

the horizontally polarized vector is parallel to the generatrix of the shaped 

reflector; whereas the vertically polarized vector is perpendicular to the 

generatrix of the shaped reflector and its reflection characteristics are 

modified from the simple geometric optics condition. 

Ordinarily, the pof equations (3) and (4) - or more correctly p(0) - 

is not presented in functional form since the reflector contour is calculated 

only at specific points. Por this reason the integrals must be evaluated 

numerically. 

The integrals of equations (3) and (4) are in vector form and nay be 

solved approximately by vector summation of their components at a large number 

of points over the entire reflector surface. The summation process must be 

repeated for every angle (0q) at which the secondary radiation pattern is to 

be calculated. For accuracy, the primary pattern increment A0 must be small 

so that a large number of points on the reflector surface are summed. 

e)qp 
•{ 

5 
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The pattern regeneration program is combined with the geometric optics * 
4 

reflector contour program to avoid having a large number of points on the 

reflector surface to be read into the computer as inputs. Inputs, in addition 

to those of the contour calculation program, are wavelength and the desired 

range and increment of the secondary pattern angle ©. Machine time for the 

pattern regeneration program is approximately 5 minutes for the IBM TOSO for 

a typical horizontal polarization case and slightly longer for vertical polari¬ 

zation . 

The regeneration program is of course subject to the limitations 

imposed by the approximations involved in its derivation. The effects of 

diffraction at the edges of the reflector, back radiation from the primary 

radiator, and aperture blocking by the primary radiator structure have been 
4 

neglected. 

The pattern regeneration program is of definite value in enabling a 

shaped reflector antenna design to be thoroughly evaluated to assure compli¬ 

ance with pattern requirements before any experimental models need be con¬ 

structed and tested. The program may also be used with minor modifications 

to investigate the effect on the secondary pattern of dimensional errors 

in the reflector contour, 

LINE SOURCE FEED COMPUTATION PROGRAMS 

The second area for using the digital computer in the design of 
i 

shaped reflector mapping antennas is the design of the line source feed. A 

slotted waveguide one-dimensional array is customarily employed as a feed 

for a cylindrical reflector antenna, A non-resonant array having a sped- ♦ 

fled illumination distribution (for example; Taylor, or uniform) is assumed. 

6 
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♦ 
Since waveguide losses are significant for long X and K land arrays, these 

losses must be included in calculating the slot coupling coefficients, 

A general series expression for the slot coupling coefficients (de¬ 

fined as the ratio of power radiated by an element to the power passed on 
5 

to succeeding elements) has been derived by extending an analysis by Norwood . 

The expression for the coupling coefficient for the element is: 

-2(K-l)aL 

[.-2<"-1)aL - pJ cK 

£ Cs ^<"-S)oL . [,' 2(N-l)oL 

Sxl 

(5) 

-2(KrS)dL 
CS * 

in which: N ■ the number of elements 

C a the power distribution coefficients 
K 

a > waveguide attenuation in nepers per unit length 

L ■ the element spacing (assumed to be uniform) 

p . the power to the termination expressed as a fraction 
T of the input power. 

For the practical case of an array with a relatively Urge number of 

shunt elements which are individually resonant and loosely coupled to the 

feeding waveguide, the coupling coefficients are numerically equivalent to 

the normalized shunt conductance. 

5. V .T. Norwood, "Note on a Method for CalcuUting Coupling Coefficients 

of Elements in Antenna Arrays", I.H.E. Trans. A.P., Vol, AP-3, PP• ^3' 

214, October, 1955* 

♦ 
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The required slot dimensions are determined directly from the cal- * 
,, * 

culated values of conductance either analytically or by utilising measured 

data relating conductance and pertinent slot dimensions obtained from groups 

of identical slots. The latter method offers the advantage of taking into 

account the effects of mutual coupling. 

These operations are combined in a single computer program which 

calculates the required edge slot dimensions for a given number of elements 

with a given IHurainatlcn distribution. Machine time for this program which 

includes a "plug in" program for calculating the Taylor coefficients, is 

approximately O.O3 second per element with the IBM 7090. 

The slot dimension program has also been modified by the Incorpora¬ 

tion of the transmission line equations to enable the input S.VJ1. as a 

function of frequency of the line source feed to be calculated. 

Finally, the computer has been utilized extensively to determine 

the deleterious effects of reflector bending as a function of weight or G 

loading upon the horizontal plane radiation pattern for the case of a typical 

two point mounting structure. The reflector (or array) is assumed to be a 

uniform beam with known cross-sectional moment of inertia and Young's modulus. 

Its deflections from a perfectly flat condition are determined as a function 

of its weight and the pressure loading applied at its ends and center. The 

deflections are converted to variations from uniform phase and are used in 

calculating the far-field radiation pattern. Machine time for this program 

is typically 1/4 second per element for the IBM 709O computer. 

♦ 
V 
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The computer programs outlined have been utilised extensively in 

the design of a number of lov-ripple airborne mapping antennas including 

a dial altitude design employing dual feed structures with a common reflec 

tor. Measured results show extremely good agreement with the computed 

results. 

9 
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Figure 2 

Geometry of Singly Curved Reflector and Line Source Feed for Pattern Regeneration 
Program 

AIR ARM DIVISION - 

11 



Tin APPLICATION OP NON-LINEAS PROGSAMMINO 

TO PATTERN 81NTHE8IS PROBLOB 

Rlohtrd A. Niohtlaoa 

Jmms W. Sehoatr 

THE BOEING CONPANT 

Trauport Ditrialoa 

TMhnolofj StetioB 

« 
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INTRODUCTION 

A designer of antenne arraya ia presented with an increasing nimber of 

synthesis problems today for whioh there are no well developed methods of 

solution. Equal-spaced linear arrays present few problems, but the réalisa* 

tics that many patterns from theae arrays can be approximated quite closely 

by using a fewer number of unequally spaced elements has created a considerable 

interest in unequal-spaced arrays* A significant reduction in the number of 

elements in a very long array is attractive from the économie point-of-view, 

but there are eleotrical advantages as well. The bandwidth-steerability 

product of unequal spaced arrays can be inoreaaed significantly over that 

of equal-apaeed arrays.^ Side lobe suppression ia also possible by spacing 

the elements unequally.^ Synthesis techniques for the design of unequal 

spaced arrays however, are in their early stages of development^, and the 

array designer who intends to use an unequal-spaced array, for whatever purpose, 

must approach his design by what amounts to a "cut-and-try" process. 

Similar problems are encountered in the design of non-linear arrays. Only 

in very apeeial oases can the patterns for non-linear arrays be synthesised 

with presently available techniques. The increasing interest in siting very 

long arrays over uneven ground contours, with appropriate phase correotion 

of the elements, presents an extremely complicated problem of pattern 

synthesis. 

The theoretical solutions to these problems will undoubtedly take many 

years, but methods of synthesis can be developed whioh effectively bypass 

some of the complex theoretical questions and provide quite useful techniques 

for the design of these arrays. 

1- 



Tht ttohniqu« dtacribed in this report considera pattern synthesis 

siaply as a curve fitting problea, in which the dealred pattern and the pattern ^ # 

obtained froa the pattern function for the array are the two curvea. The 

problea then la to find a set of values for the variables in the pattern 

function which provides a pattern that la a "good" fit to the desired pattern. 

A non-linear prograaning technique is eaployed to fit the two curves, 

using an IBM 7090 digital coaputer. There »re three seta of variablea 

within the pattern function that can be used for fitting} the aaplitudes and 

phases of excitation, and the eleaent positions. The constants in the problea 

are the curve along which the eleaenta are dispersed, and the nuaber of elements. 

There are two problems here that need mentioning. For an equal spaced 

linear array of isotropic sources, Dolph and Riblet have ascertained the 

optiaua pattern. But, in aost instances, it ia not known what the optlaum 

pattern is for given array, nor what the optiaua array la for a specified 

pattern. Since Jboth the desired pattern and the pattern function for the 

array must be known before the curve-fitting technique can be applied, there 

is no assurance that either an optiaua pattern has been synthesised for a 

given array or that the siaplest array has been selected to produce the 

desired pattern. A discussion of a program modification that aay circumvent 

thia difficulty is contained later in this report. 

The following sections contain a formulation of the array pattern 

function, a discussion of the non-linear programming technique, and several 

examples of synthesis for a variety of arrays. 

4 
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* 
* 

FORMULATION OF THE PATFERN FUNCTION 

Coasidtr an •qucl'ipactd array of 2N^1 alaaanta locatad along tha arc 

of • eturo to oho« io Plgoro 1. If tho olwooto tro n«boro4 fro. -» to » fro. 

loft to right oo4 fod »1th ooofloi ourrtntt I , (p • -«,.•.)*)> thot tho 

apaoa factor for tha array la Riraa by, 

p(4) „(♦)ip «P 0 %(♦» 
(l) 

«hora 

f/4) • Mp(4) 

and 

• 

Tha fuaotloa, 'f (♦), ia tha phaaa dlffaranoa batwaan tha radiationa froa tha 

p-th alaaant and alaaant 0, that la dua to tha poaitlon of alaaant p In tha 

array* 

It can ba ahown by alaaantary trigonoaatry thati 

dp(#) - Xp ain ♦ ♦ Ip coa ♦ 

Tha function, fp(*), la tha alaaant factor of tha p-th aourea. Sinca tha 

alaaanta In ganaral ara arrayad on an arc of a curra rathar than along a atralght 

lina, uaually 

',(♦> ^ Vi(W • 

Tha ranainlng aactiona of thia report oonaldar only aynnatrio aWaya* Tha 

aynthoaia technique to ba deacribtd however, la.juat aa applicable to non-aymetrio 

oonfigurationa. Thia condition waa iapoaed only to take adrantage of the 
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resulting sinplifieationa in the methematioal expressions that foliou* 

Under conditions of aymetry then, it ia assumed that, 
» 

4 
l_p • Ip for p ■ 0,1,2,,,.,N , 

and further that 

f ■ tJ-V for p • 0,1,2,...,g . 
“P P 

The curre along which the elements are dispersed enters the pattern 

function in the expression for d^O)). Por linear arrays this beoomss, 

d (♦) - X. sin 4 . 
P P 

If the array is along a curre whose graph is 

T - f(X) 

then the expression for dp(4) is giren by 

d (4) ■ X sin 4 ♦ f(X ) cos 4 • 
P P P 

If I0 is taken as rsference (i.e., I > 1 + jo), then Equation (1) can bs 

rewritten asi 

«♦) ■ ipCv*1 “p(3 VW) * V*’ “p(i p*i 

é 
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Ill 

THE rUNCTIONINS OF THE NON-LINEAR FROORAN 

Tht application of non-llnoar prograaalng to pattorn aynthoalo vaa based on 

the proposition that, if the area of the région bounded by the graphs of two 

continuous functions of | and the lines t ■ + b la aero, then the two 

funotiens eoinolde on the interval -6 < t < 6 • 

The three seta of variables in equation (3) that oan be used to synthesise 

a pattern are the aagnitudea and phases of the ourrents 1^ , and the X^'e • 

Lotting 

je_ 
Ip • ape ^ p - 1,2,...N 

define 

«♦ 

reaeabering that! 

•-P-V 

0 - O i 
-P P 7 

“d x « ■ -X« • “P P 

Equation (3) oan now be rewritten es 

KM) ■ f0($) + 21 Äp •«PWpíf ípí^wpíJbíXp sin 4 ♦ f(Xp)oos ♦)) 

♦ f_p($) oxp(JP(-Xp sin ♦ ♦ f(-Xp) ooo ♦)) (*») 

The area of the region under disouaaion then, is expressed by, 
6 

A(f) - \ ||r(M>l - la(t)l|dt 

-6 

(5) 
4 

% 
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This expression is referred to ss the "objective function"of the non-linear 

progran and is illustrated in Figure 2. The graph of |Q(<))| is the desired 

pattern over the interval -6 < $ < 6 and the graph of 17((),3)1 is the 

pattern obtained from the set of a 'a, 0 'a and X 's corresponding to B • 
P P P 

Clearly k(t) Is the area between these two graphs on this interval. Now if 

there exista "3 such that A(3) ■ 0 (and if this 3 can be found) then the 

synthesis of |0(<))| has been aoeonplished. 

The real problen, of course, is to find a set of variables such that this 

integral will be aero. If a technique could be found whereby, fron sons 

starting set of variables corresponding to , a second set corresponding to 

32 could be selected, such thst AÛ^) < A(3^), then by successively employing 

this technique to select additional sets of variables corresponding to 3^ , 

the values of the integral A(B^) could be made to converge on the value b > 0. 

If b > 0 , then a 3^ was not found such that the pattern of the space 

factor corresponding to the variables determined by 3^ is |Q«))| • But this 

does not mean that a "good" approximation to |Q(())| cannot be attained. If b 

ia "small" and evenly dispersed over the interval [-6,6), then the approximation 

would be "good". 

If A is not a convex* function, then two different initial B^s nay lead 

to two different final values for b , or two different final B*a with the same 

value of b . Future effort will be directed toward determining a set of 

conditions on A to insure its convexity* 

Q. Zoutendijk** devised a non-linear programming technique for minimising 

functions of n variables that utilises the method of "steepest descent". 

*A function A on a region R is convex on R if for each B^, B2 in R and for 
all non-negative X and >«. such that X ■ 1 it follows that 
A(XB1 ♦ ^Bg) > XA(B1 ♦ ^uAÍBg). 

••The general method was sketched by Q. Zoutendijk, "Maximising a Function in a 
Convex Region", Journal of Royal Statistical So., Ser. B., Vol. 21, (1959), The 
method, a variant of the method of steepest ascent, was expanded by A. Bhatia 
and B. Foster, "An Application of the Method of Feasible Directions to the Non- 
Linear Maximisation Problem with Non-Linear Constraints", The Boeing Comoanv 
Document D6-7133, (1961). «8 P 7. 

* 
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A program based on this technique was written for an IBM 7090 computer and was 

employed for a solution to the pattern synthesis problem. The program is in the form 

of a "walk" in the direction of steepest descent which ia determined by the 
«* 

gradient vector ol A(t) . From a starting set of variables corresponding to B1 . 

the partial derivatives of A(Rj) are evaluated with reapect to its 3N real 

variables. If some of the variables in Î are held as constants, then 

the partial derivatives of A(3) with reapect to these are aero. The gradient 

vector of A(B) is determined by these partiale and the first "step" in the 

walk is taken in the direction of this vector. Successive etepa are taken in 

the same fashion until the difference of the value of A after two successive 

steps is less than some preassigned number c • 

The above process could be described simply as "curve-fitting where the 

measure of fit is given by the objective function, equ tion (9), which is Just 

the area between the two curves. 

The functioning of the program was evaluated by synthesiaing an optimum 

Tthebycheff pattern for a linear array of seven equi-spaced isotropic sources 

with I spacing. In this case, 

r(4ft) - f(4)[ 1 ♦ 2 II «P MP(J«p)«oa(ß xp sin ♦)] 

where f(¢) ■ 1 • 

The pattern to be synthesised is given by 

a«}) ■ t6(z0 cos(^-|iE-í)) 

where Z « 1.127 for -20 db side lobes and d ■ | . 
o 

The array excitation was held uniform in phase and only the amplitudes 

were allowed to vary. In this way, a comparison could be made between the 

amplitudes of excitation synthesized by the non-linear program package and those 

synthesized by the more conventional technique of Dolph. 

9- 



Th# initial & for thia run, d#not#d bj "5^ (rameaberlng that all 

•l#a#nt variablea ar# noraalistd to the center eleaent) waa 

^ - (2,3,4,0,0,0,.5,1.0,1.5) 

At the end of the 24th step, the improeeaent in the objective function 

value waa leaa than 0,10 per cent which terainatea the walk. 

The ejntheaiaed ? , 

?25 • (.915075, .694234, .544039, 0,0,0,.5,1.0,1.5) 

A coaparieon of the excitations contained in and the excitation 

synthesised by using the aethod of Dolph is shown bslovt 

Eleaent No. 

0 

1 

2 

3 

AMPLITUDE OF EXCITATION 

Pfograa Synthesis 

1.000000 

0.915705 

0.694234 

0.544039 

Dolph Synthesis 

1.000000 

0.915708 

0.694235 

0.544041 

4 

á 

For array design purposes, the two sets of exoitations are identical. 

The patterns obtained fron the starting and final excitations are shown in 

Figure 3 together with a few of the patterns obtained fron interaediate exoitations. 

A listing of the excitations produôlng the patterns shown in Figure 3 1* 

given below, together with the objective function values. To pendt eoaparlsons, 

the total area under |Q(t)| is 2.810922. 

4 
4 
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k 

1 

2 

10 

12 

Ik 

2k 

V 
2.000000 

3.000000 

4.000000 

1.525813 

1.534016 

0.564319 

1.283195 

1.007229 

0.559094 

1.156021 

O.816606 

O.512072 

0.980544 

O.730156 

O.534363 

O.915705 

0.694234 

0.544039 

A(Bk> 

.231537 

O.I8317617 

0.10522996 

0.10011706 

O.03308II9 

0.11737032 « 10'5 

Th« ability of th« non-linear progran paokaga to aynthaaiaa an array 

pattern with thin degree of precision was eery encouraging, and it was 

decided to try to synthesize this sane 20 db pattern with other linear 

arrays and oonbinatlons of variablen. 

-12- 



IV 

SYNTHESIS OF LINEAR ARRAY PATTERNS 

A* Seyn-Elcwnt Array of Unequal Spaced laotropic Source« 

When arrays are designed for the purpose of obtaining pattern gain only, 

an optimum pattern in The Tchekycheff sense is not required and a uniform 

excitation can be employed. The -13.5<lb sidelobe level of a uniform 

array, however, is objectionable for some applications. The sidelobe 

levels can be reduced by tapering the amplitude of excitation, but this 

also broadens the main-beam and adds considerably to the complexity of 

the array feed system. 

It would be desirsble to be able to reduce the sidelobe levels of uniform 

arrays without appreciably affecting the main-beam. Harrington devised 

a perturbational procedure for doing this that employs unequal element 

spacing. 

It was felt that the non-linear program could be utilized for this type 

of problem by simply holding the amplitudes and phases of excitation 

constant, and varying only the element positions. The seven element srray 

of isotropic sources was used for this exercise. 

It was decided to use the 20 db T¿ pattern for |a«))| rather than 

Harrington's modified sin u/u. It is true that the main-beam of the Tg 

pattern is broader than that obtained from a uniform array, but the 

consequent reduction in gain is only about 0.2 db. 

The array was assigned a uniform excitation in both amplitude and phase 

and these were held constant while the inter-element spacing was allowed 

-13- 



to Tory fro« an initial valúa of ona-half warn langth. Tha pattarna 

obtainad fro« tha initial and final alanant poaitiona ara ahovn in Fifura 

4* All of tha aidalobaa in tha final pattarn ara balo« -l6 db. Thia laval 

was obtainablat howavar, at tha axpanaa of ao«a baa« broadaning. 

Tha aynthaaisad alaaant poaitiona, «aaaurad fro« tha cantar alaaant, arai 

Ela«ant Wo. Foaltion (wava langth) 

1 0.382176 

2 0.827978 

3 1.391014 

In thaaa poaitiona tha intar-alanant apaeing of tha firat two alananta 

is laaa than ona-half wava langth (.38 and .45 wava langtha raapaotivaly). 

Thia ia undaairabla baeauaa of tha autual affaota a«ong actual array 

•la«anta which conspira to ineraaaa tha problaaa of axcitation and raduoa 

tha oparating bandwidth of tha array. It waa thought that auitabla 

constraint« on alanant position can ba insartad in tha progran to pravant 

tha intar-alanant spacing fro« baooning too snail, but attanpta to do 

thia ao far have intarfarad with tha aynthaais procadura. 

B. Fiva-B.a«ant Array of laotropic Sourcaa 

It was of intarast to datarnina how good an approxination to tha 20 db T¿ 

pattarn could ba obtainad, using lass than aavan alananta, and an attanpt 

was nada to aynthaaiaa this pattarn using fiva isotropic soureas with 

various sots of variablas. Tha first progran was run with a uniforn 

axcitation held constant and varying only the alanant poaition. Tha 

aaeond progran waa run with fiva equal-spaced alananta, (having an intar- 

alanant spacing of .73 wave lengths) varying tha anplituda only with 

uniforn phase. And tha third progran was run varying both anplituda 

-14- 
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and alanent position with uniform phase. The patterns for the finsl 

values of the variables are shown in Figure 5 end the variables are 

given below. 

Program No. Element Position 

1 0.566149 
1.243376 

2 element position 
held constant 

3 0.707374 
1.409077 

e 

Amplitude of Excitation * 

amplitude held constant 

.878209 

.546137 

0.834876 
O.533945 

The additional pattern control afforded bj varying inter-element spacing 

is quite evident in Figure 5* The pattern obtained by varying the element 

position along with the amplitude is a good approximation to the Tg pattern. 

It should be noted that the elements in the array producing this pattern 

are very nearly equal-spaced at .7X. 

C. Four Element Array of Unequal-spaced Isotropic Sources 

The successful synthesis of the Tg pattern from only 5 elements encouraged 

further experimentation with the program package. A synthesis of this 

pattern was again attempted but with only four elements allowing both 

amplitude and element position to vary while holding the phase uniform. 

The initial and final patterns are shown in Figure 6. The synthesized 

element positions and amplitudes are given below. The element positions 

are measured from the array centerline. 

Element No. Element Position Amplitude 

1 0.414 .999313 

2 1.139 .908749 

The synthesized pattern has a mainbeam that is a good approximation to the 

mainbeam of the Tg pattern but the sidelobe atructures are not a good fit. 

-16- 
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SUMMARY AND CONCLUSIONS 

It has been deaonstrated that a non-linear programming technique can be 

employed to synthesize linear array patterns. This technique can be applied to equi- 

apaced arrays or to those having unequal element spacing. Whenever the pattern 

to be synthesized can be specified and the pattern function for the array can be 

formulated, an approximation to the desired pattern is available through the 

medium of the program. 

The degree of approximation obtainable by this technique is influenced by 

many factors, some within the program package itself and others Inherent in 

the capabilities of the particular array chosen to produce the pattern. 

Because of the optimization problem mentioned in the Introduction, the 

investigation of this technique commenced with a linear array of equi-apaced 

isotropic sources, where the optimum pattern for the array was known from the 

work of Dolph. It was then determined that the five element array was also 

capable of reproducing this sane pattern quite closely, if the element positions 

were allowed to vary as well as the amplitudes of excitation. A four element array 

however, was only capable of reproducing the main-bean of the pattern and failed 

to produce the desired sidelobe structure. 

The ability of the present technique to synthesize a Tg with five elements 

instead of the usual seven elements has instigated the creation of a dynamic 

programming technique which will contain the present technique along with the 

ability to vary the number of elements to be utilized in the synthesis. This 

technique should provide a means of selecting the simplest array to reproduce a 

given pattern. 

Some examples of pattern synthesis for arrays on circular and parabolic 

arcs were planned for inclusion in this report, but a preoccupation with the linear 

arrays and some unforeseen difficulties with the formulation and programming of the 

curved array problems precluded this* 
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ABSTRACT 

An analysis which describes two identical circularly polarized antenna 

elements having circularly symmetric apertures is presented in this paper. The 

specific situation studied is that of open ended circular waveguides propagating the 

TEji mode. 

The solution to the problem is obtained by dividing the circularly polarized 

wave incident upon the aperture of the excited element into two appropriately 

orientated linearly polarized waves. The properties of the fields that exist in 

the excited and coupled antenna elements are then obtained by symmetry arguments. 

If the coupled fields are divided into right and left hand circularly polarized 

waves, then the phase of the polarization picked up by the probe of the coupled 

element is dependent upon twice the angle that the coupled element makes with the 

excited element and a reference line. However, the other polarization is inde¬ 

pendent of this angle. An element placed in the middle of N(N > 3) equispaced 

in phase elements on the circumference of a circle will couple no energy to the 

probe of the center element. It is also shown that if only the center element is 

driven, the mutual coupling will cause a serious degradation of the on-axis 

circularity of the radiation pattern. 

I. Introduction 

Arrays of circularly polarized antenna elements are desired for many 

applications. When the beam is not electronically steered, the element on-axis 

pattern and input impedance design is relatively simple. For an electronically 

steered array, the entire element pattern is important and the input impedance 

is a function of the steering angle. The design of a circularly polarized element 



for an electronically steered array is a complex problem and it is useful to have an 

analytical understanding of the different effects to be encountered. Once a 

reasonable understanding of the phenomenon has been obtained, it is often 

« possible to separate problem areas experimentally and thus solve them more 

easily. 

II. Analysis of Two Identical Elements With Identical Orientations 

The antenna element to be analyzed is the probe fed circular waveguide 

operating in the TE^ mode with circularity obtained by placing a quarter-wave 

plate between the input probe and the aperture as shown in Figure 1. The 

results to be derived will apply equally well to any circularly symmetric antenna 

that has a one cycle angular dependence. The situation to be investigated is 

shown in Figure 2. 

Let the input probe of element #1 be excited with a voltage V = K volts 

causing the TE^ mode with radial electric field component. 

1. Er cos 0 cos wt * Jj(kcr)jsin (0 + 45) + cos (0 + 45^cos cot 

to be generated. Upon passing through the quarter-wave plate, the cos (0 + 45) 

component is delayed 90* more than the sin (0 + 45*) component so that the field 

incident upon the aperture of element #1 is given by 

2. E^nc = Jj(kcr)|sin (0 + 45) cos (wt - b) + cos + 45) sin (wt - b)j 

= J.(k r) sin («t + é + 45 - b) i c 

where the constant "b" accounts for the phase shift that the sin (0 + 45*) component 

incurs in travelling from the input probe to the aperture. At the aperture, the 

incident wave is reflected, radiated, and coupled over to the adjacent aperture. 

The reflected component, as will be seen later, produces some unexpected 

results. However, we will first examine the coupled component which produces 

a TEji mode in the adjacent aperture. First, equation 2 will be expressed in 

terms of fields which have maximum radial electric field intensities in the 

directions 0 = 0o±45*. The purpose of this transformation is to provide a 

* field symmetry which is independent of 0o> Rewriting equation 2, we have: 

4&ÍMWPÍ 

■wiiMieai 



3. Einc * J j (kcr) |[.in (^ - + 45) co« + cot (« - + 45) «in «J co. (wt - b) + 

[co.it. V«) «• to -*<*-*0*iS> •‘■'♦oH'*• b)} 

. J,(kct) .int» - »0t 45) CO. («t - b+»0) t CO. <♦ - 40+45) .in(<*-)>+♦„) 

From ih. .ymm.try „..«on. of Figur. 2. «h. TE,, mod. fi.ld. co«pl.d to 

aperture #2 due to E.nc in element #1 are: 

4. Ecouple<1=Jl(kcr).in(4-4o*«)[:lc“-^-b + *o) + C2,i,'M'bt^t 

J,(kcr)co.(» -»„tdilfc, .intuit-b4♦„) 4CjCO. (u*-bt »„)] 

«her. C, i. the coupling between p«^l.l polttieed field, and C2 i. 
bet«..» th. perpendicularly polarited field.. Combining term, of equnfon 4. «. 

have: 

5. ‘‘coupled 
= j, (kc r) ¡C i .in tut - b 4 » 4 45) 4 C2 co. (e* - b 4 24° - 4 - 45)] 

Examining equation 5, it i. noted that th. C, coupled fi.ld “ 

«h. ..n.. « Etac »d i. independent of po «bile U» C ccupl.d fUld i. 

rotating in the oppo.it. ..n.. and ha. a phM. dependence of if . Thu . C, 

i. th. coupling coefficient between .imilerly polariMd field. whU. V* the 

coupling coefficient between oppo.it.ly pol.ri.ed field.. The C, and C2 fiel . 

in th. aperture of antenna #2 cau.e two wav... a radiation (.cattered) wove 

and a wav. incident upon th. „»arter-wav. plat, of «nenn» #2. The .cattered 

portion of the C, field will be of th. .«ne ..n.e a. the original incident wav. 
while that of the C, field. wiU be of the oppo.it. .en.e. To determine . 

wave, that the coupled fi.ld. produce « probe #2. w. fir.t expr... equation 5 

in term, of linearly polarized wave, with maximum radial electric fie m 

the direction» 0 = ±45# yielding: 

6 E . J = J1(kr)ic,tin(ult.b)co.(4445)4co.(u*-b).in(4445)]4 
coupled 1 c 

t C2|cos (art - b + 20o) cos + 45) + sin (art - b + 20q) sin (^ + 45) 

6. 



Remembering that the co. (g ♦ 45) field ie deleyed 90* more than the ein» * 45) 

* field it is ö -«.n that the field incident upon probe #2 it: 

7. E *>4 »in* co«(wt - 2b) + C2 cos * sin{wt - 2b + 2«o)] 

Comparing equation 7 to equation 1, it is seen that the C2 coupling will cause a 

voltage V * C2K volts at the output of probe #2, while the C{ coupled field will 

be completely reflected at the probe and reradiate. Since the C{ field is ortho¬ 

gonal to probe #2, the field radiated will be of the incorrect sense. Thus we have 

seen that the coupling (coupling of like polarizations) produces two radiated 

fields, that due to scattering from the aperture which is of the correct sense and 

radiation from the wave which is reflected at probe #2 which is of the incorrect 

sense. The C2 coupling produces a scattered field of the incorrect sense and 

a coupled voltage at the feed of the adjacent antenna. The effects of aperture 

mismatch have been neglected up to this point and only first order effects 

have been considered. An approximation of aperture mismatch effects will 

now be derived. Let us first consider the effects of having aperture #2 

• mismatched. A wave incident upon aperture #2 is the Cj coupled wave that 

has been reflected by probe #2 (see equation 7). Because of the aperture 

reflection coefficient T, a portion of the incident Cj field will be reflected 

causing the wave^ I'C^k.r) cos ÿ cos (u* - 4b) to be incident upon probe 

#2. Now, consider the effect of aperture #1 having the reflection coefficient 

r. It may be shown that the portion of the incident wave reflected by aperture 

#1 will cause a wave v*r sin 4 cos (wt - 2b) to be incident upon probe #1. 

Comparing this field to the Cj field of equation 7, it is seen that after being 

reflected at probe #1 towards the aperture #1, coupled over to aperture #2 

via Cj coupling, and passing through the quarter-wave plate, a field 

Cirjl(kcr) c0* ^ cos wil1 be incident upon the probe due t0 
aperture l^being mismatched. Summing the two fields due to aperture 

mismatch with the field due to direct coupling (the C2 portion of equation 7), 

the total voltage at the output of probe #2 is: 

8. vtotal s k[C2 sin " 2b + *0> + 2rCl cos ^ " 4b^] 

% 



Thu*, while one may expect the magnitude of the coupling between two circularly 

polarized antenna* to be independent of the angle between them, equation 8 *how* 

thi* to be true only if the aperture* are matched. 
* 

III. Analysis of Two Identical Element* With Different Orientation* 

In thi* section, two element* of the type illustrated in Figure 1 will again 

be investigated, but thi* time the relationship between the coupled field* and the 

angle through which the coupled antenna ha* been rotated will be found. The con¬ 

figuration used is shown in Figure 3 where it i* noted that ha* been set equal 

to zero for convenience. On a physical basis, one would expect that rotating 

element #2 8* should change the phase of the Cj and C2 coupling coefficients by 

8* in magnitude, but in opposite directions since rotating a circularly polarized 

antenna corresponds to a phase shift. This result will now be determined 

mathematically. 

Exciting element #1 with a voltage V s K volts will cause the circularly 

polarized wave 

o. E. = J,(k r) sin(wt + ^ + 45* - b) 
7 inc 1 c 

to be incident upon aperture #1. At the aperture, the incident wave is reflected, 

radiated and coupled over to the adjacent aperture. The TEn mode fields formed 

in aperture #2 due to E^nc is: 

l0- Coupled* ,l(kcr> 

Expressing the coupled fields in terms of fields which have maximum radial 

electric fields in the directions 0 a 0 *45*, we have: 

|||sin (4 -M5 - 0) cos 0 + cos (4 + 45 - 0) sin0 

jcos (4 + 45 - 0) cos 0 - sin (4 + 45 - 0) sinÍ 
f 



From Figure 3, it is seen that the cos (¢ + 45- 0) terms will be delayed by 90* 

more than the sin (¢ + 45- 0) terms so that the field incident upon probe #2 i»i 

12. E = Jjtk.rîjsin (¢ + 45- ^[Cj cos (wt - 2b + 0) + C¿ sin (<Jt - 2b - 0)]+ 

cos (¢ + 45 - 0)[c2 sin (wt - 2b - 0) - Cj cos (wt - 2b + 0)]} 

cos (ut - 2b + 0) sin (¢-0) + sin (ut - 2b - 0) cos (4 - 0)] 

Examining equation 13. it is seen that the C¿ fields are completely absorbed and 

the Cj fields completely reflected by the probe. To account for aperture mismatch 

effects, the Cj coupled fields must be traced as was done in Section II. The 

result of these computations leads to the output voltage of probe #2 as: 

13. V = k£2 sin (ut - 2b - 0) + 2rCj cos (ut - 4b + 0)] 

This result is similar to equation 8 in that the coupled voltage is dependent upon the 

angle of rotation if the aperture is not matched. 

IV. A Seven Element Array 

Consider an array of seven identically orientated elements, six located on 

the vertices of a hexagon with the seventh in the center (Figure 4). To a first 

approximation the coupling between the center element and one of the outer elements 

is independent of the other five elements and the results of Section II will apply. 

Two situations will be considered. One. the center element is fed and some 

element pattern effects are noted and two, the six outer elements are fed, and 

the voltage appearing at the center element probe is determined. 

We will first determine some mutual coupling effects when the center 

element is fed. It is noted from equation 8 that the voltage measured at the 

other six probes consists of both C2 and Cj coupling so that coupling values should 

repeat every 180# rather than being independent of ¢^ If it is desired to separate 

the C. and C2 components, a probe perpendicular to the existing probe is placed 

in each antenna element. This probe will measure the Cj component while the 

original probe will measure the C2 component. 



Another effect that occurs when feeding the center element is that of 

TEjj mode scattering by the outside ring of elements. This effect can be 

determined by noting the discussion following equation 5. Since the scattering 

from the Cj component is independent of and is of the proper sense• the 

sc altering from the six outside elements will add in phase at broadside. 

Assuming that the scattered energy is of the same order of magnitude as 

that which couples into the guide, the on-axis field will be 1 + 6Cj and it 

is seen that for Cj coupling 30 db down, it is possible to change the on-axis 

power density by ±1. 5 db. Scattered fields are dependent upon 2fQ and 

hence cancel on-axis and partially add off-axis. Since these fields are of 

the wrong sense, they degrade the off-axis circularity of the element pattern. 

The final radiated field to be considered is the Cj component that is 

coupled from the center element into the outside elements, reflected from 

the probes and then radiated. The radiated fields in this instance are all 

in phase and of the wrong sense so that they seriously degrade the element 

pattern on-axis circularity. If the scattered fields are neglected, the 

on-axis circularity is: 

1 + 6C. 
14. C = 20 log ^ 

Thus, it is seen that if the Cj coupled energy is -30 db, the on-axis circularity 

ratio will be worse than 3 db. The scattered Cj fields are not considered in 

equation 14 since neither their exact amplitude nor phase relationship with 

the original transmitted field are known. 

The voltage excited at the center element probe due to coupling from 

the outer six elements will now be computed. In the computation, it will be 

assumed that the aperture is well matched. Since only C¿ coupling is involved, 

the magnitude of the output voltage of the center element is: 

I V j^ok ls- HC*¿V I 
k=l 

Where V, is the input voltage to the kth element and 0 , is the angle between the 
fl» 

line joining the k element to the center element and the X axis. 



4% 

Choosing the volts,.. V, .„ual in magnitud, «o un,,y with phss. to 

steer the beam in the XZ plane, equation 15 becomes. 

,6 y , I c2[2.J180 + «i0 [ej42° + 'j30C]+ e'i0 f?j60 + «)660ÖI 

= 2 |C2(1 - cos o)| 

a .■ the main beam 
n «in 6 d is the element spacing an 

where a =-/3 *d/X V a 18 “e 

poir.tvr.g angle. ^ amplitude signal, equation 

If the center element were driven wi looking into the center 

16 w0Uld represent the active reflection ^ , 

element as a function of steering ang . oerture 

Fr0m the previous discussion. design of 

mismatch makes it difficult to interpret meas attempt to reduce 

» element, the aperture coniiguratmn ,. oiun vane* el#m.Bt 

.b. C, and C2 coupling coefficient. con£igUration. 

pattern. If the aperture bad to be rema However, if the elements 

a very long experimental procedure would » ^ «»w ^ com. 

are designed with a set of orthogonal P«** ” ^ ^ ,.,^,^1.. 

c::.“ - - - -r :r^c - r;r::r,rr2ir:^.. 
aperture in the presence of the otter elements. 

V Experimental Results 
’ * ^ j .4*1, rircularlv polarized antennas. 

A number of measurements were ma e ^ ^ ^ m<jde with a lingie 

The antennas were coaxial waveguides opera measurements indicated 

probe feed and were spaced about 0.6X apa. « ^ 

that both the C, and C, couplings were on tteord.r ^ ^ ^ to 

varied drastically from element to elem energy also in- 

c, and C2 coupling interactions a small amount 

the coupling measurements. 



Antenna patterns were taken of the element by itself (Figure 6) and the 

element surrounded by six identical elements whose probes were terminated in 

matched loads (Figure 7). The antenna patterns were taken by using a linearly 

polarized transmitting antenna which is physically rotated. The rapid variations 

in the signal received by the test element is a measure of the test element 

circularity. Thusi it is seen that for a single element, the on-axis circularity 

is almost perfect while the element pattern in the array has an on-axis circu¬ 

larity ratio of about 10 db. These patterns illustrate the magnitude of the 

change of an element pattern when taken by itself and when taken in an array 

of elements. It is apparent that relatively little effort should be put into 

obtaining a good element aperture match or pattern when the element is 

isolated. Instead, a reasonable aperture match and pattern should be obtained 

for the isolated element and the main effort be put into designing the element 

in the array environment. In the case of the coaxial waveguide element, it 

was found that after small changes in the aperture configuration reduced the 

coupling by a couple of db and the aperture was matched in the array, a 

significantly improved pattern was obtained. 

Acknowledgements 

The authors express thanks to both Dr. Lechtreck and Kenneth Rau. 

Dr. Lechtreck helped formulate the problem in early discussions on the mutual 

coupling problem while Kenneth Rau suggested that aperture mismatch effects 

could cause the coupling to vary as a function of the angle 



PR
O

B
E
 F

E
D
 C

IR
C

U
L

A
R
 W

A
V

E
G

U
ID

E
 

A
N

T
E

N
N

A
 



TWO CIRCULARLY POLARIZED 

ELEMENTS WITH IDENTICAL 

ORIENTATIONS 



QUARTER-WAVE 
PLATE 

FEED PROBE*) 

TWO CIRCULARLY POLARIZED 
ELEMENTS WITH DIFFERENT 

ORIENTATIONS 



rí 

4 

e 

S
E

V
E

N
 E

LE
M

E
N

T
 P

H
A

S
E

D
 A

R
R

A
Y

 



Y 

S 



P
A

T
T

E
R

N
 O

F
 A

 S
IN

G
L

E
 E

L
E

M
E

N
T
 I

N
 A

 L
A

R
G

E
 G

R
O

L
N

D
 P

L
A

N
E

 



P
A

T
T

E
R

N
 O

F
 

S
E

V
E

N
 E

L
E

M
E

N
T
 A

R
R

A
Y
 W

IT
H

 O
N

L
Y

 C
E

N
T

E
R
 

E
L

E
M

E
N

T
 

F
E

D
 



37 
d 

039 

À 

%« 

A NEW BROADBAND TRACKING ANTENNA 

0 LaVergne E. Williams 

* 

* 

Radiation Incorporated 

Melbourne, Florida 

August 1962 



(Unclassified) 

4 

' A NEW BROADBAND TRACKING ANTENNA 

By: LaVergne E. Williams 
Radiation Incorporated 

Melbourne, Florida 

SUMMARY 

A new type of broadband automatic tracking phase monopulse antenna is 
described. The antenna is capable of simultaneously receiving orthogonal linear 
polarization or circular polarization of either sense over a frequency band of a 
decade or more, utilizing the full physical aperture over the entire band. 

Basically, the antenna is an array of parabolic reflectors, each of which 
contains a "frequency independent" log-periodic feed. The reflector and feed con¬ 
stitute an element of the array and the element has a normalized pattern that is 
essentially frequency independent. (Of course, the beamwidth scale varies inversely 
with frequency.) The normalized array pattern is also frequency independent, hence 
the normalized product of the element and the array pattern is frequency independent. 

Error signals for automatic tracking are generated by combining the element 
signals so as to produce sum and difference signals as in conventional phase mono¬ 
pulse tracking systems. 

Both theoretical and experimental performance data are presented for a four- 
reflector array. Experimental data consists of the results from model studies and 
measurements made on a full-scale antenna utilizing four ten-foot diameter reflectors 
and a feed capable of operation from 200 to 2300 mes. 

; 
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INTRODUCTION 

As space programs develop, a larger portion of the total frequency spectrum 

is being used to fulfill the multitudinous requirements for command, te erne try sur¬ 

veillance and communications. There is an increasing requirement for larger antenna 

with more gain, polarization diversity capability, outsatic tracking capobiMy, 

and, in addition, very broad frequency coverage.^,3 The frequency independent 

antennas such as the logarithmically periodic and conical spiral types, have pro¬ 

vided a partial solution to this problem. While it is true tkst they are capable of 

broad frequency coverage, they are essentially low gain devices w.thg«m, of the 

order of 10 db. Some success has been achieved in arraying log periodic and sp ra 

elements such that array factors and element patterns are frequency independent 

but for decade bandwidths the maximum realizable gain appears to be below 20 db. 

In this latter case, the total pattern of the array is essentially frequency independent, 

which means the effective aperture is only a fraction of the total physical aperture 

at the high-frequency end of the band. 

A second approach to the problem has been to array a number of end-fired 

elements with fixed phase-center spacing. The number of elements in the array can 

be increased to achieve the required gain and the mechanical configuration of the 

elements, plus the power distribution to the elements can be varied to achieve the 

desired pattern characteristics. Unfortunately, the end-f.red elements suitable for 

this configuration, such as the axial mode helix, the d.sc-on-rod, and the yag., are 

limited to bandwidths somewhat under an octave because the element patterns degrade 

with frequency. In addition, the number of elements required becomes unwieldy when 

a gain in excess of about 24 db is required. 

The combination of a log periodic or conical spiral feed on axis in a para¬ 

bolic reflector provides good aperture efficiency with satisfactory secondary patterns, 

is frequency independent, and utilizes the full physical aperture over the frequency 

band. By means of feed design it is possible to develop error signal information for 

automatic tracking via either the conical scan or amplitude monopulse routes utili¬ 

zing this approach. The over-all system performance, however, is appreciably 

degraded by the restrictions placed on a tracking feed system. Aperture efficiency 

is reduced, side lobes increased, and the mechanical complexity increased. 

BASIC CONFIGURATION 

The antenna to be considered is an array of parabolic reflectors, each of 

which contains a frequency independent feed.* The combination of parabolic 

reflector and frequency independent feed will be considered as an array element ^ 

with a constant "normalized" element pattern in which the beamwidth varies .aversely 

* Patent pending by author assigned to Radiation Incorporated 
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Figure 2 (b). Curves Showing Three assumed Aperture Distributions Used in the Calculations 
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Figure 4 shows the effect of overlapping two circular apertures as° Iunct'°n 

of aperture illumination. It is noted that a severe taper such as the ( 1 - r ) tend 

,o produce a hi8h fir., .id. lob. I.v.l (10 db). Th. fir., .id. lob. .'•«! prodUc.d 

with both uniform illumination and the 10 db edge taper .s approx.mately he same 

or 16.5 db. An aperture illumination with a 10 db edge illumination is en ire y 

feasible and represents a good compromise between side lobe levels, sp. over 

aperture efficiency. With two apertures, the area of overlap is only 9% of the o 

circular area and with the edge illumination down 10 db the amount of power spill¬ 

over from dishHo-dish is exceedingly small. 

Two array configurations will be considered as shown in Figure 5. The patterns 

calculated for the square array are essentially the same as the 45° patterns calculated 

for the diamond array and vice versa. The only essential difference m operation is 

the method by which the elevation and azimuth error signals are generated in the 

phase monopulse comparator. In the square array, the azimuth error signal is the 

difference between (A + D) and (B + C), while in the diamond array it is given by 

simply (C - D). Similarly, elevation error is (A + B) - (C + D) for the square array 

and simply (A - B) for the diamond array. 

The hybrid circuitry for producing the sum and difference signals is shown 

in Figure 5. 

ANTENNA PATTERNS 

The total patterns for various array configurations were calculated by multi¬ 

plying the array patterns by the element patterns, assuming the elements were cir¬ 

cular apertures, and then subtracting the pattern effects caused by the areas o 

overlap. For example, the sum pattern for the square array was calculated by the 

method illustrated in Figure 1. The region of overlap in the center illustration of 

Figure 1 is assumed to reduce the on-axis power gain of the antenna by an amount 

equal to the ratio of the overlap area to the area of the two circular apertures. In 

this instance, the area of overlap was assumed to produce a broad pattern, with 

respect to the total pattern, and when subtracted from the pattern of two circular 

apertures, will reduce the on-axis voltage gain by 5%. The area of overlap between 

the two top and two bottom dishes of the square array will have a fxittern very 

similar to the array pattern in the region near the main beam and first few side lobes 

Its effect on the total pattern will be quite small when the patterns are normalized 

and is therefore assumed to be negligible. Figure 6 illustrates the calculations for 

the total pattern of the diamond array with uniform illumination. The areas of over¬ 

lap are assumed to have sinusoidal distribution and are accounted for by subtracting 

their effect from the total pattern of the four circular apertures. 

The effect of the overlap area on total patterns is significant although not 

particularly great with uniform illumination, but it is much less significant when 

0 -8- 
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Figure 4. Calculated Patterns Showing the Effect of Aperture Illumination on Secondary 

Patterns of a Two Element Array 
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PHASE MONOPULSE CIRCUITRY 

35407 4 

Figure 5. Figure Showing the Square and Diamond Arrays and Associated Circuitry for Generating 

Phase Monopulse Sum and Difference Signals (The Coefficients of Terms are Omitted) 
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the edge illumination of the dish is down by 10 db or more. For this reason, the 
contribution of the overlapped oreo to the total patterns is neglected in calculating 
the total patterns for the 10 db edge illumination and the 0 edge illumination con¬ 
dition. Figures 7 through 12 show the calculated sum and difference patterns for 
the square array and the diamond array with the three assumed illumination tapers. 
It should be noted that these curves were calculated assuming no aperture block and 
no defocusing of the feed. 

Examination of the antenna patterns will show that the shape of the main 
beam and the location of the first null is largely determined by the array pattern. 
The half power beamwidths are given very closely by the following equation for 
both the square and the diamond array: 

^HP ^ degrees 

where 

D = maximum over-all dimension 
of the array 

X= wavelength 

The physical area of the array is equal to 0.818 times the area of an enclosing 
circle that is tangent to the four edges of the array. 

Also of interest is the fact that the slope of the difference channel in the 
null is practically the same for the two arrays. 

APERTURE BLOCK 

When the feed of the individual element is comparable in size to the reflector 
diameter, as is the case with four 10-foot diameter reflectors at a frequency of 215 
mes, the aperture block has a significant effect on patterns and must be considered. 
Figures 13 through 16 illustrate the calculated effect of aperture block on the sum 
patterns of both the square and diamond array with the two assumed illumination 
tapers. The three values of aperture block assumed were 0%, 19%, and 36% of the 
total effective aperture. The curves illustrate how aperture block by the feed at the 
center of the elements can be responsible for changing relative side lobe levels. 
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Figure 15. Calculated Sum Patterns for Square Array with (1 - n) Taper and 

Three Different Values of Aperture Block 
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Figure 16. Calculated Sum Patterns for Square Array with 10 db Edge Illumination and 

Three Values of Aperture Block 
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THE LOG PERIODIC FEED 

A feed development program was conducted to obtain a log-periodic feed 

for the antenna system that would provide nearly equal E- and H-plane patterns 

over a frequency bandwidth from 216 to 2300 mes# provide orthogonal linear polari¬ 

zation, and one which would also have a minimum displacement of the phase center 

as a function of frequency to minimize defocusing effects. 

The final feed design utilized orthogonal, triangular tooth elements with 

an alpha angle of 83°. With this configuration, the amount of defocusing is approxi¬ 

mately one-quarter wavelength at any frequency if the apex of the feed is placed 

at the focus of the parabola. The triangular tooth structure also was found to be 

relatively free from pattern distortion caused by higher order radiation modes when 

the frequency band exceeds 3:1. A typical set of feed patterns over the frequency 

range are shown in Figure 17. The VSWR of the feed elements were less than 3 to 1 

over the 10 to 1 frequency band. The completed feed weight was approximately 

20 pounds. 

APERTURE EFFICIENCY 

The theoretical aperture efficiency of the antenna will be very nearly equal 

to the theoretical efficiency of the individual elements. The efficiency of an element 

utilizing the triangular tooth log-periodic feed in a parabolic reflector was calculated 

for various values of maximum aperture angles and corresponding F/D utilizing the 

graphical integration method described by P.D. Potter. The aperture efficiency 

is given by the following equation: 

cot — G 
of 

n=N 
$ 

■fn 
\L Ç 
r ' J 

ton 
2 

where 

^ = maximum aperture angle 

G0f = absolute gain of the feed (also computed by graphical 

integration) 

number of pattern cuts integrated 

(In this case N = 2; E-plane and H-plane) 

voltage feed pattern 

angle between axis of paraboloid and a line from the focus 

to a point on the parabolic surface 

angle measured in plane of the aperture between radius 

reference and a point in the aperture 
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Figure 17. "Zig-a-Log" Feed Primary Patterns (E- and H-Plane) 
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The summation was carried out for two values of n corresponding to the E- and bi¬ 

plane patterns of the feed at a frequency of 225 me. The calculated curves are 

shown in Figure 18. The effect of defocusing the feed phase center by one-quarter 

wavelength is estimated and shown on the graph. From the calculated curves the^ 

optimum F/D ratio for the triangular tooth feed falls between 0.4 and 0.5 and there 

is appreciable loss in efficiency when the F/D of the parabola is as low as 0.3. 

The calculated aperture efficiency neglects cross-polarized effects, losses resu ting 

from surface tolerances, aperture block and losses in the feed and transmission lines. 

EXPERIMENTAL RESULTS 

In the early phases of this program a two element array was constructed 

utilizing log-periodic dipole feeds and reflectors 2-feet in diameter. A photo of 

this antenna is shown in Figure 19 and some of the patterns from this model are 

shown in Figure 20; and, although the characteristics of the log-periodic dipole 

feed were not the same as the triangular tooth feed, certain trends in the patterns 

are apparent. Figure 21 contains characteristic patterns obtained with a diamond 

array utilizing a triangular tooth log-periodic feed and 2 foot diameter reflectors 

with an F/D of 0.375. It should be noted that the reflectors were only two wave¬ 

lengths in diameter at the lowest design frequency of the feed and serious aperture 

block resulted. Also, the small physical size made it difficult to hold mechanical 

tolerances. 

Figure 22 is a photograph of a full-scale antenna utilizing four 10-foot 

diameter reflectors with an F/D of 0.3 and triangular tooth log-periodic feeds 

capable of covering the frequency band from 216 mes to 2300 mes. A typical 

measured pattern at 2200 me is shown in Figure 23 and a measured pattern for 245 

mes is shown in Figure 24. Unfortunately, the choice of 0.3 for the F/D of this 

array was made before the characteristics of the feed were known, and it is now 

apparent that it was a poor choice. The small F/D ratio gives rise to a relatively 

large aperture block and the one-quarter wavelength defocusing produces a serious 

phase error. 

The combination of large aperture block, incorrect F/D and small reflector 

size in terms of wavelengths all tend to raise sidelobes and decrease aperture 

efficiency. Figure 25 shows the calculated aperture efficiency for the actual antenna 

including the effect of aperture block, phase error, and other miscellaneous losses 

such as the effects which occur when a reflector diameter is small in terms of wave¬ 

lengths, cross-polarization, etc. The lower shaded area represents the calculated 

theoretical aperture efficiency of the antenna over the frequency range with the 

F/D = 0.3 and includes the above mentioned losses. Although the F/D of the antenna 

does not change, the large size of the feed relative to the reflector at the low fre¬ 

quency end of the band and its associated defocusing of phase center is equivalent 

-25- 
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Figure 19. Broadband Monopulse Antenna Model with Log-Periodic Dipole Feeds 
and Two-Foot Diameter Reflectors
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Sum and Difference Patterns - E-Plane (1000 MC) Broadband Monopulse 

♦ 

* 

Sum and Difference Patterns - H-Plane (1000 MC) Broadband Monopulse 

35421 

Figure 20. Typical Experimental Patterns with Two Reflectors Two-Feet in Diameter 
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H-P lane patterns, Diamond Array, 4-2ft. diameter reflectors, 2200mc 

E-Plane patterns, Diamond Array, 4-2ft. diameter reflectors, 2200mc 
29855 

Figure 21. Experimental Patterns Made with Diamond Array and Two-Foot Diameter 

Reflectors using Triangular Tooth Feeds F/D = 0.375 
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Figure 22. Photograph of Experimental Four-Element Array
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Figure 23. Measured Sum and Difference E-Plane Patterns of Diamond Array Utilizing 

Four Ten-Foot Diameter Reflectors a* 2250 me. F/D = 0.3 
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to increasing the effective F/D of the antenna. The calculated gain at 245 mes is 

♦ approximately 17.6 db, and the gain measured by several methods averaged to 

^ approximately the same value. The calculated effect of increasing the F/D of the 

individual reflectors from 0.3 to 0.433 is shown in the Figure as the top shaded 

area. It appears that an additional gain of nearly 2 db and aperture efficiency in 

the order of 50% can be achieved at this higher F/D ratio utilizing the same 
reflector size and same feeds. 

ADVANTAGES 

The antenna system possesses a number of distinct advantages over the 

conventional types of broadband tracking systems utilizing conical scan or ampli» 

tude monopulse. Some of these are: 

e No moving or rotating parts are required to develop error signal information. 

e The primary feed systems are relatively simple, lightweight, and are fixed 
in position. 

e Orthogonal linear polarizations are easily achieved and these can be com¬ 
bined to produce circular polarization of either or both senses. 

e The shape of the array structure is more desirable mechanically than a 

single reflector because the structure is shallower and the center of gravity 
can be located appreciably closer to the elevation axis. This results in 

less counterweight and lower moments of inertia which, in turn, will yield 

better mechanical performance or a more economical structure, or both. 
Also, wind loading is less. 

e With a conventional antenna utilizing a single reflector and feed, feed 

sag results directly in an angular pointing error. Since the error signals 

of the phase monopulse system are based on the relative phase of the 

arriving signals at each feed, feed sag in a plane parallel to the aperture 

may squint the element patterns slightly but does not produce a comparable 
boresight shift. 

CONCLUSIONS 

The antenna array described is capable of operating over a frequency band 
of a decade or more and it utilizes the full aperture at all frequencies. Sum and 

difference patterns can be used to generate error signal information by conventional 

phase monopulse methods. The calculations show that the electrical performance, 

in terms of sidelobes and aperture efficiency, is a function of F/D, aperture block, 

feed characteristics, and the physical size of the reflectors in terms of wavelength. 
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Although the experimental results using the four 10-foot diameter reflectors agreed 

quite well with the predicted theoretical values the calculations indicated that 

the F/D was not optimum and considerable improvements should result when a 

larger value of F/D is used. 
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THE BACKFIRE BIFILAR HELICAL AfiTENNA 

W T. Patton 

University of Illinois 

Urbana, Illinois 

ABSTRACT 

The backfire bifilar helical antenna, consisting of two opposed helical 

wires fed with balanced currents at one end, is a new type of circularly 

polarized antenna Operated above the cutoff frequency of the principal 

mode of the helical wave guide, the bifilar helix produces a beam directed 

along the structure toward the feed point. The term backfire is used in 

contrast with endfire which denotes radiation away from the feed point 

Radiation patterns, measured for a wide range of helix parameters, show 

maximum directivity slightly above the cutoff frequency. The pattern broadens 

with frequency, and, for pitch angles near 45 degrees, the beam splits and 

scans toward the broadside direction 

Near-field measurements show the current decaying rapidly to a level 

about 20 decibels below the feed-point level at a rate that increases with 

frequency Phase measurements show that the teed-region current has a backward- 

wave character. The measured phase progression is toward the feed point, 

while the energy flows away from the feed point. 

A theoretical analysis has been obtained It is based upon the semi- 

infimte model, using linearizing assumptions. These assumptions consist of 

replacing the wires with a current at their center lines and satisfying the 

boundary conditions along one line of the conducting surface The results 

predict the patterns of the experimental study and show the effect of wire 

size on antenna performance. 

* 

Radio Corporation of America, Moorestown, New Jersey, Formerly with Antenna 
Laboratory, University of Illinois, Urbana, Illinois, 
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1. INTRODUCTION 

r The backfire bifilar helical antenna shown in Figure 1 is constructed 

of two helical wires wound on a right circular cylinder with a constant pitch 

angle At any cross section the wires appear at the ends of a diameter of 

the cylinder. At the feed point the wires are brought inward along a 

diameter to a balanced transmission line on the helical axis The helical 

conductors extend beyond the feed point for seven to fifteen turns depending 

upon the frequency of operation. The exact length of the antenna is not a 

critical factor in its performance. 

The backfire bifilar helical antenna is distinguished from the endfire 

helical beam antenna of Kraus^ by the method of feed and the direction of 

radiation. The Kraus type helix is fed against a ground screen at one end 

and the radiated beam is directed along the structure away from the feed point 

The study of the backfire antenna is a part of a larger investigation of 

the properties of periodic radiating structures. The investigation of periodic 

structures was started in an effort to learn more about the behavior of log- 

2-4 5 
periodic antennas In this connection it has been suggested that the 

properties of a log-periodic antenna, as a function of distance from the 

apex, are related to those of a periodic structure vhose period is given by 

the local period of the log-periodic structure In this sense, the bifilar 

A 

helix is an analog of the two arm equiangular spiral antenna This antenna 

and periodic antennas in general, however, have many useful properties and 

deserve study in themselves. 

The portion of a log-periodic antenna, nearest the feed point at or near 

the apex of the structure, acts as a transmission line carrying the energy 

to the larger portion. The energy is carried to the so-called "active region' 
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The geometry of the bifilar helix 

♦ 

Figure 1. 
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of the structure whose position and size varies inversely with frequency. 

This region is thought to be primarly responsible for the radiation from 

the structure. Beyond this region the current decays very rapidly with 

distance The direction of the main beam of a log-periodic antenna is 

along the structure toward the feed point. It can be shown that if the 

antenna radiated in the direction of the structure, the current would not 

decay rapidly enough to avoid a large reflection from the large-end trunca¬ 

tion of the structure These characteristics of the log-periodic antenna 

are observed for the bifilar helix when variation of distance from the apex 

is replaced with a variation of frequency 

2 THE HELICAL WAVE GUIDE 

6 7 
The operation of a helix as a wave guide is well known * The propagation 

constant of the current relative to axial displacement, is given approximately 

by 

P r k/sin ^ 

until the edge of the visible range is reached, that is, unMl 

k/sin = T - k 

where 

T s 2U/p 

p = pitch of helix 

This equation defines the cutoff frequency of the principal wave guide mode 

♦ 
for infinitely thin helical conductors This critical frequency, normalized 
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with respect to Tf is called x to avoid confusion with the critical frequency, 

k ‘ for finite-size helical conductors. It is given explicitly by 

sin i|<__ 
1 * sin 

The critical frequency marks the boundary between the frequency range for which 

the helical structure is primarily a wave guide and that for which it is a 

backfire antenna. 

Several models of the bifilar antenna were constructed for a range of x 

between 0 05 and 0.4 The physical dimensions of these models are given in 

Table I These are based upon a frequency of 1 5 Gc The pitch of the helix 

is determined from the wavelength at the base frequency by 

p = x X 

The pitch angle is given by 

and the mean radius of the helix is given by 

The dispersion curves for these models were obtained by sampling the fields 

near the antenna by a current loop moving parallel with the helical axis. A 

typical amplitude response of this loop as a function of distance from the 

feed point is shown in Figure 2. Below the critical frequency the propagation 

constant of the wave guide mode is determined easily by the standing wave on 
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TABLE I 

The Physical Parameters of the Experimental 

Models of the Bifilar Helical Antenna 

Code Name Pitch p(CM) Radius b(CM) Relative 

Wire Size 6* 

Pitch Angle 

(degrees) 

BBH-1 0.1 2 

BBH-2 0.15 3 

BBH-3 02 4 

BBH-4 0 25 5 

BBH-5 0.30 6 

BBH-6 0 35 7 

BBH-?t 0 40 16 

2.663 

2.847 

2 465 

2 251 

2 013 

1.743 

2 85 

.0227 

.0242 

02620 

0287 

0323 

0371 

0226 

6.38 

10.18 

14.49 

19 47 

25 37 

32 60 

41.82 

• No. 16 AWG tinned copperwire was used in the construction of the models 

f The base frequency for this model was changed from 1.5 Gc to .75 Gc for 

mechanical reasons. 
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the structure. The propagation constants measured in this way are shown in 

Figure 3. It is noted that the cutoff frequency for each of these models is 

below X due to the finite wire thickness The cutoff frequencies for the 

models used in this investigation are plotted as a function of ^ in Figure 4 

The dispersion curve for a periodic structure has been called the 

Brillouin diagram. A typical computed Brillouin diagram is shown in Figure 5 

The dispersion curve departs from the asymptotes near the critical frequency 

by an amount depending upon the relative wire size, 6, which is the ratio of 

wire radius, a, to mean helix radius b. The Brillouin diagram for the bifilar 

helix represents the roots of the determinantal equation 

Z(ß) = (P2 - k2) 2 B (0) - 
, . n n odd 

n n 
n even 
I (B iß-n ♦ B (0-T)] 

where 

B (0) = 1 <b’ V ) K (b\ ) 
n n Tn n 'n 

b' = b - a = (1-6) b 

A more convenient form of this equation for graphical solution is 

2 [B (0+ T) » B (0-T ) 1 
1 n J n n 

n even 
2 2” B ÍP) 

j . n 

_ 2 . 
— = Tan ^ 

n odd 

« 

♦ 

A typical solution of this expression is presented in Figure 6 where 
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« 

Figure 6. Graphical solution for the roots of the helix 

determinantal equation when k < k 
c 
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» 

« 

2 B iß.T) . b iß*T)1 
n n 1 

even 
2 2 B~?ß) 

n odd n 

and 

F1 = Tan2 i|< 

It can be seen in Figure 6 that F is approximately one except near 

P . r k 

where F becomes logarithmically infinite. The curvature of F near these 
2 2 

singular points causes the Brillouin diagram 'o depart from i»s asymptotes 

An unusual feature of the standing wave pattern of the wave guide mode 

on the bifilar helix was noted during the course of the measurements The 

apparent guide wavelength increases with frequency from a minimum at zero 

frequency equal to the pitch of the helix to a maximum, somewhat less than the 

free space wavelength, at the cutoff frequency This indicates that the 

principal mode on the bifilar helix is a backward wave The phase constant 

decreases with increasing frequency, and therefore, the phase velocity and 

group velocity must have opposite signs 

The measured and computed Brillouin diagrams can be brought into agreement 

by shifting the axis by ß = t phe computed curve corresponds to a phase 

measurement along the wire while the experimentally derived diagrams were 

measured along the helical axis The additional phase shift of 2ff radians 

per pitch distance results from the curvature of the wire This is just the 

phase shift one obtains in rotating a linear element through a circle in a 
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circularly polarized field. Thus while the current represenis a forward wave 

along the helical wires, the fields associated with this current are backward 

waves 

3 THE BACKFIRE HELICAL ANTENNA 

It can be seen in Figure 2 that, above the cutoff frequency, the standing- 

wave has vanished and is replaced with a wave with decaying amplitude distribution. 

As frequency is increased, the rate of decay increases This is shown in 

greater detail in Figure 7 At these higher frequencies a standing-wave 

distribution again appears with a maximum ampli»ude about twenty decibels 

below the input level. This is the higher-order helical wave guide mode The 

excitation of this mode increases with frequency from a negligible level near 

the cutoff frequency of the principal mode. The development of this mode 

places an upper limit on the frequencies for which the bifilar helix behaves 

as a backfire antenna. 

Phase measurements made in the near field above the cu'off frequency are 

shown in Figure 8 In this figure the phase is normalized to the free space 

propagation constant and is plotted in centimeters The first curve shows that 

the phase is leading as the probe moves away f'om 'he feed point In other 

words, the direction of phase progression ;s toward the feed point The 

first curve, slightly above the critical frequency, k , shows leading phase 

over most of the length of the structure As frequency is increased, the 

direction of phase progression near the end of 'he structure changes and is 

away from the feed point The point at which the phase progression changes 

from leading to lagging moves toward the feed point as frequency is increased 

This corresponds to the poin’ at which the feed region currents have decayed 

to the level of the higher order helical wave guide mode 
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Figure 7 Current amplitude distribution on a bifilar helix 
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The near field phase measurements indicate that, al'hough it does not 

correspond to a proper mode, the feed region current has a backward wave 

character above critical frequency The leading phase characteristic 

persists as long as the feed region current is dominant on the structure 

On the remainder of the structure the higher order mode with its lagging 

phase or forward-wave characteristic, dominates the current distribution 

The fact that in the feed region the direction of phase progression is toward 

the feed point is consistent with the backfire radiation of the bifilar 

helical antenna, since an antenna tends to radia'e in the direction of the 

phase progression of the current 

The measured radiation patterns for the backfire bifilar helical antennas 

are presented in Figure 9 The patterns are plot'ed so tha* their centers 

give the helix radius and pitch in wavelengths at the frequency for which the 

pattern was measured Two curves are also provided for reference to the 

Brillouin diagram for the bifilar helix The curve 

b 
\ ' 2V~~ 

gives the frequency at which the propagation-constant asymptote 

0 = k'sin 

intersects the edge of the visible range given by 

P = * - k 

This corresponds to the cutoff frequency of the principal mode on the helical 

wave guide with infinitely thin conductors The curve 
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b 
\ ' 2JT 

gives the frequency for which the propagation-constant asymptote intersects 

the edge of the visible range given by 

ß = T . k 

This curve is given by Kraus® as the upper frequency limit for beam mode 

operation of the Kraus-type helical antenna The range of parameters for 

this antenna, given by Kraus, is indicated by the broken line 

The critical frequency can be determined by studying the radiation patterns 

shown in Figure 9. As the critical frequency is approached from above, the 

patterns show increasing directivity characterized by a single lobe with little 

or no "endfire" radiation or "back lobe" Below the critical frequency, the 

patterns have many lobes, and the pattern shape changes rapidly with frequency 

This indicates the standing-wave current distribution on the antenna. As 

the frequency is increased, the patterns tend to broaden and, for larger 

pitch angles, tend to form a split beam. This is due to two effects first, 

the phase velocity in the feed region tends to become faster than light 

velocity, and second, the rate of current decay increases, decreasing the 

effective aperture of the antenna. The splitting of the main beam is not 

observed for smaller pitch angles because the effective aperture is too small 

to form distinct beams For larger pitch angles the rate of current decay 

is smaller, and the larger effective aperture can produce a well defined beam. 
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, 4. ENDFIRE RADIATION FROM THE BACKFIRE HELIX 

Endfire radiation from the backfire bifilar helical antenna is due to 

the higher order wave guide mode The extent of its contribution is controlled 

by the length of the antenna and the excitation of this mode The excitation 

of the higher-order mode is inversely proportional to derivative of Z(ß) at 

the root, of the determinantal equation corresponding to this mode. 

Since Z(ß) is logarithmically singular at = t . k, the slope of Z(ß) is 

large when ß is near ß,. The excitation of the higher-order mode is small 
o 1 

when ß is near ß,. This occurs at the critical frequency The value of ß 
o 1 o 

and with it the excitation of the higher order mode increase with frequency 

above the cutoff frequency. This is also evident in the near-field amplitude 

measurements. 

Typical patterns showing the effect of helix length are shown in Figure 10. 

The size of the back lobe decreases with decreasing length with little change 

in the main beam until the antenna becomes too short to support the feed 

region current Shortening the antenna beyond this point «ill generally 

broaden the main beam pattern Front-to-back ratios obtained for several 

lengths are shown in Figure 11 The sinusoidal curve in this figure represents 

the predicted radiation of the higher order mode as a function of antenna length. 

At frequencies well above the critical frequency there is an optimum 

length for the backfire bifilar helical antenna for each frequency This 

optimum length is just that required to support the feed region current A 

longer length will decrease the front-to-back ratio. At frequencies near the 

critical frequency the feed region current penetrates the structure to a much 

greater length. The lowest frequency that can be used in the backfire mode 
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LENGTH *11 CELLS 

LENGTH*24 CELLS 

LENGTH * 17 CELLS 

* POLARIZATION - 

B POLARIZATION - 

F * 1400 Me 

Figure 10. Radiation patterns showing the effect of 

changing the length of the antenna 
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# on a particular model depends upon the length of the antenna, the required 

% 

length, however, changes so rapidly as the critical frequency is approached 

that the cutoff frequency determined from pattern measurements on an antenna 

of reasonable length (10 to 15 turns) is in error less than one percent. An 

infinitely long antenna is required to support the feed region currents at 

the cutoff frequency. 

5. HIGH GAIN BACKFIRE HELICAL ANTENNAS 

Backfire bifilar helical antennas with large pitch angles tend to give 

the greatest directivity To provide more information on this property, two 

antennas were built with a pitch angle of forty-five degrees BBH-8a was 

constructed of number twenty-two wire wound on a 1-inch diameter plexiglass 

tube 48 inches long. BBH-8b was constructed of number thirty-two wire wound 

on a 0.475-inch diameter pyrex glass tube, 48 inches long The patterns 

obtained for these antennas are shown in Figure 12. 

The pattern for BBH-8a at 1.315 Gc has a twenty-eight degree beamwidth. 

The length of the antenna at this frequency is 5 35 wavelengths Using the 

Q 
approximate relation between beam width and gam given by Kraus 

D - 1L.253 

'0H °E 

the gain of the antenna at this frequency is 52 5 <17 2 db) This gives a 

ratio of gain to length in wavelengths of 9.82. 

The beamwidth of BBH-8b at 2 575 Gc is twenty degrees, and the length is 

10.45 wavelengths. The gain of the antenna is 103 1 (20 1 db) and the gain- 

♦ 
to-length ratio is 9.9 This result can be compared with the expression given 

by Schelkunoff and Fais10 for the gam of a long array of isotropic radiators 
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♦ polarization 

0 POLARIZATION 

Figure 12. High-gain patterns measured for BBH-8 
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in terms of its length 

g = 7 2 ^ 

This gain results when Hansen-Woodyard excess phase shift (2 94 radians) is 

used in the array feed The backfire helix provides a gain about 1.375 times 

as great without side lobes. If side lobes were permitted as shown in 

Figure 12 for the lower frequencies, the gain is increased 1 7 times. 

The backfire bifilar helix is obviously a supergain an'enna when operated 

near the critical frequency The usual instability associated with supergain 

antennas takes the form of a very rapid widening of the beam for the backfire 

helix. One half percent increase in frequency increases the beamwidth two 

degrees. 

6. THE TAPERED HELIX—LOG-SPIRAL ANTENNA 

In an attempt to retain some part of the high gain performance of the 

antennas described above and, at the same time, increase the bandwidth, an 

8-foot long antenna was built, tapered from 1/2 inch diameter at one end to 

1 inch diameter at the other end A Rexolite 1422 core was used with number 

twenty wire wound at a pitch angle of forty-five degrees 

Patterns obtained for this antenna are shown m Figure 13. This antenna 

has an average gain of 36 (15 6 db) in a forty-five percent bandwidth. Thus, 

tapering slows the rate with which the patterns vary with frequency and, at 

the same time, reduces the maximum gain that can be achieved This is the 

result expected since this antenna is a conical log-spiral antenna with a very 

small cone angle. 



Q POLARIZATION- 
Figure 13. Measured patterns for a long tapered bifilar helix 
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7. THE BACKFIRE MONOFILAR HELICAL ANTENNA 

The operation of a helical antenna in the backfire mode is not dependent 

upon the number of helical conductors used in its construction. To illustrate 

this, a backfire monofilar helical antenna, shown in Figure 14, was built. This 

model used the parameters of BBH-2. The conductor in this case was a Microdot 

cable which was also used to carry energy from the feed point to the receiver. 

At the feed point, the Microdot cable was brought radially from the perimeter 

of the helix to the axis. The center conductor of the cable was connected to 

the center of a straight wire, ten centimeters long, placed on the axis of 

the helix. 

The patterns obtained for the monofilar helix are shown in Figure 15. 

These patterns are very similar to those obtained for the bifilar BBH-2. This 

demonstrates that the monofilar helix will operate in the backfire mode, 

although it is more difficult to feed than the bifilar helix. 

8. A BACKFIRE HELIX WITH A CONDUCTING CORE 

The backfire bifilar helix model BBH-4 has a diameter of 1.77 inches. 

Patterns obtained for this model, when a series of brass rods were placed 

inside the helix and coaxial with it, are shown m Figure 16. The cores were 

of the same length as the antenna and ranged from 1/2 inch to 1 1/2 inches 

in diameter in 1/4 inch steps. These patterns are for the frequency 1.4 Gc. 

When the 1 1/2 inch rod was used the thickness of the dielectric, polystyrene 

foam, between the core and the wires was 0.11 inch. This is 0,013 wavelengths 

at 1.4 Gc. 

The main beam of the patterns shows little change with increasing core 

^ diameter except for some asymmetry due to misalignment of the core axis and 
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F * 1400 Mc 

F * 1600 Mc 

F5 1800 Mc 

F * 1500 Mc 

F « 1700 Mc 

4 POLARIZATION 

9 POLARIZATION 

F *1400 Mc 

Figure 15. Radiation patterns measured for a backfire 
monofilar helix 
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# some improvement in the circularity of the polarization on the axis The 

principal effect of the core is to increase the excitation of the higher-order 

wave guide mode This is indicated by the increase in endfire radiation. 

The increase in endfire radiation is significant only when the conducting 

core nearly fills the center of the helix It is expected that a further 

increase in core diameter would rapidly change the character of the radiation 

pattern, but, for the core diameters used in this investigation surprisingly 

little effect was noted 

9 CONCUSION 

A theoretical solution for the patterns of the backfire bifilar helical 

antenna has been obtained This solution, appropriate for a semi-infinite 

bifilar helix, is based upon a Wiener-Hopf factorization of the determinantal 

equation for the bifilar helix. This solution predicts the main beam radiation 

from an antenna of finite length This analysis is described in Technical 

Report No. 61, AF33(657)-8460, Antenna Laboratory, University of Illinois, 

Urbana, Illinois. 

The study of the backfire bifilar helical antenna is important for several 

reasons. Not the least of these is the fact that the antenna is a useful 

practical device in itself. It provides circularly polarized fields with a 

single lobed pattern of almost any desired gain When pitch angles near 

forty-five degrees are used, the antenna can provide circularly polarized fields 

with a pattern that is omnidirectional in azimuth with high vertical directivity. 

This study also provides further insight into the operation of the conical 

log-spiral antenna, and it is the first simply periodic backward wave or 

backfire antenna for which a theoretical solution has been obtained. The study 
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of other types of periodic antenna structures that operate in the backfire 

mode will aid in understanding the operation of known log-periodic antennas 

and will suggest new ones. These structures are important in themselves for 

their unidirectional single lobe patterns and their frequency scanning 

characteristics, as well as for the insight they give in the operation of 

log-periodic structures. 
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NEAR-FIELD MEASUREMENTS ON BACKFIRE PERIODIC DIPOLE ARRAYS 

P E. Mayes and P. G Ingerson* 

University of Illinois 

Urbana Illinois 

1 INTRODUCTION 

Although notable progress has been made in recen* years in achieving 

frequency-independent performance from antennas »he understanding of the 

basic principles of operation of most of the practical frequency-independent 

antennas remains incomplete It has been proposed tha' studies of uniform 

periodic structures which correspond geometrically to the several successful 

undirectlonal log-periodic and log-spiral antennas can yield information 

which will aid in developing the basic concepts 1 Preliminary measurements 

have been made on a numoer of periodic radiating structures a* 'he University 

of Illinois Antenna Laboratory Two of these structures the he>lix and 

periodic dipole array, are amenable to analysis and parallel theoretical 

2 3 
investigations by Patton , Mittra , Klock and Laxpati (unpublished) have 

yielded corroborating results 

It has been found that the near«fields on the uniform periodic 

structures can often be represented by simple wave functions Brillouin 

diagrams, plots of frequency versus propagation constant, for these waves 

yield valuable information about the operation of the corresponding 

log-periodic structure The variation with frequency of the propagation 

constant along the uniform periodic structure corresponds to the variation 

with distance of the propagation constan» along the log-periodic structure 

Of particular interest are 'he frequency bands where the propagation 

constant is complex The purpose of this paper is to display the Brillouin 

♦Antenna Laboratory, University of Illinois, Urbana, Illinois 
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diagram for the uniformly periodic counterpar* of the highly useful 

log-periodic dipole array4,5 and to compare the form of this diagram 

with those obtained from some other periodic structures 

2 DESCRIPTION OF THE MEASUREMENTS 

The backfire periodic dipole array consists of an array of identical 

coplanar dipoles equally spaced along a transposed feeder as shown in Figure 1 

The transposed feeder is known to be required for successful frequency- 

independent operation of the log-periodic dipole array A comparison of the 

Brillouin diagrams for this case with 'ha* for a monopole array with single 

feed line (equivàlent to a two wire feeder no* transposed) will clarify the 

importance of the transposition 

In order to probe the near-field with minimum disturbance the uniform 

dipole array was constructed as shown in the sketch in Figure 2 The 

dipole elements were made from 0 1875-in diameter brass tubing and were 

silver-soldered to twin booms which were made from 0 425-in diameter 

coin-silver tubing The twin booms served both as support and balanced 

feeder The excitation signal was brought to »ne input terminals by 

means of a coaxial cable in one of the booms The other boom was slotted 

to allow a small probe to move along, sampling the voltage between the feeder 

conductors. The probe was connected to a length of rigid cable which could be 

accurately positioned from the back end of the antenna The methods used for 

measuring both phase and amplitude of the probe signal were standard techniques 

which are desenoed elsewhere5 6 The antenna used for most of the measurements 

reported here had sixteen dipoles spaced 6 3 cm apart The basic length 

of each half-dipole was 27 25 cm, but moveable inserts were employed to make the 
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dipole length adjustable 

3. INTERPRETATION OF RESILIE 

In certain frequency bands the dipole-loaded line acts as a transmission 

system, i e a wave propagates along the structure with negligible attenuation 

In other frequency bauds the feeder voltage is rapidly attenuated The 

behavior of the voltage versus distance at these latter frequencies is 

similar to that of the field in a periodically-loaded waveguide when the 

frequency is in the stopband Hence we shall refer to the bands with 

undamped propagation as passbands and those with a'tenuation as stopbands 

Examples of these different types of behavior ate shown in Figures 

3 and 4. Figure 3a shows a typical standing wave pattern which is measured 

in the passbands Since the feed line was terminated in a conducting plate 

which was an effective short-circuit, almost perfect reflection was obtained 

at the end of the structure opposite the feedpoint This accounts for the 

standing wave of voltage when there is small attenuation From the dis¬ 

tance between nulls a guide wavelength can be determined which demonstrates 

that the loaded line supports an undamped slow wave at 237 Me The average 

distance between nulls in Figure 3a is 20 4 cm, which corresponds to a 

phase velocity along the line which is 32¾ of the free space value 

The decaying voltage shown in Figure 3b shows that the frequency 253 Me 

is in the stopband. The attenuation has increased to the point where the 

field is negligible at the termination and the standing waves are no longer 

attributable to reflections from the terminal plate since the field amplitude 

is attenuated to negligible values at a point some distance from the plate 

Even so, the alternate maxima and minima indicate the presence of two waves 

on the transmission line A similar situation is observed at 255 Me as 
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shown in Figure 3c. Note, however, that the attenuation has increased 

significantly in this small (2Mc) frequency increment 

The voltage amplitudes and phases shown in Figures 3b and 3c have been 

analyzed to determine the properties of the separate waves Assuming the 

voltage to be of the form 

^ -ax, -jßx „ *jßxx 
V(x) = e (e *Ke ) 

produces a calculated voltage versus distance plot which is shown as the 

solid lines in Figures 4a and 4b The constants a. ß and K have been chosen 

to produce a good fit to the experimental points shown on the same figure 

Figure 5 shows the voltage amplitude and phase as frequency is increased 

further The standing wave pattern with still higher attenuation is shown 

in Figure 5a for 265 Me. At 275 Me, however, (Fibure 5b) the standing wave 

has disappeared and the phase shift between cells has reduced to a small 

value. At 290 Me the attenuation has begun to decrease and the phase shift 

between dipoles is practically zero As frequency is further increased the 

attenuation decreases to negligible values as standing waves are again 

formed by reflections from the end. The phase constant in this second passband 

is determined by distance between nulls as before 

In the vicinity of the three half-wavelengths resonance of the dipoles 

the stopband characteristics are repeated Figure 6 shows the voltage plots 

at 768 815, and 831 Me which display forms very similar to those in the 

lower stopband Further plots showing the decreasing attenuation and small 

phase shift as the frequency approaches a third passband are shown in Figure 7. 

The Brillouin diagram affords a convenient way of summarizing the above 
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data together with that taken at a number of other frequencies. Figure 8 

shows such a diagram based upon the phase shift between adjacent dipoles. 

Also shown in Figure 9 is the attenuation of the voltage wave in the distance 

between adjacent dipoles. These diagrams have forms similar to those 

calculated for a transmission line loaded with shunt elements which have 

multiple resonances similar to those of the dipoles The numerical agreement 

is greatly improved, however, if the calculations are performed using expressions 

for the actual dipole admittance and including the effect of mutual coupling 

between the elements ^ 

Because of the complications involved by the existence of more than 

one wave at the lower edge of the stopbands, the determination of the phasing 

of the dipole currents is not directly obtained from the voltage plots given 

above Since sensitivity of the current probe is somewhat less than that 

of the voltage probe, only limited data have been obtained for the current 

distribution. Figure 10 shows the current distribution measured along the 

feeder at 255 Me, the edge of the first stopband Note that the phase shift 

between adjacent dipoles at 255 Me is approximately 90 degrees. When this 

90 degree phase progression exists from dipole to dipole along the feeder, 

the actual phase progression of the dipole currents is likewise 90 degrees 

per dipole, but in the opposite direction due to the transposed feeder. This 

agrees with the result obtained by Carrel5 in the "active region" of the 

log-periodic dipole array. Thus the dipoles are phased for backward-wave 

radiation so long as this phasing condition is maintained The dramatic 

change in the antenna patterns which is observed at the edge of the lower 

stopband where the above conditions are first established is illustrated in 

Figure 11. Similar action takes place in the second stopband and a backward- 

to 
wave pattern is produced there also Prior use has been made of this 
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Figurp 0 Attenuation of feeder voltage in first stopband 

of uniform periodic dipole array 
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* 

% 

phenomenon in the design of multimode log-periodic antennas 

To illustrate how the periodic dipole array characteristics differ from 

other periodic structures we consider next the simple periodic monopole 

array and briefly present some results obtained by E Hudock Figure 12 is 

the Brillouin diagram obtained from measurements on an array of 13 monopoles 

5.7 cm long spaced 4.5 cm apart on a straight single-wire feeder spaced 1/4 

in above a ground plane Again the general features of pass and stopband 

are present, but the phase shift per cell at the onset of »he first stopband 

is nearly 180 degrees rather than 90 degrees as in the dipole array with transposed 

feeder. Hence, although this structure has a complex propagation constant 

in the stopband region the phase constant there does not produce backfire 

radiation 

As a further contrast of log-periodic structures which are both success¬ 

ful frequency independent antennas we consider the bent zigzag shown in 
9 

Figure 13 which has been investigated by J W. Greiser The Brillouin 

diagram for a zigzag made of 048-in diameter wire with a period of 

2.0 in spaced 1/4 in above a ground plane is shown in Figure 14 The 

vertical elements were 3 in high; the horizontal elements, 1 3/4 in long. 

In this case, the phase constant is approximately given by assuming 

free-space phase velocity along the wire These values are shown as a 

dashed line on Figure 14. Inside the triangles shown the fundamental wave 

and all of its space harmonics are slow waves and the phase constant can be 

determined by probing the standing wave produced by a short-circuit termination. 

Several points determined in this way are located by dots inside the triangles 

shown in Figure 14. The points outside the triangle were determined from 

radiation pattern measurements. At each of these frequencies there is a space 
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harmonie which is a fast wave having a direction oí propagation corresponding 
* 

to the direction of maximum radiation 

ß 
— = COS 0 
k 

k = free-space phase constant 
0 = angle ot maximum radiation 
a = period 
n = integer 

We therefore see that the Brillouin diagram for this nonresonant structure 

is quite different from either of the resonant structures A space 

harmonic in the field can produce backward wave radiation when the proper 

relation exists between the period of the structure and the operating 

wavelength. In this backfire region the propagation constant along the 

zigzag is complex as also it is in the stopband of the periodic dipole array 

ã SUMMARY 

We have demonstrated here that the feeder voltage and current ot a dipole 

loaded transmission line is closely given by simple waves with frequency- 

dependent propagation constants. Backfire radiation occurs in frequency 

bands where the propagation constant is complex but the phase progression 

of the dipole currents from element to element is much greater 'han that 

corresponding to propagation in free-space. In this respect the dipole 

array differs from other nonresonant frequency-independent antennas sum 

as the log-periodic ¿igzag and the conical log-spiral 

We have thus attempted to clarify the role of complex propagation 

constants as they at feet the performance of frequency-independent antennas. 

From these considerations it is hoped that improved teheniques for analysis 

and design of frequency-independent antennas will be evolved 
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ABSTRACT 

An approach to the measurement of the phase ce-.ters of antennas has 

been developed which depends upon the comparison of information received 

from a detector which is sensitive to the amplitude and phase of the ra¬ 

diated field, with one sensitive only to the amplitude of this field. 

These patterns may be automatically recorded on standarc antenna range 

equipment. The system can materially reduce the time required to determine 

the phase center and can be a useful tool in the study of antennas for which 

a unique phase center does not exist. 
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1. INTRODICTION 

There are many applications of antennas *hich aemanc a knowledge of the 

phase as well as the amplitude characteristics oí the radiation field. For 

any given antenna an expression for one component oi this field can be put 

in the form 

j(*(0,<|,> - ßrQ) 

E -- cf(0,,(,)  --- (i) 
o 

where c is a constant depending on the amplituoe oí excitation ana units 

used, and r is the distance from the chosen origin of coordinates to the 

point of observation. In this expression 0 is the elevation angle and <), 

the azimuthal angle in a spherical ccorainate system. 

The directive pattern of the amplitucc lunetier í(0.<j>), anc ’he airec- 

tive pattern of the phase function #(0,¢), represent the far field. It is 

well known that a shift in the origin to vhich the coordinates are referred, 

by a distance which is small compared to r^, can be neglected in the expres¬ 

sion for the amplitude ol this field, but this same shift in origin can not 

be neglected when considering this phase of the radiated field. Thus, al¬ 

though the form of the amplituoe function, !(P,(j)) is considérée to be inde¬ 

pendent of the exact origin of coordinates, the phase function ¢(0,,(,) is not. 

For some antennas there doe® exist an origin such that the phase function 

¢(0,4)) is constant, independent of 0 and <(,“ Such an origin is defined to 

be the phase center of that antenna. The cr.oice of another component of the 

radiated field will in general lead to a cifferent ph»se center. 
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The present study was initiated to determine the phase center, if one 

existed, for the conical log-spiral antennas. Such information would help 

to provide a better understanding of the mechanism of radiation from these 

structures, and also permit their use in complex systems, such as feeds for 

reflectors and in complex array geometries. 

For most antennas and in fact for the logarithmic spiral and logarithmic 

periodic antennas, a unique phase center apparently does not exist. For 

such antennas there may exist, however, a limited surface, over which the 

phase function is essentially constant. Associated with this surface, there 

exists an origin or center of curvature which we will define to be the ap¬ 

parent phase center for this limited surface. This limited surface may in 

some cases degenerate into an arc of a given angular width. For example 

the phase of the far field of the conical spiral antennas is known to vary 

linearly with the azimuthal angle ¢). Hence, observations must be made in a 

plane of constant ¢. 

This concept of an apparent phase center is nevertheless a useful 

parameter in the practical application of these antennas since it has been 

observed that the movement of this center, as the angle of observation is 

changed, may be very small in terms of wavelengths. An apparent phase center 

must, however, be specified in terms of the polarization of the incident field, 

the plane of observât.on, and a range of angular coordinates associated with 

that plane. 

In this context we will present a method of experimentally determining 

the phase center of an antenna if one exists, or the apparent phase center 

for a given surface if a unique phase center does not exist. 
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2. DETERMINATION OF THE PHASE CENTER 

Assume that an antenna is given that has a phase center on the axis oí 

the structure. If a phase pattern is recorded for this antenna about some 

origin, or center of rotation, which coincides with the phate center, this 

pattern will be a constant, i.e., a circle on a polar plot or straigh* line 

on a rectangular plot. 

If now a phase pattern in a plane of constant ¢) (the azimuth»! angle 

around the axis of the antenna) is recorded for this ar.’erra about ‘ome origin 

which lies along the axis of the structure, but is oi'olacea a distance r 

from the phase center, the phase of the field of the antenna will be modu¬ 

lated by a sinusoidal function of the elevation ingle, 0. When r is very 

small with respect to the distance to the point of cb-ervition, »his modu¬ 

lation function, as shown in Figure 1 may be expressed as 

ßr(l - cos 0) (2) 

If the pattern is normalized to the phase of the signal received when the 

phase center is at position A in Figure la, the resultant phase pattern will 

be as shown in Figure lb. Normalization to the phase of the signal received 

when the phase center is at position E in Figure 1c will produce a phase 

pattern as shown in Figure Id. 

One of the conventional methods of determining the phase center is to 

measure the phase of the signal received when the antenna is at a position 

such as A in Figure 1; and then vary the angle 0 in small steps about this 

point by rotating the antenna, measuring the phase of the received signal 

at each of these points2. A plotted curve oi these measured values will 

normally be of a sinusoidal form. In theory the position of the phase 
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Fleure 1. Phase modulation of the electric field w|;ere an^ 
rotated about an origin displaced from the phase center 
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* center can be calculated from one such curve. In practice i» i? frequently 

necessary, because ot experimental anomalies or because the ar.ter.na has no 

phase center, to reposition the antenna along a *»oi»: line directed toward 

the source of radiation and record sufficient data to plot several curves to 

bracket a curve with minimum variation, i.e., in the idealized case a straight 

line, before a decision can be made. A second method of determining the phase 

center depends upon plotting equiphase contours.3'4 'le^ mere metnoos are 

automated they involve many individual measurements and are tedious and time 

consuming. 

3. AN AUTOMATIC PHA5E COMPARISON SYSTEM 

Phase measurements in the I'HF or microwave region are all relative 

measurements in which two r.f. voltages are usually combined by addition 

5 6 
or subtraction to obtain an interference pattern or a null ’ Tor vol¬ 

tages which are not equal in magnitude the greatest sensitivity to rmail 

changes of the phase of one signal can be achieved by a sys’em ‘hich pro¬ 

vides a null when the two r.f. voltages are m phase quadrature. One such 

system is shown in Figure 2. 

An r.f. voltage is generated at the desirea frequency, modulated, filtered 

and monitored in the usual manner. A reference voltage, ER, is extracteo 

with a directional coupler and the remainder of the original signal is radiated 

as the transmitted field. The antenna under test is pUced in the far field 

on a positioner that is capable of precise rotation about a point and of pre¬ 

cise translation along an axial line between the transmitting ,no receiving 

positions. 

The reference voltage, Ej, »hlch can be varied In amplitude and phase, is 

combined with the unknown voltage, Eg, in a hybrid circuit. -e let 
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Ec = I EQ<e,<t>) 1 e 

(3) 

(4) 

where <\> Is the relative phase delay between Ep and Eg, the output irom the 

side arms of the hybrid will be 

E + E i I E I + I E_ I cos ♦ j 1 E 1 sin (5) 
R S R » » 

E - E ^ I E I - I £„ ! cos 4< - j I E ! sin Oi (6) 
R S R S 3 

Th» se outputs when detected by matched square law detectors will give 

9 2 
V -( ! E I 4- I E_ I cos 40 +• ( ■ EQ ' sin 4>) (7) 

1 * R a a 

V2 2 ^ ^ ER ^ ^ ES ^ COS ^ ‘ ES ' Sin 

The difference between Vj and V2 may be taken with an audio transformer to 

yield, 

V s 4 I E I ! E ! cos 4> 
3 R S 

i9) 

Since the reference voltage, I ER I is constant, the voltage, \ly is pro¬ 

portional to the amplitude, I EgO,*) I , and the cosine of the phase, 4»(0,«f,), 

of the unknown signal. 

If we assume both I Eg I and I ER I are constant, Figure 3 moi cates the 

relative magnitudes of the voltages V1 and V2 at the side arms of the hybrid 

as the angle 4* varies from 0 to *. At 4* -- */2 these voltages are equal, and 
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Figur« 3. ReUtive magnitude of voltages at side arms of hybrid 

# 

r 

Figure 4. Voltages at the terminals of the hybrid 
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as indicated by Equation (9), ^ 0. This system has been used ior the 

7 8 
measurement of relative phase ’ . In this measurement the system is balanced 

to a null when ff/2, A change in phase of the unknown voltage is then 

compensated for by a change in phase of the calibrated phase shifter in the 

reference line. As Figure 4 indicates, since the system is balanced to a 

null when the reference and unknown voltages are in phase quadrature, it has 

good sensitivity to small changes in «i< in the neighborhood of 4* : 7T 2 even 

though there are large differences in the relative magnituaes of these vol¬ 

tages . 

From Equation (2), $ ^ 0 at 8 = 0 and, since to null the system we 

force + to be jr/2 at 0 ^ 0, 

V3 1 4 1 Es(0) 1 1 Er 1 cos (2 - *) (10) 

The voltage could be plotted on a recorder as a function of the 

angle 0. If the system is nulled at 0 t 0 and the phase center is displaced 

from the center of rotation, the recorded voltage would appear as in Figure 

5a on polar and rectangular plots for an omnidirectional antenna ( ! E_ I - 1). 
s 

Similar plots are shown in Figure 5b for an antenna with a bidirectional cos 0 

radiation pattern. If a radial displacement of the antenna produces some origin 

or center of rotation, such that these patterns reduce to a point, or a straight 

line respectively, this center of rotation coincides with the phase center. 

Figure 1 indicates that there is a polarity, or sense, associated with 

the change in phase, ¢, with a change of 0. This polarity depends upon 

whether the system is nulled at point A or B. that is to say, whether ’he 

signal is normalized to zero when the phase center is ahead of or behind 
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Figure 5. Magnitude of V3 as a function of elevation angle 0 
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the center of rotation. An important advantage of the system outlined above 

Is that this sense of the phase angle $ is preserved through the system up 

to V3 as indicated in Figures 3 and 4. However, the patterns of Figure 5 

would be the same for either sense of ¢. 

To preserve the sign of $ a constant voltage may be taken from the 

reference line and, after detection, added to in a conventional audio 

mixer that provides adequate isolation between the two input signals. This, 

in effect, biases V from a null condition at balance. If the magnitude of 
«J 

this bias voltage, V , is for convenience, set equal to I E_ 1 in this mixer, 
4 n 

we have from Equation (10) 

This voltage, recorded as a function of the angle 0, will take the form 

of Figure 6 for the unidirectional antenna with a cos Q radiation pattern. 

Note that this plot, which we will identify as the modified phase pattern, 

preserves the sign of the phase modulation function 1. Thus, after a simple 

calibration of the system, one recorded modified phase pattern will, under 

ideal conditions, i.e., if a phase center exists and is on the axis of the 

structure, predict the exact distance the phase center is in front of or in 

back of the center of rotation. Under practical conditions, and for antennas 

without a phase center, several patterns may again be required, to obtain a 

pattern that closely approximates the unit circle. The time required however, 

for balancing the system and recording an entire pattern is on the order of 
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that required for a similar balancing and the measurement of the relative 

phase at one point with a point by point system. 

Figure 7 is a rectangular plot of this modified phase pattern over one 

quadrant, and Indicates the relative sensitivity of the system as a function 

of the directivity of the radiation pattern when the phase center is dis¬ 

placed only .05 \ from the center of rotation. 

4. ADJUSTEMNT AND CALIBRATION OF THE SYSTEM 

The system may be used over any frequency range where suitable components 

are available. Measurements have, however, been confined between 450 and 900 

Me with coaxial equipment. 

Detectors 1 and 2 in Figure 2 are bolometers in matched wideband mounts 

selected to have an output within 1/2 db of each other for a given input sig¬ 

nal. To provide a better match to the side arms of the hybrid, precision, 

well matched coaxial attenuators were inserted between these ports and the 

detectors. Increased isolation in the hybrid could be secured by inserting 

tuning stubs between one of the side ports and its attenuator. With E 
d 

applied to port IV and a detector connected to port III, the stubs are tuned 

for a null at this detector. 

Since the modified phase patterns that will be recorded will be func¬ 

tions of the amplitude of the radiation pattern, this pattern may be recorded 

by terminating ports II and III of the hybrid and disconnecting from the 

audio mixer. Thus I F I ^ is available at the recorder. Since at this 

laboratory a standard linear-square root pattern range recorder was used, 

the voltage pattern, ^ Eg ^ » was recorded with the amplitude adjusted to 

some suitable normalized value at 0 = 0. 
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e 
Figure 7. Relative sensitivity of modified phase pattern as a 

function of the directivity of the radiation pattern, 
S(0). r = .05 
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To insure suitable sensitivity to small changes in 4, Eg is disconnected 

from the hybrid, ports II and IV are terminated, and ER adjusted to give a 
t 

deflection on the recorder equal to I E I at 6 = 0 with the recorder set for s 

linear amplification. The exact level of E is not critical unless the re- 
n 

lationship between E and E. is used later in the phase pattern interpretation. 
K S 

To balance the audio signal^ Eg is connected to the hybrid; and the 

padded detectors are connected to ports I and II, with port III terminated. 

Potentiometer P is now adjusted for a minimum indication on the recorder. 

For the greatest accuracy of measurement this tudio null could be improved by 

g 
modulating only the unknown signal E . With the reference signal unmodulated 

s 

the only undesired signal produced by the bolometers due to this reference 

signal is a dc signal which is rejected by the transformer. 

The hybrid is reconnected as shown in Figure 2 and the phase of ER 

adjusted to produce a null on the recorder, after which V is connected 

and adjusted in magnitude to give a deflection of the recorder equal to 

I E I . Thus at 0 = 0, V = I En I = I E I . 

To initially determine the direction of the deflection of the recorder 

for a given input, the antenna is moved a small distance away from the trans¬ 

mitter and the direction of the movement of the pen noted. If the deflection 

of the pen is toward zero the vector relationship shown in Figure 4 applies 

and, as is the usual case, the audio voltage V is in phase with V . This 

movement of the antenna corresponds to conditions in Figure la. A deflection 

below the unit circle or below the normalized 0=0 line on a rectangular 

recorder, as 0 is varied, indicates that the phase center is in front of the 

center of rotation, i.e., between the transmitter and the center of rotation. 

Deflection above this line indicates the phase center is in back of the cen¬ 

ter of rotation. 
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If, when the antenna was initially moved back, the deflection of the pen 

was in the opposite direction to that just established, it indicates that E 
R 

o 
is 180 out of phase with the initial assumption, or that may be out of 

4 

phase with V^. These conditions do not modify the system except that now 

all movement of the pen below the established reference circle or line in¬ 

dicates that the phase center is behind the center of rotation, and movement 

above this circle or line indicates that the phase center is in front of the 

center of rotation. 

After this initial adjustment and calibration, successive modified 

phase patterns may be recorded for different positions of the antenna along 

a radial line from the source. The system is re-nulled at 6 = 0 by an adjust¬ 

ment oi the phase of E , and if necessary, a slight adjustment is made in the 
K 

magnitude of V . 
4 

5. INTERPRETATION OF THE RECORDED PHASE PATTERNS 

To aid in the interpretation of recorded patterns, the functions defining 

9 and V have been plotted over a limited range of values in Figure 8. As an 
ô 

example of the use of these graphs, assume a recorded modified phase pattern 

has a normalized amplitude of 1.3, and the electric field radiation pattern 

has an amplitude of 0.8 at 0 = 30°. We enter Figure 8 at V = 0.3 and inter- 

sect the line S = 0.8. Corresponding to this intersection we read $ = 5.5 . 

We then follow this vertical line to intersect the horizontal line at 0 = 30° 

to read a value of r between .10 and .12\. If the prior calibration of the 

system indicates that a deflection greater than one indicates the phase center 

is behind the center of rotation we should expect it to be approximately .11\ 

back of the known center of rotation. A pattern or two recorded after the 
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antenna has been moved approximately .11\ toward the transmitter should es¬ 

tablish the phase center of the antenna at that particular frequency. If 

the existence of a phase center has not been determined, the application of 

these curves should be limited to the neighborhood of the point of normali¬ 

zation. 

Figure 8 could, of course, be used with a single measurement at a given 

angle, 0, and under ideal conditions the position oi the phase center could 

be determined. Recording the complete modified phase pattern becomes of 

greatest value when the antenna does not have a phase center and an effort 

is being made to determine the apparent phase center for a given range of the 

angular coordinates about the structure. 

The phase angle 4 may also be measured directly by varying the calibrated 

phase shifter in the reference line to rebalance the system at any point on 

the curve. Alternatively, calibration points may be automatically plotted 

on the modified phase pattern. If it is desired to calibrate a plotted curve 

that deflects below the unit circle or line, a fixed calibration angle, 6, 

of the opposite sign may be inserted in the system by changing the phase of 

. Thus 
R 

v5 = I ER I [ 1 - 4 I Es(0) I cos (ir/2 + 6 - ¢) ] (12) 

A new phase pattern is now plotted and when this new pattern crosses the unit 

circle, ¢=6. 

6. MEASURED PATTERNS 

Figure 9 indicates the type of information that is obtainable. Modified 

phase patterns were recorded for a log-periodic dipole array. The pattern is 
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normalized to one at 6 - 0. At this particular frequency the antenna has an 

apparent phase center on the axis of the structure over a range of at least 

+ 30° off the axis of the antenna. The sensitivity of the system is indicated 

by the two curves recorded for a displacement of the center of rotation by ± 

.05 \ from this apparent phase center. The resolution of the system is such 

that a displacement of the phase center of 0.1 in(is easily discernible at 

600 He i.e., a displacement of approximately 1200 wavelength. 

Figure 10 again shows the modified phase pattern for this antenna, 

recorded with the center of rotation 1.24\ from the apex and calibration 

curves for 2°, 5°, and 10° variations in ¢. This curve indicates that for 

53° > 0 > 314° in a plane perpendicular to that of the elements, there is a 

phase contour that varies no more than +0, -2 from a circle. Associated 

with this phase contour we can identify an apparent phase center' 1.24 X. 

from the apex. 

Note that beyond this range of 6 the modified phase pattern rapidly 

departs from the unit circle. This would indicate that the phase front 

in this region is distorted from a spherical surface and that the center 

of curvature for any given segment of this phase front has moved away from 

the apparent phase center measured for the main portion of the radiated 

beam. 

Modified phase patterns for one conical log-spiral antenna are shown 

o o 
in Figure 11. These indicate that over a range of 40 > 0> 325 for this 

particular ^-constant cut, there is an apparent phase center located on the 

axis 0.798 wavelengths from the tip of the cone. There is less than a 

o o 
2 variation in the phase contour associated with this center from 50 > 

0 > 305°. 
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Figure 10. Modified phase pattern for L-P dipole array 

with calibration curves at 2 t 5 f and 10 
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three positions of the center of rotation 
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The fact that all three curves In Ptgures 10 and 11 mutually Intersect 

at 6 e,u.l to approximately * 100°, at a point belo» the unit circle, ,ould 

indicate that the apparent phase center around this angle of Incidence is on 

the other side of the axis of the antenna from the Incident »ave. This Is 

in agreement with the theoretical solution obtained by Carrel for the log- 

periodic dipole array9. A detailed study of the phase centers of some of 

the frequency Independent antennas using these techniques »ill be the basis 

of a subsequent paper. 

7. A VARIATION IN THE SYSTEM 

One variation of the system that permits ar interesting display is to 

sample voltage Eg from the unknown signal Eg instead of from the reference 

signal. If detector No. 3 in Figure 1 is changed to a linear detector we 

can make 

v4 = 1 Es(0) I (13) 

From the audio mixer the signal becomes, 

s ^ EgíG) I [1 - 4 I ER I cos (ff, 2 + ¢) ] (14) 

Equation (14) indicates that displacement of the phase center from the 

center of rotation »111 cause a deviation of the shape of the modified phase 

pattern from that of the amplitude pattern, ! Es<e> 1 . Further the sense of t 

is preserved. Thus depending upon the Initial calibration, a displacement of 

the phase center in front of the center of rotation »111 cause a deviation 

greater than the amplitude pattern, and displacement of the phase center In * 
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back of the center of rotation will produce a modified phase pattern that is 

narrower than the amplitude pattern. This display may have importance in the 

study of antennas which have rough amplitude patterns ano nence rapid varia 

tiens in IE.l that might make the interpretation of modified phase patterns made 
d 

with the original system difficult to interpret. 

8. CONCLUSION 

A new approach to the measurement of the phase center of antennas has 

been developed. In essence this consists of comparing the recoroed radia¬ 

tion pattern made with a detector sensitive to only the amplitude of the 

radiated field, with one maoe with a detector sensitive to the amplitude 

and phase of this field. Deviations of this latter pattern from a unit 

circle or straight line (or as a modification, from the amplitude pattern), 

may be interpreted from curves supplied, to show the position of the phase 

center from the known cen’er of rotation used to ob’ain the patterns. 

There are many antennas, including the log-periodic and log-spiral 

antennas^ that do not h’ave a unique phase center. For these antennas an 

"apparent phase center is defined over a limited range of space surrounding 

the antenna. This mea'urement technique permits a continuous display of the 

effective position of this apparent phaee center for all angles oil the 

axis of the antenna in the particular plane in which patterns are recorded. 

The system can materially reduce the time required to determine the 

phase center of antennas i".d should be a useful tool in the study of those 

antennas for which a unique phase center ooe not exist. 
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The antenna described here Is a log-periodic, cavity bached tooth 
structure radiating In a quasi-end fire mode with a forward pointing beam* 
It covers the frequency range from 1.0 Gc to 10 Gc. The structure Is 
suitable for flush mounting In an airframe. The size is 

length ■ 11.3" 

width - 8.0" 

depth ■ 3.0" 

The VSWR is less than 3:1 over the band. The lobe of the radiation pattern 
is nearly the same at all of the test frequencies and appears independent 
of the applied frequency. Two antenna halves are used and are fed against 
each other with a teflon filled logarithmically tapered line balun. To 
avoid cavity resonance the cavity on all sides and on its bottom is covered 
with absorbing material. Hie feedpoint is at the vertex of the two antenna 
halves and is not connected to the cavity. 

This antenna produced a beam which is in the direction in which the 
vertex of structure points. The take-off angle of the main lobe depends on 
the vertex angle of the structure in the same manner as the well known log- 
periodic antennas. 

Design Parameters 

The well known log-periodic antenna has two parts which are fed against 
each other and both of its halves radiate, when the antenna is mounted in 
free space. To have radiation from only one half of the structure a 



terminating cavity must be provided on the side from where radiation is to be 
barred. Such a cavity was built replacing one half structure. But tested 
over a 10 to 1 band the result was not promising because of cavity resonance^ 
and, therefore, the radiation patterns were found multilobed of certain 
frequencies. This means that the antenna cannot be halved and have the “m 
performance as the balanced model. To avoid any cavity resonance the cavity 
was covered with non-reflecting material on all sides and on the bottom, and 
a balanced antenna type was used. Both antenna halves were inserted. One of 
the antenna halves was located inside of the non-reflecting cavity; the other 
antenna halves were flush mounted on the cavity lid. The feedpolnt is on 
the vertex of the two antenna halves and is not connected to the cavity. 

This is the important pointl Both antenna halves radiate the energy. 
The flush mounted antenna half radiates the energy into free space, and the 
one inside the cavity radiates its energy into the non-reflecting material. 
This part looks like a matched dunary antenna. The whole antenna system is 
therefore well balanced, and no resonance from the cavity occurred. The «pgH 
between the two halves is approximately 20 degrees. It should be noted that 
the impedance of such an arrangement shifts with the vertex angle y and the 
angle or of the structure. In our present case the antenna was matched to the 
50 ohm cable with a teflon filled logarithmically tapered line balun. 

The Figure Ko. 1 shows the trapezoidal teeth structure, 

Rj - 7.15% t - 0.7, Jt m 0.838, a - 1*5#, 0 - 15* 

The low frequency cutoff occurs approximately when the longest tooth is l/U 
wavelength long and the high frequency cutoff occurs when the shortest tooth 
is somewhat less than l/4 wavelength long. 

Two of these antenna halves were built and mounted in the non-reflecting 
cavity with a vertex angle of 20 degrees (see Fig. 4a and 4b). 

The space on the vertex is confined; therefore, a logarithmic tapered 
line balun was built which is shown in Fig. No. 2 and 3. The inner conductor 
is constant in its size. The outer conductor is logarithmically cut off in 
its length and converts the coaxial structure slowly into a parallel wire 
transmission line. 

Such a transformer is used to match the antenna to the 50 ohm cable. The 
transformer nans along at the center of the antenna halves. The outside of 
the conductor is in contact with the antenna halves which are located inside 
of the cavity. The center conductor of the transformer is connected at the 
upper antenna halves. 

The Non-reflecting Cavity 

To minimize cavity resonance the cavity on its inside is covered with 
absorbing material (Emerson & Cuming lype AN73 3/8"). Two layers of this 
material are applied, but the contacting sheet is scraped off at the first 
layer and a coated cardboard inserted between the two layers of absorbing 
material. This is made to increase the bandwidth of the absorbing material. 



This is made to increase the bandvldth of the absorbing material. The cavity 
resonance is practically eliminated over a wide frequency band. At the lower 
end of the frequency band the cavity resonance was found to be not critical. 
Anyway, at the higher end of the frequency band the cavity resonance without 
the non-reflecting sheet was recognized as very troublesome. (See Fig. 5 and 
6.) 

V5WR Measurements 

In steps of $00 Me the over-all VSUR was measured. Tim VSHR is 
3:1 of approximately 8 Gc. In Fig. No. 7 the result is plotted over the 
frequency band from 1 Gc to 10 Gc. 

Antenna Patterns 

The patterns of the antenna were measured over the ten to one frequency 
band (1000 Me to 10000 Me.) In principal, the main beam pointed up approx¬ 
imately 20* above the plane at the antenna window at all of the tested fre¬ 
quencies. In the range from 6500 Me to 7300 Me greater side lobes become 
apparent, but the main beam still points up into the 20 degree direction. 

The beam width is smaller at the higher frequency band and wider in the 
lower frequency band as expected. At an angle of 10* up, at all of tbs 
tested frequencies the decrease in gain never goes below 3 db from the mx- 
imum. 

Conclusion 

The antenna presented here is very useful for wide-band signal reception 
and is particularly suited for ECM application. Other applications seem to be 
promising, as the beam can be broadened or narrowed by different design of the 
structure, and the "take off angle" can be varied with tbs vertex «»pi- between 
the two antenna halves. 

A continuation of the study, which so far has not been funded, is indi¬ 
cated in view of possible application for ASH, radar homing and others. 
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ANALYSIS OF AN ELECTRICALLY AND 

MAGNETICALLY LOADED LOOP ANTENNA 

By M. A. Islam41 

1. INTRODUCTION 

This paper is an outcome of the author's investigation of low-frequency 
magnetic antennas and of whether or not a permeable core (a ferrite core, 
for example) can improve the performance of such an antenna. As a natural 
consequence of the inquiry, the first problem to be solved was that of solving 
Maxwell's equations with prescribed boundary conditions. For this, one 
could use the electric-field and magnetic-field quantities, or use suitably- 
defined vector and scalar potentials. The second method was chosen in 
the present case. Only rationalized MKS units have been used throughout 
this paper. 

The method involves the solution of the homogeneous wave equation 
with the harmonic time variation in terms of a complete set of harmonic 
functions with unknown coefficients. Then, proper boundary conditions are 
imposed on this set of solutions to determine the unknown coefficients. 

Among the various possible configurations, a cylindrical material core, 
excited by a loop of current, might be of particular practical interest. While 
the prolate spheroid represents the nearest approximation to a cylindrical 
core of finite length realizable with orthogonal coordinate surfaces, we will 
discuss in this paper the mathematically simpler case of an infinite cylindrical 
core and indicate how the method can be extended to the prolate spheroid. 

* Laboratory For Electronics, Inc., Boston, Mass. 



2. STATEMENT OF THE PROBLEM 
4 

The problem is to find an expression for the retarded vector potential « 
A, due to a current loop of radius "a" meters whose axis coincides with the 
z axis, and is located at z = z0. (See Figure 1.) A homogeneous and iso¬ 
tropic core of radius "b" meters (b < a) is coaxial with the loop and extends 
along the z axis from - * to + * ; Thus, the problem is to solve equation 

(1), subject to boundary conditions (2). 

V 2A + k2 A = 0 (1) 

nX(E2-^) = 0 (2) 

n X (H- - H ) = true surface current 

where 

A = Vector Magnetic Potential 

k = w/v = Wave Number 

E = Electric Field Intensity 

H * Magnetic Field Intensity < 

n = Unit Vector Normal to the Boundary Surface. 

The solutions obtained must obviously be finite, single valued, and an out¬ 

going wave at infinity. 

Since this study is directed toward relatively low frequency applications 
for which the dimensions of the loop are small compared to the free-space 
wavelength, we assume the current to be uniform over the loop. 

♦ 

\ 
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Figure 1. Current Loop and Infinitely Long Core 
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3. OUTLINE OF SOLUTION FOR THE VECTOR POTENTIAL 

Due to the cylindrical symmetry of the loop with assumed uniform 
current, only the component exists, and 8/8<j> = 0. 

Under these conditions, (1) reduces to 

82A 
4> 

82A 
<t> 

dz 8r 

i 8A* 
+ — -Ti 

r 8r f2 % + k A4> = 0 

Here, one may use the standard method of separation of variables and 
let A^ = R(r)Z(z). 

The separated equations are 

d R ^ 1 dR ^ r/. 2 2. 1 . _ n 
T+ 7 dr +t(k -n-y]*'0 
dr r 

+ X2Z = 0 
dz 

Where \ is the separation constant. 

A solution to (1) may then be written as: 

A^ = [BJj (Jk2 - \2r) + CH1 ( *ik2 - \2r)] eiK *Z 'Z° * . 

Here, B and C and constants, Ji ( ),H¡ ( ) are die Bessel and Hankel func¬ 
tions . Because there are no restrictions on \, the complete solution is 
given by 

p00 n 2 n 2 ^iz*zni 
K = ) [BÍMJjívk - X r) + C(X) HjiNir - X r)] e 0 dX . (3) 

o 

In Eq. (3), it is obvious that X could be either smaller or larger than 
k, because the integral over X runs from zero to infinity and, hence, per¬ 
missible solutions are only Jj's in region I (which includes the line r = 0), 
and Hj’s in region HI (which includes r = «). In region II, obviously, both 
Jj's and Hj's are permissible. Therefore, the solutions are 

4 

« 

« 

4 
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.o) r* í~2 2 ikiz'zJ 
“ J ^ r) e 0 d\ for r < 

^ = J [C(X) J^Jk* - \2r) + D<\) HjCs/k^ - X2r)] e1X *Z'ZoL for b < r < a 

Af -f 0 dX for r > a . (4) 

Superscripts (1), (2), and (3) with indicate the regions where the solu* 
tions for Aa's are valid. The terms B(X), etc., are constants for particu¬ 
lar X's, and are to be determined from the boundary conditions. 

The boundary conditions ( Eq. (2)) between regions may now be applied. 

Continuity of tangential electric fields leads to 

A® = A« 
9 9 

and continuity of tangential magnetic fields leads to 

(5a) 

1 

V 
j- (,.<2\ * » , .(o, „ 
»7(rV ' ï? 17 (rJV “0 (5b) 

where ja. H0 are permeabilities in the core and in free space, respec¬ 
tively. 

Substituting Eq. (4) into (5), using the Bessel and Hankel function 
identity 

dRj(v) 

v-dv~ + Rl<',) = vRo(v) <6) 

and equating coefficients of exp [i\ |z - zq |], one obtains 

D(\) = C(\) 
j (^2T7b) 

^2-x2jo(Jk2-A) Hl(J^7b) - km H^k2- A» 

(7) 

-5- 

0 



where 
♦ 

k = = relative permeability , 

In applying Eq. (2) on the surface r = a, one observes that the only true 
surface current occurs at the loop z = z0. This current may be repre¬ 
sented by the Dirac Delta function. We then obtain 

¿ (rAr> " ^ (rAi3>) = l*0ri 4(z - *„) « r = a . 

Using 

6 (z - z ) = — 
o it 

f00 \ exp [i\|z z I] d\ 
0 J 

the identity 

(8) 

J0w HjW - Ho(*) JjW - ~ , 

i \ Iz "Z I 
Eq. (6), and again equating coefficients of e 1 01 one obtains 
finally from Eq. (4) 

ip la 
ro Í H1 ^ exp tiKlZ - il] <*x 

' ^2- ^ J0 (>2- A) H, - x\) - kjk’ - K2 J1 (JS- ,¾ Ho(^o2 - X^, 

’ H1<>0 a* H1 (■/''o “ ^2r) e*P [l\|2.-z0l] dX 

Eq. (9) is the desired solution for the retarded vector potential for the 
point P (r, «f» z), (r > a). 

(9) 

Letting k approach kQ in Eq. (9), km approaches unity and the second 
integral in Eq. (9) approaches zero. Therefore, the first integral in 

♦ 

« 
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% 

Eq. (9) represents the contribution of an unloaded loop, and the second 
integral represents the contribution due to the presence of the core. 

Utilizing the behavior of the Bessel function for small arguments, one 
can carry out the integration in the first integral, and after transformation 
into spherical coordinates, arrive at the familiar form for the loop: 

Cx exp [ikoR] sin6 

4 

-7- 



4. OUTLINE OF SOLUTION FOR THE POYNTING VECTOR AND THE 

RADIATION IMPEDANCE ~ 

The rather formidable looking solution (9) may be summarized as 

f(K) ly^rjexplik |z-zol]dX 

where 

f 
o 

k2)1/2 

(10) 

and 

f (\) includes all the terms of (9) not specifically indicated in (10). 

From 

B = VX A 

Vó = 0 

♦ 

one obtains, for every point in the far field, E and H, and hence theComplex 

Poynting Vector 

P = _L E X H* 

Integration of the Complex Poynting Vector over a surface enclosing 
the antenna yields a complex number, the real part of which is identified 
with the dissipated power and the imaginary part is identified with 2w X the 
difference of mean values of magnetic and electric energies. 

Since it appears difficult to reduce the expressions for E and H, obtain¬ 
able from (9) as simple functions of r and z, numerical integration methods 
were considered. It turns out that calculation of the radiated energy by 
first computing E and H for a set of sample points on the surface, and then 
summing the Poynting Vectors over the sample points, leads to a numerical 
double integration requiring an excessive amount of numerical operations. 

« 
» 

-8- 



Using (10), and the identity (6) 

3A<3> 

K H 3z K 

9A(3) 
_^-+±a<3> 
3r r 4> 

= r H + z H 
r z 

where 

p 00 

H = - — \ f(V)H, (< r) 
r tio Jo 1 o 

a ‘l^V 
3z e 

dV 

thus 

r00 
H = -L \ f f(\) H (t r) 

Z Jo 0 0 o 

iX jz-z 
d\ (ID 

o EX H • wz * u* , A • w * ,.* P = — -- -1 ——A H + r i — A H 
2 2 <t> t 2 0 z 

A _ A _ 
= z P + rP 

z r 

(12) 

We propose to integrate the normal component of P over an infinite cylinder 
of radius p (P > a), coaxial with the antenna core. 

The total radiated energy W is 

W = i.ocPr 2irPdz (13) 

+ contributions of ends located at infinity. The last item in the above 
expression is zero. Combining (10), (11), (12), and (13) gives 

W 
r> °° p «> i\ IZ “Z I C'*' ' 1 

'T j.«dz2”pi" J„ f<xi' Hi<<oip) e ° dXil IT f’(V 

>00 / * 

XHoV)e dK2 
(14) 

Using the properties of delta functions 

C00 i(x.-x2)z 
2TT <5(X1-\2) = j ^ e dz 

-9- 



and 

reduces (14) to the final expression. 

r*00 
w = ff2 <* f * (\) H* (i p) f(\) H. (I p) 

P »-'O O OO 1 0 
0 

(15) 

5. OUTLINE OF SOLUTION FOR THE RADIATION IMPEDANCE BY INDUCED 
EMF METHOD 

For a loss less conductor, the voltage drop across the current loop can 
also be obtained from 

where E is given as 
V 

V~-?t 
an<^ ^¢) *s Pven by (9) f°r f = â, Z=ZQ. Thus the input impedance 

Z = R + ¡X * y (16 

is obtained directly. 

For loss less cores, the real part of Eq. (16) must equal the radiation 
resistance obtained from Eq. (15). 

♦ 
« 
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6. ANALYSIS OF PROLATE SPHEROID AND CURRENT LOOP 

In order to get a more realistic model, the geometry of Figure 2 
was also studied. It turns out that for the special case 9/30 = 0, the 
vector wave equation is separable in the Prolate Spheroidal coordinate 

system. 

Figure 2. Prolate Spheroid and a Current Loop. A Typical Division 
of Regions for Applying Boundary Conditions. 

Following procedures similar to the ones outlined ip the cylindrical 
case, the vector potential was obtained in terms of spheroidal wave func¬ 
tions. In this case the separation constant assumes a set of discrete values, 
and the resultant potential is a summation rather than an integral. It seems 
reasonable to expect that procedures similar to the cylindrical case can 
be worked out, which would simplify the problem of integration of the re¬ 

sulting Poynting Vector. 



7. NUMERICAL RESULTS 

For the following set of parameters, Eq. (15) was evaluated using a 

digital computer, the results of which are indicated below. 

Loop: radius a = 1 m, frequency : 300Kc 

Core: radius b = 1 m, Km = 100, ffc()re = 0 

The radiation resistance (which is independent of the radius of the 

cylindrical surface over which the Foynting Vector is integrated) was 3.13 X 

10'3 ohms. This shall be compared with the radiation resistance of the 

unloaded loop of the same dimensions, which is 3.08 X10 ^ohms. 

Using the induced EMF method, the input impedance was found to be 

Z = 3.13 X 10’3 -il2.5 agreeing in its real part with the result obtained 

above. Thus the Q of the loaded loop is of the order of 4000, and the band¬ 

width accommodated by this arrangement is about 100 Cps. 
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ERRATA 

Omit the last paragraph, "Using the induced EMF method." and substitute: 

"Using the induced EMF method, the real part of the input impedance 

was found to agree with the result obtained above. 
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PATTERN AND EFFICIENCY STUDIES OF MINIATURIZED SLOT 

ANTENNAS UTILI ZING HIGH "Q" MATERIALS 

By 

A. T. Adams, J. A. M. Lyon 
andj. C. Palais 

The University of Michigan 
Ann Arbor, Michigan 

SUMMARY 

In the introduction possible uses and limitations of loaded 

electrically small antennas are discussed. Theoretical results are 

obtained for the beam patterns of loaded rectangular slot antennas 

utilizing simplified aperture-diffraction theory. Experimental data 

are presented on the beam patterns of loaded and unloaded cavity slot 

antennas. These pattern data represent a first step in a detailed in¬ 

vestigation of the effect of ferrite loading on beam patterns. In gen¬ 

eral the patterns of a ferrite loaded antenna at frequency f^ have turned 

out to be quite similar to the patterns of the same antenna unloaded at 

a frequency Íq • The value of J f°r the ferrite pow¬ 

der was approximately 2.5. In general the half-power beam width 

increased by a factor of 10 to 30 percent with ferrite loading and side 

lobe level also increased. In some cases a multi-lobed pattern be¬ 

comes a single-lobed pattern with ferrite loading. The effect of flange 

size and shape appears to be more critical with the loaded than with 
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the unloaded antennas. Specifically, the effects of any physical asym- j 
♦ 

metrics become more pronounced with the addition of ferrite loading. ^ 

Impedance and efficiency data are presented for the rectangular slot 

antenna. 

INTRODUCTION 

This paper covers several aspects of electrically small 

antennas. * The authors have pursued a general study program deal¬ 

ing with the use of ferrite and dielectric materials as part of the ra¬ 

diating structure. The use of ferroelectric, dielectric, and ferrite 

materials to reduce the size of antennas has been studied over a peri¬ 

od of several years. Brownell and Kendall^ have presented some in¬ 

formation on dielectrically loaded slots. Other important papers re¬ 

lated to this subject are listed in Refs. 2-8. In this paper the authors 

present data on the beam pattern, impedance, and efficiency of two fer¬ 

rite loaded slot antennas; a rectangular slot antenna and a single ridge 

slot antenna. 

The effectiveness of an antenna in terms of directivity, 

impedance, efficiency, etc. are related to the size of the antenna in 

wavelengths. In general high directivity and high efficiency together 

with desirable impedance characteristics are obtainable only with an¬ 

tennas having linear dimensions comparable to a wavelength. 

* ♦ 
Work performed with the support of the Electromagnetic Warfare and 
Communications Laboratory, ASD, Wright-Patterson AFB, Ohio. 
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Electrically small antennas based upon the wavelength in air generally 

have poor characteristics. The reasons which account for this situa¬ 

tion are as follows: 

(1) Low directivity is caused by the difficulty of produc¬ 

ing rapid phase and amplitude oscillations in a small 

physical distance. This difficulty is the same one en¬ 

countered in producing super gain antennas, which 

have been discussed at some length in the literature. 

(2) Poor impedance match is caused by cutoff-like phe¬ 

nomena. In the case of a waveguide this cutoff phe¬ 

nomena is theoretically sharp and occurs at a distinct 

frequency. In the case of a horn the cutoff phenomena 

is gradual and there is no distinct frequency of cutoff. 

Other antennas such as the dipole, spiral, etc. also 
/ 

have a low frequency behavior corresponding to a type 

of cutoff phenomena, although in many cases a com¬ 

plete mathematical description of the phenomenon is 

not available. 

(3) The low efficiency of an electrically small antenna is 

usually ascribed to a low radiation resistance or, 

more precisely, to a low ratio of radiation resistance 

to loss resistance. This description is primarily a 

mathematical one giving very little physical insight 

into the loss mechanism. Certainly one cause of this 
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loss is that only a small part of the energy traveling 

out to the end of the antenna is radiated while the 

metal losses are roughly proportional to the total en¬ 

ergy. In this way the poor impedance characteristic 

and the poor efficiency characteristic are related. 

One of the expected advantages with ferrite loading is a 

reduction in the linear dimensions of the antenna. This reduction in 

size is apparent in the antennas described here. A brief listing of the 

possible advantages accruing from the use of ferroelectric, dielectric 

and ferrite materials would be as follows: the wavelength for a given 

frequency is reduced according to the relationship that the wavelength 

in a material medium is inversely proportional to the square root of 

the product of the permittivity and permeability. Another possible ad¬ 

vantage would be the change in the intrinsic impedance of the material 

medium as contrasted with the free space intrinsic impedance. For 

plane waves this impedance is equal to the square root of the permea¬ 

bility divided by the permittivity of the medium. Such a change in im¬ 

pedance level is strictly correct only for plane waves. Still another 

possible advantage in the use of a material medium in and surround¬ 

ing metallic antenna elements would be that the medium serves to 

match the antenna to the transmission line feeding the antenna. Fre¬ 

quently the need for matching may be the paramount reason for utiliz¬ 

ing the material. In the consideration of the transmission of power to 

♦ 

♦ 

4 
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the aperture the use of material medium may frequently permit a given 

size antenna to operate above cutoff frequency whereas without such 

material the transmission mode feeding the antenna would be below 

cutoff. 

Another possible advantage of ferrite loading is related to 

the usual dispersive characteristics of ferrite. The change of perme¬ 

ability with frequency is such as to reduce the change of wavelength 

with frequency. The permeability of ferrite materials generally de¬ 

creases with increasing frequency. Since the wavelength in ferrite is 
A 

0 , it might be possible to develop a material whose rate of 

change of /1 with frequency is such that wavelength remains constant 

over a broad frequency range. The implications for broadband match¬ 

ing are obvious. Figure 1 shows a graph of the permeability of a par¬ 

ticular ferrite material. The straight line on the graph indicates the 

values necessary to maintain a constant wavelength. There are seri¬ 

ous problems in developing a useful material of this type; the authors 

have noted this effect but have not yet utilized it in experimental an¬ 

tennas. 

THEORETICAL RESULTS 

Theoretical beam patterns for a rectangular waveguide ra¬ 

diator loaded with materials described by the permeability ß and the 

permittivity e are shown in Fig. 2 for several combinations of values 
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for n and €. These results are based upon the assumption that only 

the dominant (TE^q) mode is present in the aperture field. Also ex¬ 

terior wall currents are neglected in an analysis similar to that used 

9 
by Silver. The designation of coordinates is as shown in Fig. 3. 

By considering elementary Huygens sources over the aper 

ture and the use of a Hertzian magnetic vector it is possible to derive 

the following equations which give the electric field exterior to the 

waveguide: 

E Plane, 0 = ir/2: 

E, = 0 
0 

Ee * “Jr 
o 2a2 b 

o irÀ R L com 
1 + 

10 / ßiocose 1 cos0 + rli--üí- 

r v o' o 

sin(j^ sin 0) 

° . e-i“* 
£si„0 
Ao 

H Plane, 0 = 0: 

Ee = 0 

E = -fi /-^ — b cos 8 + 
0 r‘/eo 2A2 R 

0 

10 

com 's/e u 
^r^ oKo 

+ F cos 9 - 
10 

ira . „ 
cos — sin 9 

o -jkR • - . e * 
2 

/ÏÏ2L . ^ \ /7i\ 
(p sin 0) - (g) 

Ao 

2 
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* » 

where: 

\Q = free space wavelength 

F = reflection coefficient at aperture. 

The results of this analysis are shown in Fig. 2 for sever¬ 

al combinations of relative permeability and relative permittivity. As 

can be seen there is some broadening of the pattern compared to the 

same unloaded antenna for /ir = c r = 3 and Mr = € r = 10. The patterns 

are changed more radically for u different from 6 . If the relative 
r r 

permeability is very much greater than the relative permittivity the 

H-plane pattern is similar to the air case for 6 between 0 and 90°. 

Note that a high backlobe results for this case. In the E-plane the 

pattern is practically omni-directional. For the case of relative per¬ 

mittivity much greater than relative permeability the situation is re¬ 

versed with a narrow beam in the E-plane and a broad beam in the 

H-plane. 

EXPERIMENTAL RESULTS; RECTANGULAR SLOT 

Figures 4 and 5 show an experimental model of a rectangu¬ 

lar cavity slot antenna. The transition from coaxial cable to wave- 

» guide consists of a ball probe type of feed. The dimensions of the an¬ 

tenna are shown in Fig. 6. The length of the cavity was chosen to be 
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approximately a wavelength in order to cut down higher modes and 
¥ 

provide a reasonable comparison with theoretical results. 4 

Figure 3 shows the beam pattern coordinate system. 

Figures 7 and 8 show radiation patterns of this antenna without ferrite 

loading whereas Figs. 9 and 10 show patterns with ferrite loading. 

Tables I and n summarize the beam pattern data. In addition, Figs. 

7-10 show the theoretical curves utilizing the assumption of a domi¬ 

nant mode only in the aperture and neglecting exterior wall currents 

as previously described. The theoretical curves shown assume a ma¬ 

terial with u = € = 3. The experimental curves have been drawn 
r r 

averaging right and left hand values about Ö = 0°. The curves were 

reasonably symmetrical except for the E-plane patterns of the loaded 

rectangular cavity without flange. The effect of the flange in the air 

case is very similar to that predicted by Butson and Thompson. ^ 

Complete antenna beam patterns are taken on the rectangular slot an¬ 

tenna with and without ferrite loading and with and without flanges. 

The ferrite powder utilized has a magnetic Q of approximately 6 at 

260 Mes. This relatively low Q placed a very severe restriction on 

conclusions to be drawn from impedance data. However, the losses 

occasioned by the low Q do not limit the interpretation of the beam- 

pattern data. The beam patterns are very close to those that would 

occur using a lossless ferrite material. 
4 

Consider the case of a rectangular cavity slot antenna filled 4 
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with lossy ferrite. The eigenvalue solutions for the modes that can 

exist in the wave guide are exactly the same except that F (propagation 

constant) and k (wave number) are complex. The radiated fields de¬ 

pend only upon the E field in the plane of the aperture. For any given 

single mode the effect of adding losses to this system will be to intro¬ 

duce an additional E field component 90° out of time phase but with 

the same spatial distribution. This change from the lossless to the 

lossy case can be summarized by multiplying the original distribution 

by some complex number. The radiated field can be found from the 

aperture field by one of several methods of integration. In each case 

the complex number can be removed from the integration to yield a 

radiated field which is also multiplied by the same complex number. 

The resultant radiated field for the lossy case is equal to the radiated 

field in the lossless case multiplied by a complex number. Thus the 

radiation pattern is indeppndent of losses for each single mode aper¬ 

ture field which is assumed. Strictly speaking, in any complex geom¬ 

etry the losses will change the boundary value problem and the resultant 

complex ratios of mode coefficients will change thereby. The beam 

pattern tests show that for the rectangular cavity slot antenna the pat¬ 

terns of a loaded antenna at frequency f0 are similar to the patterns 

of the same antenna in the unloaded condition but operating at a fre¬ 

quency of f0 Jnrtr • K is to be noted that the half-power beamwidth 

is increased by a factor of 10 to 30 percent with ferrite loading and 
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also the side lobe level is increased. With loading the antenna be- 

comes more sensitive to physical asymmetries. For instance, the 4 

E-plane patterns of the loaded rectangular cavity slot antenna are 

highly asymmetric for the unflanged case. 

EXPERIMENTAL RESULTS; RIDGED 

SLOT ANTENNA 

Complete antenna beam patterns were taken on a ridge an¬ 

tenna, with and without ferrite loading and with and without flanges. 

The ferrite powder used was identical to that used in the rectangular 

slot tests described above. The ridged slot antenna is shown in Figs. 

11 (without flange) and 12 (with flange). Figure 13 shows the dimen¬ 

sions of the ridged slot. The dominant mode cutoff frequency unloaded 

is 582 megacycles and the cutoff frequency of the next higher mode is 

about 3,000 megacycles. The length of this antenna is 13-1/2”. Feed 

design is of the type described by S. Cohn.11 

BEAM PATTERNS: UNLOADED CASE 

The beam patterns of this antenna are shown in Figs. 14- 

17. The patterns of the unloaded antenna are of some interest because 

little data has been published on this type of antenna. The H-plane pat¬ 

terns consist of a single lobe in the unflanged case with relatively high 

backlobes. The flange eliminates the back lobe, narrows the beam ♦ 
* 

slightly, and at some frequencies, produces multiple peaks in the 
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major lobe as predicted by Butson and Thompson. ^ The E-plane pat- 

k terns are quite irregular due to the fact that the ridge produces con¬ 

siderable physical asymmetry in the plane. The only single-lobed 

pattern occurs at 2,000 Mes in the unflanged condition. 

BEAM PATTERNS; LOADED CASE 

The radiation patterns of the loaded ridged slot antenna 

are mostly single lobed patterns for the flanged case. The patterns 

are somewhat broader than the unloaded patterns. The effect of the 

flange in the H-plane patterns is to narrow the beam slightly and re¬ 

duce the side lobe level. The E-plane patterns in the unflanged case 

have pronounced asymmetry with the major lobe occurring at about 

80°. The flange mostly eliminates these asymmetries and reduces 

the side lobe level. 

EXPERIMENTAL RESULTS; IMPEDANCE AND EFFICIENCY 

High-Q ferrite powder was used for these experiments. 

The magnetic Q was greater than 70 at 200 megacycles. The charac¬ 

teristics of the solid ferrite from which the powder was made are 

shown in Table III. The characteristics of the powder are not known 

exactly. It is expected that relative permeability is about two, rela- 
t 

* tive permittivity is about three, and that the magnetic and electric Q's 



I 

-12- 

are higher than those of the solid ferrite. Accurate measurements of 

the powder characteristics are being made. 

Figures 18 and 19 show preliminary experimental data on 

VSWR of a rectangular slot radiator. The radiator is similar to that 

shown in Figs. 4 and 5 with the exception that the "b" dimension has 

been reduced to 3M and the length has been reduced to 12". Figure 18 

shows the VSWR of the unloaded radiator. Figure 19 shows the VSWR 

of the loaded radiator. The bandwidth is reduced by a factor of about 

four. The reason for this reduction in bandwidth is that there is con¬ 

siderable reflection from the ferrite-air interface at the end of the 

antenna. Preliminary results on the solution by variational techniques 

of a related problem (Fig. 20) confirm the fact of high reflection co¬ 

efficients at the aperture. This places a basic limitation on such 

loaded slot antennas. Size may be reduced, but only at the expense 

of bandwidth. It must be noted, however, that the model tested repre¬ 

sents a preliminary design which has not been optimized for the ac¬ 

tual impedance of the ferrite-air interface. It is to be expected that 

a considerably greater bandwidth would be obtained from an optimized 

design. For instance, doubling the b/a ratio would increase the un¬ 

loaded bandwidth by a factor of about two. Theoretical results from 

the variational problem of Fig. 20 indicate that, with the use of solid 

ferrite of higher permeability and permittivity, greater size reduc¬ 

tion can be effected however, with a greater reduction in bandwidth. 
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The efficiency of the loaded and unloaded rectangular slot 

antennas was measured using reflection techniques. The method used 

is described in Ref. 12 and is analogous to that described by Deschamps ^ 

for transmission line components. In this method, a circle on the 

Smith chart is defined which, with the impedance of the antenna, com¬ 

pletely determines the efficiency. The efficiency of the loaded anten¬ 

na whose VSWR is shown in Fig. 19 was 57 percent at 300 Mes, 55 

percent at 310 Mes, and 51 percent at 320 Mes. A double stub tuner 

was used in these measurements. Its losses are included in the effi¬ 

ciency figures, which thus represent a lower bound on the efficiency. 

The efficiency of the unloaded rectangular slot antenna whose VSWR 

is shown in Fig. 18 was 89 percent at 800 Mes. Four aluminum boxes 

of different sizes were used in the experiments. In all cases a large 

portion of the Smith Chart Circle was defined and accuracy is esti¬ 

mated at 110 percent. 
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Half Power Beam Width 

Frequency 
(Me) 

A/A 
C 

Theoretical Experimental 

E0 Eo 

No Flange Flange 

Ed E0 E* E0 

592 

629 

671 

719 

774 

839 

.85 

.80 

.75 

.70 

.65 

.60 

144° 

136° 

130° 

124° 

120° 

116° 

86° 

84° 

82° 

78° 

76° 

72° 

155° 

174° 

174° 

120° 

120° 

104° 

72° 

76° 

80° 

84° 

68° 

45° 

134° 

120° 

126° 

164° 

138° 

116° 

66° 

68° 

67° 

64° 

56° 

53° 

Average BW 128° 80° 141° 69° 133° 62° 

E-Plane - E, 
V 

H-Plane - 
0 

Table I. Unloaded rectangular cavity antenna - theoretical 
and experimental results. 

Half Power Beam Width 

Frequency 
(Me) 

A/A 
C 

Theoretical Experimental 

E« E0 

No Flange Flange 

Ed Eo Eö E0 

237 

251 

269 

287 

310 

335 

.85 

.80 

.75 

.70 

.65 

.60 

160° 

152° 

146° 

146° 

138° 

136° 

108° 

110° 

112° 

114° 

114° 

114° 

154° 

92° 

96° 

90° 

78° 

68° 

102° 

92° 

94° 

120° 

82° 

90° 

84° 

78° 

84° 

102° 

78° 

78° 

Average BW 146° 112° * 96° 97° 84° 

E-Plane - E^ 

H-Plane - E 
0 

Table II. Loaded rectangular cavity antenna theoretical 
(fir = i r = 3) and experimental (/ir = er = 2. 5) resuks. ♦ 
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Frequency 
(Mes) 

m" qmag 
t” 

qelec 

200 

350 

375 

400 

425 

450 

475 

500 

20 

500 

6.32 

6. 66 

6.91 

6.71 

6.83 

6.87 

6.87 

6.87 

.087 

.236 

.276 

.276 

.256 

.315 

.354 

.393 

72.6 

28.3 

25 

24.2 

26.5 

21.8 

19.4 

17.5 

12.00 

12.59 

.0040 

.0047 

3000 

2680 

Table HI. Characteristics of a high Q ferrite material 
(mig. by Motorola Phoenix). 

Fig. 1. Dispersive characteristics of ferrite material. 
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« Fig. 2. Theoretical results - loaded waveguide 
radiation patterns. 
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Fig. 3. Slot antenna coordinate systems. 
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Fig. 4. Rectangular cavity- 
slot antenna (no flange).

Fig. 5. Rectangular cavity slot 
antenna (with flange).

Fig. 6. Dimensions of rectangular cavity slot antenna.
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t 
Fig. 7. Unloaded rectangular-cavity slot antenna; 

theoretical and experimental results. 
E-plane patterns. 
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4 

Fig. 8. Unloaded rectangular-cavity slot antenna; 
theoretical and experimental results. 

H-plane patterns. 
♦ 
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Fig. 9. Loaded rectangular-cavity slot antenna; 
theoretical and experimental results. 

E-plane patterns. 
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Fig. 10. Loaded rectangular-cavity slot antenna; 
theoretical and experimental results. 

H-plane patterns. 
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Fig. 11. Ridged slot antenna (without flange). Fig. 12. Ridged slot antenna (with flange).

2.150"

Fig. 13. Dimensions of ridged slot antenna.



(a) (b) 

(c) 

Fig. 14. Ridged cavity slot antenna - unloaded • 
H-plane patterns. 
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Fig. 15. Ridged cavity slot antenna - unloaded 
E-plane patterns. 
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(a) (b) 

(0 (d) 

Fig. 16. Ridged cavity slot antenna - loaded - 
H-plane patterns. 
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(a) (b) 

(c) 

Fig. 17. Ridged cavity slot antenna - loaded 
E-plane patterns. 

♦ 



6
0

 

-30- 

tjMSA 

F
ig

. 
18

. 
V

SW
R
 o

f 
u
n
lo

ad
ed

 r
ec

ta
n
g
u
la

r 
sl

o
t 

ra
d
ia

to
r.

 



Fig. 20. Rectangular waveguide slot radiator loaded 
with isotropic ferrite material. 



ABSTRACT 

Antennafiers for Echo Area Control 

by 

J. R. Copeland, W.J. Robertson, R. B. Green, S. Mikuteit 

Antenna Laboratory 
Department of Electrical Engineering 

The Ohio State University 
Columbus, Ohio 

October 1962 

A novel hybrid-coupled parametric amplifier for the VHF-UHF 
range has been developed which exhibits absolute stability with regard 
to its input termination. 

This amplifier has been combined with a pair of orthogonal T-bar 
slot antennas in a ground plane so that a signal arriving through either 
antenna is amplified and reradiated from the other. 

Echo area measurements of this system are presented, and the 
general problem of echo area control with integrated antenna-active 
element systems is discussed. 

A few applications in the fields of radar enhancement and camou¬ 
flage, passive or pseudo-passive satellite communications, and ground- 
based repeaters are mentioned. 



ANTENNAFIERS FOR ECHO AREA CONTROL 

• by 

J. R. Copeland, W.J. Robertson, R. B. Green, S. Mikuteit 

Antenna Laboratory 
Department of Electrical Engineering 

The Ohio State University 
Columbus, Ohio 

October 1962 

I. INTRODUCTION 

An approach to echo area control is to treat the radar target as 
if it were a receiving antenna, whose scattering characteristics are 
determined by the way in which currents are excited on the antenna and 
its surrounding structure. Clearly, then, the scattering from such a 
target is a function of load impedance at the antenna terminals, and the 
choice of location for these terminals sometimes can be made to simplify 
the analysis. This approach is used in studying echo control by means of 
active antennas (antennafiers). 

II. ANTENNAFIER SCATTERING 

With the introduction of active devices to an antenna, greater con¬ 
trol of reflection from the antenna can be achieved. In particular, with 
the integrated antenna-amplifier, or antennafier, the power retransmit¬ 
ted from the antenna can be many times that from a passive system, 
allowing cancellation of scattering from a proportionally larger surrounding 
structure, or permitting considerable echo enhancement from the target, 
whichever is desired. In addition, aside from the enhancement and 
camouflage applications of such a system, the amplifier easily may be 
modulated with information which could be displayed on the radar viewing 
the target. Such a system would have the potential advantage of being 
simpler than a conventional radar transponder, and would be adaptable 
to a wide range of types of information to be transmitted. 

» 
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III. HYBRID T-BAR SLOT ANTENNAFIER 
« 

In order to demonstrate the feasibility of controlling the echo 
area of antennas with active loadsj the input and output ports of a hybrid ' 
parametric amplifier were connected to a pair of T-bar slot antennas 
placed orthogonally in a ground plane. Figure 1 is a sketch of one of the 

antennas, and Fig. 2 illustrates their placement in the ground plane. 
Isolation between these two antennas is in excess of 70 db. 

Because of the bilateral nature of the hybrid amplifier, the signal 
received by either antenna is amplified and radiated from the other, with 
orthogonal polarization. An advantage of the antenna orthogonality is 
that it permits discrimination between the antennafier scattering and the 
ground plane structure scattering. However, if sufficient isolation can 

♦ 
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Fig. 2. T-bar slot antennas in ground plane. 

be maintained for a required system gain, any other orientation of 

antennas is permissible. 

With the orthogonal antennas and with the radar transmitter and 
receiver polarized horizontally and vertically, respectively (parallel to 
the two T-bar slot antennas) the echo from the ground plane is returned 
cross-polarized to the receiver, but the antennafier echo is matched to 
the receiving antenna. 

However, if the radar transmitter and receiver polarizations are 
parallel, and aligned to a 45° angle with respect to the polarizations of 
the T-bar slot antennas, the radar receiver is matched to the combined 
echo from the ground plane and the antennafier. 
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Figure 3 shows the echo pattern of the T-bar slot antennafier alone» 
using the polarization properties to suppress the flat plate echo. The 
pattern is considered reliable only near the broadside region (.45 ) 
because the suppression of the flat plate echo becomes poor near the 
edge>on aspects. 

Also shown in Fig. 3 is the echo pattern of the ground plane alone, 
taken with the antennafier inoperative, but located in the ground plane. 
It is seen in this particular case that only near broadside incidence the 
echo from the ground plane exceeds that from the antennafier. In gen¬ 
eral the relative values of antennafier scattering and structural scattering 
are determined by antenna gain, amplifier gain and structure size and 
shape. 

Figure 4 shows the combination pattern oí the ground plane with 
the operating hybrid T-bar slot antennafier, and as expected, the main 
lobe of the ground plane pattern is virtually unaffected by the presence 
of the antennafier, while the nulls are filled in and the first side lobes 
are considerably enhanced. 

It was also noted during this experiment that 1000 cps modulation 
applied to the klystron pump source for the parametric amplifier was 
clearly audible at the radar receiver throughout the range of target aspect 
angles occupied by the antennafier echo pattern shown in Fig. 3, even at 
broadside where the echo level from the active system was considerably 
lower than that of the flat ground plane. This effect could be of advantage 
in certain transponder or repeater applications where it would be neces¬ 
sary to encode various types of information on the returning radar echo. 

IV. PASSIVE ANTENNA SCATTERING 

As an example of the passive antenna-mode scattering concept, a 
conducting flat plate with a resonant slot in its center was chosen. This 
particular example was used because: 

1. The echo area of flat plates has been studied extensively. 

2. Terminals may be introduced conveniently in the form 
of a slot antenna, and considerable information is available 
on slot antennas in ground planes. 

3. The load may be placed behind the ground plane so as to 
minimize its effect on the echo area but yet be readily 
accessible. 



Fig. 3. Echo area of the hybrid T-bar slot antennafier, 
and the 4-foot ground plane. 

Fig. 4. Echo area of the combined ground plane and hybrid 
T-bar slot antennafier. 
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4. The small rectangular flat plate may, with care, be considered 
as a fundamental unit of area of a more complicated object. 

A flat plate l/¿\ x 3/4K was chosen because its echo pattern would 
correspond over a considerable range of aspects to the antenna-mode 
echo area one could expect from a 1/lOX. x 1/2\ slot placed in the plate. 
The device was modelled at X-band, and measured echo patterns of the 
plate, the plate with a slot, and the slotted plate with a short across the 
center of the slot are compared in Fig. 5. At broadside a reduction of 
13 db was obtained by introducing the slot. Shorting the slot brought the 
echo area back up to the echo area of the whole plate. 

Fig. 5. E-plane echo patterns of a slot-plate configuration. 
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V. HYBRID PARAMETRIC AMPLIFIER 

The amplifier used in the antennafier scattering measurements 
was a hybrid coupled parametric amplifier as shown in Fig. 6. The 
details of the parametric diode reflection amplifier assemblies are 
shown in Fig. 7. The resonating inductance is used to tune out the fixed 
shunt capacity of the varactor diode and holder. Figure 8 is a photograph 
of the reflection amplifier. 

Since the effective shunt capacity of the varactor diode depends on 
the DC bias voltage across it» this amplifier element is voltage tunable. 
In this particular instance^ however, the idler circuit was a resonant 
cavity and had to be retuned for each new signal frequency because the 
pump source was held fixed. The tuning range was in excess of 100 Me 
centered on 420 Me. 

The hybrid coupled parametric amplifier, composed of two matched 
reflection amplifiers connected to their source and load by a broadband 
strip-line hybrid junction, operates with stability independent of its input 
termination, including both open and short circuits. The amplifier 
operates with a noise figure near 2 db, at a gain of 9 db at 422 me. 

The noise figure deteriorates to 3. 5-4. 0 db at a stable gain figure 
of 20 db, and gain near 30 db can be obtained, but instability shows up 
in this region because of the limited directivity of the hybrid junction 
used. 

VI. UHF RADAR FACILITY 

Radar measurements of antennafier systems are complicated by 
difficulties in constructing scale models. Consequently a CW radar 
measurement facility has been assembled for full scale echo measure¬ 
ments at 420 me. A block diagram of the system is shown in Fig. 9. 

The transmitting and receiving antennas are 15- element Yagi 
arrays mounted so their polarizations can be adjusted independently to 
any angle between horizontal and vertical. Sensitivity of the system is 
limited only by the depth of the null obtained by phasing a small amount 
of transmitter signal agains* that picked up by the receiving antenna 
when the target is removed. 

7 
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X-Bond Pump Source 

Fig. 6. Voltage-tunable hybrid-coupled parametric amplifier. 
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Fig. 7. Schematic diagram of voltage-tunable 
reflection-type amplifier. 

The antennas and the target are located on towers 90 feet aparti 
approximately 30 feet above the roof of the two story building on which 
they stand. 

No attempts have been made as yet to measure targets as small 
as halfwave dipoles with this system, but its performance is entirely 
adequate for measurements of the antennafier system described in 
this paper. 

t 
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Fig. 9. Block diagram of 420 Me reflection measuring 

installation. 
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VIZ. CONCLUSIONS 

The antennafier system discussed here is potentially useful in 
bilateral repeater applications, since the signal entering either antenna 
is amplified and re radiated from the other antenna. The maximum 
tolerable gain of the system is limited only by the isolation between 
antennas, which can be extremely good. The model which was discussed 
here had limited gain because of the modest directivity of the broadband 
hybrid junction used, but two or more identical hybrid parametric ampli¬ 
fiers could be used in tandem for increased gain. This is possible be¬ 
cause of the remarkable stability exhibited by the amplifier circuitry 
that has been described. 

The use of amplifying circuitry in antenna structures can be used 
for radar enhancement or camouflage of an antenna and its surrounding 
structure, at least over a narrow band of frequencies. For any par¬ 
ticular application, such parameters as antenna gain, coverage pattern 
and polarizations, surrounding structure, amplifier type, gain, etc., 
would be chosen according to specific requirements. Other types of 
active circuits, such as switching diodes, could be used to modify the 
electrical characteristics of most types of antennas for camouflage 
purposes over much wider frequency ranges. 

« 
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ABSTRACT 

This paper Is a discussion of practical, low frequency sub¬ 

surface radiating antenna arrays for ground wave propagation. 

An analysis is made for antenna arrays placed in a semi- 

infinite homogeneous, conducting medium where the conduction 

currents are assumed to be larger than the displacement Cur¬ 

rents. Measured data taken from both model antennas submerged 

in salt water and full scale antennas buried in the earth are 

compared with data computed from the theoretical design equa¬ 

tions. The axial propagation properties for a single, insu¬ 

lated, infinitely long wire submerged in a semi-infinite 

conducting medium are derived and expressed in a generalized 

form. The equations are expressed in terms of wire cross 

section, depth of burial, and skin depth of the conducting 

medium. The input impedance and current distribution of a 

long but finite, length of such an insulated wire can then 

be determined by standard transmission line expressions. By 

combining these expressions with the radiation field expres¬ 

sions for a short horizontal dipole below the interface, the 

radiation efficiency for a single long wire subsurface antenna 

is determined. The results are presented in the form of gen¬ 

eralized curves which may be used to design an optimum antenna 

for any given set of uncontrollable variables, such as ground 

conductivity and frequency. 

With the long insulated wire considered as an element, it is 

shown that a closely spaced set of such elements can be used 

to improve radiation efficiency. The input impedance and 

current distribution parameters for each element are determined 

for this case by considering the effect of mutual coupling 



-2- 

on the axial propagation properties first, and then the results ♦ 
are used In standard transmission line expressions• * 

Theoretical data and experimental data taken from model an¬ 

tennas submerged In salt water show good agreement, and the 

performance of a full scale burled antenna array in the earth 

matched all design expectations. 

I. INTRODUCTION 
& 

The contents of this paper are In part a condensation of the 

results of a study motivated by the requirement of a reliable 

hardened antenna system to be used for underground missile 
12 3 

sites ’ ’ . Although many schemes have been proposed for 

hardening surface antennas and constructing retractable ver¬ 

tical dipoles, the simplicity and reliability of completely 

burled antennas makes them appealing for the frequency range 

and distances where the ground wave is an Important mode of 

propagation. In general for this case, where the earth con¬ 

duction currents are much larger than the displacement cur¬ 

rents, the Insulated dipole or coaxial antenna was found to 

be superior to all other types of completely submerged antennas. 

The horizontal Insulated antenna provides the most practical 

design of the burled antenna from the standpoint of practica¬ 

bility, low cost and maximum efficiency. The geometric shape 

of the antenna allows simple solutions to be obtained for 

both the immediate fields and the ground wave field. 

Part II of the paper will discuss the development of the theory, 

Part III will compare the theory with the results of experi- 4 

mental measurements made on models submerged in salt water, 
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Part IV will discuss design consideration, and Part V will 

► discuss the design and operation of an experimental full 

scale antenna buried in the earth. 

II. TIEORY OF THE BURIED INSULATED 
WIRE ANTENNA 

1. Introductory Remarks 

The theory of operation of a buried antenna may be divided 

into two categories. The first category involves the fields 

immediately adjacent to the antenna which determine the 

transmission line properties such as current distribution and 

input impedance. The second category involves the coupling 

of the energy from the antenna to the radiation and ground 

wave fields. In this analysis, it is assumed that the ground 

conductivity is sufficiently high so that the displacement 

currents are much smaller than conduction currents. It is 

also assumed that the only contribution to the far zone field 

is the ground wave. 

The coupling factor to the ground wave may be found by first 

determining the ground wave field due to an infinitesimal 

source and then integrating over the current distribution of 

the antenna. A measure of launching efficiency for the an¬ 

tenna may be determined by comparing the resulting ground 

wave field to that obtained from a short vertical dipole above 

the ground, fed with identical power. 

2. Ground Wave Fields of Small Electric Dipoles 

# The ground wave field expressions for tne various electric 

dipoles with dipole moment Idi shown in Figure 1 are 
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Vertical Dipole4*5^6 
-1KR 

E, ■ j60KIdJlF S— (1) 

Er ■ uE, (2) 

where F Is the well known ground wave attenuation factor 

u 

K ■ Phase constant of plane wave in free space 

a) ■ Angular frequency 

e0 ■ Permittivity of free space 

<r ■ Conductivity of the earth 

4 e g 
Horizontal Dipole at Earths Surface ' ’ 

>KR 
Ef - jSOKIdJf Fcos^u ^p— (3) 

Er ■ u E, (4) 

Buried Horizontal Dipolex 

-JKR -4- 

E, -jeOKIdlFeos^u -0 

uEt 

where h ■ burial depth and 88 ^ ^ _ 
<jJfÍQ<X 

in the conducting medium. 

(5) 

(6) 

is the skin depth 

Note that the ground wave field due to a buried horizontal 

dipole is identical to that of a horizontal dipole at the 



interface except for the "depth loss factor" e"*1^ # Noting 

also that the vertical field expressions for the vertical and 

horizontal electric dipoles are Identical except for the fac¬ 

tor u cos 0 and the fact that Norton's ground wave propagation 

curves for vertical electric dipoles have become standard for 

radio communication system design, one may use the short ver¬ 

tical dipole as a standard for comparing the launching effi¬ 

ciencies of buried antennas. 

3. Transmission Line Properties of a Single Wire 

In order to determine the ground wave fields in terms of input 

power for a buried antenna of arbitrary length, it is neces¬ 

sary to know its current distribution and input impedance. 

For a simple cross-section of the antenna, as shown in Figure 

2, the derivation of the field expressions are quite simple 

for the assumed case where <7’/û)€0 is very large compared to 

the earth dielectric constant, Cg. The local field character¬ 

istics for an infinitely long antenna surrounded by an infinite 

conducting medium with skin depth 8 are first expressed. These 

characteristics are then modified to account for the presence 

of the air-conducting medium interface. Finally, with the 

use of standard transmission line equations, one can determine 

the input impedance and current distribution. We now consider 

a new coordinate system (r*, 0', Z') and the antenna cross 

section shown in Figure 2 with dielectric constant €f , 

dielectric radius b, center conductor radius a, and center 

conductor skin depth 8| . The assumption is made that 

a/X < bA« 1 (where X is a free space wavelength) which is 

valid for all practical buried antennas. First considering 

a conducting medium that is infinite in extent, the electric 
O 

fields may be derived by a standard method and simplified by 
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the above assumpCions to 

In the Dielectric (Region 2) 

E2 « Ef'2 » 
r 

l««o«r 

1 j(wt-r2) 
Evr* 

♦ 

(6) 

and 

in the Conducting Medium (Region 3) 

■iPH ) Mut-r«) (7) 

e3 - e«'3 a ' 

where the propagation constant F may be expressed in the gen¬ 

eralized form 

The above expressions may be modified to account for the pre¬ 

sence of the interface by representing the total field Eg 

below the surface as the sum of two components 

Ej - Ep+ Et 

where Ep is the primary field corresponding to that of a wire 

at infinite depth, and Es is a secondary field resulting from 

the effect of the boundary. This representation is valid if 

one restricts the wire burial depth to be at least ten wire 

radii. Considering the coordinate system in the sketch of a 



wire near the interface in Figure 3, the primary field given 

by equation (7) may be expanded into a known Fourier integral 

form 

l/¡2 
27r*<rb8 _¿ 

<*c 

(10) 

and the secondary field may be represented by an unknown Fourier 

integral form 

E,. /%({). iC,+itï_h,'/^ «C <U) 
-CO 

where E (Ç ) must be determined. By expressing the remaining 

E and H fields in terms of Fourier integrals, applying boundary 

conditions, and taking the inverse transforms, the solution 

E(0 
-t* 

y"-p-ci 

(12) 

is obtained. 
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The total field therefore may be expressed as 

♦ 
♦ 

f(x,y,h) 
(13) 

where 

ty¡^ v^r -£ 

(14) 

wnere r ^♦(y+h) 

Since 
-J2 
ii-|»K* 

from the assumption that _a 
»I 

and by a change in variable, equation (14) may be simplified 

to 
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f(x,y,h)»l + 
whp{/tzj)-L ■/m?+i«i y i+f* 

The new propagation constant corresponding to this case may 

be derived by assuming that the transverse fields in the 

dielectric (region 2) of the antenna are unmodified by the 

interface which is reasonable for a burial depth of at least 

ten wire radii. 

The generalized propagation constant may then be expressed as 

(16) 

For the case where b/g « 1 and a/gj» 1 which is true for 

practical buried antennas, equation (16) reduces to the simpler 

expression 
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where the Integral « 

♦ 

(18) 

has been evaluated on a digital computer and Is plotted In 

Figure 3. Figure 4 shows a plot ofT/v^Kas a function of 

b/5 and b/a for the case where h/j > 1.6 (I(h/g )*0) and 

®i/a is negligibly small (no center conductor loss). Since 

this plot was made from equation (16), no restriction exists 

for the size of b/8 • For small values of b/8 , the gener¬ 

alized phase constant K is very large compared to 

the generalized attenuation constant K , in fact# 

the major contribution toß/VZr K is that due to ¡¡¡J ,n*| 

in equation (17). Since I(h/& ) is small compared to In b/8 , 

the phase constant, ß/k, will change by only a few percent 

as depth is varied. The major contribution to a/k on the 

other hand is due to the imaginary components in the bracketed 

portion of equation (17). Since these components are of much less 

magnitude than the real components, the imaginary part of -I(h/8), 

which is maximum at approximately 0.3 skin depths, will have 

a much greater effect on a/k. At zero depth and depths 

greater than 1.6 skin depths, however, the imaginary part of 

I(h/8 ) is zero so ß/k should not be affected. One may there¬ 

fore conclude that the transmission line properties for a 

♦ 
» 
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single buried insulated vire very close to the Interface is 

nearly Identical to those for a vire buried at large depths, 

but the attenuation constant will vary for intermediate 

depths. 

The characteristic impedance of the buried antenna is ex¬ 

pressed as 

(19) 

The input impedance and current distribution for any length 

dipole f and any termination Zl at the dipole ends may now 

be easily found from standard transmission line equations. 

The two cases of interest corresponding to the most efficient 

burled antenna configurations are the cases where the dipole 

ends are terminated in a short (ground rod) or an open (insu¬ 

lated end). The impedances may be put into generalized 

forms which are convenient for antenna design purposes. These 

forms are 

I57T 

o a ZrrÁ 
sinh £ “X7 t sin ZirJl 

Xc 
a ZirJl 

cothjf Xc Xc 

Xin ± I5ir 

a . L g ZttM 
»n ß s,nh ß Xc 

a ZirJt + ... ZwX 
coshß xc 1 cos 

(20) 

(21) 
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where R¿n ■ Input resistance 

Xin " Input reactance 

\ " 27r/ß 

and g 8 q /9 
ir V K* 

♦ 
9 

(22) 

The top sign of the double sign in the equations refers to a 

dipole terminated in a short while the bottom sign refers to 

a dipole terminated in an open. 

The above generalized forms are plotted in Figures 5 and 6 

for all significant values of i/Xc and ®/ß. It is signifi¬ 

cant to note that the function g is in general a function of 

three variables : b/g , a/g,, and h/g . For small values 

of b/g , however, it reduces to the form 

«-«(i.i)-|+£(-T--i*[i(ï)]) <*» 
where 1^ J denotes "imaginary part of". 

One may note that for an antenna at an infinite depth with 

negligible center conductor loss, &i/a * 0, I (h/g )-0 
and g - 1. 

Since it can be shown that the distributed series resistance 

of the antenna is glSrk, we may interpret the function g as 

"geometry loss factor", indicating the increase in antenna f 

resistance and loss in antenna efficiency due to center con- * 

ductor loss and proximity to the interface of the surrounding 

conductor. 



-13- 

It will be shown later that mutual coupling between elements 

in an array will also cause an increase in g. One may also 

show by substituting values from Figure 4 into equation (22) 

that g will decrease when b/$ becomes greater than 0.1. 

Tais is due to the greater cross sectional area that the 

current is forced to flow through around the antenna. 

The current distribution of the antenna may easily be obtained 

from standard transmission line equations. 

4. Efficiency of a Single hurled Antenna 

In order to provide a basis for comparing the buried dipole 

to the vertical dipole above the earth, the expression for 

the vertical field in the air, at the surface of the earth, 

due to a buried dipole of arbitrary length £ and terminating 

impedance Zl must be obtained. Figure 7 shows the top view 

of an insulated antenna, buried at depth h. Noting that the 

ground wave field due to the infinitesimal section of the 

antenna 0%* is given by equation (5), integration over the 

antenna current distribution I(Z') gives for the ground wave 

field 

(24) 

where 

(25) 
T 

and P is antenna input power, and Rj[n is the antenna input 

resistance. The horizontal f(0) of most practical single 

wire buried antennas is predominantly a cos 0 variation with 

0 
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a raaximum off the end of the antenna. One may compare the * 

efficiencies of various underground antenna configurations in * 

launching energy to the surface wave by comparing the vertical 

fields of the underground antenna and a vertical electric 

dipole above the earth. The launching efficiency of the 

buried antenna is defined as 

e.iiîü-i* <26> 
1 Ejv 1 

where Ezh 'an¿ EZv are the respective vertical electric fields 

of the buried antenna and the short vertical antenna above 

the ground for the same input power. Noting that the radia¬ 

tion resistance of a short vertical dipole of length dl is 

400 (di A)^, the efficiency expression becomes 

c . 2. _ ,0-. ± LiSillV2! (27) S-g-XlO , R¡n 

For computational purposes, the above expression may be put 

into the form 

2I«e* E(4,-f.T) <28> 

where E is a function of the antenna length in wavelengths 

and the antenna propagation constant. Equation (28) has 

been plotted in Figures 7 and 8 for both open end and shorted 

end dipoles. The curves are plotted for the typical case of 

Ö/0 - 0.05, as a function of ß/k and -f/X. For values of 

a/ßS 0.2, the curves will change very little for values of 

i/X from 0 to values corresponding to the first maximum of E. * 
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Therefore, the curves may be used for most practical design 

problems. Note that the efficiency varies inversely with 

the "geometry loss factor" g and directly with the depth 

attenuation factor e”2h/g . The relative refraction loss is 

accounted for by the factor f/<r . The impedance and efficiency 

curves in Figures 5, 6, 7 and 8 are not only useful for pre¬ 

dicting the performance of a single wire antenna but are 

equally useful for predicting the performance of antenna 

arrays discussed in the following section. 

5. Buried Antenna Arrays 

The efficiency of a buried antenna array increases with the 

number of parallel elements. In order to determine the input 

impedance and current distribution of each element in an 

array, one must know the mutual coupling between the elements. 

Since the local fields of the antenna are due to the dominant 

TM mode, the mutual impedance between elements may be derived 

by the use of coupled wave theory. It is easy to derive the 

self and mutual impedance expressions for a pair of coupled 

wires since it involves only two coupled wave equations. For 

n elements, however, one must solve n coupled wave equations 

to determine the mutual coupling expressions. For buried 

arrays with a large number of elements, this is very cumber¬ 

some and impractical. One may obtain a good approximation 

of the mutual coupling effects for a large loosely coupled 

array, however, by considering each element as if it were in 

an infinite array with the same spacing between elements. The 

infinite number of wave equations then become identical, and 

it is only necessary to solve a single wave equation. Actual 

measurements have shown that this assumption yields fairly 

reliable results if the spacing between elements is greater 
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than a skin depth which is true for practical antenna arrays. 

For spacings less than a skin depth, however, the approxima* 

tion breaks down since there are lateral variations in envir* 

onment for the elements in the array. That is, the environ¬ 

ment for the edge elements is quite different than that for 

the center elements. The experimental measurements shown 

in Figures 12 and 13 discussed in section V illustrate this 

quite clearly. 

Considering an infinite number of elements as shown in Figure 

9, we assume that the distance between the antenna, s, is 

such that b « s and jf > s. The latter condition is required 

to justify the assumption that cylindrical waves couple the 

energy between the antennas. Other assumptions are that the 

radial dependence of an individual antenna field in the con¬ 

ducting media is unmodified by the presence of other elements, 

and each element is excited with the same current. 

For such a situation, the antenna mutual coupling occurs by /D 
Er'2 ^ 

and the current 1(E) for .iny wire are related as 

(29a) 

and 

(29b) 

♦ 
where Zn is the distributed series self impedance, Zjj is the 

distributed series mutual impedance between wire 1 and wire j, 

i 
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and Yjj is the distributed shunt admittance for each vire. 

Equations (29a) and (29b) yield impedance and current distri- 

bution solutions identical to those discussed previously with 

the exception that the new propagation constant denoted by P© 
will be 

When wire spacings are greater than ten wire radii, it is 

reasonable to assume that Bu and Yu will be identical 

with the corresponding distributed series impedance and shunt 

admittance for a single isolated line.P© may therefore be 

expressed in terms of the propagation constantPV^n Yu 

of a single line by the equation 

(31) 

The distributed self impedance is 

and from equation (13) 

(32) 

where 

'(«)■ „I, (33) 
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Since llí2^ (X) » -j ~ for X«1 Too may be reduced to the ^ 
X 7TÀ 

generalized form « 

(34) 

or, from equation (17) 

J® 

For this case, the "geometry loss factor" is 

»«>(• 
i_ Ji_-a.} = i+11. 
St 8 . Si' »■» -|-Im[l(Í)] + 4Re(F(f.l)](36) 

The equation F(s/8 , li/8 ) ’aas been evaluated on a digital 

computer for all applicable values of s/$ and h/g , and 

the results are plotted in Figure 10. Equations (35) and 

(36) may now be used with the previous equations or curves for 

efficiency and impedance for a single wire to predict the 

performance of each element in an antenna array. The total 

maximum efficiency 6T of the array corresponding to 0 = 0 

will be proportional to the number of elements or 

ÊT = n£ (37) 

where £ is the efficiency of a single element of the array 

determined from and gQ)* 
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« 

0 

Where previously the pattern of the array was f (0)/f(O), 
o 

corresponding closely to cos 0 pattern, it will now be 

f&) 
f(0) 

sin(- 
nKScos<£\ 

^KSwS(^| 
nsm 

(38) 

III. EXPERIMENTAL RESULTS FROM 
MODEL ANTENNAS 

Most of the model experimental measurements were made on 

standard RG 58 coaxial cable with the outer shield removed. 

The wires were allowed to protrude through a ground image 

plane into a lO'xó^' tank containing a salt solution. Cur¬ 

rent distribution measurements were made by energizing the 

wires with a signal at the desired frequency while a small 

current measuring loop connected to a receiver was moved along 

the wires. The maximum to minimum current ratio and the posi¬ 

tion of the minimum was used to determine the wire propagation 

constants from standard transmission line equations. The im¬ 

pedances of single wires were measured directly at the ground 

plane feed through point with a bridge. The input impedance 

of wires in an array was measured by joining all wires at a 

common point with equal length coaxial cables. The impedance 

of each wire was calculated from the resultant measurement at 

the common point, taking account of the line lengths and number 

of wires. Model antenna efficiencies measured at a salt 

water site on Puget Sound agreed well with theory. Rather 

than include model efficiency measurements in this paper, 

data is presented in part V on the efficiency of a full scale 

antenna buried in the earth. 

» 
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Figures 11a and 11b show a comparison between measured and « 

theoretical propagation constants for typical model antennas * 

as a function of loss tangent. The data shown in the first 

figure was a result of varying frequency while that of the 

second was a result of varying conductivity of the surround¬ 

ing medium. Figure 12 shows the measured current distribution 

for the elements of a large array with spacings greater than 

a skin depth while Figure 13 shows the same data for spacings 

less than a skin depth. Note that the distributions for the 

former case are identical except for the edge wire while that 

for the latter case vary with the position of each wire. 

Figure 14 shows a comparison between the values of propagation 

constant computed from the current distribution for large 

spacings and that computed from theory for the infinité array. 

Figure 15 shows data for the same case with depth as a variable 

parameter. This data, taken for array widths 20 to 50 skin 

depths wide, supports quite well the use of the infinite array 

mutual coupling expressions for finite width arrays. Figure 

16 shows a comparison between measured and theoretical input 

impedance versus ihc for a typical model buried antenna, 

and Figure 17 shows the impedance comparison for a large array 

as a function of spacing. 

IV. DESIGN CONSIDERATIONS 

1. Antenna Wire Size 

The theoretical expressions and curves discussed in the pre¬ 

vious section may be used to optimize the design of either ^ 

a single element or multi-element buried antenna. First 

considering a single element buried antenna very close to 

the surface such that g =3 1, an examination of the efficiency 
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curves in Figure 7 show that antenna efficiency is not depen¬ 

dent on ß/k for small antenna lengths, but becomes increas¬ 

ingly dependent on the parameter as length increases. Com¬ 

putations not included in this paper show that this is equally 

true for the parameter a/ß. It is also true that the magni¬ 

tude of the maxima of the efficiency curves increase markedly 

with decreasing ß/k, but very slowly with decreasing ®/ß. 

This would seem to indicate that the most ideal situation 

would be an antenna wire with ß/k equal to or nearly equal 

to unity. The propagation constant curves in Figure A, how¬ 

ever, show that the insulation wire required for this situation 

would have to be excessively thick and have a dielectric con¬ 

stant near unity. If such a wire were available, one could 

obtain the maximum possible efficiency for a single wire 

antenna. Examination of the curves will reveal, however, 

that this situation does not correspond to an efficient use 

of wire since greater efficiencies per unit length are obtain¬ 

able with shorter lengths of wire with higher values of ß/k. 

For many multi-element array designs, the higher value of 

efficiency per unit length of wire is more desirable than 

maximum efficiency obtained from optimum lengths corresponding 

to a low value of ß/k. Ideal wire for this application is 

standard types of coaxial cable such as RG 8 and RG 17, with 

the outer shield removed. The center conductor size should 

be of sufficient size to keep the loss down (negligible effect 

and g). from the a/$ in the expressions 

2. Antenna Length and Termination 

The antenna efficiency follows a series of maxima and minima 

when plotted as a function of length. The first maximum for 
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0 = 0° is of greatest importance since it corresponds to the 

maximum attainable efficiency for the cos 0 type pattern. 

Although greater efficiencies are possible with longer antennas, 

the patterns become multi-lobcd, and the efficiency per unit 

length of antenna is greatly reduced. We will therefore re¬ 

strict our attention to antenna lengths not exceeding the 

value required to give the first maximum of the efficiency. 

The open-ended antenna is superior from a standpoint of gain¬ 

ing maximum efficiency for a given ß/k while the efficiency 

and efficiency per unit length of the shorted antenna is 

greater than the open-ended antenna for short lengths up to 

the first maximum of the shorted antenna. A major disadvan¬ 

tage of the latter is the necessity of using grounding or 

shorting rods which must be 0.5 to 1 skin depths in length. 

Also, converging currents of large magnitude would produce 

additional losses at location of the rods and, in addition, 

the effectiveness of the shorting rods is susceptible to chang¬ 

ing ground parameters, corrosion and other unpredictable 
i 

factors. From a standpoint of efficiency, therefore, it 

appears that the open-ended antenna is superior. For certain 

applications, however, the antenna with shorted ends may be 

preferred from an impeddnee standpoint. 

The impedance curves in Figures 5 and 6 indicate that the mag¬ 

nitude of the antenna Q = Xin/R¿n increases without limit for 

the open antenna as the length becomes increasingly small. 

On the other hand, the Q of the shorted antenna approaches 

11.4 for the typical case of a/ß = 0.05 as the length decreases. 

When the Q of the open antenna becomes excessive, it cannot 
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be matched properly to a source or load without loss in the 

matching network. 

From an impedance standpoint, therefore, the shorted antenna 

is preferable for short antenna lengths where the Q of the 

open antenna is excessively high. For most transmitting 

antennas, one does not run into this problem since long 

lengths are required to obtain the necessary efficiency. But, 

for receiving antennas where required efficiencies and lengths 

are much less, the shorted antennas are more efficient due to 

the lower Q, provided effective grounding can be obtained. 

3. Burial of Antenna Wire 

The antenna should be buried at a depth sufficiently large 

to provide the desired degree of hardening. The efficiency 

will deteriorate with depth, h, by the amount of e'2h/8 . 

The efficiency will also be reduced by the increase in 

"geometry loss factor" g, due to depth. The function g 

reaches a maximum at 0.3 skin depths. For greater depths, 

it will decrease reaching a minimum for depths greater than 

1.6 . 

4. Antenna Arrays 

Substantial improvements in antenna efficiency may be obtained 

by arraying a group of parallel wires. The use of wire spac- 

ings of several skin depths will eliminate mutual coupling 

and allow an increase in efficiency proportional to the 

number of elements n. Since 8«*, a great number of elements 

may be arrayed without changing the cos 0 pattern character¬ 

istic of a single element. Antenna arrays may be optimized 
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according to two different criteria, the first making the 

most efficient use of a fixed ground area and the other making 

the most efficient use of a fixed length of wire or number of 

elements n. Considering the first case, we note that 

c _n_B >/tW 
fl(Vfc) fllVg) 

where W ■ the allowed width of the array in skin depths and 

8 is the element spacing which must be optimized. Figure 18 

shows a plot of the relative values of ""g^s/jJ ^ v®^®us 
s/g for the model antenna characteristics given in Figure 18. 

Note that — {VgT increa8es t0 a constant value for ele¬ 
ment spacings less than 1.5 skin depths. This signifies that 

element saturation is reached for this spacing, and no further 

increase in efficiency can be obtained by adding more elements* 

This corresponds to the case where the fixed area is covered 

with a current sheet uniform in magnitude in a direction 

lateral to the elements. For the other case with a fixed 

number of elements and no restriction on area 

« 

« 

£~ «(Vg) 

A plot of the relative values of l/g(s/$ ) for the same antenna 

characteristics is also given in Figure 18 . One may note for 

this case that maximum efficiency is obtained only for spac¬ 

ings greater than ten skin depths, but the efficiency is 

only 0.7 db less than ideal for spacings of 3 skin depths. 

There is nearly 3 db degradation in efficiency, however, for 

the 1.5 skin depth spacing that was ideal for the previous 

case. In practical cases, however, both area and number of 

elements must be taken into account. A good compromise 
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appears to be a spacing of 3.0 skin depths which results in 

a -0.7 db degradation from maximum efficiency obtainable from 

either a fixed number of elements or a fixed area. In theory, 

the array efficiency may be made to increase indefinitely as 

width increases. In practice, however, as array width increases 

feed problems become more complex with greater feed line losses, 

and the resultant antenna pattern would narrow. As an example, 

consider the case where an omnidirectional coverage is obtained 

by feeding two arrays of n elements each in space quadrature 

and fed 90° out of phase. Since the field strength of each 

array for a constant input power is proportional to 

»in 

/IT sin ( sli f -9- ) 

the maximum field strength at 10 » 0°, 90°, 180° and 270° is 

proportional to-v/rT. The field strength corresponding to 

0-45°, 135°, 225° and 315° on the other hand is proportional 

which is maximized for an array width of ns w 0.525?>. Thus, 

for the omnidirectional coverage, the width of each array 

must be limited to 0.525^ due to pattern characteristics. 

A wide variety of pattern shapes are obtainable by varying 

the number of elements of one array with respect to another. 

It can be shown that the greatest efficiency is obtained by 

feeding all elements with currents of equal magnitude. 
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The following is a summary of how the theoretical data of 

the previous section may be used for optimizing and predict¬ 

ing the perforrtance of an antenna array design. 

1. Determine the geometry loss factor g from equation 

(36) versus s/g using the given wire and ground char¬ 

acteristics b/a, b/8 , a/Zt , h/g and €r. The re¬ 

quired values of I(h/g ) and F(s/8 ,h/$ ) are obtained 

from Figures 3 and 10 respectively. 

2. Establish the optimum spacing for the best compromise 

between optimum efficiency per unit area and per foot 

of wire. 

3. Determine the values of a/ß and ß/k for this spacing 

from equation (35). i 

4. Use the efficiency curves in Figure 7 for determin¬ 

ing the optimum antenna length for maximum efficiency 

and the efficiency £ per element. 

5. Use the impedance curves in Figure 5 for determining 

the input impedance to each element. The length of 

the elements may also be chosen on the basis of ob¬ 

taining desirable impedance characteristics by choosing 

lengths that are less than those obtained in step 4. 

6. The desired total efficiency ST will be determined 

by the number of elements n by the relation 
4 

ST=nS 
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7. The antenna array pattern is determined from the 

expression 
fU) I sin(Mjgi) 
TTOT n sinpi~!£ 

V., FULL SCALE AITTEIiNA ARRAY 

Several full scale antenna arrays were tested in the earth at 

various test sites near Kansas City, Missouri. The arrays 

included cases where lengths were based on obtaining maximum 

efficiency and cases where lengths were less than ideal in 

order to obtain different impedance characteristics. In all 

cases, good agreement between measured and theoretical param¬ 

eters were obtained. The measured results of a typical 8x8 

element omnidirectional array shown in the construction 

stage in Figure 19 agreed well with theory. The antenna had 

the following parameters: 

Wire type - RG/8 with outer conductor removed 

b = 0.1425" b/a = 3.63 €r - 2.25 

Element length, ¿ - 660 feet 

Element spacing, s = 76 feet (s/8 3 4.15) 

Burial depth, h = 4 feet 

Soil Conductivity, <r = 0.04 mhos/meter 

Frequency, f = 180 kc 

Array type - Two arrays buried in space quadrature con¬ 
sisting of 3 elements and fed 90° out of phase to 
give omnidirectional coverage. 

Theoretical Data 

Propagation Properties (assuming mutual coupling effects) 

ß/k =3.37 and a/ß = 0.0626 

g(h/8 , s/8 , a/8, ) = 1.33 

Theoretical efficiency of array £ = -36.5 db 

Measured efficiency £ = -35.6 db 
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Figure 20 shows a comparison between theoretical and measured 

impedances of a single element of the antenna versus frequency. - 

The slight differences in impedance are assumed to be due to 

the slight mutual coupling which would be difficult to predict 

for the case of the measured element adjacent to non-energized 

elements. 

Figure 21 shows a comparison between theoretical and measured 

values of field strength for the antenna versus distance. 

The experimental data results from measurements taken at 

different times with various field strength instruments in 

different radial directions from the antenna. The antenna 

patterns shown in Figures 22, 23 and 24 agree with the shapes 

expected from the theory. 

VI. CONCLUSIONS 

The use of arrays of long insulated wires provides a simple 

method of maximizing the efficiency of a completely buried 

"hard" antenna in terms of either optimum utilization of a 

given area of earth or a given total length of buried wire. 

Experimental data verifies that the ground wave field expres¬ 

sion for the infinitesimal buried horizontal dipole may be 

applied through integration to specify the field due to a 

long wire insulated antenna. Experimental data also verifies 

that the dominant TM mode equations provide a reliable and 

simple means of predicting the impedance properties of either 

single or multiple element buried antenna arrays consisting 

of insulated dipoles buried in a conducting homogeneous earth. 

The theoretical data has been presented in a generalized form 

that allows a straightforward method of facilitating the design 

of optimum buried antenna arrays. 
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For more detailed information on past and recent work on 

buried antennas, including other type configurations, the 

reader is referred to a paper by R. C. ilanscn which con¬ 

tains an excellent survey and a complete list of refcrncces 

on the subject. 
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DIELECTRIC CONSTANT -Cg 
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« 

FIG. 2 THE BURIED INSULATED ANTENNA AND ITS COORDINATE 

SYSTEM FOR THE DERIVATION OF LOCAL FIELDS. 
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FIG. 5a RESISTANCE OF AN ANTENNA WITH OPEN ENDS 
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FIG. 5b REACTANCE OF AN ANTENNA WITH OPEN ENDS 
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FIG.Sc REACTANCE OF AN ANTENNA WITH OPEN ENDS 



FIG. 5d REACTANCE OF AN ANTENNA WITH OPEN ENDS 
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¡Wir*“ 
X X 

FIS. 9 MUTUAL COUPLING BETWEEN AN INFINITE ARRAY 

OF BURIED ANTENNAS 
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FIG.I60.INPUT RESISTANCE OF A BURIED ANTENNA WITH 
OPEN ENDS 
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RG. 16b INPUT REACTANCE OF BURIED ANTENNAS WITH 
OPEN ENDS 
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EVALUATION OF RE-ENTRY VEHICLE ANTENNA WINDOWS: 
A TEST TECHNIQUE 

Harry A. May 
Electronic Systems and Products Division 

Martin Company 
Baltimore 3, Maryland 

INTRODUCTION 

This paper describes a test technique developed to evaluate candi¬ 
date antenna window materials for possible use on re-entry vehicles. 
Surface temperatures recorded for earth re-entry vehicles, particularly 
the lifting-body variety, extend far beyond existing material electrical 
properties data, and, in fact, appear to be beyond the limit of existing 
classical dielectric constant and loss tangent type of measurement in 
heated cavities. The test method described here records directly the 
RF signal transmission and reflection properties of an antenna-window 
combination during simulated re-entry heating of the window surface. 

ANTENNA CONFIGURATIONS 

We shall consider two types of antenna-window installations that are 
frequently required on re-entry vehicles (Fig. 1). Both are flush- 
mounted to form a smooth aerodynamic fairing, and two distinct fre¬ 
quency ranges are usually covered. The first is within the VHF-UHF 
range with wavelengths in the vicinity of one meter, and the second is 
within the C- or X-band with wavelengths less than 10 cm. The longer 
wavelength antennas are commonly in the form of rectangular slots, 
approximately 16 in. long and 4 in. wide. The shorter wavelength an¬ 
tennas are generally circular cavities approximately 2 or 3 in. in di¬ 
ameter. 

Figure 2 shows the heat input profile for two types of re-entry ve¬ 
hicles. The first represents a ballistic re-entry vehicle, such as 
Pershing, and the second represents a lifting-body type, such as Apollo. 
The area under each of these curves gives the total heat input during 
re-entry. 

DESIGN CRITERIA 

The necessity for antenna windows is one of the most unpleasant 
facts facing the designer of re-entering hardware, whether he is con¬ 
cerned with structures or with antennas. The problem will be considered 
from each point of view (Fig. 3). 
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♦ 

To the structural designer, antenna windows represent a discontinuity 
in the heat shield. All such discontinuities are possible failure areas 
demanding close attention to their boundaries if reliability is to be main¬ 
tained. Secondly, the structure beneath the heat shield is interrupted by 
the antenna penetration, and provisions for carrying loads around this 
area are necessary. Also, the problem can seldom be alleviated by 
locating these windows in noncritical areas, because good pattern cov¬ 
erage requirements usually dictate the antenna locations within rather 
narrow limits. To further complicate the problem, the choice of ma¬ 
terials is limited to the very few which meet both the electrical and 
structural requirements. 

The antenna designer has a similar dilemma. The windows must 
be made of a low loss material to avoid excessive attenuation of the 
signal. If the window can be made electrically thin, its effect on an¬ 
tenna tuning will be small. Because the electrical thickness is pro¬ 
portional to the physical thickness and the dielectric constant, a low 
dielectric constant is advantageous. If the window can not be thin, 
changes in electrical thickness during ablation will affect the tuning of 
the antenna, so it must be kept at a minimum. The window material 
must be electrically isotropic and uniform. 

It is evident that understanding compromises must be reached between 
the structural designer who wants the antenna windows to look just like 
the rest of the heat shield and the antenna designer who wants them to 
look like nothing at all. 

Many advantages are gained if the ablation material used on the 
remainder of the vehicle can be used as the antenna window material. 
The window can be fabricated as an integral part of the heat shield, 
eliminating special antenna window fabrication and installation steps. 
The continuity of the heat shield increases its reliability, and attach¬ 
ment problems are avoided. The only problems are those of providing 
a radio frequency-transparent replacement for the metal structure, and 
of making sure that opaque adhesives and insulators are not used in the 
window area. 

The feasibility of this approach is dependent on acceptable electrical 
properties of the ablation material. When it is recalled that several 
centimeters of ablation material may be used and that this thickness 
does change during re-entry, we realize that such windows cannot be 
considered for the short wavelength range. 

Figure 4 shows the electrical properties of two commonly used abla¬ 
tive materials measured at 1 me and room temperature. The dielectric 
constants are within acceptable limits and the dissipation factors, while 
higher than one would like to see, do not eliminate the materials from * 
consideration. There is, however, a factor that would logically dash • 
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our hopes for using these materials. They form a carbonaceous char 
during ablation that should effectively block all RF transmission, a sup¬ 
position that is easily put to the test. A nylon phenolic window was 
fabricated and tested, after charring to two depths, and finally after 
removal of the char. Figure 5 shows the surprising results of this 
experiment. The presence of cold char is not a serious barrier to 
microwaves at the frequencies tested. A similar test with similar 
results has been run with asbestos-phenolic. We now have an antenna 
window for the long wavelengths which is easy to fabricate and which is 
reliable structurally and thermally. This window will function through¬ 
out a mission, up to re-entry heat pulse, and will function after the heat 
pulse. There remains only the electrical behavior during ablation to 
consider. 

PROPOSED TEST CONFIGURATION 

Figure 6 shows the proposed elevated temperature test configuration. 
A test specimen, consisting of an antenna-window combination, is in¬ 
stalled as shown directly within the exhaust of a heat source. RF trans¬ 
mission and reflected properties of the test specimen are monitored, 
respectively, by a secondary pick-up antenna and a reflectometer, and 
are fed to a pen recorder. Surface temperatures of the window speci¬ 
mens are recorded with the use of an optical pyrometer and are used to 
control the output of the heat source. Detuning of the test specimen and/ 
or pattern distortion caused by the proximity of the heat source are 
normalized from the test results by a straight-forward calibration 
process. 

TEST RESULTS 

Figures 7 and 8 show the VHF nylon-phenolic window specimen and 
the subsequent test in the 14-in. diameter hot gas generator. 

During this test, the heat was applied in two pulses so that the re¬ 
covery of transmission upon cooling could be observed. Figure 9 shows 
that signal attenuation increases rapidly with temperature, and that the 
signal returns, but not to its original level, as the window cools. Be¬ 
cause of the sharp cutoff of the heat pulse, and because accurate sur¬ 
face temperature data is not available below approximately 1500° F, 
no conclusions can be reached at present except that antenna blackout 
does occur during ablation of nylon phenolic. More information is 
needed about the details of this blackout to determine whether it cor¬ 
responds to the ion-sheath blackout that occurs in any case or whether 
it extends beyond that blackout. Figure 10 shows the loss characteristics 
of molded versus laminated nylon phenolic. 
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In the event that the phenolic windows fail to meet the criteria, the 
next candidate for VHF-UHF antenna windows is ceramic reinforced 
Teflon, which ablates without charring. 

For the high frequency antenna windows the use of ceramic materials 
is feasible and perhaps mandatory. Their low loss characteristics and 
refractory qualities provide the electrical stability required for this 
frequency range. Disadvantages are the special attachment problems 
arising from their brittleness and low coefficients of expansion, their 
high dielectric constants, and their high thermal conductivities. The 
recent development of these materials in uniform foams helps greatly 
to solve some of these problems. 

Because the ambient properties of the ceramics are well known, 
this paper will be confined to a description of our recent efforts to 
measure the properties of these materials at high temperatures. 

Figures 11 and 12 show a C-band antenna-window specimen under 
test in the Radiant Heat and Oxyacetylene Torch Facilities. Surface 
temperatures of 2000° F have been achieved in the radiant heat facility 
and of 4000° F in the torch facility. 

Typical RF attenuation characteristics are given for the C-band test 
specimens in Fig. 13. Multiform silica foam has a small increase in 
attenuation at approximately 3000° F surface temperature with recovery 
at both lower and higher temperatures. Aluminum foam has a more 
significant attenuation characteristic within this same temperature 
range; however, a major improvement in response is noted when these 
samples have been prefired for several minutes in an oven. 

♦ 

♦ 

CONCLUSIONS 

The test technique described in this paper has been used successfully 
to evaluate antenna window materials at extremely high surface tempera' 
tures. The test results do not permit direct extraction of the dielectric 
constant and dissipation factors as normally desired, but the transmis¬ 
sion and reflection characteristics provide an equally sound means of 
performance appraisal for the particular antenna-window configuration 
under test. 

» 
« 



# 



F
IG

. 
2.
 

T
Y

P
IC

A
L
 H

E
A

T
 P

R
O

F
IL

E
S
 F

O
R
 B

A
L
L
IS

T
IC

 A
N

D
 L

IF
T

IN
G

-T
Y

P
E
 R

E
-E

N
T

R
Y
 V

E
H

IC
LE

S
 



Structural 

Must not jeopardize heat shield 

Must not jeopardize structure 

Locate in noncritical area 

Electrical 

Low loss. 

Electrically thin 

Minimum thickness change 

Isotropic and uniform 

Must protect antenna 

FIG. 3. RE-ENTRY ANTENNA WINDOW CRITERIA 
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THE REFLECTARRAY ANTENNA SYSTEM 

• -R. G. Malech, * D. G. Berry,*# and 
W. A. Kennedy## 

INTRODUCTION 

Large aperture antennas fall into one of two general categories: 

reflectors based on geometrical optics, and arrays composed of a large 

number oí radiating elements whose amplitude and phase can be individ¬ 

ually controlled. Each of these systems possesses distinct advantages 

over the other, some of which are listed in Figure 1. 

REFLECTORS ARRAYS 

1 
SHARED SURFACE FLAT OR CURVED 

SURFACE 

t 
LESS EXPENSIVE MUCH MORE EXPENSIVE 

5 
ONLY ONE KAM MANY KAMS 

4 
SCAN ONLY BY MECHAN¬ 
ICAL MEANS 

ELECTRONIC SCANNINS 

5 
NO SIK LOK OR BEAM 
WARE CONTROL 

HK SIK LOK AND 
BEAM SHAPE CONTROL 

• 
CAN UK ONLY FEED 
RECEIVERS 

CAN UK UP TO ONE 
RECEIVER PER ELEMENT 

7 
SUFFERS FROM APER¬ 
TURE BLOCK 

NO APERTUK BLOCK 

• 
IS WELL SUITED FOR 
VERY LARSE APERTURES 

UNE LMSES KOOME 
EXCESSIVE FOR VERY 
LARK ARRAYS 

• 
UKS STANDARD PERI¬ 
PHERAL EQUIPMENT 

PERIPHERAL EQUIPMENT 
MUST K OF SPECIAL 
FORM FACTOR 

Figure 1. Comparison of Advantages and Disadvantages 
of Reflectors and Arrays 

The major advantage of reflector systems is simplicity. A single 

RF feed is utilized with the rest of the antenna being passive. Arrays 

are much more complex, having extensive corporate feed systems and 

the losses associated with them. Much more control of the radiation 

* Dor ne & Margolin, Inc., Special Devices Department, Westbury, N. Y. 
#*Dorne & Margolin, Inc., Aerospace Division, Chatsworth, California 



pattern can be achieved, of course, using the array technique. The sub¬ 

ject of this paper, the Reflectarray antenna, is a third class of aperture 

antennas combining the advantage of simplicity of the reflector with 

some of the control of the array. 

The Reflectarray consists of an array of radiating elements illu¬ 

minated by a primary feed. The elements may be any of a number of 

simple radiators such as dipoles, spirals or waveguides. In the trans¬ 

mission system of each element can be place a phase shifter and/or an 

attenuator as shown schematically in Figure 2. (Figure 4 is a photo¬ 

graph of an experimental model of the Reflectarray using waveguides as 

radiating elements.) 

The energy radiated by the primary feed illuminates the array of 

elements and enters their transmission system, passes through any 

phase shifting and attenuating devices that may be placed in them, is re¬ 

flected by a short circuit and re-radiated in the direction from which it 

came. The phase and amplitude of the re-radiated field with respect to 

the incident field depends, of course, on the path that it has traveled in 

SYMBOL MEANING <r ELECTRONICALLY CONTROLLED RF PHASE SHIFTER 

OC 
ELECTRONICALLY CONTROLLED RF AMPLITUDE ATTENUATOR 

SHORTING (REFLECTING) PLATE 

Figure 2. Schematic Representation of Reflectarray Principle 



the transmission system and the nature of the devices that have been 

placed in this system. 

The shape of the phase front emerging from the Reflectarray is de¬ 

termined by the electrical path length in each of the element transmis¬ 

sion systems and can be chosen arbitrarily. Control of the side lobes 

can be achieved by attenuators in each of the elements, although their 

use is by no means necessary, and attenuators were not used to achieve 

the results of the experimental program that will be described later. 

As an example, assume that the phase shifters are set to convert a 

plane phase front to a circular phase front. The primary feed is then 

placed at the focus and the system is now operating in the same manner 

as a parabolic reflector and feed. Several advantages are immediately 

apparent. 

1. The phase shifters need only be set to within a few electrical de¬ 

grees, thereby obviating the need for close tolerance control in 

the construction. 

2. The amplitude attenuators, if used, can be set to minimize the 

beamwidth-side lobe product, or to produce any other desired 

beam shape. 

3. The amplitude and phase fronts can be set to produce the desired 

beam shape in each plane independent of the other. 

4. As the target moves, the phase front can be changed from para¬ 

bolic (which focuses an infinite point at the feed) to an elliptical 

front (which will focus the target at the feed). 

5. If electronic phase shifters and amplitude attenuators are used 

(ferrites, ferroelectrics, or diode switches) the phase front 

and beam shape can be continuously, rapidly, and accurately 

controlled. 

6. The Reflectarray can be used to replace either a reflecting dish 

or an array. Also, time-share dish-arrav operation can be 

achieved. Figure 3 shows how two separate systems may simul¬ 

taneously share the same Reflectarray; one using the reflected 

beam, one the direct beam. 



Figure J. tlefU'ClArray as both a Refirctor and an Array on a 
rimr Shar»- Basis 

\ 

The fallowing sections give the requit» of an experimental progr.»Vn 

designed to verify the feasibility oí the Keílectarray. Applications in \ 

which the Reflcctarray would prove usciul arc also discussed. ' 

EXPERIN/.ENTaL INVESTIGATION 

In order to verify the general Keílectarray prim iplc and investigate 

its electrical properties,* the array illustrated in Figure A was con¬ 

structed. The antenna consists of a ¿6 x 4 array of open-ended u tvr 

guides, each waveguide being approximately 0. 6\ square at the per^t ng 

frequency. The overall size of array is ¿7-1/2 ' x 4". An ofíse1 

arrangement was employed to minimize aperture blocking from the ri- 

mary feed. T1 e feed was adjusted to give approximately a 10 db edge 

illumination taper for the array and the phase oí the re-radiated signal 
* • . # 

from eacn element was established by the placement of shorting plates 

i;‘The electrical properties studies are bcamwidth, bandwidth, aperture 
efficiencies, side lobe level and phase control technique. 
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in each element. A design frequency of 7080 Mes was chosen to yield 

as large a scan angle as possible consistent with the requirement for 

the existence of the fundamental mode in the waveguide elements. 

The resulting E- and H-plane patterns for the in-phase or maximum 

gain condition is shown in Figure 5. Also shown is a calculated H-plane 

pattern. The effect of interface reflections are not included in theoret¬ 

ical calculations and hence, the sxde lobe lavéis are not directly com¬ 

parable. * In general, though, the theoretical and measured patterns are 

in close agreement. 

Figure 5. Experimental Reflectar ray Voltage Patterns, High- 
Gain Mode, (a) As E-plane ArrayT -plane 
Array, and (c) Theoretical H-plane Array Patterns 

The patterns shown in Figuro 6 are representative of the scanning 

ability of the array. The increase in beamwidth with scan angle results 

from a decrease in the effective aperture of the array. Excluding scan 

*The back lobes evident in the measured patterns, result from the re¬ 
stricted aperture in the vertical plane of the experimental model. 



angles that approach end fire conditions, the effective aperture of the 

array varies approximately as the cosine of the scan angle. 

Because the array spacing is 0. 6\ the pattern at a scan angle of 45 

degrees has a grating lobe. The maximum scan angle possible before 

grating lobes appear may be increased by reducing the array spacing. 

However, for a waveguide array, the minimum spacing is limited by 

the cut-off of the guide. If the waveguide element is loaded, a smaller 

spacing can be achieved, but the interface mismatch increases. Another 

solution to this problem is a staggered arrangement. This was accom- 

(a) 30° Scan (b) 45° Scan (c) 45° Scan, staggered 
element arrangement 
(0. 75V. spacing) 

Figure 6. Experimental Reflectarray Radiation Patterns for 
Scanning Modes as H-plane Array (0.6\ spacing), 
(a) 30° Scan, (b) 45° Scan, and (c) 45° Scan, stag¬ 
gered element arrangement (0.75X spacing) 

plished by shifting the elements in every other row of the array by one- 

half of their width in a brickwork pattern as sho’wn in Figure 7. The 

apparent array spacing is 3/8X while the actual spacing in each row is 

3/4\. Figure 6C illustrates the 45 degree scanned beam in the hori¬ 

zontal place from this array. The increased side lobes are due largely 

to the thick walls of the waveguides used in this array. 

Reflections at the interface of the array result from the finite walls 

of the waveguide elements and any mismatch between the free space wave 

impedance and the guided wave impedance. The waveguide dimensions 



determine the wave impedance match and, hence may be predicted by 
guide wave theory.

An indication of the reflection from the finite walls of the wave­
guide elements was obtained by comparing the pattern results from the 
array of Figure 4 with that of an array similar to Figure 7. Although 
the elements of the array in Figure 7 are shown to be staggered, for the 
purposes of this test, the elements were arranged in a non-staggered 
fashion. The thicker walls of this array represented 35 percent of the

i
Figure 7. Experimental Reflectarray Model, 22 x 4 Array, 

0.75X. element spacing

total aperture as compared to 6 percent for the array of Figure 4. Fig­
ure 8 illustrates the patterns and by comparing these results with that 
of Figure 5, it is noted that the side lobe level increased an appreciable 
amount.

The Staggered element arrangement mentioned earlier also pro­
vides a means of reducing the side lobe level. Comparison of pattern 
measurements for the staggered and non-staggered conditions of Figure 
8 indicates an additional improvement for staggered arrangement. The 
above measurements were made with the model shown in Figure 7.
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(a) As E-plane array non-staggered (b) As H-plane array non-staggered 

Figures. Experimental Reflectarray Radiation Patterns for 
0.75X spacing for both non-staggered and staggered 
arrangements: (a) As E-plane array non-staggered, 
(b) As H-plane array non-staggered, (c) As E-plane 
array staggered, (d) As H-plane array staggered 



Beam broadening is accomplished by adjusting the phase of the 

radiated signal from each element to correspond to the phase of a hypo¬ 

thetical antenna located at a particular point behind the array. This 

image feed antenna is placed such as to yield a 10 db edge illumination 

taper at the face of the array. The phase delay from such an image 

source, relative to the array center, will increase as the cosine of the 

subtended angle. A diagram of this arrangement is shown in Figure 9. 

When the phase of the re-radiated signal from each element is delayed 

as indicated above, the pattern characteristics of the Reflectarray re¬ 

sembles closely that assumed for the image feed antenna. 

Phase Delay 

Primary 
Feed 

Figure 9. Phase Diagram for Broad Beam Mode Synthesis 

Figure 10 illustrates the E- and H-plane array patterns synthesized 

from such an image antenna with a 23-degree half-power beamwidth. 

An H-plane calculated pattern is included for comparison. Both the 

theoretical and the measured pattern have greater directivity than the 

pattern from which the array was synthesized. This evidently is a re¬ 

sult of diffraction from the individual apertures. The anomalies in the 

measured pattern for the medium gain condition result from reflections 

at the interface. A significant change in these anomalies (but not in the 
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(c) As H-plane Array with Reflecting (d) Calculated Radiation Patterns as 
plane in elements shifted X /4 H-plane Array inBroad Beam Mode 

Figure 1¾. Experimental Reflectarray Radiation Patterns for 
Broad Beam Mode, (a) As E-plane Array, (b) As 
H-plane Array, (c) As H-plane Array with Reflect¬ 
ing plane in elements shifted X /4, and (d) Calculated 
Radiation Patterns as H-plane Array in Broad Beam 
Mode 



general character of the pattern) was observed when the effective re¬ 

flecting plane in the elements was shifted \/4 with respect to the inter¬ 

face. This is illustrated by Figure IOC. This results because the 

phase of the reflected signal from the interface remains unchanged while 

the phase of the re-radiated signal depends on the position of the re¬ 

flecting shorts. This shift of the reflecting shorts does not effect the 

formation of the beam since it depends on the relative phase between 

the waveguide elements. By proper choice then, of the reflecting sur¬ 

face with respect to the interface, it is possible to provide a component 

of the re-radiated signal out of phase with interface field to give 

cancellation. 

The amount of the beam may be broadened without the side lobe 

level increasing beyond a reasonable value is dependent to some extent 

on the interface reflections. As may be noted, the beam was broad¬ 

ened approximately 4 beamwidths with good results. Further improve¬ 

ment in the side lobe level could be realized by a reduction of the inter¬ 

face reflection. ^ If one assumes a perfect interface (no reflection), the 

amount the beam may be broadened still has a practical limit. This re¬ 

sults because a beam produced from a larger than necessary aperture 

requires storage of energy in the aperture much in the same way energy 

is stored in a supergained array. 

In order to have a rapidly scannable beam, the method of phase 

change must be simple and practical. A metallic short, of course, pro¬ 

vides a satisfactory reflection in the guide, but is difficult to re-position, 

particularly in a rapidly varying manner. 

Considerable improvement in the speed of re-positioning the re¬ 

flecting short of each element results if one uses microwave diodes as 

shorts. The diodes are placed at discreet intervals and the proper 

diode biased to give the required phase. The number of diodes em¬ 

ployed determines the increment of phase change available. The patterns 

*It should be noted that had the array been full size in the vertical plane, 
the increased gain would reduce the effect of interface reflections by ap¬ 
proximately 8 db. 
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Figure 11. Experimental Reflectarray Radiation Patterns for 
Discreet Phase Settings of Element Reflecting 
Shorts, (a) Maximum Phase^Error ±22.5 , (b) 
Maximum Phase Error ±30°, (c) Maximum Phase 
Error ±45°, and (d) In 30° Scan Mode for Maximum 
Phase Error of ±45 
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shown in Figure 11 illustrate how the directivity varies for phase in¬ 

crements of 22.5 degrees, 30 degrees, and 45 degrees. For the case 

of 45 degree phase increment the side lobe level has increased to a 

level of -16 db. Actually, for the 30 degree increment condition there 

is an improvement over the exact phase condition due to a cancelling 

effect with the interface reflection. In a full scale array it is expected 

that the degradation will be much less than that illustrated. Figure lid 

shows a scanned beam at 30 degrees employing four short positions. 

Published data indicates that switching times of three nanoseconds are 

possible with microwave diodes. Preliminary study has also shown that 

the total RF system loss due to the diodes will be slightly over 1 db.* 

The maximum operating bandwidth depends on the allowable degra¬ 

dation for a particular application. Measurements indicate that a 16 

percent bandwidth will result in a gain reduction of approximately 1.5 

db at the band edges. One requirement for securing maximum band¬ 

width is to zone the reflecting planes in the array. The above quoted 

bandwidth is that attainable without re-phasing of the array. When es¬ 

tablishment of new phase condition is allowed, the bandwidth would be 

limited only by the bandwidth of the individual elements and the primary 

feed. 

• For certain system applications, such as monopulse work, it is 

necessary to have a well-defined phase center. The array's phase cen¬ 

ter properties were determined on a theoretical basis from the pattern 

calculation data. It was found that the phase center is well defined for 

all aperture phase properties that can be specified by some spherical 

wave front, and corresponds to the point behind the array assumed for 

the image antenna. 

The aperture efficiency of the array was determined by measuring 

the gain of the array. Aperture efficiencies greater than 55 percent 

were realized after correction for the spillover in the vertical plane. 

’•Dorne & Margolin, Inc., Interim Engineering Report, Project 9008 
August 1962. 



In a full scale array this efficiency would correspond that normally re¬ 

alizable from the more conventional passive reflectors of the same 

aperture size. 

Polarization properties of the Reflectarray are determined entirely 

by the primary feed. For orthogonal linear or circular polarization, 

symmetrical array elements must be employed as well as additional 

phasing circuitry. 

USES 

The Reflectarray concept lends itself to a variety of uses. Since 

it is an array and also a reflector it encompasses most applications 

where a microwave optical antenna is required. Rather than list these 

quasi-standard uses, some newer ideas employing the Reflectarray 

concept are given: 

1. Conical scanning, lobe-on-receive-only, etc., can be accom¬ 

plished with a Reflectarray by either using a standard feed 

tracker (as is used presently with reflectors) o£ by phasing the 

array properly. In some instances the feed and the array can 

be varied with time to produce many modes of operation. 

2. The Reflectarray principle can be applied to Cassegrain optics 

by making the secondary mirror (the hyperbola) from Reflect¬ 

array elements. The primary parabolic surface may or may 

not be a Reflectarray. By electronically controlling the phase 

shift (and/or amplitude taper) over the hyperbolic Reflectarray, 

optimum phase and amplitude fronts can be achieved. 

3. Reflectarray elements arranged in the form of a sphere can be 

used as a pseudo-omnidirectional echo enhancer. In such a de¬ 

vice the short positions would be programmed in such a fashion 

as to always return a directional beam towards the transmitter. 

It would have the additional advantage of being easily "spoiled" 

for an unwanted signal. 

4. The Reflectarray concept should be considered in all cases 

where the antenna must "hug" or wrap around an odd contour. 

A spaceborne Reflectarray could be wrapped partially around a 



satellite with only the feed extending. A large ground installa¬ 

tion for zenith coverage could be built directly over small hills 

and valleys. Appropriate settings of the phase shifters would 

compensate for the uneven contours. 

5. The Reflectarray can be used for bi-directional high gain cover¬ 

age on a time-sharing basis. The forward sector is covered 

using Reflectarray techniques as discussed in this paper. Rear 

coverage is achieved by removing all of the shorts. In this 

mode, the waveguide "egg-crate" array acts as a simple wave¬ 

guide lens. Scanning can be performed in this mode also. 

6. When the Reflectarray is used with certain continuous rather 

than discreet phase shifters, only half the amount required by 

a standard array need be used. This is so because the signal 

passes through each phase shifter twice. 

7. The changeable beamwidth property of the Reflectarray can be 

utilized in tracking. The wide beam mode can be used for search 

and the narrow beam mode used after acquisition. 

CONCLUSIONS 

The performance of the arrays investigated indicate that it is pos¬ 

sible to use the Reflectarray principle to produce rapidly scannable 

beams in a multiplicity of modes. Aperture efficiencies and side lobe 

levels follow closely that attainable from other passive reflector sys¬ 

tems. The relative simplicity of the diode phasing systems proposed 

makes the Reflectarray adaptable to systems where weight must be kept 

to an absolute minimum. In many applications, the shape of the Reflect- 

array could be made to conform to the contour of its vehicle. This, for 

instance, is advantageous for satellite systems. 

In the scanned beam modes, scan angles of ±45 degrees are easily 

realized. By establishing a phase condition corresponding to a pre¬ 

determined spherical wave front, medium gain or broad-beam modes 

may be synthesized. Pattern measurements indicate that exact phase 

control is not necessary to produce a given pattern and, in fact, an im¬ 

provement in side lobe levels was found when a random phase error was 



introduced. Random phase errors up to 45 degrees do not seriously de¬ 

grade the performance of the Reflectarray. 

The basic advantage of the Reflectarray is that of'simplicity. A 

large number of modes can be produced without alteration of the RF 

system. Corporate feed systems, in the usual sense, are unnecessary. 
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ABSTRACT 

The Physical Science Laboratory at New Mexico State University has conducted 
a feasibility study for the National Aeronautics and Sjpace Administration on a high 
frequency precision satellite tracking system. As a part of this study an optimum 
frequency was chosen from a band of allowable frequencies and an analysis of the error 
due to noise on an interferometer was made. 

The optimum frequency selection was a function of various atmospheric phenomena. 
These phenomena included cosmic, solar, and atmospheric noise. Refraction and loss 
also played an important part in this frequency selection. The presence of noise at all 
frequencies gave rise to the question of the effects of this noise on the accuracy of a 
simple interferometer. 

The effect of the noise on the angular accuracy of an interferometer was determined 
by first assuming that the noise was purely random and uncorrelated between antennas. 
A single antenna was then taken and the effect of noise on the phase of the incoming 
signal was obtained. The phase uncertainty is then combined from the two antennas of 
the interferometer and a standard deviation of the angular measurement of the system is 
derived. 

This standard deviation is a function of S/N ratio and interferometer spacing. 

The end result of this analysis is to get a design tool from which the acceptable 
S/N ratio can be determined for a given spacing between the interferometer elements. 

Curves of standard deviation as a function of S/N and interferometer spacing 
are given. 

This work was done under Contract NAS 5-1032 - Task BVIII. 

INTRODUCTION 

The Physical Science Laboratory at New Mexico State University, 
University Park, New Mexico, has conducted a feasibility study for the 
National Aeronautics and SJ)ace Administration on a high frequency 
precision satellite tracking system. This study included optimum frequency 
selection in the 0.4 to 8.5Gc/secregion and analysis of error due to noise. 

The paper is presented in two parts. The first part deals with the 
frequency selection and the second part deals with the analysis of the 
error due to noise present in an interferometer system. 
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PART I - FREQUENCY SELECTION 

1.0 FREQUENCY ALLOCATION 

At the I. T. U. Conference in Geneva in September 1959 various bands 
of frequencies were set aside for use in space communications. The ire- 
quencies for tracking were space bands three 2290 to 
frequencies are 400 to 401 Me, 1427 to 14S5 Me, 1700 to m0 «c, 2290 to 
2300 Me, and 8400 to 8500 Me. It is from these frequencies that an opti 
mum frequency must be selected for the proposed tracking system. 

To determine the optimum frequency such factors as cosmic noise,^ 
solar noise, atmospheric noise, refraction, atmospheric absorption» ^ 
space loss, and Faraday rotation were studied in relation to the above fre 

quencies. 

2.0 COSMIC NOISE 

The cosmic noise or sky noise varies with sky position and inversely 
with the frequency squared. The Galatic center has the highest value with 
discrete sources at other angular positions ofíümostthism^itude.Tbese 
discrete sources are of very small angular extent and with antenna beam- 
S o “““degrees do L eoutrlbuted appreeUbl, to tte o^ noi« 
nower A more useful way to express cosmic noise is by the absolute 
temperature as shown in Fig. 1-1. Using the abf ^^ 
foilowine relationship the noise power for any bandwidth may be found. 

N * KTB (1) 

where N * noise power in watts, K * Boltzman's constant * 1.38 x lO“23 
watts-sec/% B * bandwidth of the receiver in cycles per second, and 
T = temperature in degrees Kelvin. 

The sky noise temperature is averaged over the antenna beamwldth, 
For very narrow beamwtdths the noise temperature may be twice that given 
in Fig. II-l. However, for antenna beamwidths of one degree or larger the 
noise temperature is very nearly that given by Fig. M. 

The maximum value of the noise temperature should be taken when 
determining the system sensitivity as the Galatic center cannot be avoided. 
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3.0 SOLAR NOISE 

Solar noise temperature from a quiet sun may be approximated by 

Tsun 
195,750 

(2) 

where f - frequency in KMc, and T8un ~ 'K* This expression is valid from 
400 to 10,000 Me. 

The angular extent of the sun at a radio emitter is approximately 0.5 
degrees at the higher frequencies (400 to 10,000 Me) and may approach 
1.0 degree at the lower frequencies (60 - 100 Me). If the antenna beam- 
width is smaller than the angular extent of the sun the noise temperature 
will be that given by Bq. ( 2). If the be am width is larger than the sun the 
noise temperature is given by' 

Ta Tsun (®jr)2 (3) 

where ♦ . 0.5* and is the antenna beamwidth. These values are for an 
antenna pointed directly at the sun. If the sun is not in the antenna beam it 
contributes very little noise. 

The noise due to the sun cannot be avoided if the satellite passes be¬ 
tween the sun and the tracking station. This is not serious for an antenna 
that tracks the satellite or one with a large beamwidth that is fixed in 
position. For space probes, if the trajectory goes too near the earth-sun line, the 
problem is more severe since the angular velocity of a space probe is much 
slower than that of a close-in satellite. The only method to minimize the 
effect of the sun is to choose trajectories removed from the sun as far as 
possible. 

4.0 ATMOSPHERIC NOISE 

Noise in the earth's atmosphere is due to absorption of radio waves by 
oxygen and water vapor. The total contribution to system noise depends 
upon the altitude of the receiving site, weather conditions, and the angle of 
the antenna beam to the horizon. This noise is also a function of frequency 
falling off rapidly below 1000 Me and increasing rapidly above 10,000 Me. 

« 
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falling off rapidly below 1000 Me and Increasing rapidly above 10,000 Me. 
(Fig. 1-2). Between 5000 and 10,000 Me the noise will vary considerably 
depending upon the local weather conditions. Representative values have 
been tabulated for 8.5 Gc for a sea level receiving site and a vertical 
beam path. (Table I) A heavy fog (100 foot visibility) could contribute 
approximately 10 *K at 2000 Me for a low angle beam path but effect of rain 
and oxygen absorption is negligible. 

High altitude receiving sites reduce the amount of oxygen and water 
vapor content in the antenna beam path thus reducing the noise temperature. 
A 4 to 1 reduction in noise can be achieved for a vertical beam fay locating 
the receiving site at an altitude of 14,000 feet. 

5.0 ATMOSPHERIC REFRACTION 

Radio waves passing through the atmosphere will undergo a refraction. 
This results in an error due to the angular difference between the apparent 
direction of arrival of radiation from the source and the true direction to the 
source. This refraction error can be broken into two parts, ionospheric 
and tropospheric. 

5.1 Ionosphere 

The index of refraction of the ionosphere varies inversely with 
the frequency squared and directly with the electron density. The resulting 
error is a function not only of the frequency and electron density but also 
the angle of the antenna beam to the horizon. This dependence is shown in 
Fig. 1-3 for various angles and conditions. The electron density is a function 
of solar activity and time of day. From these variables it is seen that the 
ionospheric refraction error not only varies considerably but can also vary 
swiftly. Any correction made for ionospheric refraction will at best be 
only an approximation. The maximum error at 2300 Me with no correction 
for the conditions given in Fig. 1-3 will be approximately one second of arc 
for a satellite above 1000 kilometer altitude and at an angle of 25 * above 
the horizon. Therefore with no correction the error could be on the order 
of magnitude of the desired accuracy and with a correction an order of 
magnitude less. With correction the ionospheric refraction will not mask 
the desired sensitivity of two to five seconds of arc. 

5.2 Troposphere 

The index of refraction of the troposphere is independent of 
frequency from 100 to 10,000 Me, thus the refraction will be essentially a 
constant for a given altitude over the frequency range of interest. (Fig. 1-4) 
Since this error is independent of frequency, this effect will not affect the 
frequency selection. 

* 
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TABLE I 

Noise Temperature for Various Weather Conditions 

Frequency Weather Conditions Noise Temperatures ; 

8.5 K Me ! Heavy Rain ( 16 mm/hir) 

Moderate Rain ( 4 mm/hr) 

; Light Rain (1 mm/hr) 

Fog (100 ft visibility, 2.3 gm/m3) 

Fog (400 ft visibility, 0.32 gm/m3) 

Saturated Troposphere 

80* K 

15* K 

4* K 

30* K 

5* K 

2* K 

I 



FIG. 1-3 - IONOSPHERIC REFTRACTION ERROR - DECAYING DISTRIBUTION , 
OF ELECTRON DENSITY ABOVE F-LAYER MAXIMUM^



FIG 1-4 - TROPOSPHERIC REFRACTION ERRORS 
FOR A STANDARD ATMOSPHERE^
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6.0 ABSORPTION 

Atmospheric absorption or attenuation is a function of the oxygen and * 
water vapor content. Since it is dependent on these two quantities absorption 
is also a function of local weather conditions and the angle of the swenna 
beam to the horizon. Curves for attenuation versus frequency for oxygen 
and water vapor are shown in Fig. 1-5. These curves are for a sea leve re¬ 

ceiving site and saturated atmosphere. 

If the receiving site is elevated the effect of the atmosphere can be 
reduced. Selection of a site where rainfall and humidity are very low can 
also reduce this atmospheric absorption. 

7.0 FARADAY ROTATION 

The plane of polarization of a radio wave is rotated by passing through 
the ionosphere. This effect varies inversely with the sauareof the frequency 
and directly with ionospheric electron density. It is also affected bythe 
angle that the radio waves make with the earth's magnetic fields. (Fig. II-o 

and Fig. 1-7). 

The Faraday effect causes fading when a linear receiving antenna is 
used, and for this reason circular polarization should be used on the satellite . 
or on the ground. The use of circular polarization at either the receiver or 
the transmitter, and linear at the other, will cause a system loss of 3 db. 
The choice of the system frequency is not a function of the Faraday effect 
since the 3 db loss is the same for all frequencies. 

8.0 FREE SPACE LOSS 

The free space loss between a receiver and a transmitter is given by 

Space Loss = \2/(4fR)2 

where x is the wavelength and R is the range. The wavelength and the 
range must be in the same units. Figure 11-8 gives curves for the space loss 
for the frequencies under consideration. The free space loss is added to 
atmospheric losses to obtain a total loss between the two antennas. This 
total loss then is used to determine power requirements and gain of the 
receiving and transmitting antennas. 

« 
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9.0 CONCLUSIONS 

In attempting to choose the optimum frequency all the above factors 
were taken into accoum. Some of these factors are at best approximations 
and hence the frequency selection is to a degree arbitrary. 

Table II gives the gam oí the receiving antenna for a 1000 mile range, 
0.1 watt transmitter power, 18 db signal to noise ratio and omnidirectional 
transmitting antenna. The limit of the receiver sensitivity is assumed to 
be the cosmic noise. No losses other than the free space loss are taken 
into account. As can be seen from Table II the required gain of the 
receiving antenna does not change with frequency to any great degree. 
However, when atmospheric noise is taken into account the maximum 
sensitivity of the receiver is degraded at the frequencies approaching 
X-band. At 8500 Me a heavy rain will add approximately 20 db noise. 
The lower frequencies are not affected by this noise. The heavy rain 
will also introduce 3 db loss at 8500 Me for a vertical antenna beam. 
Other atmospheric disturbances such as aurora have negligible effect 
above 400 Me. The gain of the receiving antenna should also be increased 
3 db at all frequencies Out *o the Faraday rotation of the radio waves. 
This will counteract the loss incurred by the difference in polarization 
between the receiving and transmitting antennas. 

From the viewpoint taken (natural limitations only) the higher the 
frequency the less the effects due to the atmosphere. This is true up to a 
point, but as shown above 8500 Me is adversely affected by weather con- 
ditions. The next highest frequency is 2300 Me and atmospheric effects 
here are negligible (absorption, attenuation, noise, etc.). For this reason 
and the ones given ,0 ove it seems obvious that 2290 to 2300 Me is the best 
frequency range to be used for satellite tracking. 
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TABLE II 

Receivi n.^enna G ^n i Each Frequency 
for an 

18 db S.gr , -Noise Rati^' r,d Conditions as Shown 

Frequency Receiver Sensitivity Power Range S/N Receiver Gain 

400 Mc 

1427 Mc 
i 

1700 Mc 
1 

2300 Mc 

8400 Mc 

-116 dbm 

-128 dbm 

-130 dbm 

-134 dbm 

-143 dbir. 

100 mw 

J 

1000 mi 18 db 31 db 

30 db 

29 db 

28 db 

30 db 
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PART II - ANALYSIS OF ANGULAR ERROR DUE TO NOISE 

1*0 INTERFEROMETER RESOLVING POWER 

A phase comparison interferometer is a system which compares the 
phase of the received signal of two identical antennas spaced some distance 
apart. The relative phase between the two antennas gives the difference in 
path length from the source to each antenna. This difference in path length 
can then be used to find the direction cosine to the source. Two interferom¬ 
eters at right angles give two direction cosines and from these the third can 
be computed. The precision with which the angular position can be measured 
depends upon the spacing between the two antennas 

sind « — 
D (1) 

where d is the space angle, D is the spacing between antennas in wave¬ 
lengths and a is the number of wavelengths that the path lengths differ. The 
relative phase between the antennas gives a. In the absence of noise then 
the resolving power of an interferometer is given by 

Ad * 6 
36<r 

(2) 

where is tue space angle over which the relative phase will change 
380° and is found from Eq. (1) by letting a * 1 then ^ * arcsin l/D 
and 6 is the precision oí the phase measuring instrument. 

2.0 SIGNAL PLUS NOEE 

In the presence of noise the phase of the incoming signal will have an 
uncertainty which will degrade the accuracy of the system to some degree 
dependent upon the signal-to-noise ratio. In order to obtain the accuracy of 
the system the phase deviation due to noise will be studied for a single 
antenna and then the effects of two such antennas will be combined. 

First let the signal without noise be given by 

s(t) = A cos cot 
(3) 

W 
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FIG. II-l - TWO-DIMENSIONAL INTERFEROMETER 
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A noise signal will now be added to this signal. The narrow band expression 
for the noise will be used. This will not hinder the use of the theory since 
any practical system will indeed be narrow-banded. The narrow band expres¬ 
sion for the noise is given by 

n(t) * xc(t) cos u>t - x8(t) sin wt (4) 

where x. and Xg are random gaussian variables with zero mean. Addition 
of Eq. (3; and (4) and combining terms yields 

Y(t) * s(t) + n(t) * [A ♦ x (t) ] cos wt - x_(t) sin cut (5a) 

Letting 

Xg * (A + Xgd)] and Xg « Xg(t) (5b) 

and simplifying to a cosine wave plus a phase term yields 

Y(t) = V cos(cut + 4 ) 

where \ 

v *■ [Xj + X^]2 and 4 -arctanXg/Xg 

(6) 

This shows that the incoming signal has some phase distortion due to the 
noise. The next step is to find the phase density distribution function so 
that the standard deviation of the phase can be found. 

3.0 PHASE DENSITY DETRIBUTÏON 

Since the coefficients of the noise expression are random gaussian 
variables they have a distribution of the form 

p(xc> )cs)axcdx8 , _L_ e***?**.)/2'2 
2v <r 

A 

where <r4 is the average noise power. To obtain the density 
function for 4 and V two transformations of variables must be completed. 

W 



20 
« 

Th* tint ai Uma U to transform Eq. (T) into Zg and Xj • From Eq. (Sb) 

njW-Xe-A and *,W “ *• 

thm 

dXQ ■ dXQ and 

thartfor« th* dantlty functioo now baeomas 

pO^, V«e«a 

Sinplliyiiig tha axponant by oaa of Eq. (•) yialda 

(8) 0 

(9) 

pO^.VdXcdX, #-(Vl-2AXc+8?)/l»,í3^dXí # (U) 

Again from Eq. (8) 

Xç - Vcoa# 

» 

than Eq. (U) become* 

p(I .XcJ.-i-. i(V-A“»*>î*^,1»î*V'J»,dr ,0^ . (U) 
■ 2v e* 

Tranaforming Eq. (12) from p(Xg » Xe) to p(V,#) by tha 
ralationahip dX¿dXs ■ VdVd# give* 

p(V,#)dVd# V a- f(V-À coa #]? +A2 Bin2 4^/2 tr2 
"ïî? 

dVd# . (13) 

* 
Thi» is the bivariate density function for the phase and amplitude 
of the signal plus noise. To obtain the phase density the amplitude 
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variable must be integrated out, 

œ 

p(^)dt * —L_ e“^ Bin^/2<r^ ve-tV-Aco§ $/2<¿ 
2r <rz J 

dV (14) 

v ¿ ® ^16 lower limit has oeen changed from -oo to 0. To evaluate 
me integral let 

V-A cos 6 
■ T s u 

then 

dV » adu , 

Using Eq. (15) and (16) in Eq. (14) yields 

(15) 

(16) 

pM* • 2~j e’A,,to,*/*»a d* Uaco.*-’/’ du (IT) 

•A cos» 
9 

Combining terms and simplifying Eq. (17) becomes 

[ e-"2/2 

-00 

du (18) 

The Umits on the integral can be reversed since the integrand is an even 
Junction. The integral is now of the form of an error funcUon or a cumu- 
Utive normal distribution and values have been tabulated for this funcUon. 
Equation (18) is the form of the phase density function that was used in 
obtaining standard deviations for the phase and in turn the deviation in 
angular accuracy. 
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Curves showing the phase density for various signal to noise ratios are 
given in Fig. 11-2. Using the integral 

* 

(19) 

# 

the standard deviation of the phase for various signal to noise ratios can be 
determined for a single antenna. (Fig. 11-2) 

4.0 STANDARD DEVIATION OF ANGULAR MEASUREMENT 

As stated before, the foregoing analysis is for a single antenna. To 
obtain the standard deviation of the relative phase between the two antennas 
of the interferometer the phases of the two antennas must be compared as 

• * • 42 ^ 

where i is the relative phase and 41, 42 are the phases of each of the 
antennas. The variance, , of the relative phase is the sum of the 
variances of the two antennas 

♦l *2 
(21) 

Since '♦a 
<r2 the standard deviation of the relative phase is 

a * ^ <r . (22) • 9 

As seen by Eq. (1) the angular position of the source can be determined by 
knowing the path length difference. This angle can also be expressed by 

e c arcsin 
* 

2ÏD 
(23) 

where D is again the spacing in wavelengths and e is the relative phase. 
Equation (23) shows that as the phase varies from 0° to 360° or 0 to 2n 
radians the angular position can be measured very precisely. [Since the 
phase cycles from 0° to 360° there is no way of knowing if the path length 
differs by less than one wavelength or many wavelengths. There must be 
some way to resolve the ambiguities that result when the path length differs 
by many wavelengths. This is done by more closely spaced interferometers.] ^ 
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Expansion of Eq. (23) gives 

» 

0 « + (24) 

but for any practical case D»1 then so that Eq. (24) becomes 

0 % #/2#D (25) 

Squaring both sides of Eq. (25)and taking the expectation value gives 

(26) 

but the expectation value of the variable squared is the variance, therefore 
Eq. (26) becomes 

«»*) • 4 = O’ 4 • <27» 

Takingthe square root of Eq. (27) will yield the standard deviation of the 
space angle. Thus 

1 
'0 * 20 

(28) 

but from Eq. (22) this becomes 

*0 (29) 

where can be found from Fig. II-3. The resolving power of an ideal 
interferometer is given by Eq. (2), but when <r g » ¿0 then is the 
limiting case and conversely when ¿6» *q then A0 is the limiting 
case. At intermediate points between these two extremes the deviation of 
the measured space angle is given by 

1 

<rR « ((A0)2 + (<T0 )2 ) ^ (30) 
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A^fíábí 
inte mro 

showing a R for varie as signal-to-noise ratios as a function of 
remeter spacing, D, in ^vavelengths i§ shown in Fig. II-4. 

5.0 LIMITATIONS AND CONCLUSIONS OF ANA LYSIS 

In making this analysis i* was assumed that the noise at each antenna 
Is uncorrelated. The correlat Ion coefficient for the noise becomes small 
with increasing spacing and th.î assumption that there is no correlation is 
good for large spacings (D >> \ ). In the case of a monopulse radar this 
Is not so since the spacing is imall (on the order of one wavelength). 
Therefore the results presented he re give a good idea of the angular error 
for a widely spaced interferometei but gives a much worse error for a 
monopulse radar or similar systen. 

The effect of instrumentation was excluded except for narrowbanding 
and phase meter precision. Data smoothing by taking a succession of 
measurements at one site or data f *om many sites was also ignored. The 
degree to which each of thesr factors affect the final results are not known. 
However, the effect due to ir/ truronntation will degrade the accuracy while 
data smoothing will make it ')etter. From this point of view it seems that 
the final results (Fig. IM) rive a \ery good idea of the angular accuracy 
of an interferometer. 
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GLOSSARY - Part 11 

■ Path length difference in wavelengths. 

« Spacing between interferometer elements in wavelengths. 

■ Resolving power of an interferometer. 

« Precision of phase measuring instrument. 

■ Standard deviation of the phase for a single antenna. 

■ Standard deviation of phase difference between interferometer 
elements. 

« Standard deviation of measured space angle due to the noise. 

■ Resultant standard deviation (combination of *0 and ¿0 ). 
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ABSTRACT 

This paper presents both simplified analysis and experi¬ 

mental data on the possible power interference levels present when a 

number of slot antennas operate in a common ground plane. By a 

series of simple tests using no more than three rectangular slots at 

any one time it is possible to predict the interference from one slot 

antenna to any other slot antenna when many slot antennas are mounted 

in the same common conducting ground plane. 

Experiments and calculations appear to be valid in the ex¬ 

treme near field region as well as in the far field region. The pre¬ 

diction of power coupling by analysis is based upon simple formulas 

obtained from Huygens-Kirchoff principles. The correspondence of 

theoretical prediction and experimental values has been so close that 

experiments with arrangements of large numbers of slot antennas in 

a common ground plane have been eliminated. 

The effect of higher modes is included in the analysis of 

the near field situation. A dynamic range of 60 db power coupling is 
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covered in the e^erimental and theoretical studies. 

Although this paper describes the power coupling levels 

for rectangular resonant half-wave slots similar studies are being 

planned for other antennas including circularly polarized ones. It is 

believed that the methods described can be modified for additional 

types. 

INTRODUCTION 

Concern over the problem of coupling interference between 

two or more antennas can be traced back to the early days of radio 

communication. Often the only reasonable solution for this problem 

has been an empirical one. First, coupling measurements are made 

and then the antenna system is adjusted to eliminate, or otherwise 

compensate for each unwanted coupling. Since this is often an uncer¬ 

tain and expensive procedure, simple analytical methods for predict¬ 

ing antenna coupling are needed. 

This paper presents both simplified analysis and experi¬ 

mental data on the power interference levels that can exist when a 

number of rectangular slot antennas operate in a common ground 

plane. Various approaches have been used for this problem over a 

considerable span of years. It may be claimed that some of these ap¬ 

proaches are more exact than the one to be presented here. The em¬ 

phasis in the work now to be described has been upon a simplified 
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approach with the objective of readily ascertaining the power interfer- 

« ence levels prevailing for a given configuration of antennas mounted 

in a ground plane. Future work will consider other antenna elements 

besides the rectangular slots described here. 

The coupling between two rectangular slots in a common 

ground plane was chosen for initial study because slot antennas are 

frequently found flush mounted in close proximity. Furthermore, the 

rectangular slot antenna has low directivity which accentuates the in¬ 

terference problem. The coupling present of such antennas mounted 

in a common ground plane can be due to the main lobe of the pattern 

and not just weak and stray radiation associated with defects in the 

pattern. The type of slot that will receive particular attention here 

is the open ended waveguide shown in Fig. 1. 

The basic definition of coupling that will be employed is 

where Wt is the total transmitted power, Wr is the received power, 

and i// is the phase difference between the principal mode components 

in each aperture. Since only the principal mode is assumed to propa 

gate, the transmitted and received power can be expressed in terms 

of the principal mode components. 
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In essence, each quantity in (1) can be calculated from a 

knowledge of the aperture fields, although the latter are rarely known ». 

exactly. The important attribute here.concerning aperture fields, is 

that the coupling factor, C, is stationary with respect to these fields 

(Ref. 1). Therefore, if C is calculated from approximate aperture 

field distributions, the resulting errors in C will tend to be smaller 

than the corresponding errors in field distribution. Hence, the ap¬ 

proach of this analysis is twofold: (1) to calculate the coupling factor 

assuming the aperture fields, and (2) to establish methods of estimat¬ 

ing, and then improving the estimate, of the aperture fields. One ba¬ 

sic assumption will be introduced to simplify the latter step. It arises 

from the fact that slot couplings are relatively weak (less than 10 db > 

in most cases), and therefore the effect of the receiver on the trans¬ 

mitter will be considered negligible. 

SURVEY OF COUPLING INFLUENCES 

The general coupling situation is illustrated in Fig. 2, 

where two waveguides are coupled on the free space side of a ground 

plane. The sequence of events associated with the coupling in Fig. 2 

can be visualized as follows: 

(a) A traveling wave with principal mode amplitude E^q 

is incident on the transmitting aperture, where it is partially reflected, 

partially radiated, and partially converted into higher order modes. * 
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Às a result, a tangential aperture electric field (x, y) is estab¬ 

lished. For purposes of illustration, is assumed to be oriented 

in the x direction only. Of course E^ vanishes everywhere except on 

the transmitting slot. 

(b) The power transmitted is 

wt = ïIE‘lO|2 Y0(1-|pt|2) = 5 
<>10 

t 
Yo(1 lp,l2) 

(2) 

where is the transmitter reflection coefficient. As shown in the 

appendix, the reflection coefficient must satisfy the relation: 

lí ‘'p‘ 
y‘ ' ^ 

0 

1 

(EA>10 

/ E(x,y) EU,tî) G(x,y,^,7j) dxdgd^ <bj 

aP (3) 

which is stationary with respect to variations in E^. In (3), is the 

transmitter radiation admittance, while G is a composite waveguide 

and free space Green's function, also given in the Appendix. Now, 

Wt in (1) can be estimated by assuming a trial function for E^, find¬ 

ing its principal mode component then 8olvin8 (3)ior ^ 

finally using the results in (2). An important observation that allows 

this procedure to be "simplified" is that rather crude estimates of E^ 

can yield satisfactory estimates of Wt, due to stationarity. 

(c) The transmitted magnetic field can also be calculated 

from E^, by the relation 
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H(x,y,z) = / GfsU,7;,x,y,z) dí dq (4) 
ap 

4 
where Gfg is the free space Green’s function listed in the Appendix. 

In particular, (4) yields the H field incident on the receiving slot 

H0 = H(x,y,0) (5) 

It must be understood that Ho is the ground plane magnetic field before 

the second slot is cut. 

(d) When the second slot is cut, a displacement current 

is immediately set up which produces a receiving aperture field 
J* M 

EA(x',y’). However, EA has no simple relationship to H0, because 

it too is associated with transmitted, reflected, and energy storage 

components. The reflected field is now in the free space region, so 

it obeys a relation similar to (4). But when the reflected field is su¬ 

perimposed on Hq, the original ground plane fields and currents change. 

Therefore, EA must be chosen so the corresponding H field is con¬ 

sistent both with Ho and with reflections in the receiving waveguide. 

In the Appendix it is shown that E IT must satisfy the relation 

■Pt IS EA(x''y'>EA^'),)0)t'.y'.í',»')dx'dy'drdr¡' 

1+p, 

<EI>10 

// H0E¿(x'y') dx’dy' 

+ ab Y 
o 

ap 

(EI>10 

» 

« (6) 
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where Y can be identified as an effective load admittance. The re 
r 

ceived power is then: 

TT^T (i-ipri2) (7) 

The receiving antenna reflection coefficient is deserving 

of further comment. Physically pr would arise if matching were 

employed in the receiving waveguide, but (6) suggests that such match¬ 

ing will depend on the nature of H0. Normally, antenna impedance is 

expected to be the same for both transmitting and receiving, but this 

is not always the case. To analyze a matched receiver exactly, one 

would have to search for the that maximizes Wr, and the associ¬ 

ated pr would yield the proper matching admittance. However, to 

find the transmitting admittance, one must vary in (3) until Yt is 

minimized. There is no guarantee that these procedures will yield 

the same aperture fields or admittances, particularly since Hq in (6) 

is quite arbitrary. 

However, in practice it is often observed that antennas 

matched for transmitting are pretty well matched for receiving, es¬ 

pecially if the incident wave is a plane wave. This result is undoubt¬ 

edly related to stationarity. In this case, pr would be the conjugate 

of pt (assuming the same waveguide sizes). Then if E^ has approxi¬ 

mately the same spatial distribution as E^, the first term of the 
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right of (6) will be the conjugate of Yr. In this case for a matched re¬ 

ceiving antenna: 

//H„EI <*’<*’ . 
a -jB 

ab(®A)10 

(8) 

where B is the aperture susceptance. The importance of (8) is its re¬ 

lating of (E^)10 to Hq. 

In general Wr is more difficult to calculate than Wt. How¬ 

ever, for a given waveguide Wr depends ultimately on H0. Therefore, 

if W is known for a simple case, such as a plane wave incident field, 
r 

corrections tor nonunitorm H0 fields can be obtained from (8), or 

more exactly from (6). To illustrate, if the aperture field is entirely 

in the principal mode, then: 

EA(x'y) = (EA) 10 cos ¥ (9) 

and (8) becomes 

(Ho>10 

«EÁ»10 

= -2jB (10) 

where: 

<Ho>10 = ¿ // Ho 
cos Tr Oy 

Therefore if B is relatively insensitive to Hq, due to stationarity, it 

follows that (Ef)in must be proportional to the principal mode component 
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of the incident H field in the aperture. Therefore 

Wr « l(Ho)10l2 (11) 

This result is clearly useful because Wr can be found quite simply in 

special cases. Other cases can then be treated by using ( 11) for scal¬ 

ing. 

FAR FIELD COUPLING PREDICTIONS-A SPECIAL CASE 

It has just been shown that different slot couplings can be 

related by simple scaling procedures. Therefore, to make coupling 

predictions, one reference coupling must be determined. From basic 

antenna theory, the far field coupling between matched antennas (where 

a plane wave is incident on the receiving antenna) can be expressed 

by 

ICI2 
gtgrx2 

(4irr)2 
(12) 

where gt and gr are the gains of the transmitting and receiving anten¬ 

nas, respectively; X is the radiation wavelength; and r the mean an¬ 

tenna separation. By definition 

e = (13) 
8 W ' ' 

where P is the far field power density 
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P = ^ IH(x,y,z)|2/T) (14) 

where r) is the free space intrinsic and W is the total power radiated 

impedance, as shown by: 

W = / P r2 sin 0d 0dd 
sphere 

(15) 

To use ( 12) for absolute coupling prediction, the antenna 

gains must be calculated, but this can be done using (4) to obtain the 

radiation fields. Again one must assume an aperture field, but tak¬ 

ing advantage of stationarity one can compromise between choosing a 

mathematically simple field and one with proper physical basis. 

Hence we assume only a principal mode paerture field: 

Ixl < a/2 (16) 

lyl < b/2 

in which case (4) reduces to: 

(17a) 

e-jklr-R| 

If - Rl 

(17b) 
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where: 

Ir - R ! = V(x " £)2 + (y - v)2 + z2 = r - ^ 
r (18) 

and 

r = ^x2 + y2 + z2 

The assumption above is good as long as any linear dimension of the 

slot is much smaller than I r - R I. The result of the integration of 

( 17) after taking into account the assumptions in ( 18) is: 

Hx * -2^ Eo - It 

5¾ if leb 
b e"^r ^sin(y 8inö cos d)^ ^ cos(-j- sinö sinp) 

kr sin 6 coso 
'V® (~) sin"0sin2O' 

(19a) 
2 1 

X sin 0 sino cos o + 0 (-^) 
r 

a Ir 

h ft-jkr /8in(õ"sin ^cos W 
Hy = Eo 4 V \—Lk5To - 

kb 
’cos(y sind sine) 

1-(¾ sin2 9 sin20, Tl 

(19b) 

X (1 - sin2 6 sin2o) +0(-4) 
r 

The notation above is reviewed in Fig. 3. Also, the term 0(l/r2) 

means of order 1/r2 and is therefore ignored. 

Now, from (14), the radiated power density on the ground 

plane is: 
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2u>Vb2E2 . 
4 ° [sin(ycos0)] 

n k r 

Ich 
COS(y Sin 0) 

kl- Sin /«AV 
* (20 

The power radiated W can now be found from (20) through (15), or by 

(3), or by integrating the average pointing vector in the aperture. In 

the latter case the result is: 

é 

16 ZT (ab)2 
w - s V i 7t~T 

(21a) 

where: 

F = 1 " "K (^2 ’ 8) 75 + 1^(3^-72^+ 432) ^ 

g 

- (ir6 - OOtt4 + lOSOir2 - 5760) ^ 
A 

‘ TT ? (1 ' I(’2'8) ^ + ¿ (l4 * 24,1 * 144) ^¾} 

Si4 a4 

+ 5Í5 ? + 
(21b) 

Therefore, by (13), the gain along the ground plane becomes: 

[sin(y cos 0)] ‘ 

ß = õ 
3 \2 

cos(y sin 0) 

i /kb.2 . » 
l-(y) Sin 0 

jr a* (22) 
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This formula will be useful for all orientations of the two antennas 

where far fields dominate in the coupling. When (22) is applied to the 

two antennas in Fig. 3, the coupling becomes: 

ICI2 
gidj) x2 

(M2 

(23) 

This formula has been used to predict the coupling in various ground 

plane configurations, as discussed in the next section. 

EXPERIMENTAL WORK 

Measurements have been made of the coupling between two 

matched, open-ended, X-band waveguides in representative orienta¬ 

tions on a conducting ground plane. A standard RF bridge configura¬ 

tion was employed, with calibrated variable attenuators and phase 

shifters as reference elements. The configuration used in the meas¬ 

urements reported here is shown in Fig. 4. One feature of this bridge 

is the use of flexible cables to accommodate changes in slot position. 

In a later version of the bridge (Fig. 5), the cables were replaced by 

rotary joints to eliminate phase errors, and the phase shifter was re¬ 

placed by a slotted line phase detector. 

At the present time, the phase measurements are incom¬ 

plete, but their precision is expected to be better than ± 5 . The pro¬ 

cedure for phase measurement is to measure the overall phase shift 

from plane tt' to plane rr’ (see Fig. 1), and then to correct for the 
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phase shift in the matching sections. In this way, all phase shifts are 

referred to the aperture. t 

Three purposes have been included in our experimental 

program: (a) to discover predominant coupling effects from which 

simplified theoretical models could be inferred; (b) to determine the 

consistency of alternate experimental techniques; and (c) to provide 

spot checks on theoretical prediction. 

Under item (a) above it has been observed that the coup¬ 

lings were all quite weak and also they fell off essentially as 1/r2 in 

4 
the broadside configurations (Fig. 6), and as 1/r in the end to end 

configuration (Fig. 7). This supports the dipole representations used 

in the previous section for theoretical prediction. 

Several different experimental procedures have been car¬ 

ried out. In one, a ground plane was prepared with 10 slots at vari¬ 

ous spacings and angles. Couplings measurements were made be¬ 

tween various pairs with each of the other slots being covered with 

foil. Some representative results are shown in Figs. 6, 7, and 8. 

Later tests in other ground planes showed no serious effects from the 

foil. Also, various pairs of slots were moved from the center of the 

ground plane toward one edge. The differences in coupling were with¬ 

in experimental error, so it is concluded that edge effects are negli¬ 

gible in the data reported. 

When a third slot is introduced in the ground plane, small * 

changes in coupling result. It is anticipated that the present method 
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of prediction can account for these effects. This step will be taken up 

in a later phase of our coupling prediction program. 

DISCUSSION 

It has been demonstrated that the simple far field gain 

formula ( 12) can accurately predict most of the couplings observed. 

The success of this formula in the present case arises because the 

slot dimensions are relatively large, such that really close center to 

center spacings are impossible. However, the main purpose of this 

work is to show how coupling can be estimated by simple means, and 

a method has been found to extend the usefulness of elementary for¬ 

mulas such as (12). The resulting procedure assumes a knowledge of 

the incident field (HQ) on the receiving antenna. 

If Hq is known, and if the absolute coupling is known for 

one special case (such as for slots èpaced by several wavelengths), 

then other configurations can be treated according to the variation in 

H . The procedure uses scaling formulas such as (11), and is of course 
o 

valid for near fields as well as far fields. The receiving antenna does 

not know one from the other. It only sees the incident HQ field in the 

receiving slot. 

The procedure of scaling based on variations in Hq was 

used in making the near field predictions in Fig. 7. It is expected 

that this procedure can be used to explain the deviation between 



-16- 

experiment and theory for the closest slot spacing in Fig. 6. This de 

viation is due to nonuniformities in H , since the theoretical curve o 

shown assumed uniform H for a first estimate. The correction for o 

nonuniform Ho will be taken up in future calculations. 

CONCLUSIONS 

The low levels of coupling factors observed and calculated 

would be for many purposes negligible. However such levels are of 

considerable importance where the antenna elements involved repre¬ 

sent different communication systems. If one of the antennas is a 

transmitting antenna and the other an antenna for a receiving system 

serious interference could be possible even at these apparently low 

levels of coupling. It has been with such possibilities in mind that 

the extremely low levels of coupling have been included in the meas¬ 

urements and analysis work of this paper. Oftentimes in earlier work 

such weak couplings were considered outside the range of interest. 
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APPENDIX 

In the case of a general receiving antenna, as shown in 

Fig. 2, an aperture electric field (assuming no x* component) can be 

expressed by the following Fourier series of waveguide modes (Ref. 2) 

E^x'.y1) = <E¿)10(l+Pr>cosH£ + jum 2 2 Amn COS 
miry 

sin 
nïïx 
a 

(24) 

Therefore, the tangential magnetic field just inside the aperture (which 

now has only an x' component) can be expressed by 

H^x’.y') = (E¿)10Yj;(l-Pr)cos^ ^22 

A Y cos KL sin 
mn mn b 

nTTX 

a 
(25) 

where Y denotes the characteristic admittance of each higher order 
mn 

mode. Just outside the slot, the magnetic field has two parts: HQ and 

the scattered H field. Therefore 

H^x'.y*) Ho + / / E^(tj,0 Gis(ri,t,x',y') drj d^ (26) 

where the free space Green's function, <v has the components: 

x' component j 
2ïïu)u 

a2 

Wdy* 

/ -jKlr’-R'l\ 

\ lr'-R7l / 

j 
2ïïoüu 

-jKlr'-R' 

(27) 

y' component Ir'-R'l 
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where r' and R' are as defined in Fig. 3. Only the x' component is 

needed in (26), but both are needed in obtaining (17). Now equating 

(25) and (26) yields (6), where 

g = -^o;+k*) 
2 Yr 

■jKIr-Rl 

2irjum V |r-Rl 

(28) 

+ 4- SS Y cos Up sin Hi cos sin ^ 
ab mn b a b a 

If H is set to zero, then ( 3.) results, o 
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Fig. 1. Open ended waveguide antennas in a 
common ground plane. 

E^(x.y) « tangential electric field in transmitting 
aperture 

E^lx'.y') * tangential electric field in receiving 
aperture 

H0(x. y) « ground plane magnetic field in absence 
of receiving slot 

El|0 F jg * incident and emerging principal mode 
components in transmitting and receiv¬ 
ing guides, respectively 

<>,0. * principal mode components of 

transmitting and receiving aperture 
fields, respectively 

(ea>io * Eio(1+pt); Kho * 
t r 

Y0. Yq = characteristic admittances of principal 
modes in transmitting and receiving 
waveguides 

Fig. 2. Notation used in this discussion. 
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Flg. 3. Notation used In computing slot antenna gain 
and far field coupling. 

Fig. 4. RF bridge used in slot coupling measurement. 
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d — 

Fig. 6. Broadside to broadside coupling of closely spaced 
rectangular slots, showing a 1/r* trend. 
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Fig. 7. End to end coupling of closely spaced rectangular 
slots, showing a l/r^ trend.
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Fig. 8. Far field coupling for representative angles.
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Fig. 9. Far field coupling for representative angles.
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Introduction 

Historically radiometers have been used in radio astronomy However, 

the techniques of radiometry are applicable to many other fields 

and often they are used to good advantage Some examples of this 
1 2 

are an iceberg detector . automatic noise figure meters . and power 

meters which balance the unknown radio frequency power. This paper 

describes the application of radiometric techniques to antenna ' 

studies. 

In the context of this paper, .it is hrl[ifal to consider the radiometer 

receiver as a very sensitive, stable power meter rather than a device 

for detecting astronomical phenomena With this concept many 

applications for the device become apparent For antenna studies a 

maximum sensitivity of about 1° Kelvin appears to be adequate, based 

on the expected noise temperatures, their variations, and the 

usefulness of more accurate measurements on microwave components. 

The radiometer is used to measure certain parameters of antenna 

system performance, including pattern, and losses in microwave 

components. It can be used for site surveys to measure background 

radiation, both natural and man-made It can also be used for 

enna position calibration with either coherent or noncoherent 

signal^sources , The device is also useful for measuring the excess 

noise temperature off low noise receivers especially those with 

/ V 

radia 

anlen 

y^igna 

f noise 

¥ * This radiometer was developed under Air Force Space Systems 
Division Contracts AF04Í647)-532 and ^829 

** Presently with Syntax, Inc , Emeryville, California 
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»ce» noise température, of less than 100« Kelvin, 

WDL Radiometer 
I„ radio astronony the enphasr. ha. been to obtain greater and greater 

sensitivity. In th. device described, estrenel, high sensitivity 

(in the radio astronony sense) is not required. Semit ye 

t. that ef a very low naie. instrument .. obtained by using radiomter 

technique, with a relatively noisy receiver A radiometer receiver 
* V * 1* Vssivin can be constructed simply and with a aensitiTity of about 1° Kelvin can 

economically. 

At VDTj a radiometer has been constructed with the character 

shown in Table 1. The unit is portable and may he operated with 

either a battery pack or « P».«. Tb, radiometer .. constructed 

ef ..lid state subassemblies. Solid st.t. unit, were selected 

primarily because ot their efficiency, performance and volt«, re- , 

quirements, a. well « far ruggednes. and reliability Small sis. 

... .1., . factor .in«, a high degree of portability .. mandatory. 

Portability is very importât since measurement, may be desired st 

many points in the antenne system Figure 1 shows the complete 

radiometer. 

Table 1. 
WDL Portable Radiometer Characteristics 

Type of Radiometer 

Center Operating Frequency 

Minimum Detectable Signal 

Maximum Input Signal 

Bandwidth 

Noiae Figure 

Integration Times 

Power 

Size 

Weight 

Dicke 

2240 Me 

0 8° K 

500° K 

6 Me 

10 db 

01, 0,3, 1, 3. 10, 30 seconds 

100 watts - either battery or 
a-c operated 

Radiometer 
Battery Pack 
Power Supply 

14" X 15" X 27" 
8" X 8" X 12" 
6" X 15" X 16" 

Radiometer 80 pounds 
Battery Pack 34 pounds 
Power Supply 40 pounds 
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Before describing the details of the radiometer, it is informative 

to review the basic theoretical considerations of a radiometer and 

see how they guide the design of the radiometer. The sensitivity 

of a receiver may be broken down into three basic factors: the 

sensitivity limit due to internal noise, that due to impedance 

modulation, and that due to gain fluctuation 

Generally, for a total sensitivity of about Io K, the largest of the 

threshold sensitivities is the first, namely the one due to internal 
4 

noise. This threshold is described by Equation 1, 

tn 
B T 

(1) 

In this equation Tm is the threshold differential temperature, 

k is a constant relating the efficiency of 

switching, detection, filtering, and operator 

detectability 

Td is the effective noise temperature of the 
R 

receiver 

B is the predetection bandwidth 

' is the output integration time constant 

Prom Equation 1, it can be seen that the threshold sensitivity can 

lm lowered by lowering the receiver noise figure by increasing the 

predetection bandwidth or by increasing the integration time. 

Radiometers have been built which emphasize each of these techniques 

The maser radiometer at the University of Michigan is typical of 
5 

those emphasizing low noise figure. An Ewen Knight tuned radio 

frequency traveling wave tube radiometer has a 1000 me bandwidth 

showing the possibilities in that direction,^ Other radiometers 

have been constructed emphasizing gain stability which allow 

integration times of several minutes, 

The threshold due to gain fluctuations is described by Equation 2. 

lCl C2 (,- I ) (2) 

where 

T = the threshold temperature determined by gain fluctuation 
G 

- 3 - 
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T/m ^po * temperatures of the comparison sources 
Cl I \J¿4 

- 1 ■ gain variability factor defined by 

G(t) - Go A(t) - Afl ^ 

" 1 + G Ã ras A 
o o 

G(t) ■ predetection power gain at time t 

Gq ■ average predetection power gain 

A(t) ■ postdetection voltage gain at time t. 

A ■ average postdetection voltage gain 
0 

With careful design - 1 can be made 0 001 or less Using a thermal 

reference at 300° and looking into the cold sky one obtains a 

threshold of approximately 0 3° K 

The sensitivity threshold due to impedance fluctuation is a result 

of mismatch between the receiver anc the reference noise source or 

the antenna noise source This effect can oe taken into account in 

the calibration of the radiometer and this threshold can be elimina* 

ted if constant impedances can be maintained However, in the case 

of a moving antenna, the characteristic impedance of the source may 

vary with antenna position and thus the match between the antenna 

and the source may vary with antenna position For most antenna 

measurements this variation is not pertinent since one is interested 

in the antenna noise temperature rather than the source temperature 

These thresholds may be considered random in nature and the total 

sensitivity of the radiometer is the sum of the individual thresholds 

As pointed out earlier for the present case this is essentially the 

threshold due to internally generated noise 

It was determined that the required sensitivity could be attained 

with a receiver having o noise figure of 10 db and a predetection 

bandwidth of 6 me. Six megacycles was selected as it approximates 

the bandwidth of many receivers This would allow a Io K sensitivity 

for an integration time of 20 seconds 

Figure 2 shows a plot of the sensitivity versus integration time 
« 

„ 4 - 
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Vi uro 3 is n ])locl. lU-igrom of the W ridi orno tor It is a Dicke 

type radiometer wit!i a conventional oupcrhotcrodjTie receiver The 

operation of the device ia as follows, the receiver measures the 

difference in average noise power between the two sources connected 

alternately to the receiver by the rf switch f>ne source noise 

source number 2, provides the reference level, the other source 

consists of the antenna plus noise source number 1 Extra noise is 

added to the antenna no*se to reduce the difference between the 

noise levels on either side of the switch Uimmizing the difference 

between the noise levels lowers the reoujrcments upon receiver gain 

stability, Noise source 1, a gas discharge source is also used to 

calibrate the system Noise source 2 is resistive teimination 

maintained at n constant temperature The rf switch is a reversible 

ferrite circulator driven at approximately 80 cycles per second 

Since only a 10 db noise figure is required, u double channel crystal 

mixer centered near 2200 l!c. followed by a transistorized IF amplifier, 

is adequate This technique eliminates the need for costly complex, 

microwave amplification The local oscillator signal derives from 

a crystal controlled oscillator via n harmonic generator chain The 

IF amplifier operates at 30 Me and has a bandwidth of 6 Me 

A square-law detector determines the difference between the two 

inputs and converts the power difference to a voltage difference 

This type of a detector can be shown to be superior to a linear 

detector for radiometer applications 

The audio amplifier raises the signal up to a suitable level for re¬ 

cording and a phase detector determines the proper sign of the noise 

difference The information is integrated with a selected time 

constant and recorded. Integration times from 0 1 to 30 seconds 

are available 

Antenna Noise Measurements 

The receiver described was constructed to measure the antenna noise 

temperature of a 60 foot parabolic antenna The purpose of the 
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raensûrement was to determine the applicability of low noise receivers 

to such an antenna, Most of the design criteria for the radioraeter 

was consequently dictated by the reouirements of the antenna noise 

measurement. The antenna noise consists of noise received by the 

antenna from all directions, There are contributions from the main, 

side, and back lobes and losses in the reflector The sources of the 

received noise are thermal noise from the ground and atmosphere, 

extra-terrestrial noise, and man-made noise Thus it can be seen 

that the total antenna temperature at a given frequency can vary 

greatly as a function of antenna pattern antenna pointing direction, 

site location, and atmospheric conditions 

The antenna noise temperature represents the lower limit of the 

effective system noise temperature It would be the system noise 

temperature if one had a noiseless receiving system Therefore, it 

is very important to know this limit and consider it when choosing 

a receiving system For example, a system with a receiver whose 

effective noise temperature is 10° K is not 10 db better than a 

system with a 100* receiver If the two were used with a typical t 

60 foot parabolic reflector, the system with the 10° K receiver 

would at best be only about 5 db better 

Effective antenna noise temperature is measured by connecting the 

radiometer as close to the antenna feedhorn as possible and measur¬ 

ing the noise at that point The measured noise must be reduced by 

the noise from losses in the interconnecting sections between the 

radiometer and the feedhorn in order to determine the actual 

antenna noise temperature Generally the noise due to losses is 

inferred from short circuit impedance measuxements 

Antenna Patterns 

The radiometer can be used as a sensitive receiver to measure the 

pattern of an antenna It may be used in conjunction with a co¬ 

herent generator as has been standard practice The radiometer was 

checked using a 10 foot parabolic antenna and found to be about 

20 db more sensitive than the conventional receiver that was normally 4 

» 6 - 
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used. The increased sensitivity makes it possible to consider the 

use of a convenient noncoherent signal source, the sun„ 

Extraterrestrial sources are desirable signal sources for two reasons. 

First, the measurement can be made with the elevation angle of the 

antenna sufficiently great to eliminate reflections from the ground. 

Secondly, and possibly more important, ns antennas become larger and 

larger, it is more difficult to place a signal source in the far 

field, The commonly accepted far field distance. 2 D /-. , is so 

great that the curvature of the earth amt other limitations make 

stationary signal sources very costly. Other techniques such as 

signal sources aboard aircraft or balloons, are also expensive and 

seemingly operationally unreliable Tims, extraterrestrial sourcee 

present an interesting possibility They are definitely in the far 

field, very reliable, and very inexpensive to operate. 

With a radiometer with a sensitivity limit of 1° K, the only practical 

extraterrestrial source is the sun None of the other sources is 

powerful enough to be useful. At S-band the noise temperature of the 

sun is about 100,000* K. and thus side lobe levels down nearly 50 db 

can be measured. This is true for antennas with bcamwidths less 

than the angular width of the sun For antennas with a beamwidth 

greater than the sun's width, the measurable side iobe level would 

be less due to a decrease in the effective noise temperature of the 

sun. Since the sun subtends a finite tingle it will appear to 

broaden the antenna beamwidth. Techniques are nviulnble for elimin¬ 

ating this effect from the measured results This effect is 

smaller than one intuitively feels it would be For example the 

angular width of the sun is approximately 1/2° When observed with 

an antenna whose beamwidth is 1/2° the broadening factor is only 

1.20. 

Antenna Alignment 

Antenna alignment, boresighting, consists of alignment of the radio 

frequency main beam axis with the antenna position readout devices. 

The radiometer is used as the receiver and either a coherent or 
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noncoherent source, whose position is known, is used as the boresighting 

target. The application using coherent sources is self evident. The 

possible use of wenk noncoherent sources makes boresighting with radio 

stars very appealing The advantages cited in the previous section 

concerning the sun apply to this case as well, plus the additional 

facts that the position of the stars is well known and the apparent 

novenent of the stars makes it possible to calibrate the antenna over 

virtually the entire hemisphere rather than at just a few points, as 

is the cr.se with a fixed boresighting tower 

The antenna may be pointed in a given direction and let the radio 

source drift through the beam, or if the source is sufficiently 

powerful, the bean can be swept across or locked on the source The 

choice of technique is determined primarily be the integration time 

required to obtain a clear signal from the source If the time is 

very long, the drift technique is required The ether techniques 

will probably allow quicker calibration 

«omnonent Loss 

The radiometer is useful for many other applications besides measure¬ 

ments directly involving the antenna proper One of the most 

important is its use in measuring the loss in microwave components. 

In connection with antenna systems this would include such devices 

it waveguide and coaxial sections filters isolators, duplexera, 

etc In low noise systems loss in components is a very important 

consideration Important gem rally because of the thermal noise 

added by the loss and not because of the signal loss The following 

example helps illustrate this point 

Assume an antenna temperature of 35° K and a loss in the feedhorn and 

waveguide section connecting the antenna to the receiver of 0 4 db 

If the waveguide section is uncooled, the noise added by the lossy 

section is 25° K The total noise at the input to the receiver is 

57® K or an increase of 63¾ The signal loss is 9¾ almost a 

negligible amount The sipnnl to the noise ratio at the receiver 

is 1 8 times poorer than at the input to the feedhorn 

- 8 - 
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The radiometer is used to measure the change in noise level and from 

this the loss can be calculated. The input and output noise of a 

lossy section is desribed by Equation k, 

T^L-l) 

L 
(4) 

Solving for L 

1 ■ TL - Tin _ (5) 

TL Tout 

L ■ loss of the component 

T. ■ temperature of the lossy element in degrees Kelvin 

ia measured by placing the radiometer in front of the component 

T is measured by connecting the radiometer to the output of the 
out 

component. 

The question arises "How accurate is this type of measurement?” From 

Equation (5) it can be seen that for a given accuracy in measuring 

T. and T . the accuracy of the loss measurement will depend upon 
in out 

the magnitude of T . Figure 4 shows a comparison of the accuracy 

available with this technique with that from a measurement of loss 

with a standing wave measurement. The standing wave curve is con¬ 

structed, assuming a perfect short at the input of the component and 

that the standing wave ratio measured to an accuracy of 1)(, The 

radiometer curves assume that T and T . are measured to an in out 
accuracy of 1* K. Both sets of curves assume that the component 

is matched to the measuring device. The curves show that accuracy 

comparable to that obtained with standing wave measurements is 

possible 

There are two distinct advantages to loss measurement by measuring 

the added noise. The first is the fact that no short circuit is 

required. The second is that the loss of unilateral devices, such 

as isolators and circulators, can be measured. Loss in unilateral 

devices is generally determined with a simple insertion measurement. 

However, for small losses, this method provides limited accuracy. 

The noise measurement, on the other hand, works best for small losses. 

- 9 - 
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Receiver Effective Noise Temperature Measurement 

Another application of the radiometer is the measurement of the 

effective noise temperature of low noise amplifiers. The noise 

temperature is measured by the standard technique of determining a 

T factor. The Y factor is determined by the amplifier output being 

supplied with two different noises Tj and Tg The receiver output 

noise T01 and T02 iB described by the following 

T«, . (Tj ♦ Tb) 0, 6, . ï, «, (6) 

*02 * <*2 * V G2 GJ * T3 GJ (?) 

where Tg ■ amplifier effective noise temperature 

Gj ■ receiver gain when connected to source 1 

62 • receiver gain when connected to source 2 

Gj ■ gain of units following the amplifier 

■ effective noise temperature of units following 

the amplifier 

If the amplifier gain is high enough and Gj • G , Equations 6 and 7 
reduce to 

toi ‘ ♦ y • » <«> 
"v * * « 

Solving for T- T_ • T1 ■ W2 (9) 
Y - 1 

Equation 9 points out the fact that if TR is small, then Tj and Tg 

should also be suai 1 to make Y sensitive to changes in TR This is 

where the radiosmter is helpful A good source of low noise is the 

cold sky, and the radioswter can be used to measure its noise temper- 

The other noise source can then be obtained in several ways 

A good way is to add thermal noise to the sky noise by inserting a 

precision attenuator in the line. A matched termination cooled by 

liquid nitrogen or dry ice, or, for certain cases, a room temperature 

load provides a stable reference noise source 

It would be desirable to be able to select the set of sources yielding 

the most accurate determination of TR for a given accuracy of Tj and 

^2* FißM** 5 shows several possible combinations The best choice 

a 

e 

♦ 
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ir t¡:at which lin¡; fie flattest slope in the repion of the expected 

noise temperature It c-’ii be 'iliov.n that the best choice is for 

to be zero or as small as possible and Tj to be ceuil to Tp. 

In addition to measuring the noise temperature of the sources, the 

radiometer can be used to mensure the Y factor This can be done in 

the following way, Assume that the cold sky is selected for Tj,, and 

Tj ia n nr tched termination cooled by liquid nitrogen These are 

connected to the unknown and reference inputs of the radiometer and 

the low none receiver inserted between the circulator and the mixer 

The radiometer will then switch between the two sources .nd the Y 

factor can he measured at the output of the squire la» detector 

Antenna Monauremcnte 

The radiometer described was used to measure the antenne noise temper¬ 

ature of •* (<ft foot parabolic antenna located at Vandenbcrg ir Force 

liase. Seweral drift patterns of the moon end Casseopeiu A were also 

taken to demonstrate the feasibility of boresighting large antennas 

using cxtrnterrestrinl aourcea at boresighting targets 

The radiometer was connected at the normal location of the pre¬ 

amplifier, approximately 60 feet from the reflector focus The 

loas in the connecting waveguide and feedhorn was conpensated for, 

allowing the nrtunl rntennr temperature to be recorded dnectly 

The sky was mfipped by pointing the rntennn at i selected ,7.imuth 

angle in’ irwin" the rntennr through all declination ingles very 

slowly Declination angle information wa* recorded along with the 

antenna noise temperature Data was taken at <*«»\er-l n/imuh 

angles. The antenna temperature was found to he nearly independent 

of azimuth angle Figure 6 shows a plot of antenna noise temi-era- 

turc vs. elevation anwle 

An interesting point wus the noise temperature received when the 

antenna was pointing toward the ocean is one would expect the 

noise received was considerably less than that received from the 

ground Another point of interest was the shrpe of the noise 
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tenperiiturc curve liie ,Trcun<! nJ hi", elevation .H;Tle noise was 
vorj- close to t'lc nredictort vilues, hut the noise f t low elcv: tion 
angles was lower than anticipated. This tends to indicate that the 
first side lobe level is lower thrn t*i. t for i typic 1 parabolic 
reflector.

Drift patterns of the moon were taken by positioning the antenna 
visually and letting the moon drift through the beam Drift patterns 
of Casseopeia A were also taken Both the moon and Casseopeia were 
easily detected with their perk levels very near the expected value 
The moon was very new when it was observed and probably near its 
coldest ph.ase. Figures 7 and 8 show typical smoothed drift patterns 
■’’he noise level on the actual recordings wr.s appi oxinately 2® K

Conclusions

This project has .-ihown that a very sensitive powe: meter is an import­

ant piece of test equipment for work on low noise receiving systems 
The ri diometer t- chnimie described appears to be the simplest and 
most economical way to construct an instrument with the desired 
sensitivity. ”bc instrument is useful for many types of .uitenna 
stui'ies, c'librrtion, ."nd maintenance It is also useful for 
measurement of loss in microwave components and effective noise 
ter.ipcreture of low noise .'<mpliflers.
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A 

APERTURE CHARACTERISTICS 
OF FLAT PLATE CONICAL SCAN ANTENNAS 

I. INTRODUCTION 

The object of this paper Is to compare the scanning characteristics of the 
(l-r^JP family of distributions for circular apertures. The reason such 
a study was undertaken was the increased interest in conical scanners as 
trucking antennas and the space requirements often limiting these scanners 
to circular configurations. 

To most efficiently use the circular aperture each quadrant is treated as 
a separate antenna. The phase shifter located in each arm arc driven si¬ 
nusoidally and in quadrature. 

0-x ' 

(EH» 
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The output of the antenna when used as a receiving antenna is an amplitude 
modulated carrier. The tracking is based upon the magnitude of this AM 
and is a function of beam width, pattern symmetry, cross-over level, ap¬ 
erture characteristics as well as tracking error. These problems will be 
considered in this paper. 

A number of difficulties are encountered in theoretically analyzing the op¬ 
eration of these antennas as well as problems Inherent to the system. It 
is hoped that a solution to these problems is resolved in this paper and, 
although heuristic in nature, enough date presented to help synthesize these 
antennaa for future applications. 

D. PROBLEM 

Previous to this study many of the antennas being designed for conical 
scanning used various forms of tapered distributions. In an effort to get 
a little deeper knowledge of the operation and predict the characteristics 
of these antenn«* several distributions of the form (l-r2)P were investi¬ 
gated, where p - 0, 1, 2. It was hoped a knowledge of the uniform distri¬ 
bution (p ■ 0), parabolic (p - 1), and parabolic squared (p - 2) character¬ 
istics would reveal the limitation of tapered distributions over uniform. 
The gain and beam width characteristics of the uniform distribution of¬ 
fered an Incentive but it was not known what would happen to the already 
high side lobes when the antenna was in the scanning mode. Tapered dis¬ 
tributions have undesirable side-lobe characteristics when scanned. The 
low side lobes these distributions produce come up very rapidly when used 
on conical scan antennas, A solution suggested for these high side lobes 
is a passive center element which remains at zero phase. However, pack¬ 
aging requirements often make this solution impossible. 

A number of attempts have been made to simplify the theoretical approach 
to the four element scanning array. They Include arguments based on the 
existence of discrete phase centers and certain pattern assumptions in the 
cross-over region. Considering each quadrant as a separate element, a 
survey of the literature would indicate such an element does not have a 
phase center (References 1, 2, 3, 4). By a phase center, the author means 
that point in an antenna from which a spherical wave front can be considered 
to eminate. Further study of this subject has no place in this paper and 
will be left to the reader. Many of the pattern assumptions in the cross¬ 
over region provide interesting insights to the design parameters in the 
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cross-over region, little if any work has been done to reveal side-lobe 
characteristics, however, which would of course Include a more accurate 
knowledge in the cross-over region. 

The direct application of a synthesis technique to this problem seems some¬ 
what intangible as it is not known at the outset what phase shift Is optimum 
for the optimum pattern and vice versa. To the best of the author's knowl¬ 
edge at this tinte, the synthesis techniques for aperture antennas assume 
constant phase distributions. Techniques have been suggested for syn¬ 
thesizing optimum difference patterns but there seems to be no reason to 
believe an antenna which operates In a mode which Is neither sum nor dif¬ 
ference will have optimum side-lobe characteristics. With this in mind, 
the class of (l-r2)? aperture distributions was considered from scalar 
diffraction theory (References 5, 6). 

m. THEORETICAL APPROACH 

From Kirchoff Diffraction Theory, the disturbances at P' for an incident, 
uniform, cophasal, plane wave, subject to the assumption A«2*r, be¬ 
comes: 

« 
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X á 

where 4 ■ aperture distribution, (I,jr)a0 in Fraunhofer 

region. If we assume P* ie In the far rone, then; 

JTS A - X *1« 0 cot ó - y tio 0 tio ó 

t m p COt Ó * 

y m p tin Ó' 

or 

R'aR - p tin 0 cot ( ò ó) 

Therefore, 

\nR 
i 1 * cot nj eÍpPco* ( ^nin 

J-o 

^ pdpdA ' 

0 
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Recall, ■wtowna is really a four déniant acannlng array uniere each 
element la a quadrant driven separately and in phase quadrature. For 
this reason the above Integral will be broken Into four parts where each 
quadrant win be considered a separate aperture. In this way a phase term 
m can be assigned to each Integral which is an Independent variable and 
hftnrt the total Integral represents the circular aperture as a scanning 

array* 

ß'~ißR 0-. -*/« 
V/ - (Neo.0) e,4l f A'/flpcoBló- 

4rR "p*o*ô • -#/4 

■/:/ 

^•htpdpjó’ 

>• -M/4 
♦ e - i I .4 . .. 

wp*o "»/« 

"nan pmO '4 

-Tr- a) 
p«o S*/4 

where 

iliA - w,( « 0 ain(w,l) 

0B - iiijf * 0 .in( (i;,l ♦ 90 ) 

Oq - .1,1+ V 4 100) 

On • w,l 4 0 aint w,I 4 270) 

w, • carrier frequency 

U, - acao frequency 

Consider quadrant A neglecting the phase term for now. 

up>a - , 
( 1 + coa Ö) . a - a/« i j.' j.\ i a 

_ f f (a'-p'f elPPcoé(ó -6)aine pdpdó' 
Jo J-fT/4 •Iff/? 
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Let 

2m wl) 
r - p/a , — «¡n 0 . — »¡a 9 

A A 

ße~lßR 1 Ä*/4 

■p' ■ / 1 ♦ coa 0) a* f f ll-r»)* 
Jo *-»/« 

where the distribution function hee been normalized to unity. It can be 
shown (Appendix I) that, 

ße~ißR (\+ coo 9) -I 
a,. - / 

\wR 
a'f 

Jo 

-Z /(v)[ or 
¿ (/)"-1 2 aia — 

• l * 
coo o 6 

fic-ifi* 

•p' ■ / - 
4 UR 

or 
♦ /2 aia —aia a ó| frfr 

( 1 ♦ coa 0 ) a*|* ( 1 - r1 J9(or) 

«• o 

I Ulifl ^ 

2(2a • 1 ) 
coa 2 ( 2a » I M 

Z, « /.|,-4M(ar) ( 2a • I ) 
(-1Í" _*1-¡— coa ( 2a • 1 ) ó aia - 

a.o 2"*> * 
rjr (2) 

All but the Orel term are extremely difficult to integrate so it will be nec¬ 
essary to expand each Bessel funcUon and integrate term by term for par¬ 
ticular values of ß. 

o 
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(1+CO» 0) > I 
Up' » j — 0*1 (1-^*) 

^ 4»R J0 2 

i « 1 ) * ta " cos 2 (2*♦ 1 )¿ " (-lr(w),,,■ 
.4 V (-D* y — 

^ 2(2»*n *’* *" a! r(2»*a*2) nmo Ä \ AW ▼ t f 0 

•'A - coa (2»*l)ó»i»(2»*l) /4 (-1 )" ( »f )^11^_ 

/4 2 ('l) ¡TTI ¿2,"M,MaT(2».a*2) 
»•0 

rrfr (3) 

Th* integrated forma of Up* for p ■ 0, 1, 2 will be found in Appendix n. 
It la easily ahown that the expreaaiona for »^ . *f'c «“« urp 

derived by a mere change of variable. 

Vr'i-W*-901' 

i/p« . 

ip. - 1,-10 -270) 
r u r A 

are 

(4) 

To get some understanding of the harmonic characteristics <* this type of 
antenna, we may expand Eq. (1) replacing the integrals by . t etc. 

Vr-.Vr- ♦ *°'l 

i til. laiitl . i . #/l nil ♦ ♦ 77o)\ + j/p, r/U,l ♦ 4>»«»(«»« ♦ ' 

(5) 

V,- - I i’p'^ cos si »in «,» ♦ /1 *•« <• ^ 

♦ I f'p coa si ainlaV ♦ 9¾ ) ♦ /Va V 4 90 ' 

4 i/p« coa si ainU« .! ♦ 100) * ain si •¡»t*,« 4 l*0) 

4 l'-» coa si “ D 
ain(u,f * 270) ♦ /l/p^ ainsi ain(«,i ♦ 270) le'*»1 
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Lp •l (Jp cos 0 sin <ûtt * j Üp sin 0 sin u,t 4 

+ Lp cos 0 cos <ü,t + j Lp' sin 0 cos utt 
B B 

* Lp’ cos 0 sin <o,l - j Lp' sin 0 sin <a,t 
c c 

+ Lp'D cos 0 cos utt - j Lp'D sin 0 cos <0,11 «/"'» 

From Appendix n and Eq. (4), it can be shown, 

- Vc ■ »*« V, 

V, - S ■ «« V, 

Vc- 

Lp’^ ♦ - /' 2/« Ip* 

assuming phase quadrature, I t/J - I Lp' \, and | Ip' \ - 11/1 . 
•4 C BP 

m 
Therefore, 

Lp »ß J /« cos 0 sin <o,l 

♦ /si la' COS 0 COS <0,1 
rB 

♦ Re Lp' sin 0 sin <o,( 

♦ /fe Lp'ß sin 0 cos <o,l j e/“'* 

The multiplier in the brackets is the modulation term which can be put in 
a more convenient form to separate out the harmonics. 

“/»*■ /2 /O(0W 2 

aw 

2 
/jH (0 ) COM 2i<o2( 

♦ /„(ó). ( -1 )* /j, ( 0 ) cos 2Awj* 

fc-l 

4 
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+ Reup' 
r A 

+ ReUp> 
rB 

/jt«! (^) «¡B (2A-1) foji I 
t-1 J 

2 ^ (-1)*-1 Jul (0) co. (2*-l )61,1 

kml J 
,/61,1 

V - /2 |(/m 6/ + Irn Lp') /,(0) 
8 0 

* 2Re Lp^ /,(0) cot 6j,f 

+ 2/îe lp /,(0) tin 6i,l 
0 

♦ 2(/m - /« Lp ) /,(0) cot 2 6i,l 
•H B 

* . . eiu,l 

This can be further simplified to 

1,-/2 1(/6. t,'♦ /6. (,') /,(0) 
O 

♦ 2j( Re lp )* ♦ ( /îe (,-)1 /»( 0 ) tin ( u,( ♦ ttn** 
*• V. 

+ 2(/61 t,' - /ti Í,' ) /,(0) cot 2 61,1 
/1 n 

♦ • ,/61)1 (6) 

Since the first harmonic is generally of prime interest, its modulation 
index would be: 

2 Re lp )* * (Re 6/,//,(0) 

(/m Í,' + /m (,' ) /,(0) 
/1 n 

(T) 
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To evaluate equations such as those appearing in Appendix II by hand would 
be prohibitive. As a result, an IBM 7090 computer was used to calculate 
required parameters and a Stromberg-Carlson 4020 Plotter for necessary 
graphs. The computer program followed these general steps: (1) Deter¬ 
mined the required phase shift W by a trial and error procedure for the 
specified modulation/degree from Eq. (7); (2) Determine the maximum look 
angle from a predetermined umax; (3) Break the region of interest into 100 
points and calculate tpp , ( r'c and at each point for/1 * 0 
and 45*; (4) Solve for the total t,/ from Eq. (5) for /1 = 0 and 45*. The 
taped output was fed into the 4020 Plotter and curves such as those shown 
in Figures 1 and 2 recorded. Tabulated Information tapped off the com¬ 
puter consisted of the real and imaginar)’parts of l,, lrH , lrc 

and 1 r], ; the magnitude and complex form of total ( t: ; and required 
peak phase shift. This information was tabulated to facilitate calculation 
of harmonic levels which might be needed at a later date. Although 11)$/ 
degree of modulation was chosen for this paper, the program is general 
in application. The only parameters that must be supplied to the com¬ 
puter are modulation/degree and aperture radius. The reason a umax is 
necessary in Step *2 is because only a finite number of terms in the series 

are calculated and umax guarantees convergence. 

IV. CONCLUSIONS 

Concerning the results themselves, a number of things should be pointed 
out. For antennas v 5À in radius there seems to be no side lobe advantages 
from tapered distributions (See Figures 3 and 4). This effect should be 
even more pronounced for higher modulation sensitivity. In these smaller 
antennas packaging may be a problem so that the higher phase shift re¬ 
quirements (Figure 5) of tapered distributions could be objectionable. Im¬ 
portant cross-over gain (Figure 6) can be saved if the uniform distribution 
is used for antennas < 5 A in radius. For antennas larger than this, phase 
shift is not an important parameter and therefore gain will be determined 
by side-lobe requirements or vice versa. As mentioned before, these ef¬ 
fects will be more severe for increased modulation sensitivity. The 
curves, however, present useful and reliable design information for lü(î/ 
degree modulation sensitivity. 

An antenna approximately 1.75 in radius has been built at General 
Dyn amies/Pomona. Broadside and tilted (AM) patterns are compared with 
theory in Figures 7 and 8. The required phase shift of 75.4* determined 
by the computer agrees quite well to the 78* by experiment. These results 
seem to lend support to the reliable application of the design curves. 
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APPENDIX I

f/p' = + cos e) l
l)T«

Since,

,/«r co.(,i'-0)^ y e-inl<^-,/>)

ip. “ /■

/3e"/'' a‘( 1 + cos 9)

inR
f\l- > (/)» /„(ur) e-/"<'A-s4)

•'o •/-;t/4 ^
dt^rdr

Now,

(/)■ y,(ur) ^ (/)“ coa n(<^' - <^) - J sin n(<^' - </>)] d<f>

r IT / A , /
> (/)"/.(“'■)/ [ ( cos n<;S cos n0 + sin n0 sin B0)

/ 4 , ' ^
- /( sin n<^ cos r0 - cos n<^ sin n<;5) j

^ /„(ur)2 0.-^

S </v

p »

(sin n<ji cos np - cos n<j> sin n^)

+ y(cos n0 cos ntj> + sin n<!> sin np)

\i . nn , ^I ( sin — cos n<i> - cos — sin np 
i 4 4

nn , nn . .
■¥ Sin — cos no cos — sin np)

4 4

.p nn . nn
+ /(cos — cos Bsi + •»« — sin n<i>

- cos — cos no + sin — sin no) 
4 4

ff/4

-n/4



^ / Uf^ Í n . . . rt • n,T 1 ¿ (/)" -12 «in —cob np + / 2 «m —sin n^j 

Therefore, 

V,- /^-¾ - ''•'Iî('"2- *7 
cob no 

07 
+ ; 2 sin — sin no dr 

This can be expanded and simplified, 

H'-iP* 

\nR 
(\ + cot 6) a* f, (1-r1)^ | —/0(ur) 

J,iur) l^ur) « 
4 cob 26 * i ♦ cob si «in— 

2 1 4 

0 

/.(nr) 

/,( nr) 3» 
- i——4 cob 3 õ tin — 

3 4 

/, (nr) So 
4 cob 6 ó ♦ i 4 cob 5 si «in — 

6 5 4 

0 _ . /,( nr) 7» 
' -4 cos 7 ó «in — 

7 4 

or, 

*»c- •/)» 

( »• - / ( I * COB n)a* (1-rM 
i-n ■Í 

—/o(nr) 
0 

/ Í \ 
♦ iV (-n'1*1 J_I- cos 2(2n*l M 

n* o 2( 2n • 1> 

,Su 1 )" 
/in*llur) ( 2n + 1 ) n 

cos ( 2n 1 ) ó sin 
2n> 1 

rt/r (2) 
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APPENDIX D 

9 p - 0 

ße~lß* (1 ♦ cos A) a* 

u''a " 1 UR 
- A,(.) 
4 

* (-n"cos2(2iM) « 

... .—*1 

(-1 )' 

2(2«.1). 2m . 2 

II« O 
2(2».n 2*«**(l«M»|,!r(2(2,,^1 ) ♦ m. H 

2«*2**1 

" (-1 )* cos ( 2«.l ) ó sin (2«*1 ) s/4 

,4 S 2« ♦ 1 ^ fim* 

(-1 )m 

2n* I ♦ 2jh ♦ 2 

f|«0 « • n 
*"4,i.!r(2»+«i*2) 

f p • 1 

-p. - / 
ßf-iß* ( 1. COB 0 ) 

UR 

w 
- A,( « ) 
8 

- (-irl—!--— 
^ (-1 )* cos 2( 2n*l )ó 4« » 2m » 4 4« .2»i »( 

1 > -z n I rt_ it 

,4* *2* *2 

2(2«.n m » o 
22M*2(2«*iin!p(2(2«.l )♦« ♦ 1) 

* (-IP co»(2n.lMsin(2«.l)»r/4 * 

I-—-1 

(-1 P 
2«.2m.3 2«.2m.h 

2<i*2m. I 

fl- 0 2« * 1 22m.2«*lfn!r(2n*m*2) 

■"Atuils a special form of the Bessel function. Confer, E. Jahnke and F. Emde, 
Tables of Functions, Dover. 
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F
®p. 2

- (-1)" cos 2(2n+l)6 ~

- ^ z----------------- Z^ 2 ( 2n f 1) ^

(1 + cos 6)a‘
- A,(u) 
12irrR

(-1 r 1 2 1 y4n*2m*2

4n+ Sm-f 4 4/i+2m+6 4n+2m+8

24«*2m*2^,p(4„^ 3)

(-1)" cos ( 2n + l ) 6 sin ( 2n+l ) ir/4

2n + 1

un"
2n*»- 2fn-*- 3 2n+ 2^14- 5 2'*4- 2/n-f .

,.2n^2ni*l

22m*2nM„!p(2„+ „+ 2)

NOTE: In using these equations, it must be remembered that the three aperture 
distributions considered have been normalized to 1. As a result, direct 
comparison of the cross-over levels, as shown in Figures 1 and 2, would 
lead to erroneous results. For practical antenna systems, equal power 
would be supplied to each antenna (p = 0, 1, 2) and hence the aperture 
distribution function would in fact be unnormalized. In compiling the 
data for Figure 6 this has been done.
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