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THE DISSIPATIVITY OF A CERTAIN NONLINEAR SYSTEM CF
DIFFERENTIAL EQUATIONS., I

B. P. Demidovich

1. Introduction

In the article sufficient conditions are glven such that each
solution-; =-}(t) of a nonlinear system of ordinary differential
equations when t a T(;) belongs to a certain fixed bounded domain D,
that 1s, Levinson's D-property holds [1]. At the same time, some
earlier results of the author [2, 3] and S. A. Samedova [4] are

generalized.

2. The princlpal lemma

Lemma. Let <= (xp...x) €E% [ (5= [fy (®h.oos fo(NCCHD) where f,(x)
(& b= Ls woes n) are real and D is a convex set of a materlal Euclidian
- —
space E', ILet x (x) and A (x) be the lowest and highest characteris-

tic numbers of the symmetrized Jacobi matrix

- . &b el 1 § df
J‘(.l')-'= 2 “- \"’)"‘fi () .2 i‘: dav; !
Then for points ;ﬂ Dy v bl D the 1lnequality
(1)

-3 -» ‘-3 -» (R
ho (DX, Ax) (O] (x). Ax) < A (Ax,AX)*,
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1s satisfied, where Af(y) =7 (r-+Ax)—f(x); »,=min){) and dy=maxA()

[

= - - -
segment '5’:.-,3+tAx(O<t<. 1)) connecting the polints X and x + A x*#*,
- - -
Proof. Let the points x and X + Ax be fixed. Starting from the
obvious equality and applying the rule of differentiation of a complex

vector function, we have
i 1
AT (¥ = j < Fx+tax)dt = Y F & axdt,
i b

- -
where £ = x + tAXx. Hence

-y .l - ey -> =
(&F (%), AX) = ( 5' T ¢ axar, Ax\ = [ (' () Ax, Ax)dt. (2)

0 4]

Since

(F @ ax, ax) = (J, () Ax, AX),
then we obviously have

F & ax AD > (A%, A0 >0 (4% 4D

and

¢ O ax, &9 < AQ @AY A¥) < Ay (@r Y [2].

v

Therefore, inequality (1) follows from formula (2).

3. _The criterion of the fixed-sign property of a matrix

.—-}
Definition. The symmetric n x n matrix A = A(x), which is a

function of the vector X € E™, let us call uniformly of fixed sign

(uniformly#positive or uniformly negative) in a given domain D 1f the

lower bound of the eignevalues of this matrix is positive in D, or,
correspondingly, the upper bound of the elgenvalues 1s negative in D.

- -
Theorem 1. The symmetric n x n matrix A = (x) (x € D) 1s uniformly

- —
* (x,¥y) 1s understood to be the scalar product of the real

(“:.!;) E E"J”I
**  For the vallidity of the lemma 1t is sufficient to assume

only that the segment ; . 1AX@©@ < € < 1) 1s entirely contained 1in
domain D.

vectors _ . .. .3y and Teg.. .. » that ias,
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positively fixed in D if:

1) the Sylvester conditions are satisfied
AL S0, .., A0 >0,
where A1(;5 (1 =1, ..., n) are the principal diagonal minors of the
determinant det A(X);
2) there exists a positive number h such that

A (9

(sp AN

—>h>0 when ;( D. (3)

The proof of this theorem 1s given in an earlier work of the
author [2].
- -
Corollary. The symmetric n x n matrix A = A(x) (x € D) is uni-
formly negatively fixed in D if:

il e R e

) —&d . when % ¢ D, (%)
[Sp A (0)]"

where h 1s a positlive number.
These conditions follow immedlately from Theorem 1 if it is
-y
borne in mind that the uniform negative definiteness of matrix A(x)

_—)
follows from the uniform positive definiteness of matrix -A(x).

4, Sufficient conditions for the dissipativity of the system

Theorem 2. Let
kLR, (5)
where 7010 GRS T NP = L - ) and TQEQ)Q C'(E") for each to€I+;
where t (number or symbol) 1is e,
L

1) a constant symmetric positively definite n x n matrix A = [a
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o—,

1s found such that the symmetric matrix ‘ |
T, 1) = 14T G ) + 41> (5 1))
1s uniformly negatively definite in jos X‘I+, that 1s, 1its highest
characteristic number A (;, t) satisfies in E" X IT the inequality
AR )< —a <O, (6)
where a 18 a positive constant which is not a function of.; and t;

- -
2) £(0, t) is bounded, that is,

> >

- > l_ g
176 0l =F0. 0, TO T <c<+w when (€14

(7)

then:
1') System (5) 1is dissipatitive, and there exist a closed sphere
Kr=1||*] <RI/CE+, such that each solution =X, I x(t)CEY  of System

(5) possesses the property (¢Ks when T(X)<t< -+, , and, there-

.—>
fore, x(t) 1s bounded by the interval [to, + ) ;
.—)
é) all solutions x(t) are asymptotically stable in the large
when t - + = *; the stabllity 1s of the exponentlal type.

Remark. Ifgthe symmetrized Jacobi matrix
LG )= Fy G0+ T )

1s uniformly negatively deifned, then, obviously, 1t 1s possible to
take A = E, where E 1s a unit n X n matrix, and, therefore, in this

case
- >
Jo(x, 0) = T (%, 1),

In the particular case when System (5) 1s linear

S Pw}qu

14

.—)
* It is sald that the solution x(t) (to s t < + ») 15 asymptotically
stable in the large when t — + & 1if: 1) 1t 1is according to Lyapunov

when ¢ —» + » and 2) for any solutionﬂg(t), determined by the initial
conditionig(to) € E, the relation 1im if;(t)-;;(t) |l =0
o0

t— +

1s valid.

e




where p()<C(+), fb)iC%Pj and {?UY’ c over I+, then for the

validity of theorem 2 it is sufficient that the matrix
Lty =5 1PO) + P* ()
be uniformly negatively defined over I+
Condition (6) was used by N. N. Krasovskly [5], who, assuming
f(O t) = O, proved the asymptotic stability in the large of the
trivial solution x a-g.
Proof 1!'. Let us note first of all that the derivative f'
(x, t) 1s continuous and, therefore, bound in any compact domain 2f
the set EV X I ; therefore, the local conditions of existence and
uniqueness of the solutlons are satisfied for System (5).
Let us examine the quadratic form
U s o () m (Ar, V).

Since matrix A 1s positively defined and Symmetric, then, letting

a== ;‘m.u(A) and 6= ux (,‘1)

be the lowest and highest characteristic numbers of matrix A, we have

-

a(% 1) <o)< b(x 2). (8)
For any solution x = x(t) of System (5), taking the symmetry of

matrix A into account, we obtain

. , .
do dx 2 (2SN (o d% 2
- A==, x} [ Ay, - 2{A=Z x)
dt ( @’ )T dr |/ g #
or
a » 8k > o> > ey >
== = 2(Af (v, 0, 3) = 2047 (5, 1) — AT G, 1), X) -+ 2(Af @, 1), ). (9)

dt

Since condition (6) 1s satisfied for the derivative -% (Af(x. ¢ ,
®

ox

then according to the principal lemma in Section 2 we have

UAT Gty = AT @ 3) - —a ) >y (10)

-




In addition, using inequality (7) and the Cauchy lnequality, we have
GG D <] AFB. 0 T <iAlT 0. 0liR <ee Y 2 (11)

where

p=1}4 max]/ ok
; ;

Therefore, from formula (9), taking inequclities (10) and (11) into

account, we have

_dz)_/___ﬁ_z__ ‘,O_j__a__ - /=/[ a /e ';'C\\
at bv+&c} T IUVfld— ¥e /-
Therefore, 1if
1,35223
8 ;
v alg o
and, that means, 1if
RN O (12)
aa
then
do
ar s 1 e lo- (13)

Let us consider the closed sphere i, x ~R . Let ufv(1)] <o,

Then, using inequality (13), we have, obviously, u(«(/)] when t > t,.

»y
Sy

But since the ellipsold v(x) = is situlated within the sphere

Yo

—
|Ix|| =R, then X(t) € K for t # t,; the solution X(t) 1is defined

05
when to £t <+ 0,

If olx{)>v,. , then, integrating inequality (13) from ty to t,
when t > to we have

vix ) <vlege v T ok
Therefore, solution X(t) 1s infinitely extendable as t increases and

—
cannot constantly be located outside of the ellipsoid v(x) s Vv that

o)

—»’
1s, at some T > t, the first time we shall have vix(t)] = v, and,

- - .
therefore, x(T) € Kz- But then x(t) € K; when T £ t < + =, where

a e




2!, Let ?‘=-;(t) and'§ =-§(t) be two solutions of System (5).

Assuming
4= (A —5), (x — p),

we have
S = 204F (5, 1)~ AF (5, 1)), 3 - ).

Hence, using lnequality (6) and the principal lemma, we obtain

o> -> - 2
& < —nalx() —yOF < — S-w
dt

Therefore

2
S (t—ty)

u(f)y <u(ty)e ° when !>,

or
1
yO—x0] ) 2yt — x () ;
__)
if t = to. Therefore, each solution x(t) is asymptotically stable
in the large when t — + ®; the stability has an exponential nature,
Corollary. At the points of the ellipsoid
;,'(_\) [
-3 -
where v, = aR?, for the solutions x(t) of System (5) such that v[x(to)]
= VO’ the inequality is fulfilled

-3‘(13 when t = to

Thls assertion follows immedlately from formulas (12) and (13).

Theorem 2a (generalization). Let the vector function £ (;,t)
have the properties indicated at the beginning of the formulation of
theorem 2.

Tl

la) the symmetric matrix 7.0 posseses a highest character-
istic number A (;, t) such that

b A i;, 4) a0 ( 68)




>
when ‘ixi‘ 2Ry>0and £ <t<+ o,
A <E<+ (6b)

- |
when ‘lx[i <4 RO and £t < t < + », where a and B are positive numbers;

2a) the 1nequality

7@ n1<e< + =
is fulfilled, then System (5) 1s dissipative.

Procf. Retaining the symbols of theorem 2, let

v () = (4%, X,

and let
e Ry
Xp =~ A

X

- -
be the nearest projection of the point x (x # 0) on the sphere ‘[;“=

- - -
= R,. For the solution x = x (t) when ||x(t)]|]| = 2R, we have

1 !, ", b o
o L WO Srs
A TR

(AT G0 1) — AF (o O (% = %)) + — (AT (5, 1) — AT @, O F— %) +
+ (LA] (&, 1) — AF 0. D). 5p) + (AFO. 1), %),
Hence, usling the principal lemma, we have
(AT G fy— AT Gop B (= ) = miax A (¥ -+ 0{x —%n), D) — Xe 2

= T S x x = i
el —xp = — (X — Ry) -—a( — - - —Ro) Xg'e

where
0<l<l and (x> 2R,

Similarly, using inequality (6b), we have

->

(LAT (pr ©) — AT @, D). (5 — %)) = (LAT (Ep 1) — AT @, 1)), Fp)'\-};‘-—-— )

811, o -_1);"-.129'}.
°

Further, bearing in mind that

A1) £ max{—=z, B} =3




follows from (6a) and (6b) when XxeE'and t ¢ ¥, we find

(A7 o — A7 @, 01 o) = 0AT G — AT 6,003 = <
< BlE S = pRo[%-

LXl

Finally,
A4F ©. 0.9 < 1AITF . HIIFL < ec] D
where p = ||A||. Therefore,
—%-% d= ":' \—xﬂz + (28R, 4-(0) % »
or
_‘.&. -l —f'l__ mry -t__ 9 I.A—f;'_ll"'a 1
<~ 1R = IR =2 @R+ ) 13 LR (1%4)
if only Hxllznm{%%“m%tﬂq=Rr
Since

c'x 2-*0(.6 b 1;2.
where a = X, (4) and b = Amax (B)» then from inequality (14) when

Vv, = bR§f we obtain

Hence

ol ) < vlx(t)] e ¥,

(15)

1 v{gkt)] 2 v,

- -
Therefore, when t z T(x) for each solution x(t) the inequality
.—)
vix(t)] = Vo will be satisfled continuously, that 1is,
7

2] -
"f,/) ‘ vir (£)} ' u

a

-
forT( x) € t < + e,

Theorem 2b. If Instead of inequalities (6a) and (6b) the inequal-

ity
A 2 (r) << C (6¢)
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N .
is satisfied when llx|| 2 >0 and t < t < + «*, where a(r) is a

monotone nondecreasing function of r (§_< t < + ») and, in addition,

-~

7 ((3 1) =0,
then the trivial solution X = 0 of System (5) 1s stable in the large

when t —» + =,

Proof. Let

2 (30) = (A%, ).
-—
Let & > 0 arbitrarily and ||x(t) || z €. On the basis of the reason-

ing of theorem 2a, taking into account that we may take g = 0 and

¢ = 0, we have

GO Voo s \uT e oo
=S 2—:1(‘—2—} x(N;F<0

when l[;(t)ll z E.

Thus'v(f) ls a positlvely defined function having a negatively

defined derivative %%— on the strength of System (5). Therefore, on

- =
the basls of Lyapunov'!s theorem, the solution x = 0 18 asymptotically

stable when t —» + o,
- >
The asymptotic stabllity of the solution x = 0 holds for any
initial perturbations, since from an inequality similar to (15) for

—
each solutlon x(t) we obtain

(M=« at some T -,

.-—)
and,therefore, 1lim x(t) = 0.
t—> + o

Remark. Theorem 2b generalizes Krasovskiy's result [5].
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