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Foreword 

Cartesian tensors have now become the generally 

accepted shorthand in modern presentations of the classical 

theory of elasticity. They are entirely adequate for this 

purpose, and attractively simple, if Cartesian coordinates or 

orthogonal curvilinear coordinates are employed. The restriction 

to Cartesian tensors becomes awkward, however, whenever general 

curvilinear coordinates are more appropriate, in particular in 

the theory of thin shells and in the theory of finite deforma- 

tions . 

The analysis of general tensors in Euclidean space is 

the obvious tool for the discussion of fields in terms of general 

coordinates. Tensor analysis is now widely used in current 

research in the theory of elasticity, and it has also been 

employed successfully in several advanced text books. The 

treatise by A. E. Green and W. Zerna [l] is a notable and early 

example. In spite of the abundance of mathematical text books 

on tensor analysis, these authors have deemed it desirable to 

include a brief discussion of the basic concepts and theorems 

of tensor analysis in their book. The present writer fully 

agrees with this view. With few exceptions (in particular the 

book by McConnell [2]), the text books on tensor analysis are 

more likely to dishearten than to encourage the application of 

tensor analysis by physicists, and more in particular by engineers 
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Moreover, most engineering curricula do not (yet) include tensor 

analysis in their regular courses even at a post-graduate level. 

Finally, the few text books on tensor theory at the appropriate 

unsophisticated level, still contain far more material than is 

actually needed. 

The present notes are based on the discussion of 

tensors in a graduate course on elastic stability and post- 

buckling behaviour, given at Brown University in the academic 

year 196I-62. They are intended as an appendix to a projected 

book on the same topic. The discerning reader will observe that 

we have drawn heavily on McConnell's book, but he will also 

notice that we often start our discussion from somewhat different 

basic concepts. More in particular, the chapter on surfaces and 

shells has been largely influenced by intended applications to 

shell theory. The basic tools here are a special coordinate 

system in space, related to the surface under discussion, and 

consistent use of the fact that the spatial Riemann-Christoffel 

tensor vanishes in Euclidean space. 

The notes open with a chapter on tensor algebra 

dealing with the properties of tensors at one particular point 

in space. In chapter 2, tensor analysis, we discuss properties 

of tensor fields, in particular the concept of covariant differ- 

entiation. The discussion of deformations in chapter 3 aims, of 

course, at the application in the theory of elasticity, but it 

is of sufficiently general context to include it in this appendix 



. 
on tensor analysis.  A similar discussion of deformations of 

surfaces has been emitted in chapter k,  because its application 

to the deformation of shells would require approximating 

physical assumptions which are out of place in these notes. 

The references at the end give a selection of books which the 

author has found convenient. 



1.  TENSOR ALGEBRA 

1.1 Geometric and physical quantities. 

In tensor analysis we deal with geometric or physical 

quantities which are described in any coordinate system in three- 

dimensional space by a set of 3P elements, where p(=0,l,2,...) 

is called the order of the quantity. A quantity of order 1 or 2 

is sometimes called a simple or double quantity, etc. We shall 

denote a quantity by its kernel letter and p indices, which may 

each take independently any of the values 1,2,3. We shall 

distinguish between upper indices or superscripts and lower 

indices or subscripts. Hence we have (p+l) types of quantities 

of the order p, accordingly as the number of superscripts varies 

from 0 to p. 

By interchanging two superscripts or two subscripts 

we may define a new quantity of the same order and type. If 

all elements of the new quantity have the same values as the 

corresponding elements of the original quantity, the quantity is 

called symmetric with respect to these superscripts or subscripts. 

If all elements take opposite values on the interchange of two 

superscripts or subscripts, the quantity is called skew-symmetric 

with respect to these indices. For example, a symmetric double 

quantity a., and a skew-symmetric double quantity b^ are 

characterized by 

aji ■ aij • bji - -bij • &-1) 

Evidently, a symmetric double system has a 6 independent elements, 



and a skew-symmetric double system has 3 independent elements. A 

quantity is called completely symmetric in all its superscripts 

(or subscripts), if it is invariant upon any interchange of super- 

scripts (or subscripts) . It is called completely skew-symmetric, 

if each interchange results in a change of sign. Obviously, the 

number of superscripts (or subscripts) cannot exceed 3 in a non- 

vanishing completely skew-symmetric system. The two e-systems 

are defined as the completely skew-symmetric triple systems with 

three superscripts or subscripts with values +1 for the elements 

e   and enoQ. Hence we have for the non-vanishing elements of 

the e-systems 

e123 . e231 = e312 = _e132 _ _e213 = _e321 = x 

e123 " e231 " e312 n "e132 "  "e213 " ~e321 " 1 
(1.2) 

Two quantities of the same order and type may be added 

by adding the corresponding elements, for example 

ckj = 4J + bkJ • fr-s) 
The sum is evidently a quantity of the same order and type. The 

product of two quantities of orders p and q is defined as a 

quantity of order (p+q) whose generic element is the product of 

arbitrary elements in the original quantities, for example 

A contraction of a quantity with both superscripts 

and subscripts is obtained by taking a superscript equal to a 

subscript and summing over this suffix from 1 to 3* for example 
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ar = a , + a2^ + a^ (1.5) mr   ml   m2   m3 ^ ;' 

We apply the summation convention for a repeated index, if it 
*) appears once as a superscript and once as a subscript. ' A 

contraction results in a reduction of the order of the quantity 

by two; both the number of superscripts and subscripts are each 

reduced by one. The index  with respect to which the summation 

is taken is called a "dead" or "dummy" index. 

The Kronecker delta of order 6 is defined by the 

product of two e-systems 

&i^ = eijk ( 6) 
mnr      mnr s 

Its elements are obviously zero if either two superscripts or 

two subscripts are equal. The elements of (1.6) are +1 if 

i,j,k and m,n,r differ by an even number of permutations, and -1 

if i,j,k and m,n,r differ by an odd permutation. By contraction 

we obtain the Kronecker delta of order 4 

mn   mnk  e  emnk * KX'(J 

Its elements are evidently zero unless I,j  and m,n are the same 

pair of different indices. The elements are +1 if i=m, j=n^m, 

and -1 if i=n, j=m^n. Finally, we define the Kronecker delta of 

in  
'There is no need to distinguish between superscripts and sub- 
scripts in the analysis of Cartesian tensors. Only subscripts 
are usually employed in the discussion of such tensors. The 
summation convention is then also applied to a repeated sub- 
script. In general tensor analysis, however^ the summation 
convention is meaningful only if it is applied to one super- 
script and one subscript. 



order 2, which is usually called the Kronecker delta without any- 

further qualification, by a repeated contraction and a division 

by 2 

>i _ 1 6iJ _ ° 
lf ^m ' 

m  2 mj  1 lf 1=m 
(1.8) 

We note some simple and useful formulae involving the Kronecker 

deltafs 

. i ö -   *ijk _ 0.i   .ijk .. c  . 
6i " 3 >    6mjk - 26m ' 6ijk - 6 ' 

krst m *rst ._ .rst _    *,z*st .     xrs^ ~  _&rst « &rs 

mnt tmn 

.y. «i, 
'ntm mtn tnm rant mn * 

6ija-n = aU.aJi 6ijb      = b    -b       ; 
mn ' mn ij        mn    nm * 

6ijkanmr =    ijk+aJki+akij_aikJ_alcJi_aJilc 
mnr * 

ö1^, „, = b  +b  +b  -b  -b  -b mnr ijk   mnr nrm rran mrn rnm nmr 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

1.2 Determinants. 

The e-systems are convenient in the evaluation of 

determinants of the third order. The determinant a of a mixed 

double quantity a^ is defined by 

a = a. 

4 4 4 
4 4 •! 

4 4 a3 a3 

(1.14) 



The formula for the evaluation of this determinant may be written 

in the form 

a ' eijkala2a3  e  amanar ' (1'15' 

Equivalent formulae are 

ae   = e4 41 aVa
k , ae1^ = emnraiaJak ;   (1.16) mnr   ijkmn r * m n r '   ^   y 

1 mnr   aiaJak /n 17\ a  5 e  eijkamanar ' u'17; 

Similar formulae may be given for the determinant b of a double 

quantity with two subscripts b„0 and for the determinant c of a r s 
rs double quantity with two superscripts c , viz. 

cei?nP " ei31c
cimcJnckr = eijkcmlcnJcrk 5     d-W) 

.   1 ijk mnr,  .  -    A _ 1 Ä  Ä   im jn kr b = o- e  c  °imbjnbkr ' c = 5 eijkemnrc c c  • 
(1.20) 

The e-systems are also convenient for the evaluation 

of the product of two determinants of the third order. Let a 

and b denote the determinants of two double mixed quantities 

a and br.    Multiplying both members in the first formula (1.16) s     s 
by bfb'^b^ (and applying of course the summation convention with 

respect to the repeated indices m,n,r), we obtain 

afcepqs   "   VlWK   • (1-21) 



Introducing the contracted product 

Ä = cn > t1-22) m p   p *   ' 

whose determinant is denoted by c,  we may rewrite (l.2l) in the 

form 

ab = c , (1.23) 

which expresses the product rule for determinants• 

A similar result is obtained for the product of the 
rs determinants a and b of a double quantity a  and a double 

quantity b„e. Defining a mixed double quantity c^ by the con- rs s 
tracted product 

cf = arVQ > (1.2*) 's  a wts > 

and denoting the determinant of (1.2*0 by c,  we obtain from (1.18) 

the identity c=ab, 

1.3 Coordinate transformations. 

Orthogonal transformations of Cartesian coordinates 

are the basis for the definition of Cartesian tensors. Let 

x1 (i=l,2,3) and x1 ? (i» = l1^1^1) denote the original and 

transformed coordinates. The orthogonal transformation and its 

inverse transformation are given by 
i *   if i i' . 

x1 = A^ x-Vb1 , (1.25) 

x1 = A^x^+b1 , (1.26) 

where the constant transformation coefficients A. ■ A., are 
i      i' given by the cosines of the angles between the x - and x -axes. 



These coefficients and the translation terms in (1.25), (1.26) 

satisfy the relations 

Al'Aj' " by '  Ai'Ai> = 6i ' lAi'l-lAj.l ■ 1 >  C1-2^) 

IAJ'I
2
 =1 J b1' = -AJV , b^-A^.b1' .    (1.28) 

If the coordinate systems have the same orientation, the trans- 

formation determinant is +1, 

Our formulation of orthogonal transformations differs 

from the more conventional formulation in two respects. First 

we have employed the same kernel letter x for both coordinate 

systems. We distinguish between the two systems by attaching a 

prime to the indices in one system. At the same time we have 

written the transformation coefficients as a mixed quantity, 

and we have written the Index for the coordinates as a superscript 

Obviously, we have to write our transformation coefficients with 

one superscript and one subscript, if we wish to adhere to our 

summation convention explained in section 1.1. The choice of a 

superscript for the coordinates is purely conventional in order 

to achieve agreement with current practice in tensor analysis. 

General tensors are characterized by their transforma- 

tion properties for more general transformations from one triple 

of coordinates to another triple of coordinates. We shall 

consider the group of continuously dlfferentlable functional 

transformations 
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where a and a1 run independently from 1 to 3 and from l1 to 3'j 

for which the Jacobian does not vanish 

*■»' 
äxa 

^0 . (1.30) 

The inverse transformation 

xa . xa(xa') (1-31) 

then also exists, and its Jacobian is related to (1.30) by the 

formula 

oxß* ax° 
ÖX«' äxß 

- 1 . (1.32) 

We employ again the same kernel letter x for both coordinate 

systems, and we distinguish again between them by attaching a 

prime to one set of indices. In order to emphasize that our 

coordinates are not necessarily Cartesian, we have used Greek 

indices. Latin indices will henceforward always refer to 

Cartesian coordinates in the absence of an explicit statement to 

the contrary. ' 

The partial derivatives of the functional transformation 

(1.29) and its inverse (l.3l) are denoted by 

rtrx  ' 
oxa 

^T=Aa 

dxa a« • (1.33) 

1 It seems appropriate to mention here already that we shall 
adopt a different convention in chapter 4 of this appendix, 
which deals with the geometry of surfaces and shells. Latin 
indices will be used in that chapter to refer to the triple 
of space coordinates, whereas Greek indices will then be 
employed to refer to the pair of surface coordinates. 



The transformation lav; for the differentials of the coordinates 

dx00' = A«fdxa , dxa - Aafdx
al (1.3^) 

is a linear transformation which is formally identical with the 

corresponding transformation of coordinate differentials in an 

orthogonal transformation. We also have the relations 

AalAa = 5al   Aa V = &ß fl ^) 

These relations and (1.32) are the counterpart of (1.27) for 

orthogonal transformations. The crucial difference is that in 

our general functional transformation the derivatives (1.33) are 

not constants but functions of the coordinates. 

The most important property of a group of transforma- 

tions is that the result of two consecutive transformations in 

this group is again a transformation belonging to the group. 

This group property is easily established by the chain rule of 

partial differentiation. Let 

x?' = xa'(xa) , x0" = xa"(xat) (1.36) 

denote two consecutive transformations of our group. We have 

£".*£. *£*£.*;>;•. (1.37) 

us"i -IAS"I-U;'I /O , (i.38) 

where the product rule for determinants has also be used. 
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It will be convenient in the sequel to restrict our 

attention to functional transformations with a positive Jacobian. 

No essential loss in generality is incurred here, because we can 

always achieve this result by an additional transformation 
•in    -jt  pM   pt   V   V 

x  ■ -x , x  = x , yr    - yr    with Jacobian -1, if our first 

transformation x0 (xa) would have a negative Jacobian. 

1.4 Invariants, vectors and tensors. 

An invariant or scalar is a quantity specified by a 

single element which takes the same value in all coordinate 

systems. Examples of scalars are the density, the temperature, 

an energy density etc. 

In a Cartesian coordinate system the coordinate differ- 

entials dx are the components of a vector dx at a point x^ in 

space. Their transformation law for orthogonal transformations 

is 

dx1' - A^dx1 , dx1 - A^dx1' ,       (1.39) 

which is a special case of the more general transformation law 

(1.3*0 for coordinate differentials. We may therefore define 

the coordinate differentials in (1.3*0 as components of the 

vector dx in terms of our general coordinates. We generalize 

this concept of a vector by the following definition: a quantity 

of the first order with a superscript ua at an arbitrary point 

xP of space is a contravariant vector, if its elements or 

components transform in the same way as the differentials of the 

coordinates 
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,a' _ Aa 
f a ua = A« ua (1.40) 

This definition of a contravariant vector obviously 

implies the well-known transformation rules for the components 

of a vector in Cartesian coordinates. We have added the 

adjective "contravariant" because we shall presently discuss a 

second possible generalization of the transformation rule for 

Cartesian vector components. We emphasize that the definition 

of a contravariant vector is meaningful only if we also specify 

the particular point in space where the vector is defined. 

Although a physical vector u may be transplanted in Euclidean 

space, and the Cartesian components are invariant in this 

process, the associated contravariant vectors are not invariant 

a ' due to the fact that the transformation coefficients A" are 
ct 

functions of position in space. This space-dependent character 

of the concept of a contravariant vector in general coordinates 

constitutes a basic complication in the analysis. 

If we consider a scalar field, i.e. an invariant (p 

which is a continuously differentiable function of the coordinates, 

we may introduce the quantity of the first order whose elements 

are the partial derivatives of this scalar with respect to the 

coordinates. We shall denote partial differentiation with 

respect to a coordinate xa by a subscript a, preceded by a 

comma 

&r«9   • (l.*U 
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The chain rule of partial differentiation provides the transforma- 

tion law for the quantity (l.4l) 

9  , = A«9 n  . (1.42) 

In Cartesian coordinates these partial derivatives 9 . at any 

point xJ of space are the Cartesian components of a vector grad 9. 

Here again we may define the partial derivatives of 9 with respect 

to the coordinates in a general coordinate system as the compo- 

nents of the vector grad 9 in this general frame of reference. 

It appears from (1.42) that these components do not obey the 

transformation law for a contravariant vector. We now generalize 

the vector concept in a second manner by the following definition: 

a quantity of the first order with a subscript va at an arbitrary 

point xß of space is a covariant vector,  if its elements or 

components transform in the same way as the partial derivatives 

of a scalar field 

va, =A>a . (1.43) 

Here again our definition implies the transformation 

rule for the vector components in Cartesian coordinates. In 

fact, in such coordinates there is no difference in behaviour 

if   i between contravariant and covariant vectors because A. = A f, 

and no reason exists for a distinction between superscripts and 

subscripts in Cartesian coordinates. We emphasize here again 

the space-dependent character of the concept of a covariant vector 

in general coordinates. 



13 

The general product of p contravariant vectors and q 

covariant vectors is a quantity of order (p-i-q) with p superscripts 

and q subscripts 

Oh a2   aD(l) (2)   (q)    ar-.a 
u 1/u 

d  .. u p vR v  .. v  = t1      R
p .      (1.44) 

(1) (2)    (p)  Pi ß2    ßq   ßl---ßq 

The transformation law for this quantity is easily seen to be 

t<-\^l A°p/l    ,ßqt
al-"ap      (1,5) 

ß'...ß'   «i ••• «pV ••• VV-.ß  •   {1A5) 
1   q ^1      q 1   q 

Many important geometric and physical quantities obey 

the transformation law (1.45)., but it does not necessarily 

follow that such quantities may be written as a general vector 

product. In fact, a quantity of order (p+q) has, in general, 

3  q independent elements or components, whereas the general 

vector product has no more than 3(p+q) independent elements. 

Hence we are led to consider a more general quantity of order 

(p+q) which obeys the transformation law (1.45), and which we 

shall call a tensor of contravariant order p and covariant order 

q. Such a tensor is therefore defined by the transformation law 

(1.45). If we wish, we may new also call a contravariant vector 

a tensor of contravariant order one and covariant order zero. 

Similarly, a covariant vector is a tensor of contravariant order 

zero and covariant order one. Finally, we may call an invariant 

a tensor of order zero. 



Our previous definition of the addition and multiplica- 

tion of quantities (addition being limited to quantities of the 

same order and type) may now be applied to tensors. It follows 

immediately from (1.^5) that the sum of two tensors of equal 

contravariant and covariant orders is again a tensor of the same 

order. Likewise isthe product of two tensors again a tensor, 

whose contravariant and covariant orders are the sum of the corre- 

sponding orders of the factors. It also follows from (1.45) that 

the contraction of a tensor with respect to any pair of super- 

script and subscript results in a tensor whose contravariant and 

covariant orders are each reduced by one. The contracted product 

of a contravariant vector ua and a covariant vector vQ is in 

particular an invariant 

ua'va, = u°v0 , (1.46) 

which is called the scalar product of the vectors ua and Vo . 

An invariant property of tensors is their symmetry or 

skew-symmetry with respect to a pair of superscripts or subscripts. 

We prove this result for a contravariant tensor of order two by 

means of the transformation law (1.^5) 

.      ta«p- +tß«a« _ Aa'Apyxß + AgVtß« « 
- aß -    ß    a 

= A"'AJT(taß±th. (1.^7) 
If an invariant is a function of a tensor with con- 

tinuous partial derivatives with respect to the components of 

this tensor, the quantity formed by these partial derivatives 

is again a tensor. For example, if F(tao) is a function of the 
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double covariant tensor tao, Its partial derivatives constitute 

a double contravariant tensor. This results follows again from 

the chain rule of partial differentiation 

^-^*w~A°Aß ^ ■      (1-*8) 

The quotient law of tensors may be expressed in differ- 

ent forms. A first version may be stated for a general product. 

If the general product of two quantities is a tensor, and if one 

of the factors is a non-vanishing tensor, then the other factor 

is also a tensor. This theorem is again an immediate consequence 

of the transformation law for tensors. The most important version 

of the quotient law for a contracted product is the following 

theorem. If the contracted product of a quantity with p super- 

scripts and q subscripts with p arbitrary covariant vectors and 

q arbitrary contravariant vectors is an invariant, then this 

quantity is a tensor of contravariant order p and covariant 

order q. In other words, a necessary and sufficient condition 
cu .. .cc 

for the tensor character of a quantity tn   oP is that contracted 
!1" *pq 

product 

01...CL,  (1)     (P)     ßl      ßn ,  ,  x 
ta p • u ... u   v x... vq - a       (1.49) 
ßl—ßq   al    ap (1)   (q) 

(i)    (P)    ßa    ßQ 
is invariant for arbitrary vectors ua ,..., ua , v , ..., v . 

1      P  (1)     (q) 

The proof of this theorem is easily obtained from the more general 

theorem: if the contracted product of a quantity of order m with 

an arbitrary contravariant or covariant vector i8 a tensor (of 
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order (m-l)), then thj quantity of order m is also a tensor. 

The proof of this theorem is again an immediate consequence of 

the transformation law (1.45). Repeated application of the 

general theorem yields the theorem expressed by (l.^9). The 

result (1.^9) is sometimes taken as a starting-point for the 

definition of a tensor, from which the transformation law (1.^5) 

is then a consequence. 

It is easily verified that the Kronecker delta's 

introduced in section 1.1, are tensors. Indeed, we have for the 

sixth-order delta 

AVßTAYfAX>V!5^v = 
a    p    Y    *•    V*    v    aßY 

= Aa,Aß|AY1e   A^W'e^v m 
a ß Y 

aßY X P    v 

-e lftl , UM .eX,^vl |A*'| = 6X;^v; . (1.50) 
a p Y   P ' ö    a'p'Y1 

By contraction we may establish the tensor character of the other 

Kronecker delta's. It should be noted that the e-systems are 

not tensors. For these quantities we have the transformation 

laws 

Aa'Aß,AY,e«ßY=ea'ß'Y« ' AP'' ' (1'5l) 

*S,4,*J,.°*r - e°'eV Up .        (1.52) 

Quantities of this type, where the Jacobian of the transformation 

enters explicitly in the transformation rule, are often called 

pseudo-tensors, relative tensors, weighted tensors or tensor 
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densities. We shall avoid the use of these quantities, as far as 

possible, and we do not need to discuss them in detail. 

1»5 The metric tensor and related quantities. 

The metric tensor plays an important role in tensor 

analysis. It may be introduced in a variety of manners. For 

our purpose it is convenient to start from Cartesian coordinates 

in our Euclidean space. As we have seen, the Cartesian components 

of any physical vector u satisfy both transformation laws for 

contravariant and covariant vectors. Hence we may write u «u. 

in Cartesian coordinates, but this relationship is not preserved 

in arbitrary coordinates. It is therefore more convenient to 

write 

ui = giju >    u = s ui ' (1.53) 

where 

0 if i/j 0 if i^J 

g±j " >      glj - •      (1.54) 
1 if i=J 1 if i=j 

In this notation we obtain the free index in the relations (1.53) 
*) at the same location in both members. ' 

It is immediately verified that the quantities (1.5*0 

behave as symmetric covariant and contravariant double tensors 

under orthogonal transformations, and they are called the 

# \    '   "  .... - -  
' In the discussion of Cartesian tensors the quantities (1.5*0 
are often called unit tensors and denoted as Kronecker deltafs, 
In general tensor analysis this practice might lead to mis- 
understandings because the properties (1.5*0 are not preserved 
in general coordinates. For this reason it is more convenient 
to introduce a separate kernel letter for the quantities g. . 
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Cartesian metric tensors. They satisfy the identities 

gijg
Jh - 6$ . (1.55) 

Introducing general coordinates xa, we may regard the 

contravariant vector 

ua = A^u1 (1.56) 

and the covariant vector 

ua = A*u± (1.57) 

at the same arbitrary point in space as equivalent representations 

of the same physical vector u. This equivalence is also implied 

by our notation, which employs the same kernel letter for the 

contravariant vector and the covariant vector. The vector charac- 

ter of (1.56) and (1.57) Is of course an immediate consequence 

of the group property of our coordinate transformations 

uo* = A^'u
1 = A«'Ay = A«V  ,        (1.58) 

and similar relations for the transformation of (I.57). We 

also note the inverse relations 

u1 = A*ua , u±  = A^ua  . (1.59) 

Combining (1.53), (1.56), (1.57) and (1.59). we obtain relations 

between the contravariant vector ua and the covariant vector Uß 

in the form 

ua = A^g^up  , (1.60) 
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We now define the (symmetric) covarlant metric tensor 

by 

and the (symmetric) contravariant metric tensor by 

g«ß = A«A§g^ . (1.63) 

The tensor character of these quantities is of course again a 

consequence of the group property of the coordinate transforma- 

tions. The tensor character of the Kronecker delta's entails 

that (1.55) may be generalized to 

6aßgßY=^.. (1.64) 

The determinants of the metric tensors are positive. For the 

covariant metric tensor we have 

lsaß> =lA«Aßgij' =|Aa|2|gi.l' =lAil2>0'    C1.6M 

and a similar proof holds for the contravariant metric tensor. 

Equations (1.64) may therefore also be used to define the contra- 

variant metric tensor if the covariant metric tensor is already 

available, and vice versa. 

The relationship between the contravariant and covariant 

vectors ua and uD in (1.60) and (l.6l) is now written in terms of 
P 

the metric tensors 

ua = g*PuB , ua - gaßu
ß . (1.66) Aß '  ucc ~ *aßl 

The processes involved in (1.66) are often called the raising 

and lowering of indices. The same process may also be employed 
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to raise or lower an index in any tensor. The new tensor 

obtained in this process is called an associated tensor of the 

original tensor. Raising and lowering of indices is always per- 

formed by means of the metric tensors, and we shall express the 

relationship by retaining the same kernel letter for all associa- 

ted tensors. ' It is necessary to indicate in some way which 

index is raised or lowered. For example, the tensors 

S„ß
tßY6=taY6 and S tP*-tß-6       (1.67) 

are distinct -unless the original tensor t'J^ is symmetric with 

respect to the superscripts ß and y* ^e dots in appropriate 

places in the mixed tensors indicate uniquely which index in 

the contravariant tensor has been lowered. 

It is easily verified that a contracted product 

remains invariant if we raise the dummy index in one factor and 

lower it in the other factor. For example, we have 

t«ßYs   =, gY&t<iß s,  = t°P B-*        (1.68) 

The scalar product was originally defined for a contravariant 

vector and a covariant vector. We may extend this concept to a 

pair of contravariant vectors or a pair of covariant vectors. 

This contracted product is given by any of the equivalent formulae 

*T  
'An exception is conventionally made for the metric tensor 
itself by the use of the Kronecker delta in the right-hand 
member of (1.64) instead of the kernel letter g. 
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u.v = uav
a = 6«uavP - Scrßu

avP = gaPuaVp .   (1.69) 

This equivalence is of course an immediate consequence of the 

fact that the contr&variant vector and the covariant vector are 

equivalent representations of the same physical vector. 

Two vectors are orthogonal if their scalar product 

vanishes. In terms of contravariant vectors u^vß or covariant 

vectors u^vo orthogonality is therefore expressed by 

gaßu
avß = 0 ,  gaßuavß - 0 . (1.70) 

If we take coordinate differentials along the coordinate lines 

1 and 2,  we have 

dxa = dx1J0,0j dxa - 0, dx2,0 , (l.7l) 
11       2      2 

and the condition of orthogonality between these two contra- 

variant vectors reduces to g12 
= °« Hence we have for orthogonal 

curvilinear coordinates the relation 

gaß = 0 ,  If o/P . (1.72) 

The square of a vector is given by the invariant 

«•« = uau« - 6jVß = gaßu°uß = e«\u?    .    (1.73) 

In particular we have the basic formula for the square of a line 

element ds, defined by the coordinate differentials dxa 

(ds)2 = gaßdx
adxß . (1.74) 

The cosine of the angle (u,v) between two vectors u 

and v may be given in terms of the scalar product. We have the 

formula 
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cos(u,v) =  1 r -  gp r i x   • (1.75) 
(u.u)?(v.v)2  (gxXu^)*(g vv^v

v)* 

We observed at the end of the previous section that 

the e-systems are no tensors. We may easily obtain tensors 

from these systems, however, by multiplying or dividing by \/g. 

Introducing the quantities 

s Q = e Q /g ,    e
fflßY= e«ßY/^ t (1.76) 

we may prove their tensor character by means of (l.5l), (1.52) 

and the formula for the transformation of the determinant of 

the metric tensor 

S' - lea,p,| = |A^,|2 = |A«,| V|2 = |A«,|2S . (1.77) 

/       \ *) Taking square roots^ and applying (I.5I), we obtain indeed ' 

VPV =Aa«Aß'A?'eaßY' 
(l-78) 

.«**•-iJ^'ijV**. (l.79) 

The use of the same kernel letter for these so-called e-tensors 

is justified by the relations 

eaßY " Sa^xVX» >     ^ =  Sa*SßV*\X[I .   (1.80) 

which relations are easily verified by means of formula (l.l8) 

for determinants. Some further useful formulae involving the 

e-tensors are 

*r Our restriction to coordinate transformations which preserve 
the orientation is essential here. 
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eaßY
e*\u e°:{ = SßXS

Y|i-
gß^YX    • 

eaßYexX,x = gßXgYIa.gßligYX    j 
ax 

e  Q  e ,     gß^gYH = 2g 
aßy x\p. ax 

eaßYexX, gßxg^ . 2g an 

(1.81) 

(1.82) 

(1.83) 

(1.8*) 

A verification of these formulae may again be left to the reader. 

The e-tensor is convenient in the definition of the 

vector product or cross product w of two vectors u and v. In an 

appropriate generalization of the definition of the Cartesian 

components of the vector product we write 

« e^uPvY , w3=e
aßYußvv .    (1.8g) w„ 

The vector product is orthogonal to both factors. Its sense is 

such that the vectors u^v^W; in this order, show the same orienta- 

tion as the axes 1*2,3 of a Cartesian coordinate system. The 

magnitude of w is the area of the parallelogram spanned by u 

and v, as is easily confirmed by calculation 

ww = gaHw w = gax8 0 uPvYe urvV'  = 

= VS^~VWuPuXvYvl1 = 

= Üi«u) (z*z)"(.H*z) = (u\u)(z*z)sin (jü^z) • (1.86) 

The surface area dS of the parallelogram, spanned by two infini- 

tesimal vectors dxa,dxa., is given by 
1  2 

ndS - e Q dxßdxY , 
a     aßYl 2 

(1.87) 



24 

where ri is the covariant unit vector of the normal to the sur- 

face element dS. 

The triple product of three vectors u,v,w, taken in 

this order, is defined by the invariant 

s  u<*vßwY = eaßYu v w  . (1.88) 
ccßr a ß Y 

Its magnitude is the volume of the parallelepiped spanned by the 

three vectors, and it is positive if the three vectors u,v,w 

show the same orientation as the axes 1,2,3 of a Cartesian 

coordinate system. In particular, we have for the volume of an 

infinitesimal parallelepiped spanned by coordinate differentials 

dxa = dx-^OjO; dxa = 0,dx2,O; dxa = 0,0,dx3 

12 3 

dv = \/i  dx1dx2dx3 . (1.89) 
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2.  TENSOR ANALYSIS 

2.1 Covarlant differentiation of vectors. 

The partial derivatives of a scalar field constitute 

a covariant vector field. We have indeed based our definition 

of a covariant vector on the transformation law (1.42) for the 

partial derivative of a scalar field. 

The behaviour of the partial derivatives of a vector 

field is less simple. We shall denote partial differentiation 

with respect to a coordinate xa by an additional subscript cc, 

preceded by a comma. If we apply a transformation to coordinates 

ct! x   we may derive the following transformation laws for the 

partial derivative of a contruvariant vector and a covariant 

vector 

uaf    m  (Aa»  <x\ .  (^'as    Aß    . Aß    d2xa'    ua + A<x'   ß    a U,ß'       lAa U J,ß'       Ua u >,p
Aß«  - V ^a^p u    + Aa Aß.u,ß » 

(2.1) 

v.r(A^)
JrÄFu«TÄ>P«\P • (2-2) 

The terms with the second derivatives of the coordinate trans- 

formation and its inverse preclude a tensor character of the 

quantities constituted by the partial derivatives. They are 

absent only in linear transformations. In particular, if we 

restrict our attention to Cartesian coordinate systems, whose 

orthogonal transformations are a sub-group of linear transforma- 

tions, the partial derivatives of the components of a vector 

field are the components of a Cartesian tensor. 
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The absence of a tensor character in the partial 

derivatives of a vector field in general coordinates is a serious 

complication. It is therefore convenient to introduce a modified 

concept of differentiation and derivatives. We define the co- 

variant derivative of a contravariant or covariant vector field 

as the mixed double tensor or covariant double tensor which 

reduces to the partial derivatives in a Cartesian coordinate 

system. Denoting covariant differentiation with respect to xa 

by an additional subscript a preceded by a vertical line, our 

definition of covariant derivatives is thus expressed by 

ua =  A^u1    u1  = AiA^uaL • (2 1) 

ua|ß = AaA(k>J 'UisJ 
= A?AJUa|ß- (2*4) 

We now identify the primed coordinate system in (2.1) 

with a Cartesian system, and we obtain from (2.3) an expression 

for the covariant derivative 

ua = A?AJ[A^ -i-S-T- uH + A*AV\ ] (2.5) 
ß J* ox*dxX 

Applying (1.35)»  and introducing the so-called Christoffel symbols 

of the second kind 

r° = A? -ÄL , (2.6) 
*P   1 ox*axß 

we obtain a formula for the covariant derivative of a contra- 

variant vector 
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Likewise, if we identify the unprimed coordinate 

system in (2.2) with a Cartesian system, we obtain (omitting the 

primes) 

Expressing u. in general covariant components3  we have therefore 

ua|8 = ua,ß " raßux ' (2>9) 

where the same Christoffel symbols (2.6) reappear. 

2.2 The Christoffel symbols. 

Since the partial derivatives of a contravariant or 

covariant vector do not constitute a tensor it follows immediately 

from (2.7) or (2.9) that the Christoffel symbols do not constitute 

a tensor either. Their transformation law involves the second 

derivatives of the coordinate transformation. It is easily 

verified from (2.6) that their transformation law is actually 

ill 2 x 
r*1  = A)(IAa Aß PH + <{**      d x /2 10\ Vß«   * VAß»raß+ * x a'^ß1  "       {2'10) 

It is also easily verified that (2.6) is invariant under linear 

transformations of the Cartesian coordinates x . Finally, we 

note that V** is symmetric in the subscripts a and ß . 

The Christoffel symbols are closely connected with the 

metric tensor. Differentiating (1.62) partially with respect to 

x , we have 

g    = g  (A
1
 V . + A{    

h  x .) .        (2.11) 



Prom (2.6) we obtain 

28 

-S=AxVaß  • (2'12) 
and substituting from (2.12) into (2.1l), we find 

*ßA " «U(*i4ßX + ApAKx»  * <WßX + gßA  " (2'13) 

By interchanging a and X, and by interchanging ß and X we obtain 

similar results for g. ß  and g . R. Introducing the Christoffel 

symbols of the first kind^ in which the superscript x is lowered 

to the first subscript 

we obtain from (2.13) 

rXoß = l[S\a,ß+SXß,a-SaßjX
] • (2-15) 

raß      = t 8XK[gXa,ß+^ß,a"8aßA]   ' (2'l6) 

The Christoffel symbols of the first kind are again no tensors, 

but they are symmetric in the last pair of subscripts. 

All Christoffel symbols vanish in a Cartesian coordinate 

system, and even in any rectilinear coordinate system (cf.(2.6)). 

It should be noted that the Christoffel symbols in a general 

coordinate system can therefore not be specified arbitrarily as 

functions of the coordinates. Their specification is subject to 

the restriction that a transformation to Cartesian coordinates 

is possible, in which the Christoffel symbols vanish. In other 

words, the equations (2.12), rewritten in the explicit form 



29 

aV     rj* ax1 

axaaxi3 "   °P ax* 
r:P.^ (2.17) 

must be integrable in order to obtain Cartesian coordinates x . 

Since the Christoffel symbols may be expressed in terms of the 

metric tensor, it follows also that the metric tensor cannot be 

specified arbitrarily as a function of the general coordinates. 

The restrictions on the specification of the metric tensor may 

also be stated in the equivalent form that a transformation of 

coordinates shall be possible in such a way that the metric 

tensor is specified by the constants (1.54) in the new (Cartesian) 

coordinates. ' 

We shall derive the necessary and sufficient conditions 

to be imposed on the Christoffel symbols in order that Cartesian 

coordinatesmay exist in a simply-connected domain in space. We 

start from an arbitrary fixed point A in space with coordinates 

(xa)«, and we assume a set of quantities (——)  in such a way 
Ä dxa A 

that .    .j 

This purpose may be achieved in many ways because g = Ig J > 0. 

We now take a smooth curve xa(t) from A to an arbitrary point B 

with coordinates (xa)g. We may integrate (2.17) along this curve, 

in  
'The existence of Cartesian coordinates is a basic character- 
istic of Euclidean space. Several generalizations of the 
concept of space are considered in higher geometry. The 
interested reader is referred to the literature [ e,g. 3-6]. 



30 

and we obtain the equations 

(g£)  . Ad)  + JV ß*4--at (2.19) 
dxa B   dxa A  JA «P dx* dt 

Equations (2.19) form a complete set of Volterra Integral equa- 

tions for the quantities —— along the curve xa(t), and these 
öx . 

equations have a unique solution. The result for (22L.)  depends 
bxa  B 

of course, in general, on the path along which the integration 

from A to B is performed. The result is independent of the path, 

if and only if the differentials 

rcßKdxß <2-20) a
P dx* 

are total differentials, i.e. if 

Substituting from (2.17) into (2.21), we reduce the necessary 

and sufficient conditions for a path-independent result of the 

integration in (2.19) to 

r* Q - r*  + rx r* - r\r* = o .     (2.22) 
ay,fi        aß^y   ay ^ß    aß ^Y 

Once the quantities —^~ have been obtained, the second 
, dx 

integration to coordinates x poses no difficulty because the 

symmetry of the Christoffel symbols in (2.17) already implies that 

the integrability conditions for the second integration are 

satisfied. The metric tensor in the coordinate system x1 is 

necessarily constant because the Christoffel symbols vanish in 

these coordinates. Its components are g. . since they have these 
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values at point A. This completes the proof that (2.22) supplies 

the necessary and sufficient conditions for the existence of 

Cartesian coordinates in a simply-connected domain. We shall 

see later that the left-hand member of (2.22) is a tensor, the 

so-called Riemann-Christoffel tensor. The vanishing of the 

Riemann-Christoffel tensor is thus a necessary and sufficient 

*) condition in order that space be Euclidean. ' 

2.3 Covariant differentiation of tensors. 

The partial derivatives of the components of a tensor 

field have evidently no tensor character under general coordinate 

transformations. Here again, we may define a modified derivative, 

to be called the covariant derivative, by a tensor whose compo- 

nents reduce to the partial derivatives in Cartesian coordinates. 

It is slightly more convenient, however, to start from the 

quotient law. For the sake of brevity we shall consider a 

tensor field of the fourth order with two contravariant and two 

covariant indices. The contracted product 

t^uaVV=a (2.23) 

is a scalar field for arbitrary vector fields ua, Vn , w\ y^ . 

Differentiating (2.23) partially with respect to xp, 

we obtain a covariant vector field 

T A direct proof of the tensor character of the left-hand 
member of (2.22) may of course already be given here by 
investigating the transformation law of this quantity, but 
the required analysis is laborious. 
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Xu,p a P A41 a>p P 

tgu.VßpwV + t°ßuavßW^p^    + 

+ t$«aVp«Vp = ajp (2.24) 

We now express the partial derivatives of the arbitrary vectors 

in terms of the corresponding covariant derivatives. We collect 

all terms which contain all four vectors as factors. The result 

of our rewriting (2.24) is 

[top  + tHM + tanr8  m  taßrn m  taßp* ]u   W + 
\\L>p "V-   Hp X|JL   >cp XJJL   Xp XX   ^p      a   P 

- ^J^alpV^ + Vßlo^ + uavßwX|p^ + V^Mp1 = a,o 
(2.25) 

The second line in this equation is a contracted product of 

vectors and tensors with one free index in the subscript p . 

Hence it represents a covariant vector. The first line is then 

also a covariant vector. Since the four vector factors are 

arbitrary, it follows that the quantity between brackets must 

be a tensor of contravariant order two and covariant order three. 

It is called the covariant derivative of our tensor field 

t?f?L - t!*    + ra t*P + rP tf* - r? taß - rH t?ß .      (2.26) Xjxlp Xu,p Kp Xp.        Kp Xji      'Xp MIX        |xp Xx 

The structure of the covariant derivative of an arbi- 

trary tensor with respect to xP will now be clear from this 

example. In addition to the partial derivative of the components, 

we have terms for each superscript a of the type ra multiplied 

by the tensor component in which the superscript a has been 

replaced by x, and terms for each subscript X of the type ~r!c 
\p 
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multiplied by the tensor component in which the subscript X has 

been replaced by v.  . 

Since the covariant derivatives obviously reduce to 

the partial derivatives in Cartesian coordinates, it follows 

immediately that the ordinary rules for partial differentiation 

of a sum or a product are preserved in covariant differentiation 

of a sum or a product of tensors. 

2.4 Some general theorems. 

A theorem of fundamental importance is Ricci's lemma 

that the covariant derivative of the metric tensor vanishes 

identically.  It is an immediate consequence of the fact that 

the metric tensor components are constants in a Cartesian frame 

of reference. The same argument applies to the e-tensor. 

Hence we may always treat the metric tensor, the e-tensor and 

the Kronecker delta1s as constants for the purpose of covariant 

differentiation. 

Prom the fact that the covariant derivative of the 

e-tensor vanishes we may obtain a useful formula for the con- 

tracted Christoffel symbol of the second kind. Taking \=1, 

u-=2, v=3 in the identity 

ev  I  * e> « , " I? e   - P* e   - Vn  *   - 0 ,  (2.27) 
\|jLV|a   Xfiv.a   \a xp,v   u.a XHV   va V* 

we find 

v/5 I* = (rfs) „ orr«  = ^P^S = |(lOg g)   .   (2.28) 
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,J^e divergence of a contra variant vector field is 

defined by its contracted covariant derivative. This invariant 

may be evaluated by means of (2.28) 

a u = ua + ra u* = ua + u*    >*  = -i-(/g vfl) .  (2.29) 

Similarly, we may define the divergence of a contravariant tensor 

field. We have 

toß . taß + ra txß + rß t<xx . 
P 'ß Kß *ß 

--^-(•g t«P) Q + ra
ßt

Hß . (2.30) 
y/g ,ß Hß 

tßa|     = tßo: + pß txa + pa tßx . 
IP »ß        xß xß 

■-i-Vg tß«) ß + r
a
ot

ßH .       (2.3D 
/i *ß  «ß 

These results are of course ider  al for a symmetric tensor 

taß, and of opposite sign for a . sw-symmetric tensor. 

The gradient of a scalar field 9 is defined by the 

covariant vector field 9  = cpj . Its divergence is defined as 

the divergence of the associated contravariant vector field 

div. grad. 9 - (gaß9|a)|ß - Saßc?|aß - <2'32) 

and it is sometimes called the Laplacian of the scalar field 9. 

The rotation tensor cu  of a covariant vector field 
  Xji 

u^ is defined by 

2a,  = u ,  - u_ ,  = u   - u    .        (2.33) 
\U. [L\\ \||JL jl*\ \i[L 

The associated rotation vector wa is defined by 

2u>a = e^cu  = ea^ u % . (2.34) 
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In tensor analysis twice this rotation vector is conventionally 

called the curl of the vector field u.  The rotation tensor, the 

rotation vector and the curl of the gradient of a scalar field 

vanish because the sequence of repeated partial differentiation 

is immaterial. For the same reason the divergence of the curl 

of a vector field must also vanish in Cartesian coordinates 

i'13\\J\i'eli\,v.-°> (2-35) 

and it follows from its tensor character that this divergence 

also vanishes in general coordinates 

The well-known theorems of Green and Stokes are also 

easily formulated in terms of general coordinates. The diver- 

gence theorem or Greenfs theorem reads in Cartesian coordinates 

J u1 dv = j uVdS , (2.37) 
V >x S   1 

where the volume integral is extended over the volume V enclosed 

by the surface S, and n. is the unit outward normal vector to the 

surface. We may rewrite this theorem in terms of general coor- 

dinates because both the divergence in the left-hand member and 

the scalar product in the right-hand member are invariants 

ua|  dv - J u^idS . (2.38) 
a     S   a 

In Cartesian coordinates Stokes!s theorem for the curl of a 

vector field is expressed by 
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J e
1Jkukj.nidS = j i^dx1 , (2.39) 

s c 

where the surface integral is extended over any smooth surface 

within the closed contour 03  and the direction of the unit normal 

vector n. and the sense of the contour integration along C 

correspond to the right-hand screw rule in a right-handed 

coordinate system. We may again rewrite (2.39) in terms of 

general coordinates 

eaßYuY|ßnadS - !%dxa , (2.40) 

on account of the invariance of both integrands. 

On the other hand., Greenfs theorem for the divergence 

of a (contravariant) tensor field t1^ in Cartesian coordinates 

J t^dv = J tiJn.dS (2.41) 
V >3 S    J 

has no equivalent formulation in terms of general coordinates. 

The reason for this is that the integrands in (2.4l) are (contra- 

variant) vectors, and not invariants. The integral of a contra- 

variant vector in Cartesian coordinates has the physical meaning 

that it is the contravariant representation of the resultant 

vector. No such meaning can be attached to the integral of a 

contravariant vector in general coordinates. The absence in 

general coordinates of a counterpart to (2 Al)  is no serious 

drawback since the formulation of equations involving integrals 

of a vector can usually be avoided without difficulty. 
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2•5 The Riemann-Christoffel tensor. 

Repeated covariant differentiation of a scalar field ™ 

yields a double covariant tensor 

This tensor is obviously symmetric by the symmetry of the 

Christoffel symbolss   as should also be expected from the fact 

that (2.42) reduces to the second partial derivatives in a 

Cartesian coordinate system. 

Repeated covariant differentiation of a covariant 

vector field i^ results similarly in a triple covariant tensor 

field u ig . This tensor must be symmetric in the last pair of 

subscripts, since it reduces to repeated partial derivatives in 

a Cartesian system. On the other hand, we obtain by the formal- 

ism of covariant differentiation after some algebra 

&IPY   a|YP    ctyß   aß>Y   aY ^ß   aß ^Y 

We observe that the left-hand member is a tensor for any covariant 

vector field uH   . It follows that the quantity between brackets 

is a tensor, the so-called Riemann-Christoffel tensor 

R
H
 . = r*  - r*  + rx r}C - rx rH •     (2.**) 
.a,y   aY.ß   aß.y   cry Xß l aß1 \Y 

We have already indicated in (2.44) that lowering of the super- 

script x will presently be performed to the first subscript in 

the associated quadruple covariant tensor. Since (2.43) must be 

identically zero in view of the interchangeability of the order 

of covariant differentiation, all components of the Riemann- 
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Christoffel tensor must vanish identically, viz. 

R? 

aßy 
- 0 . (2.45) 

The tensor character of (2.44) confirms our previous 

statement that the left-hand member of (2.22) is a tensor. 

Moreover, the necessary and sufficient conditions for the exist- 

ence of Cartesian coordinates (2.22) are identical in form to 

(2.45), which equation expresses the vanishing of the Riemann- 

Christoffel tensor. Our present discussion confirms that (2.45) 
is a necessary condition for the Euclidean character of space. 

We know from our previous analysis in section 2.3 that it is 

also a sufficient condition in a simply-connected domain. 

The associated Riemann-Christoffel tensor is defined by 

R Q     = g  R* a     > (2.46) 

and its first index may conversely be raised in order to obtain 

(2.44) again 

H!apy = «xpRp«ßr • {2M) 

Prom (2.13)* (2.14) and (2.46) we obtain a convenient expression 

for the associated tensor 

VßY = Wß - rpaß,Y + sXtit%Yr^r3-rXp^aY] •   (a.48) 

A more revealing result is obtained, if we now substitute from 

(2.15) into the first two terms of (2.48). We find 

RpccßY = 2^gPY,«ß + Saß,PY " Spß,ctY " g«Y*Pß^ * 

\OYixaß        Xpß jiay 
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This form of the associated tensor shows that it is not only 

skew-symmetric in the subscripts ß and y>  but also in the sub- 

scripts p and a. In fact, (2.49) is symmetric in the pairs of 

subscripts p ,cc and ß,y 

^paßy = RßYpa = "Rapßy = "Rpayß ■ (2.50) 

It follows that no more than 6 of the 8l components of the 

Riemann-Christoffel tensor are independent. 

The fact that the Riemann-Christoffel tensor has only 

six independent components permits its description in terms of 

a symmetric double contravariant tensor S , defined by 

(2.51) 

Multiplying   S  by e  e. 3  we obtain the inversion of (2.51) 
%\LV   ApÖ 

by means of (2.50) in the form 

VPd= e^xpö
sKX • (2-52) 

Contraction of the Riemann-Christoffel tensor (2.44) 

with respect to its superscript and its last subscript results 

in a symmetric double covariant tensor which is called the 

Ricci tensor 

R*aßx=Qaß- (2"5^ 

It is closely related to the associated tensor S « of Sn    , 

obtained by lowering both superscripts. It is indeed easily 

verified by means of (l.8l) that 
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Sxß ■ 3ccß " 8«pPx\sXX • (2'54) 

The inversion of this relation is 

saß - ^aß- isaßSxX^X • (2-55) 

The necessary and sufficient conditions for the Euclidean 

character of space may therefore be expressed by the vanishing 

of any of the tensors R*   , RpaßY , SxX or Qaß . 
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3.  DEFORMATION 

3.1 Deformation of a continuous medium. 

In the discussion of the deformation of a continuous 

medium it is convenient to introduce first a fixed Cartesian frame 

of reference. Let x denote the Cartesian coordinates of a 

material point in some suitably chosen initial configuration of 

the medium which will serve as a reference configuration for the 

description of deformations. Let x denote the coordinates of 

the same material point, referred to the same Cartesian frame, 

in a second or final configuration of the medium. We may write 

x1 = xW , (3.1) 

where u are the Cartesian displacement components in the deform- 

ation from the initial to the final configuration. The components 

u of the displacement vector u are assumed to be continuously 

differentiable functions of the initial Cartesian coordinates x 

up to any order required in the analysis. Furthermore we assume 

that the Jacobian of (3.l) is positive, 

-1 Id* - |6j + u^| > 0 . (3.2) 
>dxjl 

Equation (3.1) represents a so-called point transforma- 

tion, in contrast to the coordinate transformations which have 

been discussed previously. Whereas coordinate transformations bear 

on a transformation of the independent variables which specify 

one and the same point in space, point transformations express 

the change in position in space of one and the same material point. 
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This different character of the point transformation appears in 

(3.1) through the change in kernel letter from x to x. On the 

other hand, the original superscripts are retained in a point 

transformation because all quantities in (3.1) are referred to the 

same fixed Cartesian coordinate system. 

We now introduce general coordinates xa in the reference 

configuration x by means of a functional coordinate transforma- 

tion with positive Jacobian and a unique inverse transformation 

x1 - ^(xa) , xa - x^x1) , *4 - Aa '  ^T * Ai '  <3-3> 
bxa a  dx1   1 

We have the identities from section (1.3) 

AaAj - 55 • AaA£ = 6a ' lAiMA§l - 1 .       (3A) 
It is now convenient to identify a material point by its general 

coordinates irrespective of the deformation which the medium 

undergoes. This implies that the Cartesian coordinates (3.1) 

with respect to the fixed frame of reference, and the displace- 

ment components referred to this Cartesian system, are considered 

as functions of the same general coordinates, viz. 

x^x0) = xi(xa) + u^x0) . (3.5) 

This mode of description is conveniently expressed by the state- 

ment that the general coordinates xa are material coordinates, 

embedded in the medium. 

The coordinate transformation (3.3) permits us to 

describe the physical displacement vector u from the reference 

configuration to the final configuration under consideration 
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in terms of a contravariant vector u or a covariant vector uQ 

Ua = A^u1 ,  ua = A^ , (3.6) 

where the covariant Cartesian components u =g. .uJ are equal to 

the corresponding contravariant Cartesian components u . The 

contravariant and covariant displacement vectors are related by 

ua = gaßuß , ua  = gaßuß f (3.7) 

where the metric tensors in the reference configuration are 

specified by 

^aß = Aa%J%j > ^  = AiAßjSiJ • (3-8) 

We emphasize that the contravariant and covariant dis- 

placement vectors (3.6) describe the physical displacement vector 

u from the viewpoint of the initial reference configuration of 

the medium. They are specified by the transformation (3.3) from 

i rt Cartesian coordinates x to general coordinates xa. An equivalent 

description of the physical displacement vector in terms of contra- 

variant and covariant vectors,  different from (3.6), would be 

obtained if we interpreted (3.5) as the basic transformation from 

the Cartesian coordinates x to general coordinates xa. We shall 

not pursue such an alternative description of the displacement 

vector from the viewpoint of the final configuration x . We are 

entirely free to choose t. e reference configuration to suit our 

convenience, and this freedom is adequate to obtain the simplest 

possible description of deformations appropriate for any particular 

application. 
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The (symmetric) covariant metric tensor in the second 

configuration x is obtained from the formula for the square of 

a line element ds" in this configuration 

(ds)2 - g^dxW . (3.9) 

Substituting from (3-5) we obtain 

(di)2 = g0ßdx
adxp , (3.10) 

where the tensor g ß is defined by 

g Q = g. „(A
1 + $£)(k£  + ^4) . (3.H) 

The tensor character of (3.11) is an immediate consequence of the 

chain rule for partial differentiation. Prom the inversion of 

(3.6) 

u1 = A^u« , (3.12) 

we obtain by partial differentiation 

$4 . -ÖL uß + Aiuß  . (3.13) 

Introducing the Christoffel symbols In our reference configuration 

ri """ Ä?' (3'»> 
we may reduce (3.13) to 

*='>l+rl^ = i^a> (3.15) öu 

where covariant differentiation is defined by means of the 

Christoffel symbols (3.12*). The final result for the covariant 
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metric tensor in the final configuration is 

*aß = Saß + Ua|ß + uß|a + ^Xla^lß '      <3a6) 

where free use has been made of Ricci!s lemma for covariant dif- 

ferentiation of the metric tensor in the reference configuration. 

The contravariant metric tensor in the final configura- 

tion is defined by equations similar to (1.6*1) 

V*= 6° • (3-17) 

This contravariant metric tensor in the second configuration (3.5) 

will not occur very frequently in the analysis. Raising and 

lowering of indices will always be performed by means of the 

metric tensors in the reference configuration^ in the absence of 

an explicit statement to the contrary. If the equations require 

a raising or lowering of indices by the metric tensors gaß or 

go 3   this will be stipulated. The Christoffel symbols of the 

first kind in the second configuration are defined by equations 

similar to (2.15) 

fXaß = ¥\a>? +  «\p,a " «oßA1 ' (3'l8) 

and the Christoffel symbols of the second kind in this configura- 

tion are specified by formulae similar to (2.16) 

?aß " ^\a^^X[\a,^,a-^,X]   ■ ^19) 

The deformation of the medium in the transition from the 

reference configuration x (xa) to the second configuration x (a) 

is described completely by the change in the covariant metric 



tensor. The strain tensor is defined by 

Yap = t<W " i[ua|ß+uß|a+s^|au»i|ß] •    (3.20) 

If the general coordinates xa coincide with the Cartesian coordi- 

nates x this tensor reduces to the well-known Lagrangian strain 

tensor 

Yij-i^j^i+^Aj) • (3.21) 

It is sometimes convenient to employ the final configura- 

tion as the reference configuration. The original configuration 

is then specified by the displacement field -u from the reference 

configuration. The strain tensor which describes the deformation 

in the inverse transition from the final configuration to the 

original configuration is now specified by (3.20) if ua is 

replaced by -ua. The actual strain tensor, which specifies the 

deformation in the transition from the original configuration to 

tre final reference configuration, is opposite in sign. Hence we 

have for the actual strain tensor in this description 

Taß =|^a|ß
+uß|a-gVuX|auu|ß] ' (3-22) 

It must be emphasized that the covariant displacement vector u 

and covariant differentiation are again defined with respect to 

the reference configuration, which now coincides with the final 

configuration. If the general coordinates xa coincide with 

Cartesian coordinates x in this final reference configuration, 

(3.22) reduces to the well-known Eulerian strain tensor 
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rij-ituiJj
+«j,i-sh\,iuk,jJ • (3.23) 

In the theory of elastic stability it is often necessary 

to consider three different configurations, viz. the und?formed 

configuration of the medium, a fundamental state obtained by a 

displacement field U from the undeformed configuration, and an 

adjacent state obtained from the fundamental state by an addi- 

tional displacement field u. The strain tensor in the deformation 

from the undeformed state to the fundamental state will be 

indicated by the kernel letter P, the strain tensor which 

describes the deformation from the fundamental state to the 

adjacent state will be denoted by the kernel letter y« 

If the undeformed state is taken as the reference 

configuration, the strain tensor in the transition to the funda- 

mental state is specified by 

raß = irUa|ß+Uß|a+SXp-U\|a^|ßJ . 0-2*) 

and the strain tensor for the deformation from the fundamental 

state to the adjacent state is given by 

YQß ^^alß^ßla^^XlaMß^Hiß^laV'Xla^lß^ • (3.85) 

Both the covarlant displacement vectors UQ, ua and the covariant 

derivatives are here defined with respect to the undeformed refer- 

ence configuration. 

On the other hand, if the fundamental state is taken as 

the reference configuration, the strain tensor describing the 
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deformation from the undeformed state to the fundamental state is 

given by 

raß " |tua|ß+üß|a-SX%|aMp] • (3.26) 

and the strain tensor which describes the deformation from the 

fundamental state to the adjacent state is 

Yaß = ltua| ß+uß i a+SX%| au,, | ß ] • <3^ 

The covariant displacement vectors Ua, ua  and the covariant 

derivatives are now defined with respect to the fundamental state 

as the reference configuration. 

The advantage of the second description, in terms of 

the fundamental state as the reference configuration, is obvious. 

Expression (3.27) for the strain tensor in the transition from 

the fundamental state to the adjacent state is much simpler than 

expression (3.25) in terms of the undeformed state as the refer- 

ence configuration. On the other hand, there is little to choose 

between expressions (3.24) and (3.26) for the description of the 

deformation from the undeformed state to the fundamental state. 

3.2 The compatibility conditions. 

Since the deformation of our medium occurs in Euclidean 

space, the Riemann-Christoffel tensor vanishes both in the initial 

reference configuration and in the second or final configuration. 

For the reference configuration this fact is expressed by putting 

(2.51) equal to zero 

*KX~i**9a^Py,a^\P^--°- (3-28) 



49 

The e-tensor in the final configuration is given by 

i*Pa = e*Pa(g)-* , (3.29) 

where g is the determinant of the covariant metric tensor ggo in 

the final configuration. The vanishing of the Riemann-Christoffel 

tensor in this configuration is then expressed by the counterpart 

of (3.28) 

** = \ ^pa^YtIpYjaß^vr,PY
fvaß] - ° * (3-30) 

where the barred Christoffel symbols in the final configuration 

are specified by (3.18). This equation remains obviously valid 

if we replace the barred e-tensor by the e-tensor in the refer- 

ence configuration. 

If the general coordinates x? coincide with the 

Cartesian coordinates x in the reference configuration, each 

term in (3.28) vanishes separately. The first term within the 

brackets in (3.30) and the barred Christoffel symbols reduce to 

^hk,ij = ^hkjij '    ~mhk = ^mh.k^mk.h^hk.m '     (3-31) 

Equation (3.30) then takes the form 

ePhieqJVk,i^ " ° - 
(3.32) 

where the tensor '?nn may be expressed in terms of the strain 

tensor by means of the equations 

yXp+SYn,) = *™ (3-33) 
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Equations (3.32) express the so-called compatibility 

conditions for the Lagrangian strain tensor (3.2l). They 

represent the six necessary and sufficient conditions in a 

simply-connected domain for the existence of Cartesian coordinates 

x in the second configuration of the medium, specified by (3.1). 

In other words, equations (3.32) are the necessary and sufficient 

conditions for the integrability of equations (3.2l), if the 

strain components are specified and these equations have to be 

solved for the Cartesian displacement components u.. This solu- 

tion is of course not unique. We may always superimpose an 

arbitrary rigid-body displacement of the medium. 

The compatibility conditions (3.32) are easily trans- 

formed to general coordinates. We observe that Y , _ and v . 

are tensors, where the covariant differentiations are again 

defined in terms of the Christoffel symbols in the reference 

configuration. These tensors reduce to Yu^ -?■? and Y^ v in 

Cartesian coordinates. It follows that the left-hand member of 

^Xß^V|aß +^V%p|ö%ö|p^|,)(Yva|ß%ß|a^ß!v^ = ° 

(3.3*0 

is a tensor which reduces to the left-hand member of (3.32) in 

Cartesian coordinates, and our equation (3.3*0 is therefore 

equivalent to (3.32). The tensor "§xv may again be expressed in 

terms of the strain tensor by means of the equations 

^Xp + 2V = ^  . (3.35) 
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Similar compatibility conditions hold, if the final 

configuration is taken as the reference configuration with 

respect to which the covariant displacement vector and covariant 

differentiation are defined. The contravariant metric tensor 

in the initial configuration is then defined by 

Ogvp-2Yvp) - &J , (3.36) 

and the compatibility conditions for the strain tensor (3.22) of 

Eulerian type read 

e*P«e
Xß*[Ypö|aß - K^Y^pl^lp-Vl^^valP^vPla-Yaßlv^ = ° 

(3-37) 



4.  GEOMETRY OP STORAGES AND SHELLS 

4.1 Surface invariants, vectors and tensors. 

An arbitrary point in Euclidean space may be 

specified by its coordinates y1(i=li2>3) in a fixed Cartesian 

*) frame of reference. ' A surface in space may then be described 

by the three Cartesian coordinates of a generic point as func- 

tions of two parameters xa(cc=l,2), which are called surface 

coordinates, viz. 

y1 = /(x0), 1=1,2,3. (4.1) 

Henceforward we shall employ Greek indices exclusively to refer 

to the pair of surface coordinates. The summation convention is 

also applied to Greek indices. A repeated Greek index, occurring 

once as a superscript and once as a subscript, implies summation 

over this dummy suffix from 1 to 2. 

A coordinate line is defined as a curve on the 

surface for which either of the surface coordinates has a 

1 ? constant value. The x -line is defined by x =const., and vice 

versa. The partial derivatives of (4.1) with respect to xa may 

be regarded as the Cartesian components of a tangent vector to 

to the xa-line 

__  

'  Heretofore we have employed Latin indices to imply reference 
to a Cartesian system. In the sequel Latin indices will 
also be used to refer to a triple of curvilinear coordinates 
in space. Hence we need now a special kernel letter for the 
indication of Cartesian coordinates and we reserve the letter 
y for this purpose. 
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;«■ i? • (,-2) 

We shall restrict our attention to regular surfaces v/ith contin- 

uous partial derivatives of (4.1) up to any order required in 

the analysis. We also assume that the tangent vectors to the 

coordinate lines, defined by (4.2), are always linearly independ- 

ent .  Their vector product 

then defines a unique positive direction of the normal to the 

surface. The tangential vectors t?",tp and the positive normal 

have the same orientation in space as the fixed Cartesian frame 

of reference. 

A point in space may now be specified by the pair of 

surface coordinates xa of its projection on the surface and by 

its distance z = x^ to this projection, taken positive if the 

point lies on the positive normal to the surface at its projec- 

*) tion.   Latin indices will henceforward be employed to refer to 

the triple of space coordinates x (i=l,2,3). Although this 

coordinate system is not Cartesian or rectilinear, it has some 

special properties. The x -lines (x =const. and x =const.) are 

straight lines normal to all surfaces z = x = const. These 

surfaces are therefore equidistant. and they will be called 

parallel to the original surface. The special nature of the 

*T This description may become ambiguous for arbitrary points 
in space. It is entirely adequate, however, for the specifica- 
tions of an arbitrary material point in a thin shell whose 
middle surface coincides with the surface under consideration, 
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coordinate system x appears also in its metric tensors which are 

characterized by the relations 

ga3 - 0, s33 = 1;  ga3 = 0, g33 = 1; gaßgßY s 6Y .   (4.4) 

From all functional coordinate transformations in 

space we now single out in particular those which preserve the 

special nature of our original coordinate system characterized 

by (4.4). In other words, we consider transformations of the 

type 

xa' = xa,(xa), x3' = x3; xa = xa(xa'), x3 = x3 \   (4.5) 

which may be called transformations of surface coordinates only. 

The partial derivatives of (4.5) are denoted as before 

&J1-A»*, ^r = A«  . (4.6) 

They are obviously independent of z=x ,  and they satisfy the 

relations 

Moreover, we shall restrict our attention to transformations with 

a positive Jacobian. 

A quantity of order zero which remains invariant under 

transformations of surface coordinates is called a surface in- 

variant . A quantity with one Greek superscript or one Greek 

subscript is called a contravariant or covariant surface vector 

ua or v , if its components transform according to the law 
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««' = A°V, u* = A«««' , va, = A«,v va - A«'val. (4.8) 

A similar definition is employed for surface tensors. A quantity 

t ■ "    '  is called a surface tensor if its transformation law is 

specified by 

t»;p;- = Aa,Ag'... A^, .. t?p--.        (4.9) 

It may be left to the reader to verify that all concepts of 

addition, multiplication and contraction of tensors and the 

quotient law for tensors, discussed in section 1.4, may be 

carried over to surface tensors. The single modification 

required is a reduction of the range of Greek indices from 3 to 2. 

Although the transformation law for surface tensors 

is independent of the third coordinate z=x , we emphasize that 

such tensors themselves need not be independent of this coordinate, 

If such a surface tensor is a function of x , however, its partial 

derivative with respect to x^ is again a surface tensor of the 

same order and type. This important property will be used 

repeatedly in the sequel. 

Geometric and physical quantities in space have been 

classified heretofore according to their behaviour under general 

functional transformations of all three coordinates. Where 

necessary, we shall indicate this behaviour by the adjective 

"spatial" in the description of such quantities. A spatial 

invariant is obviously also a surface invariant. On the other 

hand, a spatial contravariant vector u1 has in our special 
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coordinates one component uJ which is a surface invariant,  and 

two components ua which constitute a contravariant surface vector. 

Likewise, a spatial covariant vector v. may be decomposed into a 

surface invariant v^ and a covariant surface vector va. Similar 

representations hold for tensors of higher order. For instance, 

a double contravariant spatial tensor t J may be decomposed into 

a surface invariant t^ , two contravariant surface vectors ta^ 

and t , and a double contravariant surface tensor taß. 

An important example of surface tensors is provided 

aß by gao and g 
p, which are called the covariant and contravariant 

metric surface tensors, because they specify the metrics in the 

equidistant surfaces z=x -const. These tensors are, of course, 

functions of the normal coordinate, and this functional dependence 

on x will be analyzed in the next section. The appropriate 

metric surface tensors gaP and gag will always be used to raise 

and lower indices in any surface tensor specified at a surface 

z=x -const. 

The middle surface of a shell plays a fundamental role 

in shell theory.  It will be identified with the basic surface 

z=x^=0 of our family of parallel surfaces. The shell domain is 

then specified by |z| = |x^| < ■% h, where h is the shell thick- 

ness which may be a continuously differentiable function of the 

surface coordinates h(xa). If the shell thickness is constant 

the shell faces z=xJ= + -~  h are also surfaces parallel to the 

middle surface. 
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Many concepts and properties are equally applicable 

to all surfaces in the family of equidistant surfaces z=x^=const. 

Nevertheless it is often convenient to confine our attention to 

a particular surface, and it is appropriate for our purposes to 

single out the shell middle surface.  In this connection we 

introduce a special kernel letter for the metric tensor of the 

middle surface by the definitions 

gap(x\o) = aaß(x
X); gaß(x\o) = aaß(xX).      (4.10) 

Raising and lowering of indices in middle surface tensors will 

therefore always be performed by means of the metric tensors 

a» and a„Q . aß 

4.2 The fundamental tensors of a surface. 

The special nature of our spatial coordinates, 

appearing in the properties (4.4) of the metric tensor, leads 

also to a considerable simplification of formulae (2.15) and 

(2.16) for the Christoffel symbols. All such symbols which have 

two or three indices 3 vanish identically,  viz. 

r33a = r3«3 " r«33 = r333 = ^a = ^3 = P33 '  «33 = °-(4ai) 

An important consequence of (4.11) is that the partial deriva- 

tives of an invariant with respect to x , of any order,, coincide 

with the covariant derivatives with respect to x . The 

Christoffel symbols with one index 3 are given by simplified 

formulae 
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l3aß        aß 2 saß,3'      aß3        a3ß      2 Saß,3' 

r3ß = Pß3 " 2 g    s\ß,3   ' (*-12) 

These formulae also show that these Christoffel symbols 

constitute surface tensors. No simplification arises if all 

indices are either 1 or 2ß  viz. 

W Ka,ß + *xfc« " gaß,-J » raß = ^«ß '   <*•«> 

The transformation law of the mixed symbols (4.13) is the exact 

counterpart of (2.10) 

I*' , = A^Aa,AP p\ + A*'   ^x\, . (4.14) 
a'ß1   X a» p« aß   \ ^x0 ÄxP 

We shall now prove that the covariant metric surface 

tensor gQn is a quadratic function of the normal coordinate 
3 z=x j viz. 

«aß = aaß" 2zbaß + ^aß > ^"15) 

where the symmetric surface tensors a ß,b n and c p are 

independent of z. These tensors are called the covariant 

fundamental tensors of the middle surface. The first fundamental 

tensor is of course identical with the metric tensor of the 

middle surface. The factor -2 in the linear term in (4.15) is 

introduced for a more convenient geometric interpretation of 

the second fundamental tensor. 

A simple proof of (4.15) is obtained from the fact 

that the Riemann-Christoffel tensor vanishes identically in 
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Euclidean space.     In our coordinates x1 = xa,xJ we have from 

(2.49) 

^ijk = 2tshk,ij + gij,hk " shj,ik " sik,hj] + 

+ ^rW1alJ - rntojrallc3 " °-     (4'l6) 

*) We now consider three ' independent components for which h=a^ 

k=ß, i=j=3- Prom (4.4) we have 

s33,aß == ga3,3ß = ß3ß,o3 = °* (4'17) 

and by means of (4.1l) and (4.12) we reduce (4.16) to 

gaß,33 " 2*VlWVß3 = \ sVgXa,3g^3  ■ <*.18> 

We now differentiate (4.18) partially with respect to 

x^ = z. The partial derivative of the contravariant metric 

surface tensor may be evaluated from the equation 

gty ^g   + g^M«  - = 0, (4.19) 

obtained by partial differentiation of the last identity (4.4). 

We find 

gN*  « - gXPg'ldgnri o - (4.20) 

The second derivatives occurring in the differentiated right- 

hand member of (4.18) are removed by a repeated substitution 

from (4.18) itself. The result of these elementary calculations 

is 

in  
' We shall return to the three remaining components in section 

4.5. 
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gaß,333 = -|eXPsP'Öspö,3
sXa,3g|^3 + 

+ ?S^pÖsXa,3gp^3g^3 + 

The final result zero in the right-hand member of (4.21) is 

achieved by a suitable renaming of the dummy indices in the 

second and third terms. In the second term we replace u. by p, 

p by ö3   and d by ji.  In the third term we interchange X and ö. 

Equation (4.21) proves that gao is indeed a quadratic 

function of z and admits therefore the representation (4.15). 

At the same time our proof shows that the three fundamental 

tensors are not independent.  In fact, (4.18) implies the 

relation 

caß = S^Xa -  zc\a>(Vß " zctf]> ^-22) 

holding for all z. At the middle surface z=0 we obtain therefore 

from (4.22) 

expressing the third fundamental tensor of the middle surface in 

terms of the metric tensor and the second fundamental tensor. 

The skew-symmetric contravariant and covariant 

e-tensorsof the middle surface are defined by 

eaß(xX} _ 83aß(xXj0) . ^Xj = ^(^,0),    (k .2k) 

where e^a^ and e^ R specify the spatial e-tensors. We have for 
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the non-vanishing components 

c12 -    e21 1__ 

y/a 
:12 w " £21 ■ v/ä , (4.25) 

where a is the determinant of the covariant middle surface 

metric tensor aaß.  It may be left to the reader to verify the 

formulae 

:aß i -^an aX PJJL 
ML  m     aß m  aaXÄp|i 

aaße""e 
aXpß|i m  aXn  aaß£ 

(4.26) 

(4.27) ^aX'ßp, " dXp, J 

which are the counterpart of formulae (l.8o)-(l.84) for the 

spatial e-tensors. 

A symmetric surface tensor has two independent 

invariants. In the case of the second fundamental tensor it is 

convenient to introduce the invariants 

|aaßbaQ= H , (4.28) 

2 e S baßbXjx "*-*' (4.29) 

where b is the determinant of baß. It will appear presently that 

the second fundamental tensor is closely related to the curvature 

of the middle surface, and for this reason the invariants H and 

K are called the mean and Gaussian curvatures respectively. Prom 

(4.29) we may obtain an alternative expression for the third 

fundamental tensor. Multiplying both members first by evp
e
ÖT* 

we have the important formula 

(4.30) bVö'J0T   -   bVTbOC5   =   Kevp£ 
>p   ÖT 
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Multiplying both members in (4.30) by avö, we find with 

appropriate use of (4.23),(4.27) and (4.28) 

which relation may also be written in the form of the desired 

expression for the third fundamental tensor 

V = 2HV - KV   • (4-32) 

The determinant g of the spatial metric tensor (4.4) 

is evaluated by means of the surface invariant 

- EaXe^e: a      - & (4 V*) 2 E e SaßSX^  a * l*.*JJ 

^\ 
Substituting from (4.15) and (4.32) we obtain ' 

f = |e^e^t(l-Kz2)aaß-2z(l-HZ)baß]. 

•[(l-Kz2^ - 2z(l-HZ)bX|X] = 

- | (l-Kz*)W^ ♦ 

- 2z(l-Hz)(l-KZ
2)eaXePtiaapbXli + 

+ 2z2(l-Hz)2e
aM%ßb^ = 

= (1-Kz2)2 - 4Hz(l-Hz)(l-Kz2) + 4Kz2(l-Hz)2 = 

= [l-2Hz + Kz2]2. (4.34) 

pr  
' Since g in (4.34) must be positive, we have to restrict our 
family of surfaces parallel to the middle surface to the 
range of values of z,  containing z=0, for which [l-2Hz+Kz2] 
is always positive. 
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We turn now to a geometric interpretation of the 

second fundamental tensor of the middle surface. For this 

purpose we consider a line element ds(z) on a surface z=const. 

parallel to the middle surface, specified by differentials dxa 

of the surface coordinates. Its length is obtained by means of 

the metric tensor (4.15) 

ds(z) = [aaßdx
adxß - 2zbaodxOdxß + z^-dx^x^ = 

- [a Qdx
adxM aß 

ß^ 
b ~dxadxß 

a^odx dx' 

- ds(o)[l-z 
baßdx

adxß 

laß' 

if 
0 c Qdx

adxß 
-  aß 
a ndx

adx^ 
aß 

+ 0(z2)] , (4.35) 
"aßc 3dx

adxß 

where ds(o) is the length of the line element dxa on the middle 

surface, and 0(z ) stands for a term which tends to zero as z 

if z approaches zero. 

Our formula (4.35) is reminiscent of a similar 

formula in the theory of plane curves. Consider a plane curve 

with a continuous radius of curvature R. An equidistant or 

parallel curve is defined by the locus of points on the normals 

of the first curve at a constant distance z  to this curve. 

The line elements between adjacent normals, ds(o) on the 

original curve and ds(z) on the equidistant curve, are related 

by the simple formula 

ds(z) = ds(o)[l - |] , (4.36) 

where z is taken positive in the direction towards the center 

of curvature. Accordingly we define the (normal) curvature of 
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the middle surface along the line element dxq by 

-  b Qdx
adxß 

I = -SE - (k  37) 
"  a„„dxadxP aß 

The remaining difference between formulae (4.35) and (4.36), 

consisting of the term of second order in z between the brackets 

in (4.35), arises from the circumstance that adjacent normals to 

the middle surface need not lie in a plane. 

The quotient of binary quadratic forms in (4.37) with 

a positive definite denominator has two extreme values, a 

maximum and a minimum. These are called the principal curvatures 

of the middle surface l/R-, and l/FL. The associated principal 

directions on the middle surface are specified by line elements 

dxa and dxa. They are the nonvanishing solutions of the equations 
1      2 

<baß ~ H aaß)dxß = °> (4-38) 

which express the conditions for a stationary value of the 

curvature (4.37). The principal curvatures themselves are 

given by the two(real) roots of the quadratic equation 

det |baß "iKß1 = °' (4'39) 

expressing the condition for the existence of a nontrivial solu- 

tion of the equations (4.38). We may write (4.39) in the 

equivalent form 

By means of (4.27), (4.28) and (4.29) this equation is reduced to 

i 2     i i 2     l 
(£)  - 2H i + K - 0, (4.41) 
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establishing the connection between the invariants H and K (the 

mean curvature and the Gaussian curvature) and the principal 

curvatures 
BJ + B£ " 2H ' R^ = K- (4.42) 

In the case of unequal principal curvatures it is 

easily proved that the principal directions are orthogonal. 

Applying (4.33) to the first principal direction, and multiplying 

both members by dx s  we obtain by contraction the identity 
2 

(b„R - IT" a„o)dxadxß = 0. aß  R2 «P2 ! 

Interchanging the roles of the two principal directions, we 

obtain the similar identity in which R- is replaced by FL. 

(4.43) 

Hence we must have 

(w- - ^)aaßdx
adxß = 0, kR ft (4.44) 

1   2 

and the orthogonality of the principal directions on the middle 

surface has indeed been established. Orthogonality of the corre- 

sponding line elements on a surface parallel to the middle 

surface now follows by appropriate use of (4.38) from 

cadx6 

'1    2 
aßdx*dxß =  (aaß - 2zbaß + z a • ÜWVp 

2aX^b^bllR)dxadxß = 
1    2 

-  (1  -§-)(1 - §-)  aaQdxadxß = 0. 
nl U2       apl     2 

(4.45) 

In the case of equal principal curvatures B— = «— , 

every direction on the middle surface is a principal direction. 

The second and third fundamental tensors are now proportional to 

the metric tensor 
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l l 2 

bccß = K[aaß * caß = <K[) aaß ■ ^-46> 

It is, of course, always possible to select a pair of orthogonal 

principal directions in this case. 

A continuous curve on the middle surface which is 

tangent everywhere to one of the principal directions is called 

a line of curvature. Two families of lines of curvature exist 

with the property that each line of curvature of one family is 

orthogonal to all lines of curvature of the other family.  In 

shell theory it is often convenient to employ coordinates for 

which the coordinate lines coincide with the lines of curvature. 

Such coordinates might well be called principal coordinates.' 

The components of the metric tensor in a surface parallel to the 

middle surface are in principal coordinates ' 

en ■ an^ - ftf> «12 = o* s22 ■ «W1 - §/•    (*-*7) 

Occasionally it is more convenient in shell theory to 

employ orthogonal coordinates on the middle surface which do not 

coincide with principal coordinates.  These coordinates are no 

longer orthogonal in surfaces parallel to the middle surface, 

and a-jp =• 0 is the only vanishing component of the fundamental 

tensors.  Introducing the radii of curvature of the middle 
*     * 12 surface R. and Rp along the x - and x -lines, and the radius of 

in  1 p 
It should be noted that a principal coordinate system x ,x 

1!     1! / 1\ 
is not unique. Any transformation of type x  = x (x ), 
p i    p ! / 2\ x  = x (x ) with nonvanishing derivatives results in new 

1 ■ 2' principal coordinates x ,x 
1 The range of admissible values of z for surfaces parallel to 
the middle surface is obviously restricted by the two-condi- 
tions z/R-j^ < 1 and z/R2 < 1. 
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torsion T* of the middle surface referred to these coordinates3 

defined by the relations 

,             all       ,         _ \/a __ ^alla22       ,             a22 
Dll    "     *     >   D12  " T* '        T*         '   D22  " D*     ' 

Rl                                                                       R2 
we obtain the components of the third fundamental tensor 

form 

(4.48) 

in the 

°11  -   ^    +   ty   Jail  <   c12 = J*J» + ^ ^alla22   > 

c22 "   f^)2 +  fy2Kz   ■ 
2              X 

(4.49) 

Expressions for the mean and Gaussian curvatures are now given 

by 

iy* i»- 2H , -JT - (h)     - K. (4.50} 
Rl  R2       R1R2   T 

4.3  Covariant surface differentiation. 

A scalar surface field is defined by an invariant cp 

as a continuously differentiable function of the pair of surface 

coordinates xa. It follows immediately from the chain rule for 

partial diiferentiation that the partial derivatives of a scalar 

surface field constitute a covariant surface vector cp . On the 
> a 

other hand, the partial derivatives of a surface vector field, 

defined on some surface z=const. parallel to the middle surface, 

do not constitute a surface tensor field. Their transformation 

lav/ is again expressed by (2.1) and (2.2), where the range of Greek 

indices is new reduced from 3 to.2. An appropriate modification 

of the concept of surface differentiation of a surface vector 
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(i.e. differentiation with respect to a surface coordinate) is 

obviously again desirable. 

In Euclidean space we achieved our similar purpose 

in section 2.1 by defining the covariant derivative of a spatial 

vector field as the tensor whose components reduce to the 

partial derivatives in a Cartesian coordinate system. A similar 

definition is not possible for the surface derivative of a 

surface vector field because we are not ensured a priori that 

Cartesian surface coordinates exist.  In fact, it will appear 

in section 4.5 that Cartesian surface coordinates do not exist 

except for surfaces of zero Gaussian curvature.  In spite of 

this difficulty, we may of course examine the explicit formulae 

(2.7) and (2.9) for the spatial covariant derivatives of 

contravariant and covariant spatial vector fields. The tensor 

character of these derivatives in general coordinates is 

evidently due to the particular transformation law (2.10) of 

the Christoffel symbols, and the same transformation law (except 

for the reduction in range of Greek indices) is obeyed by the 

Christoffel symbols (4.13) formed with the surface metric tensor. 

We are thus led to consider the quantities 

ua|   ua  . r« K  u     u     PH (4 51) 
ß    ,p        «P    a|p   a. ß   ap x 

obtained from a contravariant or covariant surface vector field, 

and it is easily verified by means of (4.14) and the two- 

dimensional counterpart of (2.1) and (2.2) that the quantities 

(4.51) are indeed tensors. They will be called the covariant 
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surface derivatives of the contravarlant or covariant surface 

vector field. Henceforward we shall denote covariant surface 

differentiation with respect to x' as in (4.5l) by an additional 

subscript ß preceded by a single vertical line. In order to 

avoid confusion with covariant differentiation in space, we 

shall distinguish the spatial operation by a double vertical 

line preceding the additional subscript. 

The concept of covariant surface differentiation is 

easily extended to dlfferentiable surface tensor fields of any 

order, specified on some surface z=const. parallel to the 

middle surface, again by an appeal to the quotient law. The 

required discussion is the counterpart of section 2.3- For 

example, the covariant surface derivative of a surface tensor 

field of contravariant order 2 and covariant order 2 is given 

by a formula identical to (2.26), where the range of Greek 

indices is now, of course, reduced from 3 to 2, viz. 

aß 
Xu. 

m  taß  + ra txß + rß tax _ p* toß . px taß _    (4>52) 
P XjJLjp Kp   \\l Hp   \[i \p   *P |ip   \K 

In section 2.3 we established the preservation of the 

ordinary rules for partial differentiation of a sum or a product 

in covariant differentiation of a sum or product of tensors, by 

recalling that the covariant derivatives reduce to partial 

derivatives in Cartesian coordinates. In the absence of 

Cartesian surface coordinates, we cannot apply the same argument 

to covariant surface differentiation.  The formal identity 

between formulae (2.26) and (4.52), however, permits us to 
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infer that the rules for differentiation of a sum or a product 

do nevertheless apply to ccvariant surface differentiation of 

a sum or a product of surface tensors. 

In section 4.1 we have discussed the representation 

of spatial tensors in terms of a surface tensor of the same 

order and a number of surface tensors of lower orders. We shall 

now examine the relationship between covariant spatial and 

surface derivatives. 

The spatial derivative cp . of a scalar field is, of 

course, a covariant spatial vector, which may be decomposed into 

a covariant surface vector cp  and a surface invariant 9 q. 

The covariant spatial derivative u.n. of a covariant 

spatial vector field constitutes a double covariant spatial 

tensor, which is represented by a double covariant surface 

tensor u 11«, two covariant surface vectors U-IIQ and u iu , and 

a surface invariant Uojio- Likewise, the covariant spatial 

derivative v ||. of a contravariant spatial vector field may be 
J 

represented by a mixed double surface tensor va||o, a contra- 

variant surface vector va|L, a covariant surface vector v |L, 

and a surface invariant v^L. By means of (4.11) we obtain the 

relations 

u3ll3 = u3,3 • v3»3 = v3,3 > (4.53) 

ua||3 = ua,3 " a3 v. ■> *% - v°3 + *&* 3 (4.5*) 

U3||ß= u3,ß" r3>x ' v3||ß " v3, ß + V ' (4.55) 

Ua||ß = Ua, ß " ^fn ■ • ijft ■■ val'ß " *". ß + V - • r%3. 3ß (4.56) 
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The last formulae may be written In the form of relations between 

the double surface tensors, which form part of the representation 

of the spatial covariant derivatives, and the covariant surface 

derivatives of the surface vectors, viz. 

(4.57) 

It may be left to the reader to derive similar 

formulae for the representation of covariant spatial derivatives 

for tensor fields in space. We mention only some additional 

examples for double and triple covariant spatial tensors s. . and 

t. .. for immediate application, viz. 

saß||x - saß|x " rf\B3ß " rpXsa3 s (*-58) 

SßllX- *3«ß|X " ^338" ix*3a3 ' {" "59) 

where use has been made of (4.11) in the second relation. If 

we apply (4.58) to the metric tensor, the left-hand member 

vanishes on account of Ricci1s lemma in space. Remembering (4.4), 

we obtain Ricci's lemma on the surface 

aaß|\ = 0. (4.60) 

This result may, of course, also be obtained directly from the 

basic formula for covariant surface differentiation by substitut- 

ing for the Christoffel symbols from (4.13). Applying (4.59) to 

the e-tensor in space, we find by a similar argument 

e3aß|X = °- (^6l) 

Hence we may treat both the covariant surface metric tensor and 

the covariant surface e-tensor as constants for the purpose cf 
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covariant surface differentiation. It may again be left to the 

reader to prove the same properties for the contravariant surface 

metric tensor and e-tensor. 

The foregoing discussion of covariant surface differ- 

entiation applies to any surface z=const. in the family of 

surfaces parallel to the middle surface under consideration. The 

Christoffel symbols involved must, of course, be formed with the 

metric tensor at the particular surface under discussion.  Of 

special importance in shell theory is covariant surface differ- 

entiation on the middle surface itself. The Christoffel symbols 

(4.12) may then be expressed in the second fundamental tensor 

r3aß(x^0) " ^ß(xX'r = baß * (*-fö) 

raß3(xX'0) " WxX'0) " '»aß ■' (4-63) 

r°p(x\o) = rJ3(x\o) = -aa^ß = -b» .      (4.64) 

No simplification occurs in the formulae for the Christoffel 

symbols (4.13), but it is worthwhile to introduce a separate 

kernel letter A for these symbols on the middle surface 

rxaß(^'0) = Axaß " *Iaxo,p+aHp,o-aoP,x1' 

r^.O) = A^ß = a\ap . (4.65) 

The formula for the covariant surface derivatives of middle 

surface tensors is, of course, now given by (4.52), where rao 

is replaced by A^ . The relations (4.54), (4.55) and (4.57) have 

a special form on the middle surface 
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ua||3 = ua,3 + *>*  ' *% '  v°,3 " h>* ' ^56) 

U3||S = u3,ß + bßu* ' v3|lß = v3,ß + V"J      (*-67) 

u
a||ß = ua|ß " baßu3^ ^Hp = v°|p - b«v3 .      (4.68) 

Ricci fs lemma on a surface (4.6o), and formulae (4»6l) for the 

e-tensor have the special form on the middle surface 

aaß|X = ° ' eaß|\= ° • ...   (4-69) 

4.4 Green's theorem on a surface. 

In the theory of shells we need Green's theorem for 

the transformation of a surface integral of the divergence of a 

contravariant surface vector into a line integral.  In view of 

the non-existence of Cartesian surface coordinates, the derivation 

of this theorem is slightly more complicated than the discussic 

of Green's theorem in space in section 2.4. We shall confine 

our discussion to the middle surface of the shell. The 

extension to surfaces parallel to the middle surface is fairly 

obvious and may be left to the reader. 

The surface divergence of a contravariant middle 

surface vector field ua is defined by the surface invariant 

Prom the identity (2.28) for the contracted Christoffel symbols 

we obtain in view of (4.11) 

^A°a=(A),x (*.7l) 
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Hence we may rewrite the divergence (4.70) in the form 

ual  =-= (i/au*) (4.72) 
a  /a      *M 

Since the unit normal to the middle surface coincides 

with the x -direction, we have n. = 1 in the general formula 

(I.87) for a surface element spanned by the infinitesimal contra- 

variant surface vectors dxa, dxa. This formula may therefore be 
1   2 

written in the form 

dS =  e      dxadx-8   . (4.73) 
:5aPl    2 

n 1 
If we consider the middle surface element spanned by dx = dx ,0 

and dxa = 0,dx2, we may write in view of (4.24) and (4.25) 
2 

dS = v/a dx1dx2. (4.74) 

The integral of the divergence (4.72) over a portion S of the 

middle surface now takes the form 

ua| dS « ff (/iuH)  dxXdx2 . (4.75) 
g   a     JJ       s x 

Let C denote the closed simple smooth contour on the 

middle surface which encloses the area S.  The positive sense on 

G and the positive direction of the normal to the middle surface 

correspond to the right-hand screw rule in a right-handed 

coordinate system. We may now apply Gauss's theorem to double 

integrals in the form 

PP 1 dx2 =   J   cpdx2J J 9 pdx1dx2 = - J   cpdx1. (4.76) Y,2 C 
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As a result we obtain Green's theorem on the middle surface in 

the form 

{»8l0dS-Jeepu
B<lxß, (*-77) 

if once more appropriate use is made of (4.25). An equivalent 

form of this theorem, which shows complete similarity with the 

theorem in space, is obtained by introducing the outward co- 

variant unit surface vector n normal to the contour C. Let ds 

denote the arc element along the contour. The normal vector na 

is then given by 

»a - eaß if" * (*-78) 

and Green'a theorem takes the form 

J ua| dS = J uanreds . (4.79) 

4.5 The equations of Gauss and Codazzi. 

Gauss fs equation for a surface relates its Riemann- 

Christoffel tensor to the second fundamental tensor« The 

derivation of this equation must, of course, be preceded by a 

definition of the Riemann-Christoffel tensor of a surface and a 

discussion of its basic properties. For the sake of brevity we 

confine our a* rent I on to the middle surface. 

The second covariant surface derivative of a scalar 

field <p on the middle surface is a covariant surface tensor 

^laß = 
(Vlß=^aß-

A^x ■ <*'*» 
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This tensor is obviously symmetric by the symmetry of the 

Christoffel symbols . 

On the other hand, in the absence of Cartesian 

surface coordinates, we cannot assume a similar symmetry property 

of the second covariant surface derivative of a surface vector. 

By the formalism of covariant surface differentiation, however, 

we may derive a complete counterpart of (2.4-3) for repeated 

spatial differentiation in the case of surface differentiation 

ua|ßY-
ua|Yß " tAaY,ß-

Aaß,Y
+AaY

AXß-AißAXYK ■     (^8l) 

The quantity between brackets is evidently a surface tensor, by 

the quotient law for such tensors, and it is called the Riemann- 

Christoffel tensor of the middle surface 

I*   - A*   - A*   + AX A* - AX0A*  ■      (4-82) 
•aßy   ay*ß   aß,y   ay Xß   aß Xy 

It should be noted that this surface tensor is distinct from the 

fourth-order surface tensor R*aßY which forms a part of the 

surface representation of the spatial Riemann-Christoffel tensor. 

For this reason we have also employed a new kernel letter for 

the Riemann-Christoffel tensor of the middle surface. 

The associatea Riemann-Christoffel tensor of the 

middle surface is obtained by lowering the superscript to the 

vacant first subscript 

rpaBY - a
PHrVf - ApaY,ß  ' Vß.Y+ aV[AXpAaß"%8VY

1'(*-83) 

again similar to  (2.48).     Substituting from (4.65)  into the first 
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+ a^[AXpYAllarAXprW  ' 

pair of terms in (4.83), we find 

rpaßY = 2[aPY^ß+aaß,PY""apß,ocY-
aaY,pß] + 

(4.84) 

similar to (2.49). Here again the associated tensor is skew- 

symmetric in p and a, as well as in ß and y,  and symmetric in 

the pairs of subscripts p,a and ß,y ^  follows that the 

associated Riemann-Christoffel tensor of the middle surface has 

only one independent component rToi2' and tlie same conclusion 

remains, of course, valid for the mixed tensor 

ji - a*Pr (4.85) 
•ocßY "" a ' "paßY ' 

Hence we may, if we wish, represent the associated tensor in the 

form 

rpaBy ~ CEpaeßY * 
(4.86) 

where C is a surface invariant. We shall see presently that this 

invariant is actually the Gaussian curvature of the middle surface 

We note first the important property that the skew- 

symmetric part of the second covariant surface derivative of any 

middle surface tensor may "be expressed in terms of the tensor 

itself and the Riemann-Christoffel tensor of the middle surface. 

For a contravariant surface vector we have 

aCt\„_ \t .   = ndX,,. , . (4.87) u«!  = (a^ux)|ßY= a^uxh3Y 

and we obtain the desired result in terms of a second associated 

tensor of the Riemann-Christoffel tensor of the middle surface 
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IßY    I Yß   X*PY     .xßy 

The structure of the expression in the general case appears from 

the example for a fourth-order surface tensor of contravariant 

order 2 and covariant order 2 

rx  taß + rx  taß + 
4uA.   'Y^M* x°   "OAfi y* 

- ra . tHP - rß % ta*  .      (4.89) 

The straightforward, if somewhat laborious direct proof of this 

relation may be left to the reader. A more convenient proof may- 

be obtained by a consideration of the (symmetric) covariant 

second surface derivative of the invariant 

where ua*Vn,wY and s
& are arbitrary twice continuously differ- 

entiable surface vector fields. By means of (4.8l), (4.87), 

and an appeal to the quotient law, we may then verify (4.89) 

without excessive labour. The details are again left to the 

reader. 

We now turn to a proof of Gauss!s theorem that the 

surface invariant C in (4.86) is the Gaussian curvature K of the 

middle surface. We consider the components RoaßY 
of the Riemann- 

Christoffel tensor in space at some point of the middle surface. 

We have from (4.16) 
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RpaßY = 2CaPY,«r' + aaß,PY " apP,ay " aaY,Pß- + 

+ aXlit\pYVaß " A\pßVY
] + 

+
 g33[r3p/3aß - r3Pß

r3aY
] • (4'91) 

The first two lines coincide with (4.84), and the third line 

may be rewritten by means of (4.4) and (4.62). Remembering 

that the Riemann-Christoffel tensor and all its associated 

tensers in Euclidean space vanish identically, we find Gauss 's 

equation 

Wr - W " Vb«ß • (4'92) 
In view of (4.30), an equivalent form is 

r Q = Ke s0  . (4,93) paßy    pa ßy 

Two important consequences of Gauss's equation should 

be mentioned here. First of all, it proves our earlier state- 

ment that Cartesian surface coordinates, in which the left-hand 

member of (4.93) would vanish, cannot exist except on surfaces 

of zero Gaussian curvature everywhere. Secondly, if the 

surface is capable of inextensional deformation, that is a 

deformation in which the metric surface tensor remains unaltered, 

then its Gaussian curvature is also invariant in such a deforma- 

tion. 

So far we have examined the consequences of the 

vanishing of 4 independent components of the Riemann-Christoffel 

tensor in space. In section 4.2 we have exhausted the 
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information obtainable from the three independent components in 

which two indices 3 occur, in the derivation of Gauss's equation 

we have used the vanishing of Rnpi2 *  Ttie remaininS two independ- 

ent components with one subscript 3 must also vanish identically, 

and this condition will yield the so-called Codaszi equations of 

the middle surface. 

From the general formula (4.16) we have 

R3ccßY  2[g3Y,<xß + gaß,3Y " g3ß,ctY " 
gaY,3ß

] 

+ 
^[rX3f paß " rX3ßW   + 

+ g33[r33Yr3aß " Wsayl = °  ' ^^ 

The first and third terms in the first line vanish by (4 A)5  and 

the last line is  zero by  (4.1l).    Our equation is therefore 

simplified to 

R3aßY " l
[gaß,3Y " SaY,3ß] + gV[lW^ " rX3pW " C' 

(4.95) 

A further simplification is achieved on the middle surface by 

means of (4.10), (4.63) and (4.65), and we obtain the Codazzl 

equations in the form 

- baß,Y 
+ V,ß " Aaßb\T 

+ A^Xß - ° ■       (*-^ 
Adding and subtracting the term A~ b\a., we may write this equa- 

tion in terms of covariant surface derivatives of the second 

fundamental tensor 

baßlY_Vlß = °- (4-97) 
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The number of Independent equations is indeed 2, as is most 

easily seen by writing (^.97) in the equivalent form 

where the left-hand member is a covariant surface vector. 

It appears from our discussion that the equations of 

Gauss and Codazzi are necessary conditions for the vanishing of 

the Riemann-Christoffel tensor in space. We have not proved 

that they are also sufficient conditions, because we have only 

imposed the vanishing of the components Roaoo in the entire 

domain of space under consideration (section ^.2), and the 

vanishing of the components RoaßY and 
RoaoY on the middle 

surface. We mention, without proof, that our conditions are 

actually sufficient for the vanishing of the spatial Riemann- 

Christoffel tensor in the entire domain of space under 

consideration. 
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