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Foreword

Carteslan tensors have now become the generally
accepted shorthand in modern presentations of the classical
theory of elasticity. They are entirely adequate for this
purpose, and attractively simple, if Cartesian coordinates or
orthogonal curvilinear coordinates are employed. The restriction
to Cartesian tensors becomes awkward, however, whenever general
curvilinear coordinates are more appropriate, in particular in
the theory of thin shells and in the theory of finite deforma-
tions.

The analysis of general tensors in Euclidean space is
the obvious tool for the discussion of fields in terms of general
coordinates, Tensor analysis is now widely used in current
research in the theory of elasticity, and it has also been
employed successfully in several advanced text books. The
treatise by A. E. Green and W. Zerna [1] is a notable and early
example. In splite of the abundance of mathematical text books
on tensor analysis, these authors have deemed it desirable to
include a brief discussion of the basic concepts and theorems
of tensor analysis in their book. The present writer fully
agrees with this view. With few exceptions (in particular the
book by McConnell [2]), the text books on tensor analysis are
more likely to dishearten than to encourage the application of

tensor analysis by physicists, and more in particular by engineers.
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Moreover, most engineering curricula do not (yet) include tensor
analysis in thelr regular courses even at a post-graduate level.
Finally, the few text books on tensor theory at the appropriate
unsophisticated level, still contain far more material than is
actually needed.

The present notes are based on the discussion of
tensors in a graduate course on elastic stability and post-
buckling behaviour, given at Brown University in the academic
year 1961-62. They are intended as an appendix to a projected
book on the same topic. The discerning reader will observe that
we have drawn heavily on McConnell'!'s book, but he will also
notice that we often start our discussion from somewhat different
basic concepts. More in particular, the chapter on surfaces and
shells has been largely influenced by intended applicaticns to
shell theory. The basic tools here are a special coordinate
system in space, related to the surface under discussion, and
consistent use of the fact that the spatial Riemann-Christoffel
tensor vanishes in Euclidean space.

The notes open with a chapter on tensor algebra
dealing with the properties of tensors at one particular point
in space. In chapter 2, tensor analysis, we discuss properties
of tensor fields, in particular the concept of covariant differ-
entlation. The discussion of deformations in chapter 3 aims, of
course, at the application in the theory of elasticity, but it

is of sufficiently general context to include it in this appendix




on tensor analysis A similar discussion of deformations of
surfaces has been omitted in chapter 4, because its application
to the deformation of shells would require approximating
physical assumptions which are out of place in these notes.

The references at the end give a selection of books which the

author has found convenient.




1. TENSOR ALGEBRA

1.1 Geometric and physical guantities.

In tensor analysis we deal with geometric or physical
guantities which are described in any coordinate system in three-

dimensional space by a set of 3p elements, where p(=0,1,2,...)

is called the order of the quantity. A quantlty of order 1 or 2
is sometimes called a simple or double quantity, etc. We shall

denote a quantity by its kernel letter and p indices, which may

each take independently any of the values 1,2,3. We shall

distinguish between upper 1ndices or superscripts and lower

indices or subscripts. Hence we have (p+l) types of quantities
of the order p, accordingly as the number of superscripts varies
from O to p.

By interchanging two superscripts or two subscripts
we may defire a new quantity of the same order and type. If
all elements of the new quantity have the same values as the
corresponding elements of the original quantity, the quantity is
called symmetric with respect to these superscripts or subscripts.
If all elements take opposite values on the interchange of two

superscripts or subscripts, the quantity is called skew-symmetric

with respect to these indlces. For example, a symmetric double

quantity aij and a skew-symmetric double quantity b1J are

characterized by

34 = 234 > in = -biJ . (1.1)

Evidently, a symmetric double system has a 6 independent elements,
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and a skew-symmetric double system has 3 independent elements. A

quantity 1is called completely symmetrlc in all its superscripts

(or subscripts), if it is invariant upon any interchange of super-

sceripts (or subseripts). It is called completely skew-symmetric,

if each interchange results 1n a change of sign. Obviously, the

number of superscripts (or subscripts) cannot exceed 3 in a non-

vanishing completely skew-symmetric system. The two e-systems

are defined as the completely skew-symmetric triple systems with

three superscripts or subscripts with values +1 for the elements

123

e and e,23. Hence we have for the non-vanishing elements of

the e-systems

e123 - e231 - e312 - -el32-= _e213 - -e321 = 9 g
(1.2)
€123 = €231 = €315 T €130 T Cp13 = €301 =1 - ]
Two quantitlies of the same order and type may be added
by adding the corresponding elements, for example
ij 1 i
ckJ = akJ + ka . (1.3)
The sum is evidently a quantity of the same order and type. The

product of two quantities of orders p and q 18 deflned as a

guantity of order (p+q) whose generic element 1s the product of

arbitrary elements in the origlnal quantities, for example

1jmn

®kpar

13 PR

= ak pqr

(1.4)

A contraction of a quantity with both superscripts

and subscripts is obtained by taking a superscript equal to a

subscript and summing over this suffix from 1 to 3, for example




r _ _1 2 3
S = %m1 T @ * am3 (1.5)

We apply the summation convention for a repeated index, if it

appears once as a superscript and once as a subscript.*) A

contraction results in a reduction of the order of the quantity
by two; both the number of superscripts and subscripts are each
reduced by one. The index with respect to which the summation

is taken is called a "dead" or "dummy" index.

The Kronecker delta of order 6 is defined by the

product of two e-systems
ijk _ ijk
b n= e CHN (1.6)
Its elements are obviously zero if elther two superscripts or ‘
two subscripts are equal. The elements of (1.6) are +1 if

i,j,k and m,n,r differ by an even number of permutations, and -1

if 1,j,k and m,n,r differ by an odd permutation. By contraction
we obtain the Kronecker delta of order 4

6;% = b;gﬁ = ei‘jkemnk . (1.7)

Its elements are evidently zero unless 1,j and m,n are the same
palr of different indices. The elements are +1 if i=m, j=n#m,

and -1 if i=n, J=m#n. Finally, we define the Kronecker delta of

*

)There 1s no need to distingulish between superscripts and sub-
scripts in the analysis of Cartesian tenscrs. Only subscripts
are usually employed in the discusslon of such tensors. The
summation convention is then also applled to a repeated sub-
script. In general tensor analysis, however, the summation
convention is meaningful only 1f it is applied to one super-
script and one subscript.
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order 2, which 1s usually called the Kronecker delta without any
further qualification, by a repeated contractlon and a division
by 2

0 if 1#m ,

101,45 _
ot = £ p1d = (1.8)
m o2 M} 3 4p gop .

We note some simple and useful formulae involving the Kronecker

delta's

i_ ijk _ i ijk _ .
4y = 3, dnik = 28, 6ijk =6 ; (1.9)
rst _ srat _ srst _ srst _ .rst _ s rst _ s |
dmt = Otmn = Ontm = Cmtn = ~Ptrm S mt bmn 3 (1.10)
i3 .1 1, _ A
6Ja a- , 6Jbi bJ ; (1.11)
1jen 13 _Ji ij _ _ .
d oAt = a v-at 5mnbiJ =b_-b 3 (1.12)
b;giamnr gtk it kg kg ki Jik
iy (1.13)
6mnI;bijk = PonrtPren P ron ~Pmen Prom Pamr

1.2 Determinants.

The e-systems are convenient in the evaluation of
determinants of the third order. The determlnant a of a mixed
double quantity ag is defined by

Aol o
a = |a§| = ag ag ag (1.14)
a% ag ag |




The formula for the evaluation of this determinant may be written

in the form
, a = eijkaiaéag = emnra;aiag . (1.15)
Equivalent formulae are
ae .. = eijkaiagaﬁ s aetd¥ = emnra;aga? 3 (1.16)
a =~% emnreijka;agag . (1.17)

Similar formulae may be given for the determinant b of a double
guantity with two subscripts brs ard for the determinant ¢ of a

double quantity with two superscripts Crs, viz.

- - ik S .

be . =e Oimbjnb] e kbmibnjbrk 3 (1.18)
e _ im jn Xr _ mi nj rk

ce ey e e eyt © e s (1.19)
_ 1 1% mnr, . _ X im jn kr

b = e s} bimbjnbkr 5 C z eijke o ¢,

(1.20)
The e-systems are also convenient for the evaluation
of the product of two determinants of the third order. Let a

and b denote the determinants of two double mixed quantities

ag and bf. Multiplving beith members in the first formula (1.16)
mon, T o Ny
by bp”qbs (and appiyin

respect to the repeated indices m,n,r), we obtain

of course the summation convention with

0

= Joks T
abepqs eijkamanax_vpbqus . (1 .21)




Introducing the contracted product

aibm c1

mPp = Cp (1.22)

whose determinant is denoted by ¢, we may rewrite (1.21) in the
form

ab = ¢ , (1.23)
which expresses the product rule for determinants.

A similar result is obtalned for the product of the
determinants a and b of a double quantity a™ and a double
quantity brs' Defining a mixed double quantity cg by the con-
tracted product

cg = a b, (1.24)

and denoting the determinant of (1.24) by ¢, we obtain from (1.18)
the identity c=ab.

1.3 Coordinate transformations.

Orthogonal transformations of Cartesian coordinates
are the basis for the definition of Cartesian tensors. Let
x* (1=1,2,3) and vl (1t = 11,2',3') denote the original and
transformed coordinates. The orthogonal transformation and its

inverse transformation are given by

t ! 1 .
xt' = AT et (1.25)
!
xt = al,xt et (1.26)
1
where the constant transformation coefficients Ai = Ai, are

!
glven by the cosines of the angles between the xi- and xi -axes.
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These coefficients and the translation terms in (1.25), (1.26)
satisfy the relations

it i it it it
Ai AJ! = le s Ai Aaj_l = 6J ) 'Ai I'IAgll = H (1-27)
1 1 1 1 .
7% =15 ot =it et = alpt' L (1e8)

If the coordinate systems have the same orlentation, the trans-
formation determinant is +1.

Our formulation of orthogonal transformations differs
from the more conventlonal formulation in two respects. First
we have employed the same kernel letter x for both coordinate
systems. We distinguish between the two systems by attaching a
prime to the 1indices in one system. At the same time we have
written the transformation coefficients as a mixed quantity,
and we have written the index for the coordinates as a superscript.
Obviously, we have to write our transformation coefficients with
one superscript and one subscript, if we wilish to adhere to our
summatlion convention explained in section 1.1. The choice of a
superscript for the coordinates is purely conventional in order
to achleve agreement with current practice in tensor analysis.

General tensors are characterized by their transforma-
tion propertlies for more general transfcrmations from one triple
of coordinates to another triple of ccordinates. We shall

consider the group of continuously differentiable functional

transformations

' = x%' (x%) , (1.29)




where ¢ and a'! run independently from 1 to 3 and from 1!' to 3!',

for which the Jacobian does not vanish

bxg'
- l #0 . (1.30)

The inverse transformation

%0 = x3(x%") (1.31)

then also exlists, and 1lts Jacoblan 1s related to (1.30) by the

formula

ox%

ox'

. bxﬁl
, axF

=1 . (1.32)

We employ again the same kernel letter x for both coordinate
systems, and we distinguish again between them by attaching a
prime to one set of indices. In order to emphasize that our
coordinates are not necessarlly Carteslan, we have used Greek
indices. Latin indices will henceforward always refer to
Cartesian coordinates in the abseiice of an explicit statement to
the contrary.*)

The partlal derivatives of the functional transformation

(1.29) and 1its inverse (1.31) are denoted by

' v e
BJ;‘I = "3‘2;';?=A§: : (1.33)

*)It seems appropriate to mention here already that we shall
adopt a different convention in chapter 4 of this appendix,
which deals with the geometry of surfaces and shells. Latin
indices willl be used in that chapter to refer to the triple
of space coordinates, whereas Greek indices wlll then be
employed to refer to the palr of surface coordinates.
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The transformation law for the differentials of the coordinates
1 ! !
ax® = A% ax® , ax® = A%,dx? (1.34)
is a linear transformation which is formally identical with the

corresponding transformation of coordinate differentials in an

orthogonal transformation. We also have the relations

at.a al
a fpr = g1

These relations and (1.32) are the counterpart of (1.27) for

IB_B
A AZ AR, =87 . (1.35)

orthogonal transformations. The cruclal difference 1s that in

our general functional transformation the derivatives (1.33) are

not constants but functions of the coordinates.

The most important property of a group of transforma-
tione is that the result of two consecutive transformations in
this group 1s again a transformation belonging to the group.
This group property is easlily established by the chain rule of
partial differentiation. Let

= x0) , 2= 0 (x0) (1.36)

denote two consecutive transformations of our group. We have

a" _ axa" a ax(!" axa' _ a gt
o Tas T e et (30
1" "
123 | =1ag,1- 148" #0 , (1.38)

where the product rule for determlnants has also be used.
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It will be convenient in the sequel to restrict our
attention to functional transformations with a positive Jacobian.
No essential loss in generallty 1s lncurred here, because we can
always achleve this result by an additional transformation
2=, 2@ = 2", 13" = 13" with Jacobian -1, 1if cur first

1
transformation x® (x®) would have a negative Jacobian.

1.4 Invariants, vectors and tensors.

An 1invariant or scalar 1s a quantity specified by a

single element which takes the same value in all coordinate

systems. Examples of scalars are the density, the temperature,

an energy density etec.

In a Cartesian coordinate system the coordinate differ-
entials dx1 are the components of a vector dx at a point xJ in

space. Thelr transformation law for orthogonal transformations

is

t 1
it _ Ai dxi , dxi

€s2 1

= alaxt’, (1.39)

which is a speclal case of the more general transformation law
(1.34) for coordinate differentials. We may therefore define

the coordinate differentials in (1.34) as components of the
vector dx in terms of our general coordinates. We generalize
this concept of a vector by the following definition: a quantity

of the first order with a superscript u® at an arbitrary point

x-B of space is a contravariant vector, if 1ts elements or

components transform in the same way as the differentials of the

coordinates
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uw o= Ag u® (1.40)

This definition of a contravariant vector obviously
implies the well-known transformation rules for the components
of a vector in Cartesian coordinates. We have added the
adjective "contravariant" because we shall presently discuss a
second possible generalization of the transformation rule for
Cartesian vector components. We emphasize that the definition
of a contravarlant vector is meaningful only 1f we also specify
the particular point in space where the vector is defined.
Although a physical vector u may be transplanted in Euclidean
space, and the Cartesian components are invariant in this
process, the associated contravariant vectors are not invariant
due to the fact that the transformation coefficients Ag' are
functions of position in space. This space-dependent character
of the concept of a contravariant vector in general coordinates
constitutes a basic complication in the analysis.

If we consider a scalar field, i.e. an invariant o

which is a continuously differentiable function of the coordinates
we may Introduce the quantity of the first order whose elements
are the partial derivatives of this scalar with respect to the
coordinates. We shall denote partial differentiation with

respect to a coordinate x< by a subscript a, preceded by a

comma

%ﬁa =9 - (1.%1)
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The chain rule of partial differentiation provides the transforma-
tion law for the quantity (1.41)
a
=A . 1.42
?a a'¢,a ( )

In Carteslan coordinates these partial derivatives ¢ 1 at any
3

J

point xY of space are the Carteslan components of a vector grad ¢.

Here agalin we may define the partial derivatives of 9 with respect
to the coordinates in a general coordinate system as the compo-
nents of the vector grad ¢ in this general frame of reference.

It appears from (1.42) that these components do not obey the
transformation law for a contravariant vector. We now generalize
the vector concept in a second manner by the following definition:
a quantity of the first order with a subscript vy at an arbitrary

point xB of space 1s a covariant vector, if 1ts elements or

components transform in the same way as the partial derivatives

of a scalar field

Vgt = Ag,v(I . (1.43)

Here agaln our definition implies the transformation

rule for the vector components in Cartesian coordinates. In

fact, in such coordinates there is no difference in behaviour

i
iv
and no reason exists for a distinction between superscripts and

1
between contravariant and covariant vectors because Ai = A

subscripts in Cartesian coordinates. We emphasize here again

the space-dependent character of the concept of a covariant vector

in general coordinates.




The general product of p contravariant vectors and g

covariant vectors is a quantity of order (p+q) with p superscrirts

and g subscripts

ay Gp a (1) (2) (a) CAREEL

G E e e g

Bq bBl"'Bq . (1.44)

The transformation law for this quantity is easily seen to be

t
l---p al a Bl Bqaln--p
1

. § ese d . A
X O e S R

Many important geometric and physical quantities obey
the transformation law (1.45), but it does not necessarily
follow that such quantitlies may be written as a general vector
product. In fact, a guantity of order (p+q) has, in general,
3(p+q) independent elements or components, whereas the general
vector product has no more than 3(p+tq) independent elements.
Hence we are led to consider a more general quantity of order
(p+q) which obeys the transformation law (1.45), and which we

shall call a tensor of contravariant order p and covariant order

gd. Such a tensor is therefeore defined by the transformation law
(1.45). If we wish, we may ncw also call a contravariant vector
a tensor of contravariant order one and covarlant order =zero.

Similarly, a covariant vector is a tensor of contravariant order
zero and covarlant order one. Finally, we may call an invariant

a tensor of order zero.
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Our previous definition »f ilic addition and multiplica-
tion of quantities (addition being limited to quantities cf the
same order and type) may now be applied to tensors. It follows
immediately from (1.45) that the sum of two tensors of equal
contravariant and covariant orders is agaln a tensor of the same
order. Likewise isthe product of two tensors again a tensor,
whose contravariant and covariant orders are the sum of the corre-
sponding orders of the factors. It also follows from (1.45) that
the contraction of a tensor with respect to any pair of super-
script and subscript results in a tensor whose contravariant and
covariant orders are each reduced by one. The contracted product
of a contravariant vector u® and a covariant vector v‘3 is in

particular an invariant

ua'va,= u“va , (1.46)

which is called the scalar product of the vectors u® and Vﬁ c

An invariant property of tensors 1s their symmetry or

skew-symmetry with respect to a palr of superscripts or subscripts.

We prove this result for a contravariant tensor of order two by

means of the transformation law (1.45)

talBl + tB|a' _ AG'AB'taB + AB'Aa'tBa _
= a B - B a

Ag'Ag'(t“B + tPYy, (1.47)

If an invariant is a function of a tensor with con-
tinuous partial derivatives with respect to the components of
this tensor, the quantity formed by these partial derivatives

is again a tensor. For example, if F(taB) is a function of the
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double covariant tensor taB’ 1ts partlial derivatives constitute
a double contravariant tensor. This results follows agaln from

the chain rule of partial differentiation

ot
oF _ oF af  _ aot,B!OF . 1.48

The quotient law of tensors may be expressed in differ-

ent forms. A first version may be stated for a general product.
If the general product of two quantlities 1s a tensor, and if one
of the factors is a non-vanishing tensor, then the other factor

is also a tensor. This theorem is again an immediate consequence
of the transformation law for tensors. The most important version
of the quotient law for a cqntracted product is the following
theorem. If the contracted product of a quantity with p super-
scripts and q subscripts with p arbitrary covariant vectors and

q arbitrary contravariant vectors is an invariant, then this
quantity is a tensor of contravarlant order p and covariant

order q. In other words, a necessary and sufficient condition

Uq eeall
for the tensor character of a quantity tBl Bp 1s that contracted
l.n' q
product
Gy oeean. (1) (p) B
tBl b, U, eee U,V L vBq = a (1.49)
Bi---Bq 1 p (1) (q)
(1) (p) By Bq
1s invariant for arbitrary vectors uy ,..., U4y , V ",..., V 7.
1 p (1) (a)

The proof of this theorem 1s easily obtained from the more general
theorem: 1if the contracted product of a quantity of order m with

an arbitrary contravariant or covariant vector 18 a tensor (of
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order (m-1)), then th: quantity of order m is also a tensor.

The proof of this theorem is again an immedlate consequence of
the transformation law (1.45). Repeated application of the
general theorem yields the theorem expressed by (1.49). The
result (1.49) is sometimes taken as a starting-point for the
definition of a tensor, from which the transformation law (1.45)
is then a consequence.

It is easily verified that the Kronecker delta's
introduced in section 1.1, are tensors. Indeed, we have for the
sixth-order delta
A% AP AT AN pRTAVIRMY
o By A uw v aPy
ac AP ave  aMab'avViehv o

o BTy afy A opov
SEAREE SN AR S

e c 1.50
o'Bly (1.50)
By contractlion we may establish the tensor character of the other
Kronecker delta's. It should be noted that the e-systems are

not tensors. For these quantities we have the transformation
laws
a 48 v - P
Aa,AﬁlAY'eaBY Cq gty lAp,l , (1.51)

Ag'Ag'AY'eGBY _ ea'B'Y‘ |Ap'| .

¥ b (1.52)

Quantities of thils type, where the Jacobian of the transformation
enters explicitly in the transformation rule, are often called

pseudo-tensors, relative tensors, weighted tensors or tensor
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densities. We shall avold the use of these quantities, as far as

‘possible, and we do not need to discuss them in detail.

1.5 The metric tensor and related quantities.

The metric tensor plays an important role in tensor
analysis. It may be introduced in a variety of manners. For
our purpose 1t 1s convenlent to start from Cartesian coordinates
in our Euclldean space. As we have seen, the Carteslan components
of any physical vector u satisfy both transformation laws for
contravariant and covariant vectors. Hence we may write u1=ui
in Cartesian coordinates, but this relationship is not preserved

in arbltrary coordinates. It is therefore more convenlent to

write
u = giJuj 5 ol = gi'ju.j s (1.53)
where
0O 1if 1#] . 0 if 1#j
gi,j = p) g J = . (1-54)
1 1if i=] 1 if i=]

In this notation we obtain the free index in the relations (1.53)
at the same location in both members.*)

It 1s immediately verified that the quantities (1.54%)
behave as symmetric covariant and contravarliant double tensors

under orthogonal transformations, and they are called the

*) In the discussion of Cartesian tensors the quantities (1.54%)
are often called unit tensors and denoted as Kronecker delta's.
In general tensor analysis this practice might lead to mis-
understandings because the properties (1.54) are not preserved
in general coordinates. For this reason it 1s more convenient
to introduce a separate kernel letter for the quantitles gij

i3
g Y.
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Cartesian metric tensors. They satisfy the ldentitles

gy 87" = 8] . (1.55)

Introducing general coordinates x%, we may regard the

contravariant vector

W = Agui (1.56)
and the covarliant vector
i
ug = Ay (1.57)

at the same arbitrary point in space as equivalent representations
of the same physical vector u. Thils equivalence 1s also implied
by our notation, which employs the same kernel letter for the
contravariant vector and the covariant vector. The vector charac-
ter of (1.56) and (1.57) is of course an immediate consequence

of the group property of our coordinate transformations

1 13 ' g 1 !
= AY ut = Ag Ajus = Ag o, (1.58)
and similar relations for the transformation of (1.57). We
also note the inverse relations

i_ i@ _ &
w o= Ajut, u; = Aju . (1.59)

Combining (1.53), (1.56), (1.57) and (1.59), we obtain relations

between the contravariant vector u® and the covariant vector uB

in the form

W& = AiAﬁgiJuB s (1.60)

L AéAggiJulB . (1.61)
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We now define the (symmetric) covariant metric tensor

by
&y = AaAggij s (1.62)

and the (symmetric) contravariant metric tensor by

g® = A"‘AﬁgiJ . (1.63)

The tensor character of these quantities is of course agaln a
consequence of the group property of the coordinate transforma-
tions. The tensor character of the Kronecker delta's entails

that (1.55) may be generalized to

gepe Y = by . (1.64)

The determinants of the metric tensors are positive. For the

covariant metric tenscr we have

lg gl = 14 A§g13| = IA;lgigiJI = IAoill2 >0, (1.65)
and a similar proof holds for the contravariant metric tensor.
Equations (1.64) may therefore also be used to define the contra-
variant metric tensor if the covariant metric tensor 1s already
avallable, and vice versa.
The relationship between the contravariant and covariant
vectors u® and uB in (1.60) and (1.61) is now written in terms of

the metric tensors
u® = aluB ;) Uy = gaBuB . (1.66)

The processes involved in (1.66) are often called the railsing

and lowering of indices. The same process may also be employed
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to raise or lower an index in any tensor. The new tensor
obtained in this process 1s called an associated tensor of the
original tensor. Ralsing and lowering of indices 1s always per-
formed by means of the metric tensors, and we shall express the
relationship by retalning the same kernel letter for all assocla-
ted tensors.*) It 1s necessary to indicate in some way which
index 1s ralsed or lowered. For example, the tensors

BYd _ L .vd BYS _ B .5
gapt taY and gaYt t° . (1.67)

are distinct unless the original tensor tBYb is symmetric with
respect to the superscripts B and y. The dots in appropriate
places In the mixed tensors indicate uniquely which index in
the contravariant tensor has been lowered.

It is easily verified that a contracted precduct
remains invariant if we raise the dummy index in one factor and

lower it in the other factor. For example, we have

afy = gYoap = ¢0B g-od
t Sxpy g t..bsqu t--bskp (1.68)

The scalar product was orliginally defined for a contravarlant

vector and a covariant vector. We may extend this concept to a
palr of contravariant vectors or a pair of covariant vectors.

This contracted product is gilven by any of the equivalent formulae

k"
)An exception is conventionally made for the metric tensor
itself by the use of the Kronecker delta in the right-hand
member of (1.64) instead of the kernel letter g.
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uy = u v o= bguav = gaBuavB = gasuavB . (1.69)
This equivalence 1s of course an immediate consequence of the
fact that the contravariant vector and the covariant vector are
equivalent representations of the same physical vector.

Two vectors are orthogonal if thelr scalar prcduct

vanishes. In terms of contravariant vectors ua)vB or covariant

vectors ua’VB orthogonality is therefore expressed by

g v = 0, gaBuavB =0 . (1.70)

If we take coordinate differentials along the coordinate lines

1l and 2, we have

ax® = ax',0,0; ax® = 0, &x2,0 , (1.71)
1 1 2 2

and the condition of orthogonallity between these two contra-

variant vectors reduces to 8ip = O. Hence we have for orthogonal

curvilinear coordinates the relation

= A
8y 0, ifa#p . (1.72)
The square of a vector is given by the invarlant
uu=u .

o = ogu P = g P = Puuy L (173)

In particular we have the basic formula for the square of a line

element ds, defined by the coordinate differentials ax®

(a8)? = gogaxiaxP . (1.7%)

The cosine of the angle (u,v) between two vectors u

and v may be given in terms of the scalar product. We have the

formula
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a. B
g utv
cos(u,v) = g

(u-u)2(v.v)? (sx)\u"ux)%(swvl*vv)%

. (1.75)

We observed at the end of the previous sectlon that
the e-systems are no tensors. We may easily obtain tensors

from these systems, however, by multiplying or dividing by\/é.
Introducing the quantities

& = e VE saBY = easY/VE , (1.76)
we may prove their tensor character by means of (1.51), (1.52)

and the formula for the transformation of the determinant of

the metric tensor
. 2 2 2 2
= - i _ a i _ o
g' = lgalBll = IAail = IAGI IAGI = lAa!l g . (1.77)

*
Taking square roots, and applying (1.51), we obtain indeed )

& W8 4
£a|BtY| AG'AB'AY'GGBY ’ (1.78)

alngl at,B! y! GBY

£ = AS AP AY 7T 1.79)
a Bp Ay (1.79
The use of the same kernel letter for these so-called e-tensors

1s justified by the relations

whpo o afy o gaxgﬂkgweu

EGBY = 8augpx8Yp€ s (1.80)

A
which relations are easily verified by means of formula (1.18)
for determinants. Some further useful formulae involving the

te-tensors are

¥
) OQur restriction to coordinate transformations which preserve
the orientation 1is essential here.
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% = -

SCCB‘YE)O\,LL g EB)\EY}L SBP'EYK s (1 .81)

2P M 8y, = EPhaM-ghigt (1.82)
BAgy = :

eaBTexku gFheT = 28, (o8

"

BTN gog - 2gTX (1.84)

A verification of these formulae may again be left to the reader.
The e-tensor is convenient in the definition of the

vector product or cross product w of two vectors u and v. In an

apnropriate generalization of the definition of the Cartesian

components of the vector product we write

dﬁYquY , wd= gaBYhﬁvY . (1.85)

The vector product is orthogonal to both factors. Its sense is
such that the vectors u;v,w, in this order, show the same orienta-
tion as the axes 1,2,3 of a Cartesian coordinate system. The
magnitude of w is the area of the parallelogram spanned by u

and v, as 1is easily confirmed by calculation

huuxvu =

= » A =
(gBngp gBung)UBu vYvi

(w-u) (v.v)-(u-v)? = (u-u)(v-v)sin®(u,v) . (1.86)

ax = glx% Byy
WeWw W w = € urvie

a

The surface area dS of the parallelogram, spanned by two infini-

tesimal vectors dx%,dx%, is given by
1 2

n ds = eaBYngng 5 (1.87)
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where na is the covariant unit vector of the normal to the sur-

face element dS.

The triple product of three vectors u,v,w, taken in

this order, is defined by the invariant

ayB.Y = OBy
SGBYu vPy € uavaY . (1.88)

Its magnitude is the volume of the parallelepiped spanned by the
three vectors, and it is positive 1f the three vectors u,v,w
show the same orientation as the axes 1,2,3 of a Cartesian
coordinate system. In particular, we have for the volume of an

infinitesimal parallelepiped spanned by coordinate differentials

ax® = dxl

,0,0; ax® = 0,dx°,0; ax% = 0,0,dx>
1 2

3

av = /& dxtaxodxS . (1.89)
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2. TENSOR ANALYSIS

2.1 Covariant differzsntiation of vectors.

The partial derivatives of a scalar field constitute
a covariant vector field. We have indeed based our definition
of a covariant vector on the transformation law (1.42) for the
partlial derivative of a scalar field.

The behaviour of the partial derivatives of a vector
field is less simple. We shall denote partial differentiation
with respect to a coordinate x® by an additional subscript «a,
preceded by a comma. If we apply a transformation to coordinates

t

% we may derive the followling transformation laws for the

partlal derivative of a contravarlant vector and a covariant

vector

, 2. a!l
g = G0 g0 = 5 = af, St e TRy
(2.1)
2 a
= (A% _ 0%k . ,a B
ua',B' - (Aa,ua)’ﬁ| = g;ETs;ET u, 1\(1,.1\‘13,1,10:’B . (2.2)

The terms with the second derivatives of the coordinate trans-
formation and its inverse preclude a tensor character of the
quantities constituted by the partial derivatives. They are
absent only in linear transformations. In particular, if we
restrict our attention to Cartesian cocrdinate systems, whose
orthogonal transformations are a sub-group of linear transforma-
tions, the partial derivatives of the components of a vector

field are the components of a Cartesian tensor.




The absence of a tensor character in the partial
derivatives of a vector field in general coordinates is a serious
complication. It i1s therefore convenient to introduce a modified

concept of differentiation and derivatives. We define the co-

variant derivative of a contravariant or covariant vector field

as the mixed double tensor or covariant double tensor which
reduces to the partial derivatives in a Cartesian coordinate
system. Denoting covariant differentiation with respect to x©
by an additional subscript o preceded by a vertical line, our

definition of covariant derivatives is thus expressed by

W = A%adyt ul. o= alaBel

B itgt, 0 Y5 T fafgtlp (2.3)
4
Uglp = AQAB 1,50 %,5° A ayB Ju alp’ (2.4)

We now identify the primed coordinate system in (2.1)
with a Cartesian system, and we obtain from (2.3) an expression

for the covariant derivative

u* + Ai K ® ]

axuax)\ J sA (2.5)

Applying (1.35), and introducing the so-called Christoffel symbols

of the second kind

a _ ,a 3%t

= — 2.6
3 1 3x*axP : )

we obtain a formula for the covariant derivative of a contra-

variant vector

= G
uCt B ’B+PBu . (2-7)




27

Likewise, 1f we identify the unprimed coordinate

system in (2.2) with a Cartesian system, we obtain (omitting the

primes)

_ 3%t
uq’B—WUi"'ua'B 0 (2.8)

Expressing uy in general covariant components, we have therefore

U.GIB = ua’B - P:;Bu){, ) (2'9)

where the same Christoffel symbols (2.6) reappear.

2.2 The Christoffel symbols.

Since the partial derivatives of a contravariant or
covariant vector do not constitute a tensor it follows immedilately
from (2.7) or (2.9) that the Christoffel symbols do not constitute
a tensor elther. Theilr transformation law involves the second
derivatives of the coordinate transformation. It is easily

verified from (2.6) that their transformation law is actually

2. %
R _ oan'aa aB x x' __9%x
Tt B! A% AG,AB,I‘QB + A% rall (2.10)

It is also easily verified that (2.6) 18 invariant under linear

transformations of the Cartesian coordinates xi. Finally, we

note that PﬁB is symmetric in the subscripts ¢ and B .
The Christoffel symbols are closely connected with the

metric tensor. Differentiating (1.62) partially with respect to

A

X", we have

3 3%t
8ap,n T Biglha T BN T B m) : (2.11)

X
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From (2.6) we obtain

2.1
9Tx” _ _ i

S;ES;E NLGB 3 (2.12)

and substituting from (2.12) into (2.11), we find

= 1, % Jaln® y o %
Bapon = Exg (AT i + AT = 8L Th * & B

%
uPak

By interchanging a and A, and by interchanging B and N\ we obtain

similar results for ng a and B B Introducing the Christoffel
3 3

symbols of the first kind, in which the superscript % is lowered

to the first subscript

= _ 7
we obtain from (2.13)
-1 N
Phap = 2l8\a,p*8p,a Bap, 0] (2.15)
t =1 _u\ _
Pas - 2 g [gha,B+gKB,a gaB,k] O (2'16)

The Christoffel symbols of the first kind are again no tensors,
but they are symmetric 1n the last pair of subscripts.

All Christoffel symbols vanish in a Cartesian coordinate
system, and even in any rectilinear coordinate system (cf.(2.6)).
It should be noted that the Christoffel symbols in a general
cocrdinate system can therefore not be specified arbitrarily as
functions of the coocrdinates. Thelir specification is subject to
the restriction that a transformation to Cartesian coordinates
is possible, in which the Christoffel symbols vanish. In other

words, the equations (2.12), rewritten in the explicit form
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éexi_ o ax™
3x%dxP aB Jx*

(2.17)

must be integrable in order to obtain Cartesian coordinates xi.
Since the Christoffel symbols may be expressed in terms of the
metric tensor, it follows also that the metric tensor cannot be
specified arbitrarily as a function of the general coordinates.
The restrictions on the specification of the metric tensor may
also be stated in the equivalent form that a transformation of
coordinates shall be possible in such a way that the metric
tensor is specified by the constants (1.54) in the new (Cartesian)
coordinates.*)

We shall derive the necessary and sufficient conditions
to be imposed on the Christoffel symbols in order that Cartesian
coordinatesmay exist in a simply-connected domaln in space. We
start from an arbitrary fixed point A in space with cocrdinates

i
(x“)A, and we assume a set of quantities (%56) in such a way

x A
that 3l 3yl
X xv
—_—) (—3x) = c 2.18
This purpose may be achleved in many ways because g = IgaBl > 0.

¥

We now take a smooth curve x%(t) from A to an arbitrary point B

with coordinates (xa)B. We may integrate (2.17) along this curve,

*
)The existence of Cartesian coordinates 1s a basic character-
istic of Euclidean space. Several generalizations of the
concept of space are considered 1n higher geometry. The
interested reader is referred to the literature [ e.g. 3-6].




30

and we obtaln the equations

i i B i A
(bxa = (Bxa) +J l—\% bxx dxt dt (2.19)
X*' B ax* A Ya of 3x* at
Equations (2.19) form a complete set of Volterra integral equa-
i
tions for the quantities 255 along the curve x*(t), and these
b'e
S
equations have a unique solution. The result for (éé—) depends

dx~ B
of course, in general, on the path along which the integration

from A to B is performed. The result is independent of the path,
if and only if the differentials

% Ox ,
ke axP (2.20)

are total differentials, 1.e. if

a i aX) 2 (2.21)
af yx* dxP Oy ax

Substituting from (2.17) into (2.21), we reduce the necessary

and sufficlent conditions for a path-independent result of the

integration in (2.19) to

i * h Pk

- =0 . (2.22)
ays P aB,Y xg af kY
Once the quantities S—— have been obtained, the second
X
i

integration to coordinates X~ poses no difficulty because the
symmetry of the Christoffel symbols in (2.17) already implies that
the integrability conditions for the second integration are
satisfied. The metric tensor in the coordinate system xi is
necessarily constant because the Christoffel symbols vanish in

these coordinates. Its components are gij since they have these
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values at point A. This completes the proof that (2.22) supplies
the necessary and sufficlent conditions for the existence of
Cartesian coordinates in a simply-connected domain. We shall

see later that the left-hand member of (2.22) is a tensor, the
so-called Riemann-Christoffel tensor. The vanishing of the
Riemann-Christoffel tensor 18 thus a necessary and sufficient

*
condition in order that space be Euclidean. )

2.3 Covariant differentiation of tensors.

The partial derivatives of the components of a tensor
field have evidently no tensor character under general coordinate
transformations. Here again, we may define a modified derivative,
to be called the covarilant derivative, by a tensor whose compo-
nents reduce to the partial derlivatives in Cartesian coordinates.
It is slightly more convenient, however, to start from the
quotient law. For the sake of brevity we shall consider a
tensor field of the fourth order with two contravariant and two

covariant indices. The contracted product

aB -
e uav‘aw}‘y*L a (2.23)
is a scalar fleld for arbitrary vector flelds ua,vB,wA,y“.

Differentiating (2.23) partially with respect to xP,

we obtain a covariant vector field

*

) A direct proof of the tensor character of the left-hand
member of (2.22) may of course already be given here by
investigating the transformation law of this quantity, but
the required analysis is laborious.
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! A af At
tx',puuvaw y“ + tkpua,pvﬁw N4

afl A a A
+ txpuavB’pw W+ txﬁuavﬁw’pyp +

+ 9P Agh = 2.24
Ve VBY y’p a ( )

s p
We now express the partial derivatives of the arbitrary vectors

in terms of the corresponding covariant derivatlves. We collect
all terms which contain all four vectors as factors. The result

of our rewriting (2.24%) is

(IB + tKB a + an .B - +0B% _ GB % 7}\-~]J: N
[tKP’P Mlxp © Tl tnﬁpxp txxrpp]uavﬁ“ g
+ 0P WA N | N

(2.25)
The second line in this equation is a contracted product cf

vectors and tensors with one free index in the subscript p .
Hence it represents a covariant vector. The first line is then
also a covariant vector. Since the four vector factors are
arbitrary, it follows that the quantity between brackets must

be a tensor of contravariant order two and covariant order three.

It is called the covariant derivative of our tensor field

apl _ LoB o % B ,ax _ % .0 _ % .af
t'/\p. P t)\p,,p + Fupt)\p‘ + P%pt)\p. P)\ptnp. P}Lptkn . (2.26)

The structure of the covariant derivative of an arbi-
trary tensor with respect to xP will now be clear from this
example. In addition to the partial derivative of the components,
we have terms for each superscript o of the type Fip multiplied
by the tensor component in which the superscript a has been

replaced by %, and terms for each subscript A of the type -Fx
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multiplied by the tensor component in which the subscript A has
been replaced by x% .

Since the covariant derivatlves obviously reduce to
the partial derivatives in Cartesian coordinates, it follows
immedlately that the ordinary rules for partial differentiation

of a sum or a product are preserved in covariant differentiation

of a sum or a product of tensors.

2.4 Some general theorems.

A theorem of fundamental importance is Ricci's lemma

that the covariant derivative of the metric tensor vanishes
identically. It 1s an immediate consequence of the fact that
the metric tensor components are constants in a Cartesian frame
of reference. The same argument applies to the e-tensor.

Hence we may always treat the metric tensor, the e-tensor and
the Kronecker delta's as constants for the purpose of covariant
differentiation,

From the fact that the covariant derivative of the
g-tensor vanishes we may obtain a useful formula for the con-
tracted Christoffel symbol of the second kind. Taking A=<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>