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1. Introduction

The purpose of this paper is to put together in a concrete
form the mathematical theory of an inverse scattering problem which
was originally formulated in quantum mechanical terms but which is
related to the problem of determining the variation of electron
density in an ionized gas such ags the earth's ionosphere by means of
radio sounding experiments. The theory described here was developed
by H. BE. Moses and the present writer and was originally presented

rather generally and abstractly.[l’g]

In the present article the
definitions and proof's of theorems have been revised in an attempt to
make the analysis understandable to a reader who may not be familiar
with the terminology of quantum mechanics or of the associated Hilbert
space theory. While the usual terminology employed by physicists has
not been discarded completely here, definitions and relations are given
in concrete terms whenever possible, and abstract relations are'used

for convenience of notation rather than for the purpose of obtaining

great generality.

The physical problem at ﬁhich the present work is aimed is to
find the variation of electron density in a weakly ionized gas from
a knowledge of the scattering amplitude‘resulting from the incidence of
a plane electromagnetic wave. It i1s assumed that the relevant properties
of the medium vary slowly enough so.that a scalar wave describes the
scattering phenomena with sufficient accuracy. It is also assumed that

losses, ordinarily attributed to the collisions of the electrons with
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heavy particles may'be negleéted. The effect of an external magnetic
field which would cause anisotropy is neglected as well, so that the

scattering is assumed to be isotropic as well as lossless.

A steady-state scalar field component u(x,y,z) under these

conditions will satisfy a differential equation

(A) M+ X% - V(x,y,2)b u =0,

having the same form as the time-independent Schr&dinger equation of
(3]

quantum mechanics. The quantity k is the wave number and the function

V(x,y,z) depends upon the variation of electron density in the medium;
in fact, V(x,y,z) is the plasma frequency divided by the square of the

veloclty of light in vacuunm.

The scattering problem associated with such a differential
equation would be to calculate the scattering amplitude T(x,y,z,k)
defined by the asymptotic form of a solution u for which the incident
wave 1s plane and uniform and propagatés inh the direction of the vector

k. That is, if

where x is the radius vector whose components are X,y,z, and at large

distances

(3) u~e =L 4 mgk) £,
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- where k and x are the magnitudes of the vectors k and x, the Lnverse

scattering problem would be to determine the function V(x,y,z) in (A),

given the scattering amplitude T(x,k), or some part of it.

Af the present time the inverse scattering problem for the
system deséribed precisely by equation (A), in three dimensions, is
still open. In this paper we shall consider, instead of (A), the

more ggnerai integro-differential equation

(©) o+ 8u - vl x K = o,

where the integration as indicated by the differential dx' is over
all three-dimensional x' space. We assume that the integral operator
whose kernel is v(x,x') is such that the asymptotic relation (B)
still holds for some solution of (C). Physically, the differential
equation (C) would govern electromagnetic wave propagation in a
somewhat artificial plasma of a more general type than that
characterized by (A). However, we allow the kernel v(x,x') to be

a distribution, and in particular it could have the form

l)’

I

(D) v(x,x') = V(z) d(x-

whereupon the integro-differential equation (C) would be indentical

with the differential equation (A).

[ 3
From the point of view of the inverse scattering problem we

would have to discover a method of solution which would automatically

impose the condition (D) if we wished to solve the original problem



associated with (A). Instead, what we actually do here is to impose
conditions that gusrantee a unique solution of the inverse problem
associated with (C) but which do not guarantee the form (D) in general,
although the possibility is not excluded that for some given scattering
operators the solution v(x,x') will have the form (D) and hence will

apply to the problem associated with (A).

In section 2 of this article various conventions which are used
- throughout are listed for convenience and are referred to specifically

L]

later on whenever it seems appropriate to do so.

In section 3 an integral transformvtheorem analogous to the
Fourier integral theorem and‘involving arbitrary solutions u(x,k) of
() is presented This theorem reqnires the use of a certain weight
'lfunction w(k k') needed to normalize the particular function u(x,k)
“which appears in each instance of the theorem. We calculate‘v(k k')
'for the case in which u(;,k) is the function satisfying the asymptotic
condition (B). The discussion should be of some interest by itself
~ for other nore usual applications such as the formation of wave packets
in the medium determined by ( C) (or s in particular, by (A)) associated

" with normalized scattered plane waves.

Sectioni(h);deals with,an inverse scattering problem for (C)
wherein conditionsvsnfficient to guarantee uniqueness of the solution
are imposed. It is hoped that the same or & similar formal setup can
be used in the future to attack the inverse scattering problem asso-

ciated directly with (A).



2. Notation

In this section we list a set of conventigps for easy referencé
later on. The notation described here_will be.used consistently
throughout the rest of this article, o | |

a) An underlined léftér éuch'aéiglwill'repreéenf & three-dimensional
vector (xl,xz,x3).t'The séﬁe‘lettef x; ﬁof undé;lihed, will'repfgéegt“'

-+x2' of that vector.

the magnitude / xi +xo 3

2

b) Unless there are explicit limits, an integral will be over the

entire domain of the variable occurring in the differential.' Thquf

ff(x)dx means ff(x)dx:, while ff‘(g_c)d.g_c ;.rr'leans ‘ffff(?cl’#g,%)-%dxz@%.

o] =00 =00 =00 :
Multiple integrals will be designated by the nature of the differehtials
which occur in them, and a single integral sign will always be used.

For example,\jpf(;,x)dgdx is a six-dimensional integréi over the entire
domain of the vectors x and y.

é)fWé Shail be concerned with linear dperators in the form of
.integral operators over a suitﬁble space éf functions. The kernel of
such anjoperatof‘will.bé denotéd by & lower case letter. When we
wish to spéak of the operator in the abstract, the corresponding
capital 1ettef wi1l be used. Thus, Uf means the abstract operator U
_acting on the ﬁbétract linear elementf, and the concrete representer

of U will befu(;_c,;' )E(x' )ax'.
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d) The kernels allowed for integral operators can be distri-
butions as well as smooth functions. Thus, in particular, the

identity operator I is represented by a kernel which is a delta funhction:

Ir = j B(x -x')£(x )ax' = £(x) = 1.

The Laplaclan operator A can be represented by an integral oi)eratof' '
whose kernel is given by Ad(x-x') = A'8(x- x'), wherein tﬁe ‘priméd. -
differén’tial operator is taken with respect ﬁo the primed vé.z"'ivables)

and the unprimed operator with rgspeet to the unprimed. vé;x'iabiég} For ‘

exemple, we have ‘ : -

se=oex) = [ fosa-a| s@iar.

e) We shall use the notation U* for the Hermitian adjoint of U, R
but w¥(x,x') will mean the éanplex con,jugate‘of‘the‘function u(x,x'). -

Hence the following are equivalent:

Ur = fu*(z',z)f(z' Jax' .

f) Instead of functions of x the Fourier transforms of the
functions will sometimes be used to represent the same linear space.
The new functions, the transforms, will depend on vectors k instead of

x and will be indicated by a circumflex. Thus

£=1(x), f=1(k) =(;—21-)§7§ feik'Z £(x)ax.

ex
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In the case of an integral operator kernel we shall also write
- L] '
1372 fu(QS"K') e il—{ 5 d}_{'.
(2x)°/ ,

Because of the identity |

[ik (x-&)
(2,1)3 e

- we have _g"f*

g) The Laplacian operator A which acts on the functions of f(x)

is represented in k-space, the space of the Fourier transforms f(k),

by the multiplicative operator -k (cf. 2 a), that is, by the integral

'i}. operator whose kernel is -k 5(k k )

Thus,

Af(x)

Tf

- Herice e ‘can write.

'r"in‘g-spane.t;Beoéusefof‘the‘relaﬁion."

£(x)5(x) = £(0)8(x)



any operator whose kernel has the form
D= rlk-k') 8- k%)
commutes with the Laplacian A{};Tyétis,
L wehs,
for we ha#et‘;,'

(K02 2y = B K B0 WD),

'3 Eigenfunction

- Solutions u (x k) of the\differential equation
(1)' “Au (k) = Ku f(';&k

> o\ o p.g7.8

will be called eigenfunctions of the OperatOr -A Each solutlon ufg,'3l

*qu (x,k) will be regarded as the kernel of an 1ntegral operator which ._15'“'

is a representer of some abstract operator U .: This integral Operator af'j D

acts on the space of functions f(k)which are transformed by it into o
vfunctionsf(_)‘belonging to the x-representation. Thus,.we shall have a
‘relations of the type . ': Ly e kg

o(x) ='fu (x,k) f(k)dk

A special case of this is‘thetFourier.transform for which

1 =ikex



Similarly, we shall be concerned with operstors U and
corresponding eigenfunctions u(x k) which are solutions of the

integro-differential equation

@) ulm) ¢ v One ke = Kals).

zin“Operator-form_(2).is

L=

:;'.,Here again u(x, is regarded as; the kernel of an integral operator:.7rt'

‘which transforms a function of k ip'o a function of x.. In (2) the',:“5 -
:ig Operator V whose kernel is v(x,x ) may 1n special cases be a multi-

CL fplicative OperatOr, i.e.,. v(x,x ) may have the form - @( 5(x x') 5;,;; g f{;u_d9;5;=:

.;(cf. 2 d) Then (2) w1ll have the usual form of the Schrodinger equation,~:;f“f?“‘"mu

It is well known that the operator -A is’ self adjoint and has

. ajcontinuous spectrum consistingjof zero and all positive real numbersf.u

'. :.When aCting on a SPacé: e. g ,'pof square 1ntegrab1e f'unctions f( ). - We'_‘:ff
"ﬂfishall assume that this is true of -A and in addition of A+ V withouti'”:;”:;‘p-
.’f“worrying about partlcular conditions ‘o the perturbation V necessary.;w‘

'“to guarantee this property or, for that matter, about the precise-

:nature of the space of functions f(x)

we have given 2l operator 1nterpretation of the eigenfunctions
"~‘1of (1 and (2) as . transformations from k space to x space. The more
concrete interpretation is also useful especially in applications, in

P j, which we regard them as providing integral transform theorems analogous
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to the Fourler integral theorem. We can then use them, for example,
to describe the transient response to the system described by (1) or

(2). Then, the Fourier integral theorem provides.

e ey f”dk FIE

:'}where I is the identity The relations (5) mean that U is unitary

Similarly if we define the particular eigenfunction u (x,k)

7“of (2) as the unique* solution of the integral eqpatio'

A 6 o l 1_124}: l ik|x_ ] :.' | ' ;l .'.u." . ' 'I.l B
‘- ‘...:;j( )u (x,k)—W e === lm |35 Y | v(x ,x )u (x ,k)d.x dx ,.

L then we can prove an analogous transform theorem in terms of u (x,k)

The transient response would be given by multiplying a i‘unction £(k):
by et u(x k), where w ck, and integrating over .

The solution of the integral equation (6 is unique because of our
assumptions about the operator -A+V,
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and u:(g,l_c). We can prove: .

M = [y eem,

W = [t eteag.

for the operator U corresponding to u (x,_lg) Thu.,, U is unitary

Similar results hold for the eigenfunction u (x,k) and the
corresponding operator U ) ’where u (x,k) :ls defined as the solution of

e the 1ntegra1 equation

PRLP , : S e :I.kv 1
S e -=-"<r“ﬁi)s peE- )

v(x',x" Yu_ (5" k)dx' dx”.
Ix x'l h S

We sha.ll prove the assertion we have made concerning the eigen- .

. Since we have assumed that the spectra of -A and -A + V are the same

‘l".he self-adjointness of these 0pera£ors will imply that U+ has & right
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~12) s U, = U

a3) L

to define

- 12 -

inverse as well as a left one. Thus, because of (11) we shall have

-The argumentg required to prove a similar theorem 1n terms of U are ,

completely analogous s and we shall have finally

‘,"". I,

ok

| f “+( ls)u+(x,1.< )dx = B(k k'),

f éi(if’k)“;(;' ;5').5-1‘5 :'-‘.,5(3."-r.>s' A kS

Proof of (ll) Before beginning the argument 1t will be useful

k) = [ ek

" We can now.write in pla;cé 6f,(6)'. Lo

Too(Ak) u (xk), F('Tl)-y-‘eikz = f —I-;—-;r v, (' ,k)dx' |

We shall also need the --.‘:'ell-known identity

- 1 eiiklx-_y," | 12-(x-x )
(15) " L T = dp,
b |x-x we-—>0 (2ﬂ3 244e

®
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which is proved in appendix I. The relation (15) has the meaning of

a distribution; i.e., the limit is to be taken after an integration

over the variable x':

We shall also require the identity

TN 1 o1 L L o
(09w "wrTEe | aEie T EE

"?f fwhich follows frdm‘g,simplg:stréightfbrﬁﬁrdlalégbr;ié:ﬁanipu;ati6h.4 “f'

o In addition we7sha11 hééd;_ji o

(x k)dxudx 2 Um - ;2—4:-77"'¢(#'}ki5ax.“'

R L l -1k 3+ik'|x‘z '
,ihl'(l7) %n J[' lgog |

'. . a.nd ...‘ i .- .

e . : l ' 1&' K iklx-xl TR - - T
ww>~+f , wmeq_ w@mm

Ix -X'LH

‘Relatlons(17) shd (18) follow-essily from (15). " Thus, ‘foi example :

g .--1k-x+1k' IK‘X| (x' k'A-).dx:"‘d.x
lm ‘ e o

.,__e.,—):O 4--712; 2., SRS
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 Finally, we shall require the identity

(19) '-": : i:fﬁ*(x:k)h(x,k' )y =fu(X:l§' )‘l’_t(xxk)dx

"}AThis relatlon follows from our assumption that the operator Vis

. Hermitian, 1. e.,v'

,fwe have, 1n fact,

S f v (x,k)\v(x,k' )dx ..ﬁu%-(x,,k‘)vf‘(i,x)g(i,‘x' gz

u( x,k' )v (x,x)ﬁ*(i,l_z)dxdx '%,fu('.%;flt,_','_)\lf*(x';,k_)c_l_z_é.'
To complete the proof of (ll) we apply the integral equation (lh),-

2t using the right side in place of u (x,~) and 1ts complex conjugate in "jfbf.l?“i

".;tf.place of (x, ) -to, form t;ff

: 'fu (K!h)u (5,1_5'.: = 8(3 k' ) '.'j'_'-'..::. . S

o . 1 o
. , . e o ~ ‘l’ (x"k')dﬁ'
(ux)<2sr)3/2 f Ixfac.i AR i

| S %' x- iklx-x .
e . 1. ] . t
- (hn,)_(znj).szeh...f = x'l W'*(L St

*(x' X W (X'Jk' )GX'dx'dx

. f ik'lx-x |- tlxex' |

G -
(b)Y Jx-xllx-x']
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We now consider the last term on the right of (20) and apply
(15) to the functions which are factors of ¥, and \y: in its integrand.

We have

3 poik|xex'| + 1k | x-y' "
2 f 2 V(e KY, (' k' g ay'dg

('h:r)‘2 Iz -x'| l)_c‘- x'|
| oip (x-; )+ig'(2g-x) T
= "HEN ',k')ax'dy'dxd;
€ —>O 6 f(k p2 16) ':12 +<i€) \l’+(?.{. ‘ )4’4.(1 | )d§ X d_XBdQ,
'11225'19.‘ ' _
= V(e kW, (' ,k' )8(p+g)dpdgax  dy’
€ ﬁ)o 21t)3 f(k p 1<—:)(k' +1e) o e IR
o j ) i
= P. QY S NANY 9 ; oo
€ —-)O (2 )3 (k 'P -ie ( v2 2+i€) + A : . R

'12'(3-X) - . D
= -lim- l f \l’*(x' k)‘lf (xl ’k‘l )dBd-.?S'dx"o N
€ =0 (2:r)3 +ie)(k'2 pPae) *OTH it

I we a.pply the identity (16) this expression becomes

{ f m. (2 x") e ',g)ax'a } e k o
X »
Kopiete U

- . ‘ iR‘ (Y".?S') : . : ]
=t f [ v, (a5 aydn} i
. €—)0 (21()3 12 2 { koa_p2+i€ | , |

' If we novi use (17) and (18) it becomes -

- ‘€ "° (2 )3 ‘[ 2.2 21
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o-ikly'-x'] |
~1im 1 f 1 f *(
————— ——— ‘J’ 2-{ 1_{- -' ﬂ! (x' 1_{' )dx'
’e—slo k'2k+2i€ Ut [x'- x'] 2

Aim 1 f 1 f ik'lx -x'| . ( ; . )d . o k)d
;.e,-.>0 112 k2+2:l€ 1# I | ’ | ‘

We now’ substitute from (14) for the bracketed expressions and -

' obtain . AR

k2+216

o am 1
.. € =, Ok,2 _k2+216

[ s T

I ‘_ikx A
e lm f e '
s X :k )dX
o .e 7"0 .2 . (2“)3/2

'2 k2+21e . (Eﬂ

--";'1"1}5“
€20 k' k 421

: ‘.': . L : ik' X' R
+dm. 1 f /2 ’1’+(x ,k)

f (zs' k )w (L A14<)d:_ct

Now by (19) the second and fourth terms in thls express1on cancel

(20) the expression

(2n)

Leach other.. Hence we have finally for the last term on the right aide of

S -ikey' . - '
“im___1: Ly
¢ 5052 fe 372 V(¥ k")’

-k +2ie

+1lim 1

€ 20412 12001

ik'
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“i'define the eigenfunction If.

(21a> m (k' k) ) t‘>(k'-2 k2),

'-_according to the remarks in (2 g)
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If we make use of (17) and (18) we see that the two terms in this
expression cancel the second and third terms on the right of (20),

and the relation (11) which we‘set,out to prove now‘follows. |

We can define more general elgenfunctions of -A.and, corres-f

'pondingly, more 6eneral eigenfunctions of -A-+V can be defined by

means of integral equations similar to (10) For example, we can

"-thof -A The function u (x,k) will be an eigenfunction of -A if we -

,assume that m" (k' k) has the form

we can tben define a corresponding eigenfunction u(x,k) of

' _-A-+V as the solution of the integral equation

(22) . U(X,k) 1”( f—l-x——-m— v(xl ,X" )u(xn k)d.x'dx"- :

CIr wé" i’ép:lace x i)j}"k""ih' ('lo) multiply through by n (k k' )

‘and integrate over k', we see from the uniqueness of the solution I

of (22) and of (10) that
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(23)  ulnk) = [u(akn
Expressed in terms of abstract operators (23) is .
() U o= UM,

: .whereln U is the operator correspondlng to the kernel u(x 5) aﬁd M,

"1s.the'0perato; correspgndlng to,the kernel m+(_;§‘),'

" We wbhld?aiso_liké‘to;dgfine an’ cperstor M. suéh;that

- T R we can do this by showing that the eigenfunction u(x,k aléo satisfies

‘FW".‘4t ﬂil'-;" _an inregral equation I

T -ik[xx[ :
o (26) v u(x.k) ="-,uo_ _,k) f —‘;——x—r V(X',x")u(x",k)dx dx",
" Where ﬁ‘_(g,g):ié éh'qigenfunctidn of'-A giyen'by

(27) u @,k) —2—)-37- f = “m(k',g_)dk' 2
A e -

1 Here;-again; m_(g*;g) must'hévé”the.form"€: '

(272)  m_ (') = u_(k',0)B(K2 1),

We can obtain a relation for m_(k',k) by setting the expression

(26) forvu(g,g) equal to the expression (22). We have then
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(29) " m_(k',k) = m+<k"3)7‘1%:§' f

-19 -

L Jklx-x'|  _-ik|x-x']
f lx-x'| ~ [z -x']

x v(x',x" Ju(x", k)dx'dx"
’ik'

" We now multiply (28) by ———7" and integrate with respect to X.

According to (27) and (23) the result is

i faxlext| tklaerf

(e )3/2 z-xT = Tz-3T( -

X v(xtx" u(x", k)dx ' ax"dx.

It is cieaz_' from (28) aﬁd the prope_rfies’ of the Green's functions

e*lk(x x')

_T;c-—x'_r— that U (x,k) is an elgenfunction of -A Hence, .the

form_‘. (278) of m_(k',k) we have assumed mist be correct.

‘We can prove this- more directly from (29 by making use of (17)

“and (18-) Thus, in place of (2‘9) we have

[

iim _ 1 .l o ik X e-i'}:"z"
7 ‘ - . V(E':k)dé'

m (5':.1.{) +
+ Ko-k'%Hie Kok

(30) m_ (k')

'-ik’
-——-———-———2)2 5 w(x k)ax'

(kv,l_{) ___7-(2,1 =75 e__)OEIef (ka

lI

"ik" [ . ‘ -
=m,(k',k) -Eﬂfﬁ’—-"——i v(x',k)dx'8(k'2 - k),

(2n)3/2
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vhere we have used the identilty

_ 2
X te€

The form (27a) for m_(k',k) follows from (30) and the corresponding

' 'form (2la.) for m L(EE).

If either one. of the operators U or M is known to have an inverse . ..

'-then (214) implies the existence of: the 1nverse of the other. Then

Sl 'frOm (25) the existence of the inverse of M fOllOWS If in (21+)

I is set equal to v, then

L i .‘b'h"ifs",l.c;s"e_'(-j(.))fBecqﬂ95 :

(32) m (k':k) 8(k'- k) 2nif-(—;—)?72— ¥, (5 ,l.s)dx 5(k K)ES

s e 4""_.'I'he Operator s defined by (32) is called the scattering operator (from.,.-l
" the definition employed in quantmn mechanics) s and from what we, have

‘Just observed :lt has the form

(328) 8= a(k',k) = ok ,K)B(K'2- 1)) o -

The forms (2la), (27a) and (32a) imply in each case, _we recall (cf 2, g),"

that the operator commutes with the Laplacian A,
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The relationship between the kernel of S given in (32) and
the asymptotic value of u+(§,§ ), which may be interpreted as the
scattering amplitude for an incident plane wave, can be seen at once

from & consideration of (6) in the limit of large x. We observe that

. XX

i ’?S'?S'l= Ae_ ?zgf&'+ x'?_‘" X '--Tx = X -‘;co-zs'\,‘ 3

- vwher“e. 3{'6 is & unit vector inthe "Hiréétion of .X. . Then. from (6) >

ei_lg_, 12 13/ =o' eikx

| (33) ‘ (Kfls) ~ (2@?‘]?- h#.. f (2103/2 _Y(, ,.x "u, (.x"’.l k)dx'.d}.(fv.‘ L

e .,'I‘he factor Of 1n the- second term on, the right of (33 i_s' the’

Lo ' : 3f2. . :
o : sca’c‘bering a.mplitude ‘.- L—L— t (k ,k) where

' (34 t (k' k)--—f(2ﬂ)37-— r(x ,x ) §3_c{',_15)dac_'dg_c" s

¢ and 1t 1s aséumed that k'=k and k' has the direction of x. Then we

. can write for the kernel s(k',k) of S the relation
(35 s ) - 5(k' “x)- 2xtt (k',k)0(k' 2= x2).

'We have fram (25), (32) and the manner of deriving the relation

for 'S that -

(36) u, = U,
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“and hence that

(37) o s=tlu

‘We have used the fact that U_ is unitary in deriving (37), which in

turn implies that S is unitary:

% _ ek N M ke o
ss* = (U7U,)(U0,)" = U (U,0,)U_= UU_ = L.

"'We can conclude from this that S is unitary because we have assumed

. that U,.end U, have.left and right inverses.

.'Frﬁm (2k) and (25) we have

UM, = UM,

M_ = U*_*U+M+ =85M_,
frdn‘which we get.
- (38) s = M_M_:l .

We can now state an integral transform theorem in terms of an

arbitrary eigenfunction u(x,k) of the operator ~A+V,

‘Given an arbitrary function f£(x) of the type we consider as

representing the abstract linear space (e.g., square integrable functions)
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we can write

(39) st = uanete,
where
(10) o) = [ { [wtex i tormy ax

and the function -
e e e
is an eigenfunctlon of -A-+V This can be guaranteed by requiring '
that w(k, ;{_') have the form s Lo
By (k') = (g 8- k'F),

It will also turn out that the operator W, which we shall refer to ‘a8
the sPectral weight operator, corresponding to w(k k ), is HErmitian

and positive definlte
We can define W abstractly by :f
. . . . ; ‘*-l
() W= M

then from (24) and (25) we obtain

- (13) L Vi
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The fact that W as defined by (42) or (43) is Hermitian and positive

definite is obvious.

The relations (24) and (25) also imply

i
]

(1) W
and - |

¥

(45) . twy

]

I.

- Relations (hh) and (h5) are equivalent to the.transform theorem relationssih
" (39) ana (uo) o s |

From (L2) or (h3) we see that the sPectral Weight operator W
'e_ineeded for the integral transform theorem correSponding to a given
eigenfunction u(x,k) can be determined if we knov the integral equation Aa
.:_of the form (22) which u(x,k) satisfies.‘ We can also obtain the~ |
“‘spectral weight operator W 1n terms of the asymptotic amplitude of T'
u(;,k) as x becomes large The scattering operator S plays a signi-‘

- ficant role in this relationship, and we can therefore obtain a direct

o connection between S and W.

_QOnsider, for e%ample, an eigenfnnction;
(1;53 k) - fu+(291.t i 60 0
defined toihave the'asymttotic.behavior'c:AA
ik-x

u(x,k) ~ e = =

as x becomes large in & "forward" direction, that is, for the polar angle



9of xin 0< O 3. We can write instead of (46), with m]

as the kernel corresponding to M

(7). f u(x,k' )

m .
-+
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Lk

-1
+ 2

(6'k)aK' = u,(x,k).

We now consider the asymptotic form of (47) for large x, using (33)

.has_the form

_ where'35 is the vector

“identity

XA

X.

and (34) and (A1) of Appendix II. Ve bhave, assuming that m (k',k)

In the calculation of (48) we have used the

8(k'2-x2) = 8([k'+ k] [k' -k]) = 5= 8(k' - k).

-1
08) [ sk ~ [ E R e
| | S R Rk
T = J[ Jf Jr_r*-f§75 m+.(g',g)3f sin ©'dk'de'dy’
7 9. 0 o (2x) . '
> . 2n x..
~ —-31575 \/ﬂ d@'¥/ﬁd9';/ﬁdk' k)
- (2n)? "
° . . . O.- (o] (o)
: _ e ' ~ikx
X $-8(k'-k)d(6'-0)8(9" -0) S #5(k'~k)5(11-6-0" )8(ptn=0' )5
ikx ~ikx
_oxi L e -1, e
i (2n)3;2 i (EO’B) x My (kg X ’.
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We also have from (33)

ikx -ikx
e

X

- (49) “+(*’5)'"?Zi%75. ea(e-eo>a<cp-<po)'2;_-+‘8<ﬂ-e-eo)6<cpf—f=r-q>o>

w ‘ ,
Ty 2 : ikx

-(2n !3/ e

o b 't+(1-<o’-l-{)

x .

* By combining (47), (48) and (49) we obtain

w1, . ok ST B
w- (kK k) = 5(6-6 )8(p=-0_)-2mit (k ;k), - -
(s0) Tt O k°sin @ o of AT

. =1 _ v\ 2k _ - +oar b .
oHy (kK = — 8(x- 6 90?6((?._# Po)- .

E *_.kzsin 6

Fifally, from (35), (50) and the identity

s ) = SO0l o)
-k s_iz} G .

- we have
ﬁ'l(ﬁ' k:) = 5(K.- k)~ 2nit (1;‘ k)a(ke;ke") =-s.(k
- ) + —-o’- - ...To _. + o’- o 23
(51)
- 1l
m l( (

4 (Eqk) = Bk, * k) o w7 (kk) = 8(k - K), 5<o<w

That is,-

(2)  me k) = sl kn (Bme) + Bl B0 (6,-5) -



B ga/mfiri,,%

[y

Then from (42) we obtain the kernel corresponding to W in the form

=
w
e
b
It

_OJ

fm G,k ™ (e, k' !

f

[etsre (kkt)dk'n—-eo)n(-gns@ (3 - 60 (e~

+

*(k k n(z-e) (5, —-)+‘6(k k)n(e - ey

g ;-;;, (n(E-e)n(6-3) fs*o_s‘,zs_a.h(’-s -9)1(,-5)s

¥
? .

- Wwhereln we have used the unitary proper.'ty‘ of’ the sc_a,tteri’ng op.erator S.

Al& ‘The inverse problem 4 ‘. T

In the 1nverse problem our goal is to obtain the operator v

(2) R that 1s, the kernel v(x,x ) fram a knowledge of. the scatter:ng

' .. operator S or actua.llv f‘rom a knowledge of some pa.r‘b of S. ‘ I'b w1ll .
'be convenient to rephra.se the problem in a dlfferent form 1n terms of.
' ._ : "the spectral weight operator W. We.can do this by making use of (53)
'. and we observe that w( ,k) corresponding to W requires only pa.rt of S

for 1ts complete specificatlon

In the new form the inverse problem is to find V from a knowledge
of W. For this purpose it will be convenient to rewrite (4l) and (45) ‘

in the form

(54) | | Wt = U
- (55) o v =ul
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If a solution U of (54) and (55) can be found then V will be

given by
(56) V=-UAU +4.

We can see this by_applying -U A Uo to the function

ik-x' :
u(x,x') = fu(z l_{)e—-w—d}_{ = U,

- where here u(;,gf)iis the kernel of the integral operator‘representation

of U on the space of .functions of x. By (55) the result will be

2P '2
. b1

oL (v w1} AF 8 T T |='_2""' S € Y . .
= f.u(z,; ) A.'-_——T(en')3' 5 ax' = -k _fg(;,zs ) —7—(2, 372 dx' ="-k q(;,l_c)....
That-is,.wé.shalllhaVewﬁhe exprgséion"eQuivalent to (56):
T 5
"‘Au (x’k)"’ V(xax )u(x I_S d.x = kK ulx,k) , -
where V(g,gf)‘is the kernel corresponding.to the'operator v givén‘by (56).
(5h and (56) it follows, since A is Hermitlan, that if V
s Hermitia.n, 1e, '
(51 =V,

then
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where we have used the fact that W is Hermitian. Since, according

.to (55), U has an inverse it follows that

(58) . AW = WA,
‘ which meané that the kernel corresponding to W in the k representation
has the form

(59) . . w(g,g'mke; K'2)

as we ha#e assuméd;, Rglatiéhs (58) énd (59) are, in fact, necessary
and sufficient for (57) to héld:. |

Obviously the sb;ution'of.(suj, (55) for U is np£‘unique for
.; givén W. As-we hévé Just observed when W héS'thé form (59), which
we alwéys assﬁme, then any.V_cgrresponding to a solution U will auto-
. maticélly be Hermitian.. In order to guarantee that V.be'tﬁuiy ’
self-adjoint and that the cérrécf scatteripg'ope?ator fe,reproduced .
we mﬁst introduce other conditions. Thé-general qﬁestioﬂ of_fhé,
uniqueness and existence of V under any generai cqﬁdition wﬁich leads 
to the cbrrecf scattering operétof is sii;l~6pen,‘and wéishall.not'ﬂ
attempt. to settlé_it here. Instead wé<éh;il considefxalparticulaf
-condition which_leads.to'a unique V such thét the part ef.the'scattering

operator needed to define W, as in (53), ‘will be reproduced.

The condition we shall prescribe is & restriction or the-form of

the kernel u(x,x'). We write, first,

(60) U=I+XK,
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and then assume that K is represented by a kernel of the form

(61) . K o= q(x,x'nx'-x) .
Then
Culxx') = B(x-x') + alxx' In(x'- x)
and
(62) " (x,k) JEx T (x,x") I -' -
62 u(x,k) = + Jf J[‘Jpq_g,g' - x'sin ©'de'dp'dx’.
LR T a2, B2 a3
. o X o o _ o .
From (62) we}haV¢ formally'
. I o ik
(63) o u(x,k) ~ = .
L EEE T 3R
for large x as'féquired.
Néw frém‘(6l)_we'seé that -
(64) R ESlx) = L En(x i),

We shall proié that the assumption involved in (60), (61) and

(64) leads to the following theorem:®

For any U, U_ of the form given in (60), (61) and satisfying

the equation (54),

*The proof of this theorem was furnished by Professors J. B. Keller
and B. Friedman. :
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we have the relation
(65) : U =1I;

i.e., if U has an inverse the equation (55)

R
o]
will be satisfied automatically.
PROOF': We have
66y - wu_ = uw = UU*
‘ o o

‘since by (42) W is Hermitian. On setting

(67). o U, =I+K ,
where
(68) KO E‘QO(E:?S' )T](x"" x) A"

we have from (66)

‘ S e
(69) K+K°+KKOV—K_ +K°+K°K .
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In terms of q and qo this is

1%
5
~
9
]
®
c;ij
o
~

i
-
I
5
~—~
N—
B
x
\Q
"
s
x
=g
S~
x—
1
N--

Q.(EJE' )T\(x' -x) '*‘qo(?_c.v

* *

Each term on the. left vanishes for x" < x, and each term on the right
vanishes for x > x'. It follows that both sides are zero identiéally.

Thus, we have provéd that

U, =I+K+K +K =1
as desired.
We now observe that if we set

W=20+I,

then equation (54) becomes

K" + Q + K* = K
or

(70) KQ+Q+K=KZ

“In terms of the integral operator kernels we obtain from (70), if we

use the fact that K and K have the form given by (61),

@ (x',xIn(x-x" )+ Q@ (x3x)n(x-x" )+f<10(5’,5" In(x"-x" )a* (2", x)n(x-x" )ax".
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2n n 0

(71) f f IQ(E,zs" Ju(x",x' )x" sin 0"dx"de"de" + w(x,x' )+ a(x,x')=0,x'> x.
o o x

For each fixed x equation (71) is an integral equation for q(x,x')

as a function of x' in the range x' > x. If equation (71) has a well-~

behaved solution for q(x,x') in the range x' > x we can form the kernel

u(x,x') = 8(x - x')+a(x,x" In(x' - x).

We can prove that (71) has a unique solution by making use of
thé positive definite character of the spectral weight operator W. It
follows then from (63) that the solution we have given reproduces the

part:of the scattering‘operator reguired to form the operator W.

We can shov that the solution (assumed to be bounded) q(x,x')
of (71) is unique by a standard argument which goes as follows.

Suppose qi(ﬁ,g') is a second solution of (7l) and that q and q, are

bounded. Then the function

T(xx') = alx,x') - qp(x,x")

satisfies

2n T ®

f f fY(z,lc_" Ju(x",x"' )x" Siﬁ e"dx"de"do" + v(x,x') = 0,x'> x.
(o] X
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Whence

fﬂ(x"' X)Y(Z,Z_(" ){M(E":E' ) +8(§" -x' )]dzn' = 0.
This has the operator form
'w = o.

We multiply (operator multiplication) on the right by I'* and apply

to an arbitrary vector o@:

- e = 0. -

The inner product of ¢ with this is

(@,TW*p) = (I, *p) = O.
Since W is positive definite the vanishing of the quadratic form implies
I'*o = 0.
Since ¢ is arbitrary then
¥

=O,

and hence

a(x,x') = 9 (x,x") »

as required.

Finally, we conclude this section and the article with the remark

that the relation (56) for V reduces to a simple expression in the case



s
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in which V is represented by the kernel v{x,x' ). This expression gives
v(x,x') directly in terms of q(x,x') which is a solution of the integral

equation (71). From (56) we obtain

V= (XK- KA)KO,

or equivalently

v(x,x') = Ala(x,x' In(x'- x)}- A" {g(x,x' )n(x'- x)]
‘ +f[A{Q(J_f,&")ﬂ(x"'x)}](qo(g",g)n(x-x")]da_c"l
-f-A" [a(z,x")n(x"-x)}] (g (x" ,x)n(x~- x")Jax".

If we express the functions and Laplacians on the righﬁ in spherical

| coordinates then because of the fact that the derivative of the 7

function is a ® function we find that v(x,x') is a sum of two terms,

one of which has 9(x'-x) as a factor and the other of which has n(x'-x)

‘as a factor (the terms in &'(x'-x) cancel out). Since V must be

Hermitian we have

V*(K' »X) = v(x,x' )‘:

and thus the coefficient of the term in n(x'-x) must vanish. What

remains is the following expression for v(x,x'):



(72) v(x,x') = ;2—6-(9_(2—-£'-2 % ‘xeq(x,e,q); x,0',9' )}I
X -

where q(x,0,¢; x,0',¢') is obtained from q(x,x') by using spherical
coordinates and setting x'=x. We recall that q(x,x') is the solution
of the integral equation (T1) whose kernel w(x,x') is the representer

of the operator @ = W-1I (cf.(53)).

APPENDIX I

Proof of the identity

4+ J— ' PR Q—
1 e']‘k‘Iz X l 1im 1 ei;E (z-x')
2

- = [ dE .
b Jx- %] €0 (27r)3 VSN p tie

. We have
f J1p: (x- f/f Jip|x-x"[cos © 2utn © apts
(211:)3 +1e 2:r)3 —p tie P ?
-5 000
o S ielxx' | iplx-x']
=T f 5 2 pdp
(en)[x-x']% k™- p“tie
[+ el 1
5 P sin p|x-x'] 1 P sin p|x-x'|
Y f 22 ="7 f 2 2 P
(2n) | x-x'| 5 kK ~p tie (22)"[x-x'] > k™-p *ie
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o

i - x! -ip|x - x'
= 1 f plx-x'y op _f oiplx - l1’ dp
2 . . : . ,
21(2n)"| x-x" (k tie - )(./kgi'ie +p> o (Jkgtie -Qc/kei' ie +;9
-k L tik|x -x'| 1 ik|x-x'|| _ _ *ik|x -x'|
b x-x' hnlx -x']
APPENDIX 2
Proof of the asymptotic relation
ikx
lim dik-x 2 ~ - RN -
(A1) o %sin 0 ~ -21nkB(6 -6 )8(9- 9') =5
-ikx

e

+217k8(7 - 8 - 8" )8(p tn-@') =

We begin with a proof of the relation

SN
+=la

lim iiu,xz *
(A.2) af e =Jre 5(x).

Proof of (A.2):

Consider

-]

o
-1 2 1 1 2
1im azf tiax £(x)d 2f Hox® £(x)ax . lim aafeiiouxf
a — oo QA > —
-c0

-00

© 44t At :1%
=%f at +% | = at|{£(0) = /7 e £(d,
2 2
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where we have used the change of variable

'The proof of (A.l) can be carried out by the method of stationary phase.

We write first

k-x = kx[cos(¢p -9' )sin 6 sin ©' + cos © cos ©'].

Stationary points where derivatives of k+x with respect to © and ¢

vanish are

and

¢ +mxn, O

IA
S 8
AN
2

- mn, =

IN
A
o
2

We consider separately two power series expansions of k.x up to
quadretic terms about each of thnse stationary points in the 8',¢'

. ik-xk2 :
plane. The expression e = =k sin © can be regarded as a sum of two
terms in which the phase k-x of the exponential is replaced by the power
series about each of the stationary points in turn. If this is done

and (A.2) is used we arrive at
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2

P
lim  ik-x 2 lim  ikx -1y, 2 4
e~ zk i =
X S sin € x—eooe ﬂe s/x‘ksineeﬁ\/xksine><

X kesin 6 5(9'-9')5(¢"¢'%

T b1
. iv ——— iy
1im -ikx y 2 L 2 2 . 1 1 + ty
Ve \/'xsine‘/;e stingkslnGS(n-G-G)5(cp—1t-q>)

e
X — o0

1kx g ikx
E— + 21inkB(n- 0 -6 )B(p tn- ') =

= -2inkd(6 -0')8{p -¢')
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